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ADVERTISEMENT. 

The Committee appointed by the Royal Society to direct the publication of the 

Philosophical Transactions take this opportunity to acquaint the public that it fully 

appears, as well from the Council-books and Journals of the Society as from repeated 

declarations which have been made in several former Transactions, that the printing of 

them was always, from time to time, the single act of the respective Secretaries till 

the Forty-seventh Volume; the Society, as a Body, never interesting themselves any 

further in their publication than by occasionally recommending the revival of them to 

some of their Secretaries, when, from the particular circumstances of their affairs, the 

Transactions had happened for any length of time to be intermitted. And this seems 

principally to have been done with a view to satisfy the public that their usual 

meetings were then continued, for the improvement of knowledge and benefit of 

mankind : the great ends of their first institution by the Royal Charters, and which 

they have ever since steadily pursued. 

But the Society being of late years greatly enlarged, and their communications more 

numerous, it was thought advisable that a Committee of their members should be 

appointed to reconsider the papers read before them, and select out of them such as 

they should judge most proper for publication in the future Transactions; which was 

accordingly done upon the 26th of March, 1752. And the grounds of their choice are, 

and will continue to be, the importance and singularity of the subjects, or the 

advantageous manner of treating them ; without pretending to answer for the 

certainty of the facts, or propriety of the reasonings contained in the several papers 

so published, which must still rest on the credit or judgment of their respective 

authors. 

It is likewise necessary on this occasion to remark, that it is an established rule of 

the Society, to which they will always adhere, never to give their opinion, as a Body. 
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upon a subject, either of Nature or Art, that comes before them. And therefore the 

thanks, which are frequently proposed from the Chair, to be given to the authors of 

such papers as are read at their accustomed meetings, or to the persons through whose 

hands they received them, are to be considered in no other light than as a matter of 

civility, in return for the respect shown to the Society by those communications. The 

like also is to be said with regard to the several projects, inventions, and curiosities of 

various kinds, which are often exhibited to the Society; the authors whereof, or those 

who exhibit them, frequently take the liberty to report, and even to certify in the 

public newspapers, that they have met with the highest applause and approbation. 

And therefore it is hoped that no regard will hereafter be paid to such reports and 

public notices; which in some instances have been too lightly credited, to the 

dishonour of the Society. 
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PHILOSOPHICAL TRANSACTIONS 

I. On the Structure and Development of the Skull in the Batrachia.—Part III. 

By William Kitchen Parker, F.R.S. 

Received April 29,—Read May 27, 1880. 

[Plates L-44.] 

INTRODUCTION. 

My first attempt at working out the morphology of the Batrachian skull (Phil. Trans., 

1871), instead of satisfying my mind, only served to increase tenfold the desire to 

know the meaning of the mysterious changes undergone by that part—the main part 

—of the organisation of the Frog. 

Since then no opportunity has been lost of laying up in store fresh and fresh 

materials for further work in this field of research. Moreover, an additional strip of 

ground has since then been cleared and cultivated (Phil. Trans., 1876); in that second 

essay I was greatly helped by Professor Huxley, who showed me what was wrong in 

the first attempt, and also cut through some of the thickest and thorniest parts of this 

tangled subject. 

I am also indebted to him for materials, and also to Professor A. Agassiz, and 

Mr. Garman (of Harvard University, U.S.) ; also to Professor Rupert Jones, Dr. 

Gunther, Professor W. H. Flower, Dr. Murie, Dr. Dobson, Mr. T. J. Moore (of 

Liverpool), W. Ferguson, Esq. (Ceylon), James Wood-Mason, Esq. (Calcutta), 

Alfred C. Haddon, Esq., and George Dines, Esq. 

Primarily, the aim of this extended research into the meaning of the skull in one 

“ Order/’ or main group, is to get light upon the great cranial problem. A second use 

will be to rectify the classification of the group itself. 

To make a systematic classification of these metamorphous animals upon such 
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2 MR. W. K. PARKER ON THE STRUCTURE AND 

characters as are easily seen by the Zoologist is to build upon a sanely foundation ; none 

will be more ready to acknowledge this than those who are most familiar with the group. 

Even the cranial characters, which lie deeper down, are extremely variable, so that 

in formulating them for any division or sub-division of the Order it is always necessary 

to give some qualification of the scheme, and to say that “as a rule ” such and such 

modifications of structure exist in the group under notice. 

Our “genera” suffer from this weakness; and in some cases, notably in the great 

genus Rana, there are morphological modifications and variations such as are not to be 

seen in whole groups of Families in the Osseous Fishes. 

On the whole, my own views correspond very accurately with those of my friends 

Messrs. Gunther, Mivart, and Wallace (whose works are referred to in the biblio¬ 

graphical list); they, I am satisfied, will be struck with the evidence here shown of 

the common origin of groups of the Batrachia that now are very widely dispersed, and 

marked by every variety of external character. 

For there can be no doubt that these curious fishy air-breathers are, as Mr. Wallace 

has suggested to me, a very ancient kind of Vertebrates. They have not struggled 

for life through one but through many epochs; they have been put to every kind of 

shift to live, and with infinite readiness and adaptability they have become all things 

to all conditions. 

Here, undoubtedly, we get light upon the mystery of the great perfection of the 

various organs seen in the members of so lowly a group ; for they are mere anamniotics 

at the best, and their upspring has been from some of the lowest of the Vertebrate 

stocks. 

In every kind of facility for motion, in organs of sense wonderfully perfect, in power 

of speech and of song, and in instincts and habits innumerable, the Frogs and Toads 

teach the order, and anticipate the life of the peopled kingdoms of the nobler tribes 

that have risen above them in the scale. 

The Salamandrian tribes (“ Urodela”) have branched up and beyond the “ Dipnoi” 

(Lepidosiren, Ceratodus), and more or less, as a rule, lose them gills after a time, 

acquiring, in each type, a fenestral passage and a stapedial plug to their ear-capsule. 

They also, in harmony with their more and more terrestrial habits, acquire a 

rudimentary larynx, so that the beginnings of the better kinds of organs of hearing 

and of voice are found in them. 

But the Batrachians, springing from another part of the “ stock,” and indeed from 

a far lower “ node,” rise high above the Salamandrians in the metamorphosis of their 

organs, especially those of voice and hearing; their general intelligence and their 

gymnastic powers are also of a much higher kind. 

Supposing the Urodeles to have arisen from some archaic forms of the “ Dipnoi,” 

the height in the scale of such double-breathing Fishes must have corresponded very 

closely with the Crossopterygii, and these again are manifestly a mere subdivision of 

the great “ Ganoid ” order. 
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But the ideal Protobatrachians came up by the way of the Sucking Fishes (“ Marsipo- 

branchii ”), and grazing the edge of the Chimseroids and ordinary Selachians, developed 

into the larval form (or Tadpole) first. I am under the impression that in many cases 

the tailed gill-bearing condition has only lately been completely departed from, and 

that the anurous form or stage of such a type as Pseudis has only become universal 

in the newer geological times. 

Whilst these tailed forms—-hypothetically the primary condition of the Batrachia 

—have been yielding to terrestrial influences, and undergoing more and more cur¬ 

tailment and general metamorphosis, they have also, from time to time, dropped 

out of their organisation much of their old bony armour ; and that which has been 

retained has become less and less superficial (or “ dermosteal ”). 

They have to a remarkable degree lost their mandibular, and in many cases their 

maxillary teeth also; this has been evidently a correlate of the development over 

the ventral end of the hyoid arch of a peculiar cushioned fold of the floor of the 

mouth—the tongue. As this fold has become a more and more effective prehensile 

organ, the teeth have become less and less useful to the creature, whose succulent 

“ articulate ” or “ molluscous ” food is caught suddenly, and swallowed whole. 

The size of these types has evidently undergone a steady secular diminution ; this, 

and in many cases an exquisite specialisation of the fingers and toes, has all been in 

their favour ; up high in the trees of the forest, and variously painted to resemble their 

surroundings of bark, leaves, and flowers, these marvels are wrought in them by the 

“ Archchemic Sun —them small size, I say, their curiously mimicking coat, and their 

high nestling, give them a chance of life and of life’s enjoyments equal to that given 

to any tribe of animals whatever. 

As in the common living forms now, the dilemma for the larval Batrachian is to 

“transform or perish” in short annual periods; so, I opine, in long-past secular 

periods, again and again, those tribes—the forefathers of our existing kinds—have 

been put to the same extremity of shifting for their lives. 

As the earth was made to be inhabited, and as the evolution of its tribes takes 

place through the harmonious inter-action of the forces within the organisms and the 

influences surrounding them, it has come to pass again and again that the extremity 

of some archaic form has been Nature’s opportunity; its threatened extinction has 

been the occasion of its transformation into a higher kind of being, and the drying up 

of the old waters has been followed by the peopling of the new land with fresh and 

fresh forms, enjoying in many ways “ newness of life.” 

There are two main groups of dwarf forms, namely, the highly developed and 

typical Tree-frogs, and the arrested, low kinds, such as the “ Engystomidee' ” and 

“ Phryniscidse these latter appear to be waifs and strays from old and extensive 

tribes that have gone down in the world and are becoming gradually extinct; the 

“ Hylidse ” (like the smallest “ Carinate ” birds), being Frogs of high degree, are in 

no such danger of extinction. 

B 2 
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The range of size is greatest in the genus Rana, the highest or main typical form; 

here we see that a Frog, as a Frog, should not be too large, nor too small; the largest 

have in them, as the American Bull-frog, much of an old generalised nature ; whilst 

the smallest, as R. cyanophlictis and R. pygmcea of the Oriental region, and some very 

small kinds of true Frogs in both the Neotropical and Ethiopian regions, are mani¬ 

festly kinds that have been arrested at a stage similar to that seen in similar-sized 

young of the typical or medium species. 
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Zoological list of the species ivliose skulls are described or referred to* in the 

present paper. 

In drawing up this list I shall make free use of the labours of my friends, 

Dr. A. Gunther, F.R.S., and Professor St. George Mivart, F.R.S. The “ Batrachia 

* The species, the descriptions and illustrations of whose skulls are referred to here, and only partially 

described, are:— 

1st. Bana temporaria (see Phil. Trans., 1871, pp. 137-211, Plates 3-10; and Phil. Trans., 1876, 

pp. 603-605, Plate 54, figs. 1, 2). 

2nd, Bana esculenta (see Huxley, article “Amphibia,” Encyc. Brit., 9th Edit., vol. iii., pp. 750-771). 

3rd, Bufo vulgaris (see Phil. Trans., 1876, pp. 605-625, Plates 54, 55). 

4th, Dactylethra capensis vel Icevis (see Phil. Trans., 1864, pp. 625-648, Plates 56-59). 

5th, Pipa Americana vel rnonstrosa (see Phil. Trans., 1864, pp. 648-665, Plates 60-62). 
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Salientia ” and various papers in the £ Zoological Proceedings ’ give me the views of the 

former, and the article on the “ Classification of the Batrachia” (Proc. Zool. Soc., 1869, 

pp. 280-295) those of the latter, author. I shall use as few of the zoological characters 

as possible, and refer my reader to the works just mentioned for further information. 

I.—ANURA PHANEROGLOSSA.* 

(Including “ Opistiioglossa ” and “ Proteroglossa.”) 

II.—ANURA AGLOSSA. 

I.—PHANEPtOGLOSSA. 

A. With teeth in the maxillaries, premaxillaries, and generally in the vomers. 

a. With sharp fingers and toes. 

b. With dilated digital disks. 

B. With no teeth in either upper jaws or vomers. 

a. With sharp fingers and toes. 

b. With dilated digital disks. 

I. A. a. 1.—Frogs with sharp toes, teeth m jaivs and vomers, toes more or less webbed, 

a bony shaft to manubrium (“ omosternum ’’); cylindrical processes to sacral 

vertebra, and ivithout parotoid glands. 

First Family. “Banid^e.” 

Genera—Rana, Tomopterna, Pyxicephalus.' 

First genus. Rana. 

1. R. clamata, Baud.—Larvae, three stages (A, B, C). Cambridge, Mass., U.S. 

2. R. pipiens, Haul.-—Three stages of larvae (A, B, C) and Adult. N. America. 

3. R.-? sp.—Larva. India. 

4. R. palustris, Leconte.—Newly metamorphosed young. Cambridge, Mass., TJ.S. 

5. R. halecina, Kalm.—Immature male. N. America. 

6. R. temporaria, Linn.—Great Britain. Various stages described (see Phil. 

Trans., 1871, Plates 3-10, pp. 137-211.) 

7. R. esculenta, Linn.—Adult. Europe (see Huxley, Art. “ Amphibia,” 

Encyc. Brit., 9th edit., vol. iii., pp. 750-771.) 

* A few types enjoy some freedom of the tongue in front, namely, Rlnnoplirynus and Xenorlvina ; I have 

also found this character developed, in some degree, in Rliinoderma Darwinii, but Dr. Gunther tells me 

that he does not think it a modification of any great importance ; yet the rule is for the tongue to be only 

free behind. Another character, namely, the possession of mandibular teeth, as in Hemiphractus and 

Grypiscus (MivarL pp. 294, 295) is more important, but unfortunately I have not at present been able 

to procure either of these kinds. 
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8. R. gracilis, Wiez.—Adult male. Ceylon. 

9. R. cyanophlyctis, Schneid. (see Gunther, Kept, of Brit. Ind., p. 406).— 

Ceylon. 

10. Rctnapygmcea, Gthr. (see P. Z. $., 1875, pp. 567, 568).— Adult male, f inch 

long. Anamallays Mountains, Malabar, S.W. India. 

11. R. tigrina, Daud.—Adult female. Ceylon. 

12. R. hexadactyla, Less.—Adult female. Ceylon. 

13. R. Kuhli, Schleg.—Male, two-thirds grown. Ceylon. 

14. R. - \ sp.—Adult female. A small species, 1 inch long. Lagos, 

W. Africa. 

Second genus. Tomopterna. 

15. Tomopterna breviceps, Schneid., sp. (Pyxicephalus breviceps in Gunther’s 

Rept, of Brit. Ind., p. 411).—(A) Half grown female. S. India. (B) Adult 

female. Ceylon. 

Third genus. Pyxicephalus. 

16. Pyxicephalus rufescens, Jerdon.—Adult male. India. 

I. A. a. 2.—Like the last in most things, but have their toes free, or but little webbed, 

and the “ omosternum” not ossified, or even absent. 

Second Family. “Cystignathid^e.” 

First genus. Pseuclis. 

17. Pseuclis paracloxa, Linn., sp.—Larvae in four stages, and adult. S. America. 

Second genus. Gomphobates. 

18. Gomphobates (Leiuperus)  -? sp. (see P. Z. S., 1868, p. 478, same as 

Leiuperus, “ Batr. Sal.,” pp. 22 and 135).—Adult (?), 10 lines long. River 

Plate. 

Third genus. Cystignathus. 

19. Cystignathus ocellatus, var. Linn., sp.—Adult male, 5f inches long, Dominica; 

with larvae 2f and 3f inches long. Brazils. 

20. C. - ? sp.—Tadpole, 1 inch long ; tail, § inch; hind legs, 1 line. Lake 

Jannarg, Manaoo, Brazils. 

21. C. typhonius, Daud., sp. (C. typhonius, Dum. and Bib.).—Adult female, 

lij inch long. Porto Rico. 

Fourth genus. Pleuroclema. 

22. Pleuroclema Bibronii, Tschudi.—Adult female, id, inch long. Chili. 

Fifth genus. Lymnodynastes. 

23. Lymnodynastes tasmaniensis, Gthr.—Adult female, if inch long. Tas¬ 

mania. 
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Sixth genus. Camariolius. 

24. Camariolius tasmaniensis (?) (see Gunther on “Batrachians from Australia,” 

P. Z. S., 1864, pp. 46-49, plate 7, fig. 3 ; there called Pterophrynus 

tasmaniensis. Dr. Gunther is nearly satisfied that my specimens belong 

to that species).—(A) Adult female, £ inch long; and (B) Larva, f inch 

long; legs,-§Vinch. Australia. 

Seventh genus. Cyclorhamphus. 
25. Cyclorhamphus marmoratus, Dum. and Bib.—Adult female, If inch long. 

Vinco Gaya, Peruvian Andes. Height 16,000 feet. 

26. Cyclorhamphus culeus, Garman.—Larva, 3£ inches long; tail, 2 inches; hind 

legs, 7 lines. Puno, Lake Titacaca, Peru. 

The next group differs from the Banidae in having the sacral apophyses dilated. 

I. A. a. 3.—Third Family. “ Discoglossid.e.” 

First genus. Discoglossus. 

27. Discoglossus pictus, Qtth.—Adult male, 2f inches long. S. Europe. 

Second genus. Pelodytes. 

28. Pelodytespunctatus, DAUD.,sp., Fitz., gn.—Adult male, If inch long. Europe. 

Third genus. Xenophrys. 

29. Xenophrys monticola, Gthr. (see Bept. Brit. Ind., plate 26, figs. H, H', 

p. 414).-—Adult male, 3 inches long. Darjeeling. 

Fourth genus. Calyptocephalus. 

30. Calyptocephalus Gayi, Dum. and Bib.-—(A) Adult female, 5f inches long, 

and (B) Tadpole, 4f inches long ; tail, 2f inches ; hind legs, £ inch. Chili. 

I. A. a. 4.—Fourth Family. “ Alythde.” 

In this family the Banian type is modified by some new characters. The sacral 

apophyses are dilated, and there are “parotoids” as in the Toad; ribs present, and 

vertebrae opisthoccelian. 

Genus Alytes. 

31. Alytes ohstetricans, Laur., sp.— Adult female, 1 inch 10 lines long. Europe. 

I. A. a. 5.—Fifth Family. “ HYPEROLiiDyE.” 

This type differs from the last in many things, notably in possessing, besides the 

neck-glands and wide sacrum, which is “not much extended ” (Gunther, “ Batr. Sal.,” 

p. 39), procoelian vertebrae, and no ribs (Mivart, p. 291). 

Genus Hyperolius (formerly Uperoleia; the species of so-called Hyperolius described 

c MDCCCLXXXI. 
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in the “Batrachia Salientia” are now put into the genus Rappia) ; they are 

narrow-backed Tree-frogs. 

32. Ilyperolius marmoratus, Gray, sp.— Adult female, If inch long. Paramatta, 

Australia. 

I. A. a. 6.—Sixth Family. “ Bombinatoruae.” 

This type has dilated sacral apophyses but no parotoids, it has ribs, and abnormal 

(opisthoccelian) vertebrae, hut no columella, or tympanic cavity. 

Genus Bombinator. 

33. Bombinator igneus, Rosel, sp.—Adult female, if inch long. Europe. 

I. A. a. 7.—Seventh Family. “ Pelobatuue.” 

The last has one of the softest, this has one of the hardest, skulls. There is no 

cavum tympani, but there is a small bony columella. There are no ribs, and the 

vertebrae are proccelian ; it has a broad sacrum, but no parotoids. 

Genus Belobates. 

34. Pelobatus fuscus, Laur., sp.—Adult male, 2 inches 5 lines long. Europe. 

I. A. b.—With dilated digital disks. 

First sub-division of Tree-frogs. 

First Family. “ Polypedatide.” 

Ear perfect. Sacral apophyses cylindrical. “ Omosternum ” with a bony shaft 

(Mivart, p. 292). “No parieto-frontal fontanelle ” (except in such small types as 

the Australian Rappia bicolor). No neck-glands. 

First genus. Polypedates. 

35. Polypedates chloronotus, Gthr. (see P. Z. S., pp. 567-576, plate 65, fig. A). 

Adult male, 2 inches long (Gunther gives the length of the body in the 

male as 51 millims., and of the female 93 millims ; p. 570). India. 

36. Polypedates maculatus, Gray, sp.—Adult male, 2 inches 1 line long. India.' 

Second genus. Rhcicophorus. 

37. Rhacophorus maximus, Gthr.—Adult male, 3f inches long. N. India. 

Third genus. Ixalus. 

38. Ixalus variabilis, Gthr.—Adult female, 1 inch 1 line long. Ceylon. 
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Fourth genus. Hylarana. 

39. Hylarana malabarica, Dum. and Bib. sp.—Young, f inch long. India. 

40. Hylarana temporalis, Gthr.—Adult male, 2-g- inches long. Ceylon. 

Fifth genus. Rappia. 

41. Rappia-? sp.—Adult female, -f inch long. Lagos. (Probably if. lago- 

ensis, Gthr., see P. Z. S., 1868, pp. 478-490, plate 40, fig. 2.) 

42. Rappia (Hyperolius) bicolor, Gray, sp.—Adult female, £ inch long. Dog-trap 

Boad, Paramatta, Australia. (See “ Batr. Sal.,” p. 89 ; Dr. Gunther there 

remarks that, “this species is very probably the type of a separate genus, but 

the condition of this single specimen does not enable me to give the characters 

with certainty.” The fact of the case is, that the skull of this specimen is 

extremely membranous, as much so as in that of Acris Picheringii (see 

Plate 19, figs. 6-10, and Plate 30, figs. 1-5). The Rappia from Lagos had, 

on the contrary, a highly ossified skull, with a well-covered roof (see Plate 28, 

figs. 6-10). 

Second Family. “ Hylodhme.” 

(I make up this family of Professor Mivart’s sub-families Acridina and Hylodina.) 

No bone in the manubrium (“ omosternum”). Vertebrae proccelian ; fontanelle very 

open (Acris), or covered (Hylodes). 

First genus. Hylodes, 

43. Hylodes martinicensis, Bib., sp.—Adult female, I\ inch long. Martinique. 

Second genus. Acris. 

44. Acris Picheringii, Holb.-—(A) Adult female, 10 lines long (-§ inch) ; and 

(B) larva, 1 inch 2 lines long ; tail, £ inch ; hind legs, \ inch. Cambridge, 

Mass., U.S. 

Second sub-division of Tree-f rogs. 

Family “Hylhme.” 

These have the sacral apophyses dilated; and have no parotoids. The ear is 

perfect, and, as a rule, the fontanelle is open ; I find it covered in Hyla rubra, and 

almost covered (by sculptured solid bones) in Nototrema. 

First genus. Hyla. 

45. Hyla Ewingii. Dum. and Bib.—Adult female, 14 inch long. Van Diemen’s 

Land. 

46. H. phyllochroa, Gthr. (see P. Z. S., 1868, p. 481).—Adult female, 1 inch 5 lines 

long. Cape York, Australia. 

c 2 



12 MR. W. K. PARKER ON THE STRUCTURE AND 

47. Hyla arborea, Linn., sp.—-Adult male, 13- inch long. S. Europe. 

4S. H. albomarginata, Spin.—Adult female, 2-f inches long. Brazils. 

49. II. rubra, Daud.—Adult male, 1 inch 11 lines long. S. America. 

50. II. -? sp.—-Tadpole, 1 inch long; hind legs, 5 lines. Pdo Janeiro. 

Second genus. Litoria. 

51. Litoria marmorata, Dumeril.—Adult male, if inch long. Australia. I11 

this type the digital disks are very small and the head is very large in 

proportion to the body. I suspect that it comes very close to an “ Oxvdac- 

tyle ” Frog from the same region, viz. : Myxophyes fasciolatus, Gthr. (see 

P. Z. S., 1S64, p. 46, plate 7, fig. 1). 

Third genus. Nototrerna. 

52. Nototrerna marsupiatum, Dum. and Bib., sp.—(A) Adult male, 1-f inch long. 

S. America; and (B) Tadpole, 2|- inches long; body, 1 inch ; tail, 1 ^ inch ; 

hind legs 13 lines; right fore leg free, f inch long ; left fore leg still under 

the operculum. 

Third sub-division of Tree-frogs. 

Family “ Pelodryadidus. ” 

Parotoids present; other characters Hyline. 

First genus. Pelodryas. 

53. Pelodryas cerulceusf White, sp. (see “ Batr. Sal.,” p. 199, and plate 9, 

fig. B.)—Adult male, 3 inches long. N. S. Wales. 

Second genus. Phyllomedusa. 

54. Phyllomedusa bicolor, Boddaert.—Adult female, 3^ inches long. Santarem, 

River Amazon, lat. 2° 20' S., S. America, 

I. B. a.—Toothless “Anura.” Without digital disks. Oxydactyle Toads. 

First Family. “ Bufonidee.” 

Typical Toads, with parotoids, and processes of sacral vertebra? dilated. Ears 

perfect. Toes webbed. Skull generally strongly roofed ; an open fontanelle in Bufo 

calamita. 

First genus. Bufo. 

55. Bufo pantherinus, Boie.—Adult female, 4f inches long. Africa. 

56. B. melanostictus, Schneid,—Half-grown male, 2f inches long. India, 

57. B. agua, Latr.—Old female, 6f inches long; and younger female, 5 inches 

long. S. America. 

* Evidently named from a bleached spirit specimen; the living Frog is bright green. 
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58. B. chilensis, Tschudi.—(A) Adult male, 3 inches long; and (B) Tadpole 

f inch long ; tail, \ inch ; hind legs, -^-th of an inch. Arequipa, Peru. 

59. Bufo lentiginosus, Shaw.—(A) Tadpole, f inch long; hind legs, y:2- inch long; 

and (B) newly metamorpliosed young male, -f inch long. Penekese Island 

Mass., U.S. 

60. B. vulgaris, Laur.—Adult and Tadpoles many stages. England. 

61. B. calamita, Laur.—Adult female, 2-f inches long. England. 

62. B. ornatus, Spin.—Adult female, 2f inches long. S. America. 

Second genus. Otilophus. 

63. Otilophus margaritifer, Latr.—(A) Half-grown female, 1^ inch long ; Vene¬ 

zuela ; and (B) adult female, 2§ inches long (Hyrtl’s prepn. Mus. Coll. 

Surg., Eng.), Brazils. 

Second Family. “ Rhinodermatidh:.” 

This group agrees with the “ Bufonidse ” in many things, but there are no parotoids, 

and the ear is less perfectly developed. 

First genus. Rhinoderma. 

64. Rhinoderma Darwinii, Hum. and Bib.—-Adult male, 1 inch long. Chili. 

Second genus. Diplopelma. 

65. Diplopelma ornatum vel rubrurn, Bum. and Bib., sp.—Adult male, 11 lines 

long. India. 

66. Diplopelma Berdmorei (?), Blyth (Gunther, Hep. of Brit. Ind., p. 417).— 

Adult female, 1 inch 1 line long. Moulmin, Tenasserim. 

Third Family. “ Brachyceph aliiue.” 

These Toads have “no tympanum nor cavum tympani”;—“free toes, with the pro¬ 

cesses of sacral vertebrae dilated, and without parotoids.” (“ Batr. Sal.,” p. 45.) 

Genus Pseudophryne. 

67. Pseudophryne Bibronii, Gthr.—Adult female, 1 inch long; adult male, 

f- inch long. N. S. Wales. 

Fourth Family. “ Phryniscid.e.” 

Ear imperfect (sometimes with a collumella, as in Phryniscus cruciger); webbed toes; 

dilated sacral apophyses ; and no parotoids. 

Genus Phryniscus. 

68. Phryniscus cruciger, Martins and Gunther.—Adult male, if inch long. 

Interior of Brazils. 

69. P. varius, Stan., sp.—Adult female, if inch long. Costa Rica. 

70. P. Icevis, Gthr.—-Adult female, If- inch long. Ecuador. 
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Fifth Family. “ Engystomidpe.” 

Ear rather imperfect; dilated sacral apophyses ; without parotoids; and with free 

toes. 

Genus Engy stoma. 

71. Engy stoma car olinense, Holer.—Adult male, 11 lines long. Florida. 

I. B. b. Toads with digital disks. 

First Family. “ Hyljedactylid^e.” 

Ear perfect; webbed toes ; dilated sacral apophyses ; and no parotoids. 

Genus Callula. 

72. Callula pulchr a, Gray.—Adult female, 2§ inches long. Pegu. 

Second Family. “ Hylaplesidje.” 

Ear perfect; toes free; processes of sacral vertebrae cylindrical; and without 

parotoids. 

Genus Ekylaplesia. 

73. Hylaplesia tinctoria, Schneid., sp.—Adult female, 1 ^ inch long. South 

America. 

IF—ANURA AGLOSSA. 

Without tongue; 

pani entirely bony. 

ear perfectly developed ; Eustachian tubes united; cavum tym- 

a. With maxillary teeth. 

Family “ Dactylethridm.” 

With webbed toes ; dilated processes of sacral vertebrae ; and without parotoids. 

Genus Dactylethra. 

74. Dactylethra Icevis, Daud., sp. (D. capensis, Cuv., see Phil. Trans., 1876, 

pp. 625-648, Plates 56-59.)—Adult and four larval stages. S. and W. 

Africa. 

b. Without maxillary teeth. 

Family “ Pipida:.” 

With webbed toes; and with the processes of the sacral vertebrae dilated; no 

parotoids. 

Genus Pipa. 

75. Pipa Americana, Seba. (see Phil. Trans., 1867, pp. 648-665, Plates 60-62.) 

—Adult, ripe young, and larvae 9 lines long. 
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ON THE TVPICAL BATRACHIAN SKULL. 

In the following descriptions I shall take the skull of Ranct temporaria as the 

“norma” or pattern form ; it is the best on the whole ; one or two exceptional cha¬ 

racters exist in it, viz.: the mark of the originally separate metapterygoid (a rare 

character); the annulus tympanus is not perfect until old age; and the stylo-hyal is a 

long while fusing with the floor of the skull and ear-capsule, if indeed it ever becomes 

fused ; but, with these exceptions, this may be taken as the highest kind of Batrachian 

skull, and the best rule to measure the others by. 

ON THE EARLY STAGES OF THE BATRACHIAN SKULL. 

No known kind of Vertebrate shows so many and such instructive stages in its 

development as the Batrachian. 

The skull of the newly-hatched embryo of the common Frog or Toad is strictly 

comparable to that of a larval Lamprey (Ammocostes), whilst that of the well-grown 

Tadpole comes very close to the skull of the adult Petromyzon. 

But whilst the ordinary Batrachia have a very Petromyzine or suctorial larva, the 

“ Aglossa ” in their early stages have a cranium and face very similar to what is seen 

in the “Siluroid” Teleostean Fishes, and their skull suggests to the observer the most 

probable form of endocranium likely to have existed in such Ganoids as Pterichthys 

and Coccosteus. 

Both these kinds of larval endocranium (chonclrocranium) are figured in my 

“Batrachian Skull,” Part II. (Phil. Trans., 1876, Plates 54 and 55, Bufo vulgaris; 

Plates 56-58, Dcictylethra; and Plate 60, fig. 3, Pipa). 

My present business is with the suctorial type of larval Batrachian skull; for full 

details and figures of the wide-mouthed Siluriform type of skull I must refer the 

reader to the paper just referred to. 

My most successful dissection of the earliest cartilaginous skull in these types was 

that of Bufo vulgaris (op. cit., Plate 55, figs. 1, 2); the embryo was 4 lines (^rd of 

an inch) in total length; the next to this (Plate 55, fig. 3) was of a Tadpole of the 

same species, 5 lines long. 

I shall make the first of these my First Stage, referring the reader to the plates in 

the published paper. 

Of the skull in more advanced stages the present work will give many instances 

and illustrations ; after describing the simple foundation, as seen in Bufo, I shall 

describe a series of stages in various species of the genus Rana. 

The larval skulls-of other types will be described in their proper order, with the 

adult condition of the skull in the same and other species. 
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I must here remark that the early cranium of the Aglossal types, especially that of 

Dactylethra, is in some respects more Petromyzine than that- of an ordinary Tadpole. 

In some things the chondrocraniam of the Tadpole of Bufo vulgaris comes nearest to 

that of the Lamprey, as in the fusion together of the various plates of cartilage; 

but the skull of the larval Dactylethra comes very near to that of the adult Petromyzon 

in several respects. 

This is seen in the complete fusion of the elements of the branchial skeleton, and in 

the histological condition of those bars and pouches : these are composed, as in the 

extra-branchial basket-work of the Lamprey, of a very light kind of cartilage, with 

large cells and scarcely any intercellular substance : the large amount of superficial 

cartilage shows also the same relationship. 

The Common Toad differs from most of the Opisthoglossa in retaining the primordial 

“pedicle” to the pier of the mandible, which is, from the first, continuous with the 

trabecular bar : this is a remarkable survival of a suctorial character—even after 

metamorphosis. 

SKULL OF LARVAL BATRACHIANS. 

Fi rst Stage.—Craniofacial cartilages of embryo of Bufo vulgaris soon after hatching ; 

\rd of an inch in total length. 

Nearly all the truly cartilaginous part of this cranium (“Skull of Batrachia/' Plate 55, 

figs. 1, 2) lies at the base of the fore half of the head (tr.); two globes of soft cartilage 

unfinished in their upper third, are to be seen right and left in the hind half: these 

are the very distinct auditory capsules (au.). 

At present the whole body of the embryo exists as a sort of tail-like appendage to 

the huge and precocious head : the development of cartilage appears, therefore, almost 

entirely in front of the axis of the organism (notochord), which stops at the post- 

pituitary space, before the “pituitary body” is formed. 

Thus the cranium, as yet, is nearly all pro-chordal; arid the para-chordal part, like 

the side-walls and roof of the cranium, is still membranous. 

Yet these prochordal tracts, or “trabeculae cranii ” are manifestly true paraxial 

elements or parts; they are homologous with the paired cartilages that appear in any 

region along the sides of the sheath of the notochord. 

All growths above these (dorsad) are of the nature of neural arches; all growths 

below these (ventrad) are “visceral” or “pleural” arches. 

But these rods are continuous, and they are not parallel the one with the other ; 

how is this to be explained on the theory of their paraxial nature ? 

A consideration of the development of this, or of any, Vertebrate embryo, will help 

us to understand the meaning of these first foundations of the cranium. 

The neural axis rapidly enlarges at its cephalic end, forms three vesicles there, the 

hind, mid, and fore brain, and this beaded structure is bent suddenly upon itself so 
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that the fore brain is turned downwards and somewhat backwards, and the mid brain 

is tilted upwards and forwards, and forms the actual end of the embryo, lying against 

what is called the “ frontal wall. 

The fore and hind vesicles are thus brought into contiguity, and the organic apex, 

or real fore end of the embryo, is a little in front of the hind vesicle ; it looks down¬ 

wards and a little backwards. 

At that point a remarkable process takes place ; the notochord turns downwards, 

taking, as the skeletal axis, the same direction as the neural axis; the fore brain after 

a time sends a budding process out, and the oral mucous membrane sends a budding 

process in, and the two, gradually becoming mutually engrafted, the one upon the 

other, open freely into each other, and then the lower process becoming closed below, 

we have the pituitary body formed. 

In this quasi-archaic condition of the head and its parts, the body is a mere 

appendage, solid hyaline cartilage forms first where most pressure is, and the paraxial 

bands grow first of all from near the apex of the notochord to near the frontal wall. 

But the fore brain swells and hangs down ; the skeletal parts respond to this 

condition and wind their way round its base, embracing its sides, and then meet, or 

nearly so, in front, to diverge again in the nasal region of the face. 

After a few days the paired bands have developed backwards under the hind brain 

(ibid., figs. 3 and 4), and behind the head they appear in patches that alternate with 

the somatomes (muscle-segments, &c.) along the spinal region. 

Then, in Tadpoles Jive-twelfths of an inch long (op. cit., Plate 55, fig. 3), the 

chondrocranium is simply a pair of planks on which the brain lies ; it has become 

much straighter, but the mid brain lies high, still. 

Strength, however, has been gained by fusion at two points (in the antorbital and 

postorbital regions), and between these two points the bars are becoming cre-sted; 

these ridges are the beginning of the ethmoidal and sphenoidal side walls. 

Returning to the earliest stage we find that there are, indeed, two pairs of cartilage 

on each side nearly equal, with a third pair of much shorter bars. 

In these temporary sucldng fishes the chief parts of the organism are all crowded into 

the head and throat; all else is their paddling fin, and the creature is called a bull¬ 

head, on account of this cephalic preponderance. 

The second, more external, cartilaginous band (pd., q.), carrying at its end a short 

inturned segment (Mk.), is the “pier” of the mandible, with its free swinging joint, 

the rudiment of the lower jaw. 

Under that pier, one-fourth of the way from its distal end, the third cartilage is 

seen (c.hy.); this is the free joint of the hyoid (lingual) arch whose pier or epi-hyal 

element does not appear for three or four months to come, and when developed is 

devoted to new purposes, does not become the practical “ suspensorium ” of the lingual 

arch at all, but forms part of the outworks of the auditory labyrinth. 

* See Balfour’s ‘ Elasmobranclis,’ plate 7. 

MDCCCLXXXI. D 
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Behind these parts, in relation to the hinder visceral clefts, four other arches are 

beginning to form. These, the branchials, are still more feebly developed,, never acquire 

an upper element (“ epi-branchial ”), but in their arrest and feebleness are supplemented 

by four pairs of extra-branchial cartilages or pouches ; these I shall describe in the 

developed embryos of the larger species of the genus Rana. 

Until then, also, I shall not describe the other superficial cartilages that are found in 

the Tadpole’s head, viz : that over the “ 1st cleft,” and those so largely forming the 

suctorial mouth of the Tadpole. 

In this early stage the cranial nerves pass over the trabeculae through the membrano- 

cranium. 

Here, if anywhere, we ought to find rudiments of pre-oral arches, if there be any ; 

there are certain things in other kinds of embryos, and even adult forms, that suggest 

such a possibility, but none here.'5' 

At present the mandibular pier has two points of fusion with the trabecula ; the 

hinder of them is the pedicle (pel.), and the front one the palato-pterygoid bar (ppg.) ; 

the pedicle will be largely absorbed, and the palato-pterygoid enormously developed 

during the metamorphosis of the Tadpole. 

Before passing to the description of the well-developed Tadpole, I must refer again 

to the intermediate stages (ibid., Plate 55, figs. 3, 4, 5). 

On its way to the coronoid region of the mandible, the temporal muscle passes over 

the palato-pterygoid bar, and under a leafy growth of the “suspensorium”—the “orbitar 

process ” (<or.p.). In Bufo vulgaris the apex of this leaf coalesces with the ethmoidal 

cartilage, a rare character. This fact, and its nonconformity with what is seen in the 

Tadpole of the Frog, were pointed out to me by Professor Huxley five or six years ago. 

In other species (even of Bufo) I do not find this very peculiar condition of things, 

but the process itself is well developed, even in the wide-mouthed larvse of the 

“ Agiossa ” (ibid., Plates 56-61). 

In the half-grown larvse figured in my paper (ibid., Plate 55, figs. 4, 5, 5a), we see 

the formation of the “ fenestra ovalis ” as an oblique lateral cleft in the auditory 

capsule ; and of the “ stapes ” as the solidification of the soft tissue left in this space. 

In larvse three-fourths grown ossification begins in the tissue over and under the 

chondrocranium. 

'* Professor Milnes Marshall and the writer, from a consideration of the “segmental nerves” of the 

head, from the development of the month itself and of the lacrymal and nasal passages, and from what is 

seen in various cartilages around and in front of the month, hold to the opinion that there are rudiments of 

at least two, perchance three, pre-oral visceral arches. 

But Professor Huxley and Mr. F. M. Balfour will not see with our eyes, and are not in the least 

satisfied with the evidence which seems so conclusive to us. The Lamprey and the Tadpole are indeed 

great stumbling-blocks; if they represent primordial or archaic forms, and if what we see in other kinds 

bear to be interpreted as specialisations having relation to modification of the oral aperture and its 

framework, the onus probandi will still rest with my talented young friend Marshall and me. 
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Skulls of larval “ Ranidas.” 

Chondrocranium of perfect larva of Bull Frogs. 

First Stage.—1. Tadpole of Ran a clamata (A), whose total length was 3^ inches; of 

the tail, 2 inches; and of the hind legs, 5 lines (-x-2- inch). 

The skull (Plate 2, figs. 5, 6) lias now attained its full cartilaginous (Petromyzine) 

condition, and has gone beyond it; there is a pair of cartilage-bones, and there are 

three membrane bones. I shall deal with these signs of metamorphic progress after 

describing the chondrocranium. 

The cranium, proper, is now a small flat-bottomed boat, with a semi-cartilaginous 

deck; this has been constructed upon the original frame in the following manner. 

The large open space in the orbital region has acquired a thin floor of cartilage, and 

this median (“ intertrabecular ”) tract has grown forwards to the region of the inner 

nostrils (i.n.), where the trabeculae have grown together, and are diverging again as 

free, flat, broad-ended “cornua” (c.tr.). 

Behind, the occipital arch is as perfect as may be, for the auditory capsules (vb.) 

fit into large fenestras in its sides; its top (s.o.) is flat, and extends to the fore¬ 

most third of the capsules ; its floor is flat, and contains the diminishing notochord (nc.) 

in its middle : in this kind this rod scarcely acquires any true cartilage in its outer 

sheath. 

In the large orbital region the side walls are cartilaginous, except where the optic 

nerves (II.) pass out of their “ fenestrae ”—spaces three or four times as large as the 

actual foramina. 

As in the occipital region, so also in this, there is a cartilaginous “tegmen;” its 

halves have not united in the middle, and a bilobate “ fontanelle ” (fo'.) exists between 

these growths and the superoccipital cartilage. Then there is a large oval fontanelle (fo.) 

or membranous space up to a short distance of the end of the cranial cavity, where a 

tract of cartilaginous roof margins this egg-shaped space. 

Here there is a perfect cartilaginous cincture, which becomes in the adult the “ os 

en ceintureits front end is extended as a cartilaginous beak formed from below 

upwards as a crested tract of the “ intertrabecula this is the mesethmoicl (p.e.) in 

rudiment; the lateral regions are the right and left “ ecto-ethmoids” (al.e.). 

These lateral parts grow outward into wings whose scooped front margins form a 

back wall to the nasal sacs ; the olfactory nerves pass to these sacs through “ fenestras ” 

that lie between the middle and outer parts of the cincture. 

The nasal roofs are still soft, and in the dissection the olfactory sacs were removed 

to display the cartilages. 

But the interna] nostrils (i.n.) are shown in these figures ; they are large and 

neatly circular ; much of their margin is seen to be formed by the narrow, clinging 

part of the trabeculae, and the curved spat idee that grow out from the ethmoidal 

P ‘2 
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cincture. On the outside the quadrate cartilage (q.) sends a process inwards which 

is tied by a ligament to the corresponding trabecular horn (c.tr.), and thus the circle 

is completed. From this part the cornua turn downwards in a gentle manner, as they 

diverge, and end in a broad, sub-emarginate flap. 

The sclerotics and nasal roofs, which were beginning to cliondrify, having been 

removed, we have only the auditory sacs to describe in this stage. 

They are now thoroughly cartilaginous, and quite confluent with the cranial walls, 

roof, and floor. Moreover, they are swollen with the growth within of the three wide 

canals, and the sacculated base of the membranous labyrinth (a.s.c., h.s.c., p.s.c., vb.). 

A crescentic flap of cartilage grows outwards from the horizontal canal; this is the 

“ tegmen tympani,” under that roof we see the large fenestra ovalis, and the well- 

fitting oval stapes (vb., st.). The fore angle of the tegmen has a flap of cartilage 

growing from it, the result of coalescence ; this, the rudimentary “annulus,” will be 

described soon. 

Leaving out some of the smaller passages, we may refer to the double passage for 

the 9th and 10th nerves (fig. 6, IX., X.), the single passage for the 7th and 5th 

(VII., V.) and the fenestra for the 2nd nerve (II.) : the 8th and 1st are out of sight 

in this view. 

Each of the huge “ mandibular piers ” is two-thirds the length and two-thirds the 

breadth of the cranium proper. Besides the two earliest conjugations with the basal 

cartilage, each bar articulates by its “otic process” with the cartilage that projects 

from the tegmen tympani, and is tied, as above stated, near its distal end to the 

cornu trabeculae. 

It is thus swung at four points from the basis-cranii, but of these, the “pedicle” is 

the true apex or dorsal end (fig. 6, pel.), it lies beneath the parting of the facial and 

trigeminal nerves (VII., V.), and runs parallel for some distance with the front face of 

the auditory capsule. 

Between the pedicle and the palato-pterygoid bar there lies a large subocular fenestra 

(s.o.f.), or membranous space, parallel with the skull ; and behind the pedicle a smaller 

oblique space is formed, bounded behind by the ear-sac. 

The large “ suspensorium ” is thick at its outer edge, and thin at its inner, which 

rises somewhat from its smooth, sinuous, upper face; on this the long temporal muscle 

rests, as it passes from its origin in the post-orbital region, to its insertion on the 

“ coronoid ” crest of Meckel’s cartilage (mk.). 

The suspensorium is terminated by a reniform condyle for the mandible (q., mk.), 

and opposite the ethmoid it has on its under surface, at the outer edge, a pyriform 

flatfish facet for the hyoid plate (hy.f.). 

Over this secondary condyle, which projects outwards, the suspensorium is developed 

into a large rounded leaf, with a broad adherent base, a ribbed edge, and a hollow 

upper surface—this is the “ orbitar process” (or.p.), which bends over the temporal 

muscle and is tied by its apex to the skull wall in front. 
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Its fore margin sends out a snag; another follows this near the condyle for the 

lower jaw, and opposite this is a third, which has been described as tied by a ligament 

to the cornu trabeculae. 

The apex of the orbitar process rests upon a longitudinal crest of the palato- 

pterygoid band; this is the rudiment of the post-palatine (pt.pa.) ; it projects, now, 

into the subocular space. 

The whole of the structure just described is not merely an hypertrophied epi-visceral 

element, it has given rise to a large extra-viscercd outgrowth. 

The “ cerato-visceral ” element is one-third the length and one-third the breadth of 

its own upper piece—but it is thicker ; this is the free mandible or Meckel’s cartilage 

(rnk,). This bar is strongly curved, having a long, terete, angular process behind its 

condylar face, which is a deep notch, like that of the human ulna. The shaft of 

the cartilage is both dilated and thick, and its subconcave end articulates with 

one side of the large sucking disk, the corresponding inferior labial (l.l.). 

This huge, almost horizontal mandibular arch, with its free bars turned inwards at 

little more than a right angle, is flush, in front, with the trabecular end of the 

chondrocranium. 

The four points of attachment to the basis-cranii of this long suspensorium shows a 

modified condition of that complete fusion of the two regions seen in the Chimseroids. 

In Dactylethra (ibid., Plate 56) this state of things is intensified, and in Pipa 

(ibid., Plate 60, fig. 3) the membranous space between the basal and lateral cartilages 

is reduced to a small crescentic slit. 

The larval Ranine skull may therefore be said to be, in this respect, a specialisation 

and dissection, so to speak, of the Chimaeroid type of skull; on the whole, it is much 

more like that of the Lamprey. 

This immense development of the first epi-visceral element is correlated with the 

suppression of all those that should succeed ; only afterwards, when this part has been 

relatively lessened, and greatly modified, does even that of the next succeeding arch 

appear, not then as a mere facial bar, but specialised to auditory purposes, as the 

“ columella.” 

But the “ cerato-hyal ” (Plate 2, fig. 7, c.hy.) is at present very large, several times 

larger than its counterpart of the mandibular arch (rnk.). 

It has a dilated, fan-shaped distal expansion (fig. 7), a gently convex pyriform 

condyle (hy.c.), and a curved upper spike, the rudiment of the stylo-hyal (st.h.) or 

upper end of the bar. The basi-hyal (b.hy.) is still membranous, but it is followed by 

a solid basi-branchial (b.br.); these parts will be described in a corresponding larva of 

R. pipiens, and in a riper larva of this same species. 

The ossifications in this stage are, first, a roundish patch of bone on each side, 

formed in the substance of the cartilage, close inside the aperture for the 9th and 

10th nerves; these are the ex-occipitals (e.o., IX., X.). 

The next are formed in membrane, outside the cartilage ; they are the fronto- 
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parietals (f.p.), thin wedge-shaped shells of bone on the roof; and the parasphenoid 

(pa.s.), a large dagger-shaped bone lying under the floor; its point is rounded and the 

median hind process is a low triangle ; the “ basi-temporal wings ” are broad and oblique 

at their outer end. 

These three are subcutaneous ossifications, but there is also a series of subcutaneous 

cartilages. 
© 

The suctorial mouth is mainly formed by a coalesced upper pair and a distinct lower 

pair of these, here called “labials” (u.l., I.I.). 

The upper piece shows where it was once in two distinct parts ; it is a broad 

crescentic arched flap, with outer angles, an emarginate hind, and a round front, margin. 

Towards the sides there is a small fenestra, which is the beginning of a new sub¬ 

division ; the angles answer to the upper angular cartilages of the Lamprey’s mouth, 

and the main part to the “anterior dorsal cartilage” of that Fish. The “ lower labials” 

form together a horseshoe, and are fixed in between the mandibles; they have a 

thick lower edge and a concave inner face (fig. 2, l.l.). 

The wedge-shaped ray of cartilage, which is confluent with the “tegmen tympani,” 

and articulates with the otic angle of the suspensorium, answers to the mandibular ray 

(the “ spiracular cartilage)” of the Shark: it becomes the “annulus.” The extra- 

branchials will be described in the next instance; part of the first (ex.br1.) is shown 

in fig. 7. 

Second Stage.—2. Tadpoles of Lana pipiens (A and B), from 3§ inches to 5 inches 

long, with hind legs appearing. 

In the largest of these I shall show the details of the structure of the palate, 

mouth, and throat (Plate 1, figs. 3-5); and in the lesser specimens the skull and 

face (Plate 3, figs. 1-3). 

On the whole, the structure of the chondrocranium is very similar to that just 

described; there are, however, some very instructive differences. 

The skull (Plate 3, figs. 1-3) is altogether rounder, less angular, and free from the 

projecting snags; the occipital arch is wider and flatter, the cranial cavity not so 

oblong, but is pinched in in the middle. The internal nostrils (i.n.) are oblique and 

subi’eniform, converging towards each other behind; thus the palato-pterygoid bar 

(p.pg.) is longer and more oblique, and its post-palatine rudiment (pt.pa.) projects less 

into the larger and more oval subocular space. The cornua trabeculae (c.tr.) have 

wider ends and with a more pronounced outer angle, the outer wings of the ethmoid 

(al.e.) are not so well developed, and the vertical septum (p.e.) is shorter. 

In the side walls (fig. 3) the cartilage is low, and the hinder roof-cartilage (“ tegmen 

cranii”), with its two fontanelles, is seen to grow forwards from behind, and not to 

be continuous with the low side wall. 

In this stage, even, besides the centres of bone that grow inside the 9th and 10th 

nerves (e.o., IX., X.), there is on each side a bony patch in front of the ear-capsules ; 
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they are crescentic and enclose the outside of each “foramen ovale;” these are the 

prootics (V. pr.o.). 

The fronto-parietals (fp) are less developed; each bone is a sharp style, growing 

broader behind, and shell-like. 

Also the parasphenoid, below (fig. 2, pa.s.), is altogether a smaller bone, with more 

slender processes; in front it stops short obliquely: here there will appear an additional 

and rare centre—the “ pro-parasphenoid” (see fig. 5, pa.s'.). 

The auditory capsules are relatively less than in R. clamata; the “ tegmen tympani ” 

is a rounder, less pronounced growth, and the position of the stapes and its fenestra 

(st.) is more oblique and inferior in position. 

The narrow-waisted cranium, and the more out-turned suspensorium, make the 

subocular fenestra of a very regular oval shape instead of oblong. 

The orbitar processes (or.p.) are smaller, and the quadrate region in front of them 

shorter; and the spur (pr.pa.) which by ligament is tied to the cornu trabeculae is a 

mere blunt projection. The palatine ridge (“post-palatine rudiment,”ptpa.) projects 

backwards less, but is larger than the outer wing of the ethmoid (al.e.). 

The arcuate form of these great suspensoria throws the quadrate condyles further 

(obliquely) inwards, and thus shorter free mandibles (mJc.) are needed. Here the 

condyle for the hyoid (hyf) is only two-thirds the distance from the hinge for the 

lower jaw, as compared with the former instance. 

Except in Pseudis, to be afterwards described, there is no better kind of Tadpole 

than this of the American Bull-frog for showing the structure of the post-oral 

arches. 

The figure (Plate 2, fig. 8 ) was taken from a dissection of a larva 3f inches long; 

it is drawn as it appeared from above, after the gill-tufts were cleared away, and the 

whole basket-work somewhat flattened out for display. 

The “cerato-hyals” (c.liy.) are roughly hourglass shaped; very solid in the middle, 

and twisted ; they flatten out into massive slabs at each end. 

The natural position of those bars is shown in Plate 3, fig. 3, articulating by a 

somewhat convex condyle with the flattish facet under the fore part of the suspen¬ 

sorium. 

Outwards and backwards from the joint the “stylo-liyal” process (st.h.) forms a 

large irregular triangle ; below, the “ hypo-liyal ” region is greatly outspread or pedate. 

Each lobe projects inwards at it foremost third, and the right and left lobes are united 

by an isthmus of simple (embryonic) cartilage—the “ basi-hyal ” tract (h.hy.). 

Wedged in behind this band of arrested tissue we see a large oval azygous cartilage 

with a rounded lobe growing from its hinder broad end: this is the 1st basi- 

branchial with a rudiment of the 2nd (b.hr.). 

Overlying this rudiment, and articulating with the main piece, there is a pair of 

winged cartilages, closely applied each to each at the mid-line : these are the common 

“hypo-branchial” plates (h.br.). 
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Broad in front, and rapidly narrowing backwards, they each have four small finger- 
shaped cartilages attached to them, the hindmost of these is confluent with the great 
plate and the rest are merely articulated with it: these are the rudimentary “ cerato- 
branchials ” (c.&r1-4.). 

These rays or rudimentary intra-branchial arches lie in the floor of the throat, above 
and within the branchial pouches ; but outside and below these there are four pairs of 

large extra-branchial cartilages (ex.br1-4.) that form most of the framework of the pouches 
and lie close within the outer skin—are, indeed, subcutaneous cartilages, like the 

“labials,” and do not belong to the category of true “visceral arches.” 
The foremost of these remains free distally, articulating with the widest part of the 

hypo-branchial plate ; but the rest have become confluent with it : they all four coalesce 
with each other, above, like their counterparts in the Lamprey’s branchial basket-work. 

The first and fourth of these cartilages are bags or pouches folded into many hills 
and hollows; the two in the middle are widish bars. 

The first and second from their hind margin, and the other two from their fore margin, 

send inward tooth-like rudiments of branchial rays : these agree with the binding parts 
that make the bars into a basket-work in the Lamprey. , 

In the Sharks (see “ On the Selachian Skulls,” T. Z. S., vol. x., plate 38, figs. 1 and 2 ; 
and Gegenbaur’s ‘Selachians,’ plates 11-20) we see that the extra-branchials are 

feeble, the intra-branchials typical, and the branchial rays distinct; in the Skates or 
Bays these fringing cartilages are much dilated externally, and these dilatations are 

articulated together and suppress the extra-branchials. 

The two upper labials (Plate 3, figs. 1-3, u.l.) are but little united of the middle, 
and each has a fenestra in it; on the right side there is a lesser hole. 

The labials of the sucking disk (l.l.) are larger than in the last instance, and this 

corresponds with the fact that this species is very generalised and archaic. 

The spiracular cartilage (Plate 3, figs. 1, 2, sp.c.) is confluent with both the “tegmen 
tympani ” and the “otic process” of the suspensorium. 

When these parts are studied, not only after dissection but also with all their 
enclothing structures, we find that the ordinary Batracliian larva is indeed a kind 

of “ Cvclostomous ” fish, and the Lamprey and this larva mutually explain each other. 
Palatal and lingual aspects and a longitudinally vertical section of the head of the 

largest of these Tadpoles (5 inches long) show many instructive things/" 
In the first view (Plate 1, fig. 3), the inferior arches have been removed bodily, and 

the palate turned upwards; we thus get a view of the horny jaw-plates, the oral 

papillae, the quadrate hinge, the condyle for the hyoid, the inner nares, and the whole 

of the palate up to the faucial region. 
The upper part of this Petromyzine mouth shows not only the principal crescentic 

* Professor Htjxlet (on “ Petromyzon,” Jour, of Anat. and Phys., vol. x., plates 17, 18, pp. 412-429) 
lias served as “pioneer” in tliis part of the thicket; and a cleared space, such as he lias made, makes my 

■work comparatively easy. 
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horny plate, convex outside and concave within, but also lesser denticulate horny pro¬ 

ductions (o.r.) on the outer folds of the lips, and numerous thick papillae (o.p.), laterally. 

The main horny plate (Plate 1, fig. 3) forms a sheath to the upper labials (u.l.); 

behind this the mucous membrane is seen as a bilobate cushion, marked off’ behind by 

a deep sulcus which runs from one quadrate hinge (q.c.) to the other. 

Behind this sulcus the mucous membrane is raised into a second cushion, which is 

concave in front, and which passes backwards into the large palatal roof. At the mid- 

line its foremost third is marked off by an “anterior palatal velum” (a.v.) (“median 

triangular papilla ” of Huxley, op. cit., p. 429); this is covered with small papillae, 

is semi-oval in shape, and is curved forwards; its attached edge is crescentic, the 

convexity looking backwards. 

In front of this flap there are two long clefts (i.n.) which approach each other at the 

mid-line, and then greatly diverge, forwards, nearly reaching the exposed quadrate 

hinge (q.). Each cleft is lipped in front, and this lip runs back again along the cleft 

dividing it into two chinks ; this apparently double slit is guarded by two large 

papillse : it is the internal nostril. In the chondrocranium this passage appears as a 

large round hole between the trabecular cornua and the quadrate (Plate 3, figs. 1, 2, 

i.n., c.tr., q.) and only partially enclosed by cartilage in front. I have just described 

these parts. 

At the sides, opposite the “ anterior velum,” the condyle on the suspensorium for the 

hyoid cornu is exposed (hy.fi). 

The interorbital region of the palate is lower than either the internasal or the inter- 

auditory ; it is one-fourth longer than broad, is covered with papillse, and has the 

largest of these productions postero-laterally. 

The hind part of this palatal tract is, properly speaking, faucial; it is beneath the 

ear-sacs, and reaches the basioccipital region. This is separated from the proper palate 

by two “ posterior vela ” (p.v.) ; these are crescentic folds of mucous membrane, with 

their convexities forward, or opposite to that of the “anterior median velum ” (ct.v.). 

The floor of the mouth is shown from above (fig. 4) ; the free mandibles (mk.) and 

the hyoid cornua (c.hy., hy.c.) have their upper or articular ends exposed. 

The inferior horny plate, with the outer denticles of the folds of the lower lip 

(Plate 1, fig. 4) are shown, as well as the right and left crops of labial papillse ; the 

main horny plate is modelled on the horse-shoe shaped lower labials (l.l.). 

In this view all the post-oral clefts are seen, for at present the pouch-shaped 

(blind) first cleft (cl\) is low in position. I have found it open externally in no stage, 

although the skin over it is very thin at the time of hatching. (See my first paper 

on the “Frog’s Skull,” Phil. Trans., 1871, Plate 3, fig. 10, cl1.) 

This low position of the first cleft is due to the extreme length and horizontal 

position of the “pier” of the mandibular arch (see Plate 3, figs. 1, 2), the hinge of which 

(fig. 1, q.) nearly reaches the upper lip ; afterwards, in the adult, it is beneath the ear. 

This cleft (Plate 1, fig. 4, cl1.) is small, crescentic, and with its convexity looking 

MDCCCLXXXI. E 
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outwards and forwards ; all the other clefts (cl'2,3~5.) have the same form and direction, 

but they are larger, and open externally, although covered afterwards with the oper¬ 

cular skin, which only opens on the left side. The second cleft (cl2.) is between the 

hyoid cornu and the first branchial pouch ; it runs into the floor some distance from the 

hyoid facet. 

Between the articular surfaces of the free mandibles (rah.) the mucous membrane 

is raised into two crescentic folds ; these are the lateral rudiments of the tongue (tg.); 

if these lobes simply grew forwards the Frog would have a bilobate tongue with its 

free ends growing forwards—-it would be protero-glossal. 

Between these lobes there are several large papillae; behind them the mucous 

membrane thinly veils the hyo-branchial arches (Plate 1, fig. 4, and Plate 2, fig. 8), 

At the mid-line there are, behind the papillae, first the basi-hyal (b.hy.) and then 

the double basi-branchial (b.hr.); whilst on each side are the broad hyoid cornua (c.hy.) 

and the sub-median and lateral elements of the branchial arches (li.br.) and its rays 

—all that exists of the endoskeletcil framework of these parts. Thus in the larval 

condition the Frog lias the dorsal portion of its hyoid and branchial arches suppressed : 

four large “ extra-branchials ” (Plate 1, fig. 4, br.p. ; and Plate 2, fig. 8, ex.br1-4.) 

supplement the deficiency, and those bars, the first and last of which are cochleate, 

are homologous with half of the branchial basket-work of the Lamprey, namely, with 

the four bars of its framework from the first to the third pouch inclusive. 

In his valuable paper on the Lamprey (Journ. of Anat. and Phys., vol. 10, pp. 412- 

429), Professor Huxley does not notice the existence of arches homologous with the 

proper branchials of Selachians, Ganoids, and Teleostei; but his description of the cor¬ 

respondence of these parts with those of the Lamprey must be given here : — 

“ In the present stage the branchiae of the Tadpole are, as is well known, pouches, 

which present no superficial likeness to the branchial sacs of the Lamprey. A septum 

extends inwards from the concave face of each branchial arch, and the septa of the two 

middle arches terminate in free edges in the branchial dilatation of the pharynx. 

Vascular branchial tufts beset the whole convex outer edge of the branchial arch, and 

are continued inwards in parallel transverse series of elevations, which become smaller 

and smaller towards the free edge of each septum, near which they cease. 

“In the young Ammocoete the septa of the branchial chambers similarly bear vascular 

processes, which are first developed close to the external branchial aperture, and thence 

extend inwards transversely.* 

* In a note here, Professor Huxley remarks: “If tlie first-formed long branchial filaments of tlie 

Ammocoete projected tlirongli the small gill-clefts outwards instead of inwards, they would resemble the 

first-formed ‘ external gills ’ of Elasmobranchs. And this difference of direction seems to indicate the 

solution of the difficulty, that external gills, which are so generally developed at first in HUasmobrancMi, 

Ganoidei, and Dipnoi, are apparently wanting in Jfarsipobranchii.” I may add to this note an observation 

of my own illustrative of the writer’s remarks, namely, that in the larva of Dadylethra there are no 

branchial filaments growing from the outer face of the branchial pouches (see “ Batrachia,” Part II., 

Plate 58, fig. 1.) 
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“ The recesses at the sides of the floor of the pharynx into which the interseptal 

clefts or internal branchial clefts open, answer, taken together, to the branchial canal 

of the Lamprey, which is not shut oft1 from the oesophagus in the Ammocoete. The 

anterior boundary of each of these recesses is marked by a fold of the mucous mem¬ 

brane, the free edge of which projects backwards, and is produced into papilliform 

angulations so as to appear scalloped. The anterior face is concave. The inner angle 

of each fold passes into its fellow by a ridge, produced into one or two papillae, which 

is closely adherent to the median part of the floor of the mouth. The outer angle is 

continued into a more delicate fold of the mucous membrane lining the roof of the 

mouth, the free edge of which also projects backwards. It is plain that these struc¬ 

tures answer to the pharyngeal velum of the Lamprey.” 

The “inferior velum,” or membranous fold (l.v.) will be best understood by reference 

to both the figures of its natural condition (Plate 1, fig. 4) and also to those of its 

dissected framework (Plate 2, fig. 8). 

We see at once that this scalloped fold is formed upon the rudimentary arches that 

grow from the oblique sides of the hypo-branchial plates, and that there is the common 

pharyngeal covering of these rudimentary intra-branchial arches (“ cerato-branchials”). 

They are able to be the skeleton of a free, scalloped, papillated fold in virtue of 

their arrested condition; if they grew upwards round the whole circle of the throat 

this structure could not exist. 

If each of these rudimentary arches was continued upwards, surmounted on each 

side by an “epi-branchial,” and this in turn by a “pharyngo-branchial,” we should have 

such arches as are seen in Selachians, Ganoids, and Teleosteans. 

If the lower, or outer, surface of these arches was beset with a double row of pecti¬ 

nated branchial folds, then the Ganoid and Teleostean type of gills would exist; in the 

Selachians (“branchiis Axis”) the gill-folds are formed in a double series of pouches, 

the common framework of which is formed of typical Aim-branchial arches, each 

composed of nine pieces, on the inner side; the septa are strengthened by free 

“ branchial rays,” and on the outside (in the Shark) there are distinct “ extra- 

branchials,” one to each pouch, which are pointed above and pedate below. 

The “branchial canal” of the Lamprey is correlated with suppression of the 

“ cerato-branchial ” rudiments, such as are seen in the Tadpole ; but there is a hyoid 

arch. 

With respect to the branchial tufts that are so copiously developed within and at 

the edges of the gill-pouches of the “Phaneroglossa,” I find that my own views are in 

accord with those of Mr. Balfour.* 

There are true and false “external gills”: the first, only, are present in the 

“Urodeles,” and for a short time in the newly-hatched Tadpole (see Phil. Trans., 1871, 

Plate 3, figs. 2 and 10, hr1., fir2.); these are developed from the epidermis—are epi- 

blastic. But the tufts that break forth from the clefts in the more developed Tadpole, 

* I have recently Lad my mind set at rest npon tLis subject by my talented friend. 

E 2 
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and the long, precocious, filamentous gills of the embryo Selachian, are, like gills 

generally, of hypoblastic origin. 

The vertical longitudinal section (fig. 5) may be now described. 

The large upper labial (below c.tr.) is seen in section; it is the “anterior dorsal 

cartilage ” of J. Muller : below, the lower labial is seen/"' where it joins its fellow to 

form the imperfect “annular cartilage” (see also fig. 4, IX., mk). 

Meckel’s cartilage is seen behind this in the section; it lies in the side of the 

mouth, and its main function is to serve as a suspensorium to the “annular cartilage ” 

(the corresponding half of the imperfect ring) (see also Plate 2, fig. 6, l.l., mk.). 

The raised cushion behind these cartilages is the rudimentary tongue (fig. 4, tg.); 

in the back of this the basal cartilages are placed. 

In most things I agree with Professor Huxley as to his harmony of the Lamprey’s 

and the Tadpole’s mouth. There is some reason to suppose that the antero-inferior 

median cartilage belongs to the mandibular arch. The basi-hyal of Fishes is always 

a “glosso-hyal;” it projects forwards beyond the arch to which it belongs, and so does 

the first basi-branchial. 

Any paired plate of cartilage lying in the same plane, but projecting outwards and 

backwards from the basi-branchial bar (or bars) would be “hypo-visceral;” any rods 

attached above these and lying in the lower half of the sides of the pharynx would be 

“ cerato-viscerals.” 

In the Lamprey (Huxley, op. cit., plate 17, fig. 1) this anterior median cartilage, 

below, is outside the lingual rod, and is probably a basi-mandibular ; and the great 

lingual cartilage (k.) is an undivided piece, with neither osseous nor fibrous segmenta¬ 

tions, and is evidently an intra-visceral element. 

In the Tadpole (Plate 2, fig. 8, b.hy.) the anterior basal piece does not chondrify 

until metamorphosis takes place ; it is a thick, narrow, conjugating band, composed 

of large cells of simple cartilage. 

But the basi-branchial of the Tadpole (b.br.) is an oval mass of cartilage, with a 

hinder bud that grows downward beneath the large hypo Branchial plates (li.br.) ; this 

bud does not become a separate second basi-branchial. These two semi-distinct 

rudiments do not represent more than the end of the long lingual cartilage of the 

Lamprey; and if that fish had paired cartilaginous plates lying on the same plane as 

the lingual cartilage and attached to its sides, behind, they would be hypo-branchial 

plates, for they would belong to the inner category of cartilages, and not to those 

forming the branchial basket-work. 

In the Tadpole the heart (fig. 5, h.) is roofed over by the “ hypo-branchial” plates, 

and the edge of the “inferior velum” (fig. 4, l.v.) is seen completing this roof and 

also covering the inner branchial openings in front. 

Where the right and left vela unite at the mid-line, there they are directly in front 

of the larynx (lx) ; afterwards, the hypo-branchials become the “ thyro-hyals.” 

* The inner face of the lower labial is lettered mk., by mistake, in Plate 1, fig. 5. 
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Third Stage.—1 (continued). Tadpole of liana clamata (B) 3 inches 5 lines long; 

tail inches long; hind legs, 1 inch long. 

In this stage (Plate 4, figs. 1-4) we see some metamorphic progress beyond the last; 

the general form of this as compared with Stage A (same species) is not much altered 

(see Plate 2, figs. 5-7), but there are some new parts, and some changes in the old. 

The time, indeed, has been short during which these changes have taken place, for 

these Tadpoles even at their height, as larvae, were beginning rapidly to be trans¬ 

formed. The exoccipitals (e.o.) are larger, but the prootics are not visible; outside the 

frontal region the premaxillaries (px.) have appeared in addition to the three investing 

bones seen in the last stage. But the thing of most importance is the rapid growth ol 

the “ intertrabecula ” as a vertical nasal septum(s.n.), and the solidification of tlle mem¬ 

branous roof of the nasal sacs into a pair of ear-shaped nasal cartilages (na.) whose 

antero-external notch forms the inner boundary of the outer nostril (na., e.n). These 

elegant shells of cartilage are becoming confluent with the top of the septum internally, 

and with the ethmoidal “wing” (al.e.), behind: they are true “ paraneurals,” and 

answer to the “ sclerotics ” and “ periotics.” 

Another change is the retreating of the orbitar process away from the side of the 

skull, so that the “post-palatine” rudiment is exposed (or.p., pt.pa.); the “pre-palatine” 

rudiment (pr.pa.) in front of the internal nostril (i.n.) is also further from the trabecula. 

The fore margin of the chondrocranium is very similar to what it will be 

eventually, but the rounded end of the intertrabecula is still distinct from the 

nasal roofs (s.n., na.), and the cornua trabeculae (c.tr.) are still undivided at their end. 

The great upper labial (u.l.) has lost the fenestrse that showed signs of division, 

right and left, and is now, more than ever, one large saddle-like plate.* 

The mandibular and hyoid arches are much in the same state as in the younger 

larvae (Stage A), but the branchials are altering preparatory to extensive absorption. 

Compared with those of the Bull-frog (Second Stage, Plate 2, fig. 8), it will be seen 

* In this and the last two stages (A and B) we have a very instructive analysis, so to speak, of the 

complex nasal capsule in the higher Vertebrates, e.g., of that in the Mammals. It is composed primarily 

of the trabeculae with their lateral (antorbital) wings, where the cranium closes in in front of the vertical 

“ intertrabecular ” middle wall; of the nasal roofs which may grow down into side wTalls ; and of the rich 

outgrowths of turbinals that grow from the front of the antorbital wings of the ethmoid (tipper and 

middle turbinals) ; and from the inside of the outer wall (inferior turbinals). 

Other turbinals may spring from the roof (nasal turbinals of the .Rodents), or inside the outer nostril 

(ali-nasal turbinals of Pig and Bird). 

Then the narial valves are formed of segments or subdivisions of the upper labials, the whole structure 

being roofed by the nasals, floored by the vomer or vomers and palatine plate of the maxillaries, and 

walled in by the maxillaries and premaxillaries. 

Lastly this complex labyrinth of cartilage may, itself, become bony, to a greater or less degree, and even 

may coalesce, more or less, with the investing bones. 

Anyhow, the plan and pattern, and the numbered elements of this labyrinth, are to be seen in their first 

simplicity in the nasal region of the Tadpole. 
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that the first and second extra-brancliials (Plate 4, fig. 3, ex.brl~i.) have lost much of 

their pouch-like shape, and are but little broader than the second and third; they all 

become very narrow bands, and thus vanish, with the exception of a common remnant 

that becomes fused with the permanent hyo-branchial plate. 

The third intra-branchial (c.br3.) is very long, as long indeed as the counterpart 

bars are in Selachians, Ganoids, and Teleostei; in its normal position, round the 

pharynx, this bar just reaches half way up the side, and in those Fishes is surmounted 

by the epi-branchial. 

In the Dactylethra Tadpole (Phil. Trans. 1876, Plate 58, fig. 1) the whole skeleton 

of the branchial pouches is one continuous structure; here the intrabranchials are 

nearly segmented off from the extra-branchials, but there is an isthmus of cartilage 

uniting them in Rana, as may be seen in the section (fig. 4, c.br1., ex.br1.). 

I must pass again to Rana pipiens for my next stage ; the reader will, however, 

easily eliminate the non-essential specific variations, at any stage, from those more 

important step by step processes that transform a Cyclostomous skull into one with 

a widely gaping mouth and jaw-hinge far behind, like that we see in certain aberrant 

Selachians—Notidanus and Cestracion. 

Fourth Stage.-—2 (continued). Tadpoles of Rana pipiens (C) with tail lessening and 

all the legs free. 

This stage (Plate 3, figs. 4-13, and Plate 9, figs. 1-6), of this species, shows that 

in the largest and most generalised of the genus the branchial apparatus remains in 

full development and function much longer than in the lesser Frogs. They are two 

or three years (according to Wyman) before they have finished their metamorphosis, 

and that excellent naturalist kept them (in captivity) six or seven years as Tadpoles. 

In R. clamata (Stage B) the nasal roofs just appear as the branchial pouches are 

dwindling away. In R. pipiens the whole nasal labyrinth is perfected before any sign 

of diminution appears in the gill-pouches. 

This indicates that the Tadpole of the Bull Frog is well fitted out with special 

sense organs long before it finishes its metamorphosis, and suggests the probability of 

a still slower metamorphosis in former epochs. Pseudis offers a remarkable confirmation 

of this view. 

Comparing this with the two last stages we shall see both the general progress and 

the specific differences that are found to be even in larvae of the same genus. 

The most striking change is the elongation of the palato-pterygoid band (Plate 3, 

figs. 4-6, p.pg.), thrusting the suspensorium outwards. Then the “waist” of the 

cranial box is narrower, and its sides more chondrified (fig. 6). 

The roof bones are segmented across (fig. 4, f,pf and, contrary to wont, the frontals 

are only half the size of the parietal s. 

Below, the parasphenoid (fig. 5, pa.s.) has become more develojDed, and foliated 

behind ; in front, the membranous layer seen in the earlier larva (fig. 2) is now partly 
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occupied with a new (and rare) bony centre—the “ pro-parasphenoid (pa.s .) 1 he 

endosteal tracts in front of and behind the auditory capsules (pr.o., e.o.) are enlarging, 

and the “pedicles” (jod.) in front of the former are becoming very attenuated, dhe 

rest of the hind part of the cranium is but little altered, but in front the nasal capsule 

is almost finished (fig. 4). 

The nasal roofs (al.n.) are now completely confluent with the septum and the lateral 

wings of the ethmoid ; nevertheless the “cornua trabeculae ” (c.tr.) that form the floor 

of the nasal cavities are undivided in front. The ear-shaped nasal roofs are seen to 

have curved down, round the external nostril (e.n.), but the terminal halves of the 

trabecular cornua are interposed between the nasal capsules and the upper labials. 

These, however (figs. 4—6, u.l.), are seen to be breaking up into an inner and an 

outer pair : these will disappear ; the new labials and the newly formed premaxillaries 

have been removed. The inferior arches (Plate 3, figs. 5, 6, and Plate 9, fig. 1) are but 

little altered from what they were in the Second Stage. The drawing of the branchial 

arches was made from an outspread preparation which was figured from below; they 

are seen to turn obliquely backwards as they ascend to the sides of the basis cranii. 

Tooth-like processes of simple cartilage are interdigated with each other in the large 

clefts ; but the branchiae which grow on them, and which run inwards in rows, have 

been removed. 

But truly cartilaginous rays grow from the bars under these processes ; these are 

partly shown in Plate 9, fig. 3, br.r. 

The internal nostril (Plate 3, fig. 5 ; Plate 9, fig. 2, i.n.) is a curious oblong slit, 

diverging forwards, and protected by one or more papillae. 

A series of transversely vertical sections (Plate 3, figs. 7-13 ; and Plate 9, figs. 

4-6) show the solidity of this chondrocranium. 

The 1st section (Plate 3, fig. 7) is through the fore part of the nasal capsule, and 

catches the nasal roofs (al.sp.) both above, and where they turn over to form the narial 

rim, or “alinasal” fold. They have coalesced with the intertrabecular wall, now the 

septum nasi (s.n.). 

A branch of the orbito-nasal nerve (51) is seen emerging between the folds; the 

cavity between these folds externally is the outer nostril ; another space is seen 

below this and above the thick cornua trabeculae (c.tr.), which runs inwards to the 

inner nostril. At present the trabecular horns are not modified into the flat nasal 

floor, but are attached to the structure above by fibrous bands. 

The 2nd section (fig. 8) is close behind the nostril, and behind the second fold of 

cartilage ; on one side the wide part of the roof has been (obliquely) cut through ; the 

septum (s.n.) is still some distance from the cornua (c.tr.; the cross band is coloured, 

by mistake). 

The 3rd section (fig. 9) is similar; it is also oblique, and the hinder part of the 

capsule is partly severed. 

The 4th section (fig. 10) is through the widest part of the nasal roof, where these 
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cartilages (fig. 9, al.sp.) have coalesced with the ethmoidal tract (al.e.); here the 

septum (s.n.) as it becomes “perpendicular ethmoid” (p.e.) is confluent below with the 

coalesced trabeculae (tr.). On one side the section is seen to pass into the palato- 

pterygoid band (p.p>g.). 

The 5th section (Plate 9, fig. 4), rather more than half of which is shown, is through 

the ethmoidal part of the skull proper, where the nasal cavities (n.p.) are closing in. 

The perpendicular ethmoid is seen to be very thick, and the trabecula (tr.) to pass into 

the solid root of the palato-pterygoid bar (p.pg.) from which ascends, suddenly, on 

the outside, the strong arcuate “orbitar process” of the suspensorium (or.p). 

The 6th section (Plate 3, fig. 11) is through the solid ethmoid where it closes in the 

skull, leaving only the olfactory nerve-passages (1); here the skull is as solid as that of 

a Chimcera. The palato-pterygoid bars (ppg-) are cut through, outside the “post¬ 

palatine rudiment” (see Plate 3, fig. 1, pt.pa.), whose form, as a gentle elevation, is 

there shown. 

The 7th section (Plate 3, fig. 12) is behind the palato-pterygoid, and through the 

fore part of the skull-barge, where the olfactory crura (1) are given off. The cavity is 

elliptical, the wide wall thick, the roof (anterior “ tegmen,” t.cr.) and the floor are 

gently concave. 

On the roof we see the fore end of the frontals (/■), and under the floor the 

parasphenoid (pa.s.). 

The 8th section (Plate 3, fig. 13) is behind the “tegmen” and through the fore part 

of the “ fontanelle,” covered by the widest part of the frontals (f.); the bone below is 

widening, it is the parasphenoid (pa.s.). The elliptical cavity is deeper, the walls 

thinner, and the floor is now convex. 

The concavity, below, in the two last sections, is due to the drawing in of the 

trabeculae, and the high, vertical form of the “ intertrabecular ” tract in the fore skull, 

is now a bulging' floor. 

The 9th section (Plate 9, fig. 5) is through the middle tegmen, between the great 

median and the lesser paired “ fontanelles,” and also through the widening parietals 

(f, by mistake for pi). Here the roof passes into the wall, downwards; then there 

is a large fenestra optica on each side, with the optic nerves (IP) emerging; and then 

the rounded trabeculae, with the bulging “ intertrabecular tract,” floored by the para¬ 

sphenoid (tr., pa.s.). 

The 10th section (Plate 9, fig. 6) is through a lateral fontanelle, the hind part 

of the parietal (p.), and the auditory capsule, confluent with the basal plate (iv.). 

The anterior and horizontal canals (a.s.c., h.s.c.) are cut through, and the general cavity 

of the vestibule (cm.) laid open. 

The “ tegmen tympani ” (t.ty.) is seen projecting from the outside of the capsule, 

beyond the horizontal canal ; and the basal plate, or “investing mass,” is seen to grow 

outwards as a floor to the tympanic cavity (ty.f.). This plate is deficient, more or less, 

behind, the capsule resting on an imperfect floor below, and projecting into a fenestra 

in the wall of the skull. 
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Fifth Stage.— 1 (continued). Advanced Tadpoles of liana clamata (C), all limbs free; 

3^ inches long; tail, lyh inch long. 

If this (Plate 4, figs. 5-7) be compared with the Third Stage, the second larva of R. 

clamata, (figs. 1, 2) we shall see what approach is made towards the adult condition. 

The angular and almost oblong form of the whole structure is changed for a short oval; 

and the facial outworks are only half the real and relative width they possessed then. 

The auditory capsules are of greater extent, antero-posteriorly, the ex-occipitals (e.o.) 

are larger, and the prootics (pr.o.) have begun on the outside of the foramen ovale (V.). 

The form of the cranial cavity is narrower in front compared with the hind part, and 

the whole ethmo-nasal structure in front of the cavity is shorter, and much modified. 

Besides the septum nasi (<s.n.) the whole intertrabecular space is filled in in front; 

the <c cornua ” (c.tr.) are only half as long, and are bifurcated, the outer fork has become 

the large arcuate angle of the “ subnasal lamina,” and the lesser (inner) fork is the 

hooked “ pro-rhinal ” (p.rh.) which lies inside the premaxillary (px.), and curves 

backwards. 

The internal nares (i.n.) are now relatively much forwarder, are more elongated, 

and are placed quite transversely. 

The front wall of the nose is completed by fusion of the roof with the septum, and 

a growth of cartilage over it to the lower face of the labyrinth. The external nostrils 

(e.n.) are now also much nearer the front of the head, for the large labial plate has 

been absorbed and two pairs of small new plates that form the outworks of the nose 

have appeared. The inner pair (u.lh) are applied to the inner face of the apex of each 

nasal process of the premaxillaries (px.); whilst the outer forms a shell-like valve 

to the external margin of the nostril (u.l2., e.n.). 

The nasal bones (a film over na.) have appeared like small shells. The condyle of the 

quadrate (cp) is now opposite the hinder margin of the nasal roof, instead of the front 

margin ; it is twice as far from the roof, and its condyle looks obliquely outwards, and 

not inwards as before. The elongated and oblique palato-pterygoid bar now has the 

“ post-palatine rudiment ” as a ridge looking outwards and backwards, and the “ pre¬ 

palatine spur ” (pr.pa.) nearly touches the tip of the horn of the trabecula (angle of 

“sub-nasal lamina,” c.tr.). 

Tracing the narrowing and retreating suspensorium backwards, we see that the 

orbitar process, and condyle for the hyoid (or.p., hy.fi) are now opposite, not the 

antorbital region, but the middle of the subocular fenestra. 

Further back, the true “otic process” is small and rounded (fig. 5, ot.p.), and the 

spiracular cartilage, now detached from the tegmen tympani, applies itself to the side 

of the otic process (sp.c,, ot.p., l.ty.); it is now a trifoliate rudiment of the “annulus.” 

Below (fig. 6, pd.), the pedicle is forming its condyle, to glide upon a pre-auditory 

process of the basal plate, whilst the dorsal part of the pier is now an attenuated 

thread of cartilage running under the prootic to the front of the foramen ovale (V.). 

MDCCCLXXXI. F 
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A remnant of the notochord (nc.) still persists ; it lies on a thin junctional tract of 

the investing mass through which it is very visible. 

The fronto-parietals (fp.) are but little changed, and are not yet segmented. The 

parasphenoid (pci.s.) has enlarged in its basi-temporal wings, in correspondence with 

the enlarging ear-capsules. 

There is only a stapes in the middle ear; no epi-hyal element has appeared. 

In accordance with the out-turning of the quadrate cond}des, the lower jaws (fig. 7, 

ink.) are longer; but the whole arch is largely extended by the strangely altered form 

of the original suctorial “horseshoe” formed by the “lower labials” (l.l.). Now, they 

are nearly straight, and stand across between the ventral ends of the mandibles. 

These latter bars are invested on their inner and lower face by the rudimentary 

“ articulare ” (or.). The maxillaries (rnx.) also have appeared above. 

Sixth Stage.—3. Half metamorphosed larva of liana-? sp. (India); If inch long; 

tail, f inch ; all. the legs free. 

The less important specific modification here seen (Plate 4, figs. 8-10) is the flat, 

wide cranium; the more important morphological changes are self-evident. The 

transversely extended auditory masses, and the wide flat occipital arch, are now largely 

becoming ossified by the two pairs of perineural centres (pr.o., e.o.) that gradually 

more or less occupy the occipital, periotic, and post-sphenoidal regions, protecting those 

parts of the head where the 5th to the 10th nerves emerge. The rest of the cranial 

“ barge ” is well chondrified, but has no bone as yet; the roof bones (f p.) are still 

large; the floor bone (pci.s.) is a short, blunt, dagger, with a very wide “guard,” 

and a very short handle. 

Over the nasal roof the nasal bones (n.) are now crescentic shells of bone; the pre- 

maxillaries and maxillaries (px., mx.) are now well developed, but the vomers are not 

apparent. A thin squamosal (sq.) like a “ pre-operculum ” runs down the suspensorium, 

and the dentary (fig. 10, cl.) has appeared on the outside of the mandible, distally ; 

the coalesced “ lower labial ” is becoming ossified, and the dentary is grafting itself 

upon the endosteal patch, so as to form the “ mento-Meckelian bone the “ articulare ” 

(ar.) is lengthening with the jaw. 

The fore parts of the trabecula), now completely confluent with the nasal roofs, are 

broken up into a remarkable cervicorn structure. The inner angle of each is now the 

finger shaped, curved “pro-rhinal” (p.rh.), and the outer angle, which finishes the 

nasal floor in front, is divided into three lobes, one upper and two lower, that turn 

outwards, and are imbedded in the fore end of the maxillary. The two pairs of upper 

labials (u.ll.ud~.) are quite normal now, perfecting the antero-external edge of the 

nostril (fig. 8). Behind the pro-rhinals a pair of “ fenestra) ” (fig. 9, n.n.) are seen. 

The “pre-palatine” (pr.pa.) has now escaped far away from the trabecular angle in 

fr< nt; it is a sharp falcate process at the fore end of a narrow band of cartilage which 

runs backwards until it is now opposite the prootic bone; there it ends in the suspen¬ 

sorium, which has become a stunted, triradiate cartilage, one-third of its former length. 
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The ant orbital pedicle (“ ethmo-palatine ”) (e.pa.) is now a flat tape, narrowest in 

the middle; the “post-palatine” (pt.pa.) is a similar tape passing insensibly into the 

still narrower “pterygoid” (pg-), which latter passes into the suspensorium where it 

subdivides into its three forks. 

The lowest part ends in the reniform quadrate condyle (q.); and the position of the 

hinge is opposite the prooticand the foramen ovale (pr.o., V.), instead of being in its old 

place opposite the front of the nasal capsules. 

This is, truly, only part of the way back of the condyle (see in the adult Rana pipiens, 

Plate 8, where it gets some distance behind the occipital condyle), but this is a good 

distance to be travelled whilst the legs have been growing and emerging, and the 

lungs gradually rendering the gills unnecessary. 

The spiracular cartilage (sp.c.) has begun to take on its crescentic form, and is now 

an evident annulus tympanicus. The epi-hyal has not yet appeared, ready to become 

the columella; the cerato-hyals (fig. 10, c.hy.) are dislocated from the suspensorium, 

the hinge having become absorbed; they lie behind the first pair of clefts, which, of 

course, are between them (on each side) and the corresponding suspensorium. 

This latter part, the mandibular “ pier,” has lost all its dorsal end, the narrow 

upper tract of the “ pedicle ” having been completely absorbed. The stunted, ampu¬ 

tated part has now a flat condyle on its end, which glides on the facet formed for 

it over the front of the ear-capsule below. 

Above, the “ otic process ” (or third part) of the suspensorium (ot.p.) has crept close 

to the fore edge of the tegmen tympani, ready for fusion ; it is already invested with 

the squamosal (sq.), which lies in front of a gentle ridge—all that remains (now) of the 

“ orbitar process.” The arches, pouches, sub-basal and basal plates of the branchial 

cartilages are reduced to a lozenge-shaped plate, ending in a pair of diverging rods, 

and ready to unite, in front, with the attenuating cerato-hyals (fig. 10, c.hy.. 

h.h.br., t.hy.). 

I shall nest describe the condition of the skull in young Frogs, when that which 

was left unfinished in the cranium, on their assumption of terrestrial life, will be seen 

to have gone on unto perfection ; and the “headstone” brought on to this graceful 

piece of vegetative architecture. 

Skulls of Young and Adult “Rankle.” 

Seventh Stage.''—4. Skull of Rana palustris (Cambridge, Mass., U.S.). Young 

recently metamorphosed; 11 lines long. 

The figures of this (Plate 5, figs. 6-10) and the next (figs. 1-5) stages show the endo- 

cranium with the outer bony laminae removed from one side, and retained on the other ; 

and these, whether they are bones that are permanently, or only for a time, distinct. 

* If the three early stages of the larval skull (in Bufo vulgaris) were added to these, this would be the 

Tenth Stage. 
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All the structures are now rapidly passing into their permanent form, although 

the individuals are, at this time, very small. 

The endocranium is here of the typical form ; a flat-bottomed “ barge,” with one 

large anterior, and two small posterior membranous spaces in the “ deck.” 

The larger lateral expansions behind are connected with the lesser lateral expan¬ 

sions in front, by an elegant bow of cartilage, the pterygo-palatine (pg., e.pa.) ; the 

hinder expansions are caused by the impaction of the ear-masses into the sides of 

the skull, and the expansions in front are due to the nasal growths; from the open 

spaces between, on each side, the eye-balls have been removed. 

The two pairs of ossifications in the endocranium, the prootics and the ex-occipitals 

(pr.o., e.o.), are considerably larger than in the last stages ; the hinder pair have quite 

encircled the twin passage for the 9th and 10th nerves ; a trace of the notochord (nc.) 

still remains. 

There is no gh’dle-bone yet; thus, with the exception of the “ centres ” just men¬ 

tioned, the endocranium is a “ chondrocranium.” The form of the contents of the 

ear-capsule is well seen through the semi-transparent cartilage, and the form and 

extent of the originally separate nasal roofs, as distinguished from the pre-cerebral 

region of the cranium, are well seen. Also below (fig. 7), the manner in which the 

“ intertrabecula ” has filled in the space between the “ cornua trabeculae,” and the 

sub-division of the root of the “ horns ” into a pro-rliinal hook, and a subnasal outer 

angle (p.rh., s.n.l.), are clearly seen; also the divisions of the upper labials (fig. 6, 

u.ll.a.l~.), and their relation to the outer nostril (e.n.). 

The “ ethmo-palatine ” bar (e.pa.) is lobate; the pre-palatine is spiked, and the 

post-palatine is a gently lessening bar, which with the pre-palatine region in front 

and pterygoid region (pg.) behind, forms a most elegant subocular “ bow.” 

Behind, this bowed bar ends in three lobes ; the quadrate with its reniform condyle 

(q.c.) running outwards, and downwards, and backwards; the “pedicle” (pd.) pedate, 

with a flat inturned facet below; and the “ otic process ” above, clamping the outer 

and front end of the “ tegmen tympani.” 

For articulation with the quadrate we see the cylindroidal condyle of the mandible 

(fig. 8, ar.c.); the under and inner face of the long arched rod is invested by the 

“articulare ” (ar.) nearly to the fore end ; the “ dentary” (d.) runs along the distal half 

on the outside, and it is grafting itself, near its lower end on the lower labial, which 

is not quite confluent with the mandibular rod (mk.), and which is itself' ossifying, to 

become the “ mento-Meckelian ” bone (-m.mJc.). 

The obliquely semi-oval stapes (figs. 7 and 10, st.) has now wedged in, between its 

fore margin and the ear-capsule, the proximal end of the “ columella ” (epi-hyal element). 

This structure is not yet finished, and has a subdivision in it very rarely seen in 

adults, but which is normal in certain fishes (e.g., the “ Acipenseridse ”). 

These two parts are, morphologically, the proximal or “ hyomandibular,” and the distal, 



DEVELOPMENT OF THE SKULL IN THE BATRACHIA. 37 

or “ symplectic.” As a rule a short segment is cut off close to the stapes, the morpholo¬ 

gical “ pharyngo-hyalthis has not taken place, at present, in this young Frog. 

The proximal piece is the medio-stapedial (fig. 10, m.st., i.st.), and it is largely ossified; 

the distal piece is not; it is the “ extra-stapedial ” (e.st.)—a peduncidated sub-circular 

disk ; as yet, there is no supra-stapedial band growing up from the inner side.* 

The “ cerato-hyal ” (figs. 7, 9, st.h., c.hy.) is not yet as narrow as it will be, but from 

hanging by its primary joint under the antorbital region, it now is articulated to the 

tympanic floor under the columella and behind the Eustachian opening (eu.), to which it 

now forms the normal boundary as part of the hyoid arch, that is to say, it is behind 

the “1st visceral cleft;” over that cleft, outside, the “ spiracular cartilage” is closing- 

round the membrana tympani so as to form the “annulus” (fig. 6, a.ty.). 

The cerato-hyal band still retains an auriform hypo-liyal lobe (fig. 9, c.hy., h.hy.), but 

the basi-hyal conjugation (h.hy.) is still a tract of simple cartilage running into the 

dilated basi-branchial plate (h.br.) ; attached to this we see on each side the remains of 

the branchial pouches, and another remnant is seen also on each side of the paired 

hypo-branchial plates (h.br.), which now end in long sigmoid rods (t.liy), the still 

unossified “ thyro-hyals.” 

This is the most instructive intermediate stage of these parts I have as yet 

succeeded in dissecting out; if the figures of these parts be compared with what is 

seen in the larva on one hand, and in the adult on the other, the value of this stage 

will be self-evident. 

The investing bones, the true “parosteal” plates, are nearly all present; those of 

the lower arches have been already described. 

The frontals (fig. 6,f.p., by mistake) are now,for a while, distinct from the parietals ; 

the latter lie over the paired fontanelles, and the frontals cover the larger space (fo.). 

The nasals, premaxillaries, and maxillaries (n.,px., mx.) are now cpiite normal, the quad- 

rato-jugal (q.j.) is appearing, and the squamosal (sq.) is acquiring a supra-temporal plate. 

Below, the parasphenoid (fig. 7, pa.8.) is quite normal, having ail the hinder processes, 

and there is noy»ro-parasphenoid. The “vomers” (fig. 7, v.) are thin crescentic plates 

notched in front. The palatine and pterygoid bones (pa.,pg.) are now quite separable 

from the subjacent cartilage, but that is only a temporary state of things in most cases. 

Eighth Stage.—5. Skull of Rana lialecina (N. America); If inch long. 

This young Frog was about twice the size of the last, but the species are quite 

distinct; this is the most welcome intermediate form I have found between the typical 

It. temporaria and the gigantic R. pipiens. 

The cranium is much more advanced, but it is still unfinished; in this respect it is a 

good link between the young R. palustris and the adult R. temporaria. In some 

* In Pseudis (“ Cystignath.id.8s”) I shall be able to show two earlier stages of the columella than this 

^Plates 11 and 12), 
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respects it corresponds with the Oriental Frogs, and differs from most of those of the 

Nearctic and Palsearctic regions; this is seen in the presence of an “ anterior super¬ 

orbital ” expansion of the chondrocranium (Plate 5, fig. 1). 

This is an unusually narrow and elongated skull, and thus differs from that ot 

JR, pipiens which is short and wide ; the last was elongated but did not narrow in so 

much in front. This sub-triangular form, the relatively elongated nasal region, and the 

gradual, but great, widening from before backwards of the cranial “ barge,” are very 

characteristic things in the skull of this species. Add to these the rudimentary super¬ 

orbital plate in front at the narrow end of the skull, the wide temporal region, the 

heart shaped great fontanelle, and the small lesser fontanelles, and we get a number oi 

things worth notice. Yet these are of secondary morphological importance, their value 

is largely Zoological and Taxonomic. In the nasal region we see that the outer angle of 

the “subnasal” cartilage (s.n.l.) has formed a retral lobe—a part very distinct in the 

adult R. temporaria. The pro-rhinals (p.rh.) are rather retral than out-turned; the 

upper and lower cartilaginous laminae are curiously alternated as to their wide and 

narrow ends; the upper is narrow in front, and the lower wide, and vice versa. 

The bending of the palato-pterygoid “ bow ” is greater here than in the last, and 

the proper suspensorium is modified by the more backward position of the quadrate 

condyle (q.c.), by the fusion of the otic process with the “ tegmen tympani ” (fig. 1, 

between the letters a.s.c. and h.s.c.), and the greater perfectness of the articular facet 

of the pedicle (pd.). 

The ex-occipitals (e.o.) are now large, and leave only a narrow oblong basioccipital 

space, and a wider triangular superoccipital tract of cartilage; they have risen over 

their own roof, and up the inside of the “ epiotic ” region, partly walling in the 

posterior canal (p.s.c.). 

The prooties (pr.o.) are now typical, they enclose the great foramen ovale (Y.) for its 

outer half below, and run round the front from thence, above; further out they have 

climbed up on to the auditory capsule, flanking the anterior canal on its outside, and 

covering the ampulla of the horizontal canal (a.s.c., h.s.c.). 

A pair of “ sphenethmoidal ” centres have appeared in the chondrocranium under 

the superorbital cave, and behind the ethmo-palatine bar (e.pa.); these are the 

symmetrical rudiments of the “girdle-bone;” they are “ ecto-ethmoids” now, and are 

the proper side-wall bones ^protecting their own nerves (the 1st), just like the prootics 

of the Frog, the alisphenoids of Teleostei and higher types, the orbito-sphenoids of 

many types, and the ex-occipitals here and everywhere. They are separated by a tract 

equal to their own width below.* 

* There is much variety in the formation of the girclle-bone, but these are its most essential parts; it 

may have, however, a median element below (as in Pseudophryne Bibronii), or an azygous plate above 

(Bana temporaria, Bappia (Hyperolius) bicolor). In Bactylethra (“ Batrachian Skull,” Part 2, Plate 59, 

fig. 1, s.etli.) this is a large "J" -shaped bone, it is free from the cartilage below it, which is not ossified so 

far forwards. 
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The outworks of this chondrocranium are being converted into bone at various 

points; the quadrato-jugal (<].J.) has grafted itself on to the quadrate (distal part of 

suspensorium), the long falcate palatine (pa.) is grafting itself on to the ethmo-palatine 

bar, and the pterygoid (pg.)—a long sigmoid bone with an internal snag—is doing the 

same to the “ pterygo-quadrate” region. 

In the Batrachia generally, the pedicle (pd.) is also more or less ossified by the 

proper osteo-pterygoid; but here, as in Rana temporaria and R. pipiens—that old fish¬ 

bone—the “metapterygoid” (mt.pg.) breaks out again; the possession of this centre 

is, perhaps, the only blot in the escutcheon of our native species,—in all other things 

the Batrachia may be said to “ set their clocks ” by that of Rana temporaria. 

The mandible (fig. 3) has all its parts perfect or typical. 

The columella is much more developed than, but is extremely similar to, the last; 

it has the distinct distal segmentation (Plate 5, fig. 5), but the distal piece is now 

contracted, like a “ spatula,” and has sent from its inner face a supra-stapedial band of 

cartilage upwards to coalesce with the under surface of the tegmen tympani (e.st., s.st.). 

Also the large solid mass of cartilage at the stapedial end of the bony medio- 

stapedial (m.st.) has become a separate “inter-stapedial” (i.st), articulating with the 

stapes (st.). 

The “annulus” (fig. 1, a.ty.) is a perfect ring of cartilage as in other North American 

kinds, and as in many of those from the Oriental region. 

The “hyo-branchial” apparatus (fig. 4) is now quite normal; all the parts are fused 

together, are quite chondrifieri; and the “ thyro-hyals ” are now (typically) ossified ; 

the hyoid bar (st.h.) is distinct from the ear-capsule. 

The nasals and premaxillaries, and their contiguous labials (n.,px., u.V-.uR.) are quite 

normal, so also are the maxillaries («.); but I can find no “septo-maxillaries”—small, 

variable, and inconstant bones; the quadrato-jugals (q.j.), as I have just mentioned, 

have united with the quadrate cartilage; and the squamosals (fig. 1) are truly elegant 

Batrachian bones, with a twisted sub-falcate upper, and a flat sigmoid lower, part. 

The “vomers” (Plate 5, fig. 2, v.) have their characteristic spikes, fore, middle, and 

hinder; the two latter enclosing the inner nostril (e.n., by mistake) largely; and a 

postero-internal, thick, dentigerous lobe. 

The parasphenoid (fig. 2, pa.s'., pa.s.) like that of Rana pipiens (Plates 3 and 8) 

shows the very rare condition of a distinct bony centre for the point of this little dagger. 

These are the conditions of the growing skulls in this genus; afterwards I shall show 

that many of the dwarfed and more or less generalised types are arrested, in some 

things, at certain stages that correspond with growing stages of the typical kinds. 
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Skulls of adult individuals of the genus Rana. 

a. European species. 
6. Rana temporaria. 

I have just referred to the characters of this (typical) species, described and figured 

in my first paper (Phil. Trans., 1871, Plates 3-10, pp. 137-211). I shall use it as 

a norma, after eliminating its one aberrant character, viz.: its sub-distinct “ meta- 

pterygoid.”'"' 

7. Rana esculenta. 

For a description of the skull of this species the reader is referred to Professor 

Huxley’s article on the “Amphibia” (Encyc. Brit., vol. ix., pp. 750—771).+ 

h. Oriental species. 

8. Rana gracilis.—Adult male ; 1-y inch long. Ceylon. 

The skull in this small species (Plate 6, figs. 6-10) differs but little from that of the 

Common Frog (op. cit., Plate 9); its endocranium is more ossified, but its mandibular 

hinge does not reach so far back : the general form is very similar, being half a rather 

long ellipse. Between the oval occipital condyles there is a large right-angled space 

(figs. 6, 7), and the outline of the foramen magnum (fan.) above is a large crescentic 

emargination. 

The superoccipital soft tract is twice as wide as the basioccipital, but they are both 

of small extent. The whole occipito-otic mass is a large transversely-placed oval, the 

ends of which are nearly ossified above, but with a large tract of cartilage below, which 

runs across from side to side between the prootics and ex-occipitals (pr.o., e.o.). The 

passages for the main nerves (II., V., IX., X.) are large and very clearly seen in the 

lower view (fig. 7). The optic nerve passes through a large membranous fenestra, 

which has a narrow tract soft behind it, and a broad tract in front; half the inter- 

orbital region is unossified, but the foramen ovale (V.) lies in the centre of the large 

postorbital face of the prootic. 

Above, from beyond the horizontal canal to the edge of the tegmen tympani, there 

is a soft tract; but from thence inwards to the lesser fontanelles all is bony, and 

the prootics and ex-occipitals are quite blended, walling in the canals and covering 

most of the hind archway of the skull. The fore half of the interorbital region is 

occupied by the common “ sphenethmoid,” or girdle-bone (eth.), which does not take 

Up all the ethmoidal region; it projects in front above, but is emarginate below. The 

fore part of the ethmoid, all the nasal region, and the transverse ethmo-palatine bars 

* In my figures of the nasal region of this species (“ Batrachia,” Part 2, Plate 54, figs. 1, 2) tlie 2nd 

tipper labial is figured too bigb up, and the pro-rhinals are lettered c.tr. 

f This species has the pro-rhinals distinct, as Professor Huxley’s figure (p. 755, fig. 9) correctly shows. 

This distinctness is seen again in Dactylethra (Phil. Trans., 1876, Plate 59, fig. 6, u.lc.) ; it is there 

lettered u.lc. hy mistake. 
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are un ossified; the floor is wide in front and narrower behind, whilst the contrary is 

seen in the roof. The subnasal angles are well developed; the pro-rhinals (p.rh.) are 

large, elegantly pedate, and turned outwards and downwards : there is a distinct 

prenasal rostrum more than half their length. The cake-shaped inner, and the shell¬ 

like outer, upper labials (it.P.u.l2.) are well developed. The large palato-suspensorial 

arch is but little affected by the bones investing it,—the palatal and the pterygoid 

(pa.,pg.); but these are normal and well-developed; there is no metapterygoid, and 

the part above the quadrate hinge is largely ossified by the quadrato-jugal (qq-jfl 

The hinge reaches to opposite the stapes ; its stem is strongly clamped on the inside by 

the pterygoid, and on the outside by a well-developed squamosal (sq.), whose supra- 

temporal and postorbital regions are rather larger than in R. temporaria. Over its 

descending part is the “annulus” (a.ty.), which is also larger than in the type, and 

it is also completed into a ring above. The Eustachian opening (eu.) is large, and the 

stylo-hyal end of the hyoid bar (,st.h.) is confluent with the lower part of the ear- 

capsule behind this passage. 

The stapes and columella are large and well developed, but the solid inter-stapedial 

mass of cartilage is not segmented off from the medio-stapeclial bar (fig. 10, i.st.,m.st.,st.); 

the extra-stapedial (e.st.) is not spatulate, but orbicular, and the strong supra-stapedial 

(s.st.) is confluent with the auditory roof. The mandible (fig. 8) has the dentary broad 

and ascending behind the mento-Meckelian; the hyo-branchial plate (fig. 9, h.hy.) has 

a broader hypo-hyal lobe than in the Common Frog. 

The fronto-parietals (flp.) are rounder and thinner, the parasphenoid relatively 

larger, but the prsemaxillaries, maxillaries, and nasals agree very closely with those of 

the type ; the quadrato-jugal, however, differs : it is largely grafted on the quadrate 

cartilage (figs. 6, 7, flp., n., px., mx., pa.s., q.j., q.). 

This kind differs from R. temporaria in a few points, viz. :—• 

1. It has a prenasal rostrum. 

2. No septo-maxillaries. 

3. The supra-stapedial is confluent with the “ teg men.” 

4. The inter-stapedial is not distinct. 

5. The stylo-hyal is confluent with the ear-capsule. 

6. It has a crested dentary. 

7. Quadrate partly ossified. 

9. Rayia cyanophlyctis.—Male ; if inch long.* Ceylon. 

This is another smaller kind of Indian Frog; it is, according to Dr. Gunther (ibich, 

* Dr. Gunther (‘‘Reptiles of British India”) gives the following measurements (from snout to vent) 

of the largest specimens known to him of the Indian species of Sana here to be described :—a. R. Kulili, 

4g- inches; b. R. hexadactyla, 5^ inches ; c. R. cyanophlyctis, 1^ to 2| inches; d. R. tigrina, 6 to 7 inches; 

e. R. gracilis, 1|- inch. R. pygmcea (see Gunther, P. Z. S., 1875, p. 568) measures (adult female with 

ripe “ova”) only 25 millims. long, or one inch. 

MDCCCLXXXI. G 
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p. 406), much like the large R. kexadactyla, but always remains small: its skull 

(Plate 10, figs. 7-10) does not suggest a specific identity with that type, of which it 

might be mistaken to be the young. A young individual of the large kind of this 

size would have a very similar skull, yet there is no reason to suppose that the two 

are identical; nevertheless, this is an arrested form. 

Besides the external characters by which this kind differs from the last—R, gracilis— 

the skull itself shows a difference of character, although on the whole the variation seen 

is very much what would be found between an adult and a young of this somewhat 

larger species. 

The occipito-otic regions (Plate 10, figs. 7, 8) are here less solid than in R. gracilis 

and much less ossified, for much of the horizontal, and nearly all the posterior canals 

(fig. 7, pr.o., e.o.) are uncovered by bone, so that the four “centres” are distinct, even 

above. The cranial “ barge ” does not widen out so much towards the postorbital 

region, and the girdle-bone (eth.) is of less extent. 

In front there is a “ prenasal rostrum,” but it is shorter, and the pro-rhinals are 

shorter and broader ; among the outworks of the nose, viz.: the upper labials (u.R.u.l2.) 

we find a small sigmoid “septo-maxillary” (s.m.x.). The other more constant, investing 

bones are very similar, but the parietal region is narrower, and the parasphenoid (pa.s.) 

is less elegant. The squamosal (sq.) covers very little of the “ tegmen tympanithe 

“ annulus " (a.ti/.) is even larger, and a perfect ring ; the quadrato-jugal scarcely affects 

the quadrate at all, and the hyoid cornu (c.hy.) keeps free, above. The stapes 

(fig. 10, st.) is less, and the “columella” (Plate 6, fig. 12, and Plate 10, fig. 10) is very 

inferior in development to that of R. gracilis, yet its inter-stapedial segment ii.st.) can 

be seen to be distinct from the medio-stapedial (■m.st.). But the form of the main 

rod is more simple and undeveloped ; the extra-stapedial (e.st.) is a mere rounded, 

soft end of the rod, and there is no “ supra-stapedial ” band. 

The mandible is quite normal, but shows the crest on the dentary near the chin 

(Plate 6, fig. 11, d.). 

The hyo-branchial apparatus (Plate 10, fig. 9) is also quite typical, it shows, how¬ 

ever, some difference in this, that the lobes which grow out from the cerato-hyal and 

the base, are smaller. 

There are some curious points of difference between the skull of this little Oriental 

Frog and that of a young Rana temporaria of the same size ; the following are 

noticeable :— 

1. A definite prenasal rostrum. 

2. Smaller septo-maxillaries. 

3. A more arrested squamosal. 

4. A crested “ dentary.” 

5. An arrested columella, without an ascending part, and -with the distal part a 

mere bud. 

Minute, but measurable, differences are to be found between species and species, 
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everywhere in this outwardly similar, but inwardly most variable, “ Order.” 4 he 

determination of these will, I am satisfied, help the Zoologist in his work of deter¬ 

mining species and classifying the groups. 

10. Rcina pygmcea,—Adult male; {( inch long. Anamallays Mountains, Malabar, 

S. W. India. 

I shall, in turn, describe the skull of a true Frog as small as this from the Ethiopian, 

and of a sub-typical form from the Neotropical region ; they will appear like the 

young of larger species ; this is manifestly old and its skull is intensely ossified 

(Plate 5, figs. 11-15). 

This is a very short skull; in R. gracilis and R. cyanophlyctis the width of the skull 

across the quadrato-jugals is exactly the same as the length. In this species the 

breadth is to the length as 4 to 3^. 

In R. cyanophlyctis the condyle of the quadrate ends opposite the exit of the 9th 

nerve; in R. gracilis it ends opposite the same point; in R. pygmcea it does not reach 

further back than the front third of the stapes—two-fifths of the distance between 

the 5th and 10th nerves, at their exit. The extremest case of wide gape is in 

R. pipiens, where this joint is far behind the occipital condyles (see Plate 8). 

This is almost the only sign of arrest in the skull of this small, stout species,* but 

there are some things in it which have a look of generalisation about them, as if this 

were an old offshoot from the stock. 

The occipital condyles (oc.c.) are oval, small, and very wide apart; the emargination 

of the roof, over the foramen magnum (f.m.) is slight; that of the floor is a mere 

gentle arcuation of the transverse margin of the skull-floor. 

The whole cranium, proper, is flat and wide, only gently narrowing in at the temples, 

and a little more in front of the eyes; thus the ear-masses are wide apart, and with 

their drums outside and a little in front of them, have a very elegant appearance 

(Plate 5, fig. 11). These four regions are nearly of the same size. 

The common bony occipito-auditory mass is cleft in its fore margin below (fig. 12), 

and bi-emarginate in its fore margin above (fig. 11). This widely extended post- 

cranial region is capped with cartilage at three places on each side. These unossified 

tracts are—a, the occipital condyles (oc.c.) ; h, the edge of the tegmen tympani 

(fig. 11, t.ty.); and c, the facets for the “pedicle” below (fig. 12, pd.). The roof- 

cartilage has evidently been absorbed considerably, between the temporal regions, thus 

the three fontanelles all run into one, which is an oval, with rounded lobes behind. 

The alisphenoidal region is ossified half way to the optic opening (II.) ; the girdle- 

bone (eth.) just reaches that passage in front; thus there is a half belt of cartilage in 

* I am of opinion that there are forms which, although highly specialised, are arrested as compared to 

their large nearest congeners ; this must be due to dwarfing, and is to be distinguished from archaic, 

or truly generalised conditions. 

G 2 
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the oi'bito-sphenoidal region, and this grows backwards as a sharp wedge, between the 

right and left bony tracts below (fig. 12). 

The “ girdle-bone ” runs well into the true fore edge of the ethmoidal region, up to 

the autogenous nasal roof, and outwards into the “ ethmoidal wings,” where they 

pass into the palatal pedicle of the face (e/pa,.). There is no “prenasal rostrum” 

formed by the intertrabecula in front, but the pro-rhinals (p.rh.) are good-sized hooks, 

and the upper and lower laminae of cartilage are broad and well-developed. The out¬ 

works of the nose, the two pairs of upper labials (uR.u.l2.), are quite normal. 

The outer less, and the inner more, bent arches of the face are very beautifully 

formed ; they are strong, but not thick and solid. The palatine (pa.) and the pterygoid 

(pg.) have affected the cartilaginous har very little ; the former is falcate, with an 

unusual curve; the latter is short, both in its process for the “ pedicle ” and that for 

the quadrate region. 

The bones that form so perfect a semi-oval outline are quite normal also (px., 

mx., q.j.) ; the hindermost or quadrato-jugal has largely infected the quadrate with bony 

matter. The Eustachian tube (eu.) in the round notch of the pterygoid (pg.) is a 

short oval with its greatest diameter parallel with the axis of the skull; it is generally 

oblique in position (see Plates 6 and 7). 

Over the semi-osseous suspensorium the squamosal (sq.) binds by a very sigmoid, 

broadening stem : above, it is small on the tegmen tympani, but has a long, out-turned, 

postorbital snag. It is enclothed with a large and very broad “ annulus,” which, 

however, differs from the Oriental Ranee generally, but agrees with the English kind, 

by being imperfect above ; its crura are unusually wide apart. 

The stapes (Plate 5, figs. 12 and 15 st.) is large, oblique, sub-uncinate behind, and 

has a sinuous front margin. It has the intercalary inter-stapedial (i.st.) very dis¬ 

tinct, large, and ovoidal; the medio-stapedial bone (m.st.) is pistol-shaped, with a very 

large handle ; the extra-stapedial (e.st.) is small and orbicular, and its supra-stapedial 

process (s.st.) is free above, as in R. temporaria, but it is here a short rounded bud. 

Still there is in this kind a very highly developed “ middle ear,” and it is not in any 

sense a low kind of From 
o 

The nasals (n.) and the fronto-parietals (fp.) are well-developed, but not very thick ; 

the parasphenoid (pa.s.) is, like the skull it forms a floor to, broad and strong; it is 

trifurcate in front, sinuous laterally, and notched twice on each side behind : has a 

triangular “ handle ” at its end, and a wide rounded “ guard ”; it nearly reaches the 

foramen magnum, behind, but in front it reaches only half-way along the girdle-bone. 

The vomers (v.) are quite normal, but very wide apart. 

The mandible (fig. 13) is perfectly normal, and does not show any dentary apophysis. 

The hyo-branchial plate (fig. 14) is like that of the two last species, and differs but 

little from that of the common kind; the dorsal end of the hyoid band does not 

coalesce with the auditory floor behind the Eustachian tube (fig. 12, eu., st.h.). 

As compared with that of R. temporaria, this skull differs very little in essentials. 
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Leaving out of question mere size, form, and degree of ossification, we have only 

the following things really worthy of notice, viz. 

1. There is no division of the upper “ fontanelle. ” 

2. There are no “ septo-maxillaries.” 

3. The “quadrato-jugal” largely ossifies the lower part of the suspensoriutn. 

4. The “ supra-stapedial ” is very short. 

5. The horns of the “annulus ” are wide apart. 

11. liana tigrina.—Adult female ; 5^ inches long. Ceylon. 

This was a large specimen, but not equal to some examined by Dr. Gunther. " In 

coming next to this kind I have passed from the smallest to the largest of the Frogs 

of India. 

As in the last, I have to be careful to distinguish those cranial characters that are 

due to mere size from those that lie deeper, and are of more impor ance. 

Of this I am certain, viz. : that although there is a special density and strength in 

the bony elements of the larger skulls, yet that is not necessarily connected with an 

extensive and generalised ossification, which, in some cases, shows most in the dwarfed 

kinds. The last species is an instance at hand, for its endocranial landmarks are 

much more obliterated than in this gigantic species. 

In the largest specimens the skull cannot come far short in size of that of Rana 

pipiens; it is a stronger structure, and the cranium proper is much larger in proportion 

to its facial outworks (compare Plate 6, figs. 1-3, with Plate 8, figs. 1-4). 

The two differ, however, in a much more important point, for this is a severely 

typical kind ; the American Bull-frog, on the other hand, is very archaic or generalised. 

Although I have taken the medium-sized Common Frog as the best typical form, 

I do, nevertheless, consider that in Rana tigrina and in the helmeted Frogs (e.g., 

Ceratophrys and Calyptocephalas) we come across the most perfect examples of 

Batrachian cranial architecture ; moreover, they are not deficient in respect of morpho¬ 

logical characters that are deeper than, and almost independent of, mere size and bulk. 

The general outline of this skull (Plate 6, figs. 1-3) is more than half of an oval, 

rapidly narrowing towards either end, as the outline of the Hen’s egg does towards 

one end. 

The whole form is broad behind, but narrowing rather rapidly forwards ; the length 

of the skull itself as compared to its greatest breadth is as 7-§ to 9, but if the 

measurement be made from one quadrate condyle to the other, as 8 to 9, for these 

hinges lie some way behind the occipital hinges. 

The ovoidal occipital condyles (oc.c.) are well seen in both the upper and lower 

aspects, for they are large and turned over the edge of the occipital floor, so as to fit 

deeply into the atlantal concavities—a thing answering to the great strength of this Frog. 

These condyles are separated by an emarginate tract less than their own width ; 

* He gives 6 to 7 indies, mine was therefore only three-fourths the size of the largest. 
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this is greatly in contrast with what is seen in jR. pygmcect, for it has, like many other 

small Batrachians, very little condyles, very wide apart. 

The lower face of the occipito-auditory mass runs across at exactly a right angle to 

the axis of the skull, but when its whole extent is seen from above its outer angles 

are seen to be bent forwards.'" 

This lower face, from one “ stylo-hyal” to the other, is a broad tract, one-third 

longer and one-third broader than the straight and almost evenly oblong interorbital 

region. The prootics and ex-occipitals (pr.o., e.o.) of the same side are confluent, but 

there is a distinct synchondrosis both above and below (figs. 1, 2). A slight edge of 

cartilage remains to the floor of the tympanum, and a larger tract to its “teg-men” 

(fig. 3) ; nevertheless the ossification is intense, and reaches in front within a short 

distance of the optic foramen (II.). Also the girdle-bone is more than twice as 

extensive as in the medium type; it abuts upon the optic passage behind, and besides 

the whole ethmoid, with its outer wings, runs half way along the proper nasal roof, 

floor, and middle wall (figs. 1, 2, and 3). 

A small superorbital projection can be seen over the inner can thus ; these, and the 

wings of the ethmoid, up to the point where segmentation takes place in Bufo, are 

ossified. 

As to the fore and middle parts of the endocranium, we see some curious results 

of overgrowth. First, the cranial “barge” appears to be very small and contracted as 

compared with the huge arches of the facial outworks; and, in the second place, the 

nasal labyrinth is greatly exposed by the retirement from it of the facial arches, in 

their wide sweep outwards. In the smaller kinds (see Plate 6, figs. 6 and 7) the nasal 

labyrinth is carefully packed between the laminae of the premaxillaries and maxillaries. 

In the upper view (fig. l) we see the nose lying naked, for the most part, between 

the bony boundaries; the outer angles of the floor (c.tr.) lying on the palatine lamina 

of the maxillaries. but not hidden by the upper plate. The ascending part of the 

outer angle of the floor (fig. 3, n.iv.) is considerably ossified ; it reaches the roof (al.n.) 

above, and coalesces with it. There is a “prenasal rostrum” (in front of s.n.) of 

moderate size, and large subretral pro-rhinals (p.rh.); the labials {u.l1., id3.) also are 

well developed round the circular aperture (e.n.). 

The cartilaginous palato-quadrate arch, on each side, is almost eaten away by the 

ectosteal palatine and pterygoid {pa., Jpg.), the one thick and spatulate, the other a 

strong triradiate bone.t 

* In the lower view (fig. 2) I have only figured the parts that come immediately under notice; the 

distant upper parts are left out, as they are not necessarily seen by the eye when discriminating the lower 

surface. The upper view must be compared with this to get a complete idea of the form. 

f In this and in a large number of Batrachia these two bones are as truly ectosteal as the sheaths of the 

columella or of the thyro-hyal, and become truly homologous with the periehondrial laminae of the prootic 

exoccipitals and sphenethmoid. I therefore colour them, throughout, as endoskeletal bones. In the 

“ Shoulder, girdle” we see the same temporary distinctness of the periehondrial, from the endosteal tracts of 

bone, in the “pro-coracoid” and “ supra-scapula.” (See my “ Shoulder-girdle and Sternum,” Plates 5-7.) 
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Above (fig. 1), and below (fig. 2), we can trace here and there some remains of the 

cartilage; above, in the ethmo-palatine, the pre-palatine, and the post-palatine, on the 

supero-external edge of the pterygoid ; below, on the end of the “ pedicle,” its articular 

facet; and above and below the graft of the quadrato-jugal; the latter being the 

coating of the large bilobate hinge (q.c.). 

These inner works of the skull, so largely converted into solid bone, are built over 

by very strong membrane-bones, which give the finish and the beauty to this style of 

cranial architecture. 

Below, in relation to the skull proper, the parasphenoid (fig. 2, pa.s.) is of the usual 

relative size, but looks small as compared with the large bones of the face ; it is typical 

in form, but unusually strong. 

The vomers (fig. 2, v.) here attain a very large relative and real size, for they meet at 

the mid-line (compare them with those of R. gracilis, fig. 7, v.) ; their snags are large 

and strong, and the oblique dentigerous lobe of each is of considerable extent. 

Above, the fronto-parietals (fig. 1 ,fp.) form a strong roof with a notch in front, the 

remains of the frontal suture, but are wholly coalesced beyond this ; they end, behind, 

in two broad wings which spread over the hinder region of the cranium, almost to 

the end. At first, hollow in the middle, in the postorbital region they develop a 

sagittal crest, which opens out into two temporal wings. The temporal part dips 

into the orbit (fig. 3, f.p.) and then rises over the ear-masses, moulding itself on to 

their sinuosities. The sides are notched, and the end has a concave margin. 

The nasals in front (figs. 1 and 3, n.) form cross bars which are nearly as straight 

as the wings of the parasphenoid; they meet along the middle, run their pointed ends 

far forward, are triangular behind, where they overlap the fronto-parietals, and with 

them cover the girdle-bone—all but the superorbital projections and the middle part 

in front of the fontanelle. The fontanelles are presumably like those of the lesser 

kinds, but they are quite covered over. 

The investing bones, outside, differ from the type in relative size and density; other¬ 

wise they are quite normal: there is no septo-maxillary, the palatal ingrowths are well 

developed, the nasal process of the premaxillaries and of the maxillaries (px., mx.) 

is strong; the quadrato-jugal (q.j.) is grafted on to the quadrate, and the three regions 

of the squamosal (sq.) are extremely well developed and give the highest idea of the 

Batracliian form of these bones. So, also, the various condyles—of the occiput, the 

pedicle, and the mandible—are well and typically formed. The mandible (fig. 3) is 

crested both in its dentary and coronoid regions. 

The stapes and its additions are of an average size (figs. 3 and 5) ; the stapes (st.) 

has its fore margin oblique ; jammed in between it and the fenestra! edge of the 

capsule there is the large seed-like inter-stapedial (i.st.); then, distinct from it, the 

pistol-shaped medio-stapedial (m.st.), whose unossified part passes into the broad 

spatula of the extra-stapedial (e.st.), which sends upwards its supra-stapedial (s.st.) ; 

this is hgulate, and confluent above. The stylo-hyal end of the hyoid tape is 
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confluent, but the main part of it lias been absorbed (fig. 4), otherwise, the basal plate 

is typical. 

The “ annulus-tympanicus” is large and a complete ring (fig. 1 ci.ty.), the Eustachian 

openings (eu.) are large, oval, and oblique. 

The greater part of the difference between this skull and that of the Common Frog 

depends upon the intensity of ossification and the large size of the investing bones— 

all correlated to the great size of this type. Other more important differences there 

are, viz. :— 

1. A definite prenasal rostrum. 

2. No “ septo-maxiilaries ; ” the nasal cartilage ossified in that region. 

3. A crested dentary. 

4. Much of the cerato-hyals absorbed. 

5. Stylo-hyal end of these bars confluent, above. 

6. Supra-stapedial confluent, above. 

7. Quadrate partly ossified. 

8. Rudiment of superorbital. 

12. Rana hexadactyla.—Adult female ; 5^ inches long. Ceylon. 

This specimen was a little less than that of R. tigrinci, and the skull (Plate 7, 

figs. 1-5) is slightly longer, but its greatest breadth is only as 8 to 8f ; the quadrate 

condyles only project one millimetre, or about half a “ line ” beyond the occipital 

condyles ; in R. tigrina they project twice as far backward. 

In outline, besides its narrower form, the nasal end is broadly truncate, and these 

two modifications cause a third, viz. : the unusual straightness of the sides of the skull. 

It is altogether a feebler skull, with less intense ossification, as well as being 

straighter and narrower; moreover, it is not quite symmetrical; yet its facial plates 

(fig. 3, mx., sq.) are deep and well developed. 

But these are mere superficial differences between the two; there are others that 

lie deeper down. Gentle enough are these morphological variations, and no bar to the 

supposition that the two species originally sprung from one common stock, yet they 

are not to be lightly passed over, for they are full of interest. 

The occipital condyles (oc.c.) are rather larger and more under the skull than in the 

last ; also the emargination between them is deeper, these are due to some differences 

in the working of this hinge. 

The whole occipito-auditory mass is less oblong, its front faces being oblique as they 

pass into the interorbital region, exposing the foramina ovalia (V.), and the occipital 

condyles and epiotic eminences (ep.) over the posterior canals project more backwards : 

moreover, the bones of the two sides are confluent over the foramen magnum (fm ). 

Yet there is more cartilage between the 2nd and 5th nerves (II., V.), and also a more 



DEVELOPMENT OP THE SKULL IN THE HATRACHIA. 49 

evident “pterotic” eminence projecting behind the squamosal, at the end of the 

tegmen tympani (fig. 1, sq.). 

The form of the canals within is less obscured by the bony growths and coverings 

than in the last, so that the general surface of this part is more uneven. 

The girdle-bone (eth.) reaches from the optic fenestra to the middle of the septum 

nasi (s.n.); it is therefore less in anterior extent, but it is visible between the 

vomers (fig. 2, v.), in front of the descending bar of the nasal (figs. 1 and 3, n.), and 

also behind that bar, ossifying the wing of the ethmoid up to the ethmo-palatine 

suspensorium. 

The whole interorbital part of the cranium is narrower and more pinched in the 

middle, and the relative narrowness of this trough approximates to what I shall show 

in my next instance but one, viz.: in Rana pipiens (Plate 8). 

Here, again, a small superorbital projection (s.ob.) is seen outside the meeting of the 

nasals and frontals, as in the last. 

In front, the prenasal is a mere bud, little more, pronounced than in R. temporaria; 

the pro-rhinals (p.rh.) are much like those of the last kind. The outer angle of the 

subnasal lamina (fig. 1) is more extended and quite exposed, and this (trabecular) 

plate also projects outwards further back, where the girdle-bone ends ; it joins the 

roof above by an ascending plate (n.w.), which is ossified for some extent at its root. 

The labials are very similar in both species ; the upper is hidden behind the 

premaxillary. 

In R. tigrina (Plate 6, fig. 2, pa.) the palatines turn forwards and outwards ; in this 

kind they run straight across ; they also come nearer together; but on the whole 

these bones and the pterygoids (pg.) are very similar in both species : there is, however, 

more cartilage left unossified in this. The gliding joints of the pedicles (fig. 2, pel.) 

are nearer together in this narrower skull, and the Eustachian opening (eu.) is 

thrown obliquely backwards instead of forwards, outside, by the straighter hind 

process of the pterygoid. 

The hinge of the quadrate (q.c.) is less deep ; its substance is more ossified by the 

quadrato-j ugal (q.j.). 

Altogether the parasphenoid (pa.s.) is slenderer and more elegant; it is equally sub- 

carinate, and has the blade and handle longer in proportion to the guard than in 

R. tigrina: here we see the most perfect form of this bone in the Batrachia, the basi¬ 

temporal processes being slender at first and then dilating outwards. 

The vomers (Plate 7, fig. 2, v.) are not so large as in the last, do not come so close 

together, and them inner edge is sinuous, not arcuate. 

The fronto-parietals (fig. 1, f.p.) are less dense, are distinct in their fore half, and 

the temporal fossae are bounded, above, each by its own parietal ridge ; the hinder 

spreading part is altogether less. 

The nasals (n.) are larger, broader before and behind, and their facial process (fig. 3) 

forms a more perfect suture with the maxillary. 

MDCCCLXXXl. H 
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The nasal processes of the premaxillaries (fig. 1, px.) are less, but the palatal 

(fig. 2) are larger, and the right bone is much the larger of the two where it joins the 

palatal part of the maxillary; there is a small septo-maxillary also on the right side 

(fig. 1, s.mx.). 

The maxillaries and quadrato-jugals (mx., q.j.) are much alike in both species; the 

squamosal (sq.) ends abruptly over the auditory mass, and not as a triangular process 

(see also Plate 6, fig. 1); its postorbital process is deeper; the mandible (fig. 3) has 

a crest to the dentary, and the coronoid process of the articulare is high. 

The “annulus” («.£y.) is large and complete. The parts of the “middle ear” are 

similar to those of the last, except that the inter-stapedial (fig. 5, i.st.) is larger and is 

well ossified, the medio-stapedial (rn.st.) straighter, and the extra-stapedial (e.st.) 

broad and orbicular; the supra-stapedial (s.st.) is coalesced above. 

The stylo-hyal ends of the hyoid bands are confluent above ; the whole bar is perfect 

and normal on the left side, but on the right, it is absorbed from the hypo-hyal nearly 

to the stylo-hyal regions (Plate 7, fig. 4, c.ky., h.hy.). 

The differences to be seen between this and the last are largely due to diminished 

size and strength; these variations, as compared to what is seen in the lesser types, 

are largely due to their greater bulk. But there is a residuum of variations that 

cannot fairly be j>ut down to these causes. There are in this species :— 

1. A small but definite prenasal rostrum. 

2. A small septo-maxillary on the right side only, but the nasal angle in its ascent 

has a solid bony mass formed in it. 

3. A crested dentary. 

4. The right cerato-hyal absorbed. 

5. Stylo-hyal confluent, above. 

6. Supra-stapedials confluent, above. 

7. Inter-stapedial well ossified. 

8. Quadrate partly ossified. 

9. Rudiment of a superorbital plate. 

13. Rana Kuhli.—Male; 2^ inches long ; two-thirds grown. Ceylon. 

This large, but not full grown, Frog belongs to the most aberrant species of its 

genus, and its peculiarities are the stronger expression of what is more feebly seen to 

particularise the other Oriental kinds of Rana. 

We shall see in this type how near the characters of a species of this genus may 

come to those of types which lie at the furthest distance from the model-form ;— 

borderers and mixed breeds, so to speak, that help to break the isolation of the mam 

group, and to show its affinities to the groups that encompass it round about. 

As to general form, this skull (Plate 7, figs. 6-10) is half a moderately long ellipse, 

and has very neat outline. 
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Its regions, fore, middle, and hinder, are in contrast with what is seen in the two 

Bull-frogs just described and also in the lesser species, for the middle region is long, 

relatively, beyond that of any kind I know,' each orbital region being large enough to 

ensocket a pair of eye-balls twenty times the size of those that do lodge in them. 

This middle region shows a cranial trough, not high (fig. 8) but narrow, and with an 

approach to the outline of an hour-glass. 

The length is a fraction less than the greatest breadth, and the quadrate condyles 

(q.c.) just reach to a supposed line running across the double hole for the 9th and 10th 

nerves (IX., X.). 

Thus the gape is not that of a very characteristic Frog, but rather that of an arrested 

or a somewhat generalised type. Laterally seen (fig. 8), the skull is arched, having 

strong deep curved planks of bone built round and over it: this is a correlate of its 

powerful mandible with its mimetic canine tooth (cl). Everything in the side view 

speaks of strong pterygoid and temporal muscles. 

The outer bones are unusually strong, so are the intermediate pterygoids (pg.), but 

the ossification of the endocranium is exactly like that of an adult Common Frog, and 

very inferior in degree to what is seen in the two large kinds, and in the dwarft species 

(di. pygmcea, Plate 5, figs. 11, 12), 

The occipital condyles (oc.c.) are large, low in position, near together, and with 

the short interspace straight. There is a considerable basi- and supraoccipital tract 

unossified, and the pi’ootics and ex-occipitals (pr.o., e.o.) are divided below, and only 

slightly confluent above. 

There are the three normal fontanelles above, and the side walls (fig. 8) are well built 

up to the roof, under the edges of which there is on each side a very definite “ wall- 

plate.” The arched form of the skull is combined with considerable overlapping of the 

roof and floor (figs. 7, 8,f.p., pa.s.), the investing bones being applied above and below 

very closely round the endocranium (eth., o.s.) so as to leave the interorbital wall 

uncovered to an unusually small extent. The short and not very broad nasal region lies 

well within the outer bones; there is no “rostrum,” but the pro-rhinals (p.rh.) are well 

developed and unusually long and projecting; the labials (u.V.u.V1.) are normal. The 

“girclle-bone” (eth.) reaches only to the front of its own region and half-way back to the 

optic nerves; it does not ossify the very definite angular supraorbital projection (s.oh.), 

which here attains to a distinctness almost equal to what it has in the “Hylidse.” 

The more rounded form of the great orbital space in front, enclosed there by the 

ethmo-palatine bar, gives rise to a sickle-shaped palatine bone (pa.), and this is 

followed at the outer edge by a very remarkable pterygoid (pg.). The processes of 

this bone that enwrap the pedicle (pd.), and bind upon the inside of the suspensorium 

to the hinge (q.c.), are short but normal, but the intra-jugal portion of the bone is of 

great depth (fig. 8, pg), and strongly inbent. 

In the “axil” of the pterygoid the Eustachian passage is small and round; the 

stylo-hyal end of the hyoid (st.h.) has coalesced with the tympanic floor, and bends 

li 2 
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strongly back to keep to the margin of this passage as the hinder half of its natural 

skeleton. 

The quadrate region of the suspensorimn {<].) is not ossified by the “ quadrato-jugal ’ 

(q.j.)—shaped like a Serpent’s tooth ; the saddle-shaped condyle (q.c.) is very large, but 

does not reach to the extreme angle of the suspensorium (figs. 7 and 8). 

The “ annulus,” like the Eustachian passage, is small, the band itself is wide (fig. 6, 

ct.ty.), and it is a perfect ring; the whole tympano-Eustachian cavity is small, but the 

columella and stapes (fig. 10) are of the average size; the latter (st.) is almost a long 

triangle, but the posterior and inferior edges are rounded : the anterior margin is con¬ 

cave, fitting into the inter-stapedial. 

This latter part (i.st.) has a deep saddle-shaped condyle for the stapes ; it is unossified. 

The medio-stapedial (rn.st.) is nearly all ossified; it is gently arched, and not much 

expanded where it articulates with the inter-stapedial. 

The extra-stapedial (e.st.) is very large, elegantly heart-shaped, peltate in arrange¬ 

ment—its cartilaginous “ handle ” passing from the medio-stapedial bone into the inner 

face of the main plate obliquely; and it covers half the concave, wide “ annulus.” 

There is no supra-stapedial band—a part which is seen even in the peltate extra- 

stapedial of Bufo vulgaris (Phil. Trans., 1876, Plate 54, figs. 7 and 8); but here we 

have, suddenly, as it were, the columella of Pipa and Dactylethra over again, with the 

difference of a short and soft inter-stapedial (Phil. Trans., 1876, Plates 59 and 62). 

The extra-stapedial part is mostly orbicular in the Oriental Ranee, but not large. 

The mandible (fig. 8) is normal, with the exception of the fore part of the dentary 

(cl.); the crest which grows up from that bone in front in other species is here a high 

strong spur—an imitation, in bone, of a large canine tooth: in old age (according to 

Dr. Gunther) it becomes capped with tooth-substance. It “cuts the gum” early, 

and soon dents the side of the palate, which becomes hollow to receive it. Moreover, 

the bones all round this excavated part are greatly modified; this is partially seen 

on one side hi R. hexaclactyla (fig. 2), with its much smaller dentary crest.* 

Where the palatine plates of the premaxillaries and maxillaries meet (fig. 7, p>x.,mx.), 

their processes project far inwards; this is to leave room for the socket of the quasi- 

canine ; the hole is bordered on the outside by the dentary edges of these bones at 

their j unction. 

Not only so. Where they meet on the outside (fig. 8), there they rise high at their 

junction, and leave an angular space or gap in the toothed margin of the fore face. 

There are no septo-maxillaries; both the quadrato-jugal (q.j.) finishing the cheek, 

and the squamosal (sq.), in the temporal region, are very strong and elegant bones, but 

the latter is very remarkable, even for a Frog. The bone seen from above (fig. 6, sq.) 

is a sickle, its rough notched handle lying on the tegmen tympani; running obliquely 

* Dr. Gunther looks upon tins quasi-canine as a special thing—a tendency, so to speak, to produce a 

tooth, here ; my own mind leans to the opinion that it is not a rudiment, but a remnant; nearly all the 

Indian kinds show it more or less, and their Common Parent may have had large genuine teeth in the front. 
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into it, we see the postorbital process which is the curved blade ; together, they are 

half as Jong as the whole skull (see fig. 8). Also the angle at which the stem runs 

down over the massive quadrate and its condyle is very remarkable (compare figs. 3 

and 8, sq.), for the axis of the postorbital process is almost coincident with it, and 

between the stem and the supra-temporal plate the space is only half a right angle. 

The roof and floor have been wrought over the inner skull, above and below, so as to 

half hide it; thus the parasphenoid and the fronto-parietals are bony troughs or 

hollow splints. The latter (fp.) are quite distinct, right and left, very long, narrow, 

narrowest in the middle, not very wide in the temporal region, where their edge is 

emarginate, curving with the canal below; whilst in front they are overlapped by 

the nasals (n.) and hide the girdle-bone : outside they do not hide the superorbital 

cartilages (s.oh). The nasals form a pair of large wings and are highly arched and 

strong (fig. 8); the outer part is an elegant facial hook, binding on the upper edge of 

the maxillary; the two bones meet all along, forming a nasal suture. 

The parasphenoid (figs. 7 and 8, pa.s) is a very long trough of bone of the usual 

shape, with well-formed basi-temporal wings that are trilobate. 

The hyo-branchial plate (fig. 9) is quite normal in form ; there is a slight fissure in 

the substance of the “ hypo-hyal ” lobe (h.liy.) ; a division of the hyoid cornua into an 

outer and an inner tape not uncommon in the Batrachia : the outer is a remnant of the 

pectinate inter-branchial cartilage such as we see in the Chimeeroids and their kindred. 

Compared with the type, Rana Kuhli shows the following divergences of character :— 

1. No septo-maxillaries. 

2. Dentary with a very large tooth-shaped process. 

3. Articulation of pre-maxillaries and maxillaries very wide and high, to admit of 

the process of lower jaw. 

4. Stylo-hyal confluent, above. 

5. Extra-stapedial a very large cordate disk, peltate, and without supra-stapediai. 

6. Superorbital cartilaginous, and very distinct. 

7. Eustachian openings very small. 

I have already mentioned the peculiar form of the skull, and of certain individual 

bones, but the above are the most important morphological variations. This skull is 

altogether very instructive and suggestive ; R. Kuhli is certainly a “ borderer,” and I 

suspect it has retained some very archaic characters that have been more or altogether 

obliterated in the other species of its genus and its territory. 

c. North American (“ Nearctic ”) species. 

2 (continued).* Rana pipiens, Harr—(R. catesbiana, Shaw; R. mugiens, Merr.). 

This specimen was considerably larger than those of the Indian Bull-frogs just 

described. 

* See p. 22 where the larva of this species is described. 
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I have already shown the characters of two kinds from this “region” (R. palustris 

and R. halecma), but they were young ; yet some unexpected and very important 

points were elicited, and will be referred to in the description of this large and most 

characteristic kind. In this species we see those peculiarities of the Batrachian skull 

which set it by itself, making it to differ from other kinds of skulls, carried to an 

extreme degree of development. 

These things bespeak a highly specialised type, and indeed this American Bull-frog 

is a Frog of the Frogs ; his shape, dress, voice, and carriage, all combine to make him 

the representative of his group or “ Order.” 

On the other hand, like all giants, there is much in him that bespeaks an 

ancientness (as if he only remained of the remnant of the giants), and was somewhat 

out of place among the more proud and elegant dwellers in the marshes and miry 

places of this, the newest, epoch. 

In outline this skull (Plate 8) is half an ellipse and very regular ; its greatest 

breadth is, as to its axial length, as 7h to 5f. If the length were measured up to 

a line passing from one quadrate condyle to the other, then the skull would be one-tenth 

longer than when measured up to the convexity of the occipital condyles. In my 

specimen the former reach one-fifth of an inch further back than the latter. 

In R, tigrina (Plate 6, figs. 1, 2) this distance is only one-sixth of an inch ; relatively, 
however, the distance is the same, for the Indian skull was smaller; in R. hexadactyla 

(Plate 7, figs. 1, 2) the distance is only half as much (one line). 

This extreme extension of the gape backwards, during metamorphosis, is in remarkable 

contrast with what I find in my oldest specimen of the adult of a small toothless 

Australian Batrachian, viz.: Pseudophryne Bibronii. In this kind, in which the female 

is one inch long, and the male three-quarters of an inch, I find that the quadrate condyle 

reaches very little more than half the relative distance attained to in R. pipiens and 

R. tigrina, or only two-thirds as far back as the occipito-atlantal hinge, measuring from 

the front of the snout, backwards. In that kind the whole suspensorium is arrested in 

its backward movement, when it forms a right angle with the axis of the skull: this 

is very similar to what is seen in the skulls of “ Caducibranchiate Urodeles,” whose 

gape is so much less than in the “ Anura.”* 

The next thing that strikes the eye, after the great extent of the gape, is the very 

small size of the cranial “ barge ” as compared with the huge facial outworks ; its 

average width is a quarter of an inch, scarcely more than that of the Common Toad, 

with a bead little more than half the length of this Bull-frog. 

The occipital condyles are large, near together; more shown below than above, and 

with a gentle emargination between them. The whole occipito-auditory region, right 

and left, is marked by great hills and hollows, and jutting snags, very unlike what is 

* It is a general rule in this “ Order ” that the gape is relatively, as well as really, larger, the larger the 

species "becomes; and in very dwarfed kinds the contracted gape is a correlate of several other arrests 

in the development of the parts of the skull. 
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seen in the skull of small kinds, and bringing into prominence parts that also project 

largely in osseous Fishes. The epiotic region burrowed by the posterior canal (ep.) 

stands out, divergingly, on each side of the great archway, with its transversely oval 

entrance (fig. 4). The anterior canal sweeps round the front; outside it there is 

a great hollow, and then the periotic mass rises over the horizontal canal, this it 

does still more at the edge (tegmen tympani). The outer margin grows backwards 

into a large terete unossified “ pterotic” ridge (pt.o.)—the part that is ossified by the 

pterotic bone in Teleostei. The whole structure is, on the whole, bony up to the fore 

margin of the foramen ovale, and these right and left masses are confluent over the 

foramen magnum, but not below (fig. 2); there is a small tract of cartilage in the 

basioccipital region. 

Below, the twin post-aural nerve passages (fig. 2, IX., X.) are wide apart, and the 

antero-external margin of the ear-capsule is bevelled away and covered with a plate 

of cartilage for articulation with the pedicle (pel.). The ear-masses and intervening 

hind skull together make only a third of the whole width at this part; above 

(fig. 1) the pterotic crests (pt.o.) stand further out, where they pass beneath the 

squamosal (,sq.). 

Suddenly in the temporal region the skull is compressed to two-thirds its average 

width, then becomes of a fuller form, and gently narrows again before it spreads out 

into the wings of the ethmoid, opposite the closing in of the cranial trough. 

The optic fenestra (II.) is moderate ; it is margined by cartilage in front, above, and 

below, and the girdle-bone (eth.) has not much more interorbital space than this tract, 

which lies in front obliquely over the bone. There is a small ossified superorbital lobe 

(s.ob.). The cruciform bony mass only reaches in front to the proper morphological 

edge of the ethmoidal territory; all the true nasal region is unossified. The whole 

nasal roof is a winged sub-pentagonal tract, not ending in more than a bud of the 

“prenasal,” and with half its septal part and a headland of its roof uncovered by the 

nasals (fig. 1, s.n., n.r., n.). The outer nostrils (figs. 1, 3, e.n.) are protected by the 

usual inner and outer upper labials (u.P.u.P.). The roof runs forward, narrowing; the 

floor (fig. 2, s.n.) is sub-quadrate, and is finished antero-externally by the curious 

cervicorn angles (Plate 8, fig. 2, and Plate 9, fig. 7, s.n.l.). The septum (s.n.) below is 

very thick in front, and narrows backwards towards the ethmoid bone ; the angles of 

the subnasal lamina behind pass into the large, widely-extended ethmo-palatines which 

are curiously covered with splints, above and below. 

On each side of the bud-shaped end of the septum there is a rather large fenestra 

(Plate 9, fig. 7, s.n.), and in this enlarged figure of part of this region we see the pro- 

rhinal (p.rh.) ; it is very large, sub-flabelliform, and turned (contrary to rule) inwards. 

In this same figure the angle of the nasal capsule, a part derived from the trabecuke, 

is seen to give off a curious retral process (al.n., s.n.l.) : this is quite normal. 

The whole palato-quadrate arch (pa., pg.) is an immense structure; measured from 

the pre-palatine spike to the end of the condyle, it equals the entire length of the 
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skull, measured from the snout to the occipital condyles, yet in front of the pre-palatine 

we have the fore part of the maxillary and the whole of the pre-maxillary. 

All at once in this part we come across a number of bones that have no representa¬ 

tives in the Batrachia, generally, yet some of them correspond to familiar bones in the 

Teleostei. I shall name these latter in accordance with my description of the “ Salmon’s 

Skull” (Phil. Trans., 1873, Plates 6-8). 

As compared with what is seen in the typical kind, the palato-quadrate arch is 

scarcely more ossified, but it is relatively, as well as really, very much larger. Instead 

of a single palatine bone running across under the right-angled ethmo-palatine carti¬ 

lages, there are several separate pieces.'”' 

On the left side (fig. 2, pa.) the large sub-falcate ridged palatine is single up to the 

handle or inner end; there, however, three at least small sesamoid centres are seen. 

On the right side the handle is entire, but the blade is composed of two unequal 

additional bones (pci.); these are reversed in the figure. 

The huge sigmoid pterygoid bone (pg.) is single from its fore end near the outer 

part of the palatine to the end of the quadrate condyle (q.c.); but the thick remnant of 

the dorsal end of the suspensorium—the “pedicle”—is invested with, and more or less 

ossified by, a group of bones. Two of these, on each side, are the familiar “ rneta- 

pterygoid ” and “ nresopterygoid ” (Plate 8, figs. 2-4, mt.pg., ms.pg.) of osseous Fishes. 

The metapterygoid (Plate 8, fig. 2, mt.pg.) ossifies most of the pedicle (fig. 1, pci.), 

leaving the thick ovoidal condyle soft; but where it is passing inwards, at a right 

angle to the pterygoid bone, there in front of its outer end is a bone one-third its 

size : this is the nresopterygoid (ms.pg.). 

The large out-turned, almost vertical quadrate region is largely fenestrate (Plate 8, 

figs. 1-4, and Plate 9, figs. 12-14); this fenestra is bounded above by a bridge of 

cartilage, which passes to the “ otic process ” (cut through in these larger figures of 

the details). 

That bridge is largely ossified by an additional centre (pel'.) or supernumerary 

“metapterygoid.” The fenestra is mostly occupied by three long splints—“inter- 

suspensorial” membrane bones; one is sub-falcate and twice as long as the others; 

their form is sub-oval (Plate 9, figs. 12-14, i.sp.). The hinder part of the proper 

pterygoid is itself fenestrate on its inner face (Plate 9, fig. 13, pg., sp.). 

On the outside this arch is well invested by the three normal subcutaneous bones, 

viz. ; the squamosal, quadrato-jugal, and maxillary. The first of these (sq.) is remark¬ 

able for the forwardly-bowed form and oblique position of its stem (Plate 8, figs. 1 

* This specimen, the gift of Dr. Mukie, came to me in a perfectly uninjured state; it had not been 

caught (and possibly bruised) in capture, but it had lived in the gardens of the Zoological Society for 

some time before it died. I often find specimens of Batrachia -with some of these bones fractured in 

capture, but I have learned how to distinguish them from supernumerary bony centres formed naturally 

in the animal. There are several kinds that show additional bones, but none at all comparable to this 

species. 
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and 3, sq.), for the descending position of the post-orbital process, and for the bifurca¬ 

tion of the suprateniporal plate, embracing the “ pterotic ” cartilage. 

The quadrato-jugal (q.j.) grafts itself very little ; the maxillary (mx.) has a very 

distinct ascending facial process below the nasal; it does not, however, articulate 

directly with that bone, for there is a small squarish pre-orbital (p.ob.) between them. 

Behind this (Plate 8, figs. 1 and 3, l.) there is an oblong bone, also attached to 

the descending crus of the nasal (n.); this is the “ anterior suborbital ” or lacryinal; 

this is a familiar bone in the Teleostei, and the other is common in one “ Family ” 

of that “ Order,” namely, the “ Siluroidei.” 

But these are not all the prater-normal ossicles ; there is no functional septo- 

maxillary, as in R. temporaria, where it lines the nasal passage, but there are a number 

of generalised bony points close to where that bone appears, below, in the Common 

Frog. On the left side (Plate 8, fig. 2, and Plate 9, fig. 7, p.mx.) these are close to 

the palatal junction of the pre-maxillaries and maxillaries, some larger, and others lesser, 

palato-maxillarieson the right side (Plate 8, fig. 2) there are two narrow bones, 

larger than the largest on the left side. 

These do not make up the whole tale of the additional hones ; the parasphenoid 

(Plate 8, fig. 2, pa.s.) has at its apex a separate “ pro-parasphenoid (pa.s'.) as I showed 

in the larva of this species (Plate 3). This bone is about a quarter the size of the 

blade of the large bone, which is split where it underlies the new centre. 

The vomers (fig. 2, v.) are large and quadrilobate, yet they neither meet at the mid¬ 

line nor reach near to the maxillaries ; for the nasal region, although large really is 

small relatively to the huge face. The fourth or dentigerous lobe of each vomer is 

rounded, the two intermediate lobes that enclose the inner nostril are sharp, and the 

front lobe is crescentic. 

Above (figs. 1 and 3, n.) the nasals are broad, roughly convex, in contact in their 

hinder part, do not reach the maxillaries externally, and together form a sub-pentagonal 

roof. Between them, behind, there is an emargination which passes into the notch 

between the fronto-parietals (f.p.) and exposes some of the girdle-bone (eth.), whose 

superorbital lobe (s.ob.) is also uncovered externally. 

The frontals are not confluent with each other, but with the parietals ; these are 

completely anchylosed together (fig. I, f.p.). 

The sides of this roof are almost parallel for two-thirds of the interorbital region ; then 

the bones suddenly widen, then become pinched and bi-cristate, and then double their 

breadth over the inter-auditory region, where their outer margin is emarginate, and 

their surface sinuous over the double “ canal.” The two crests are divided by a fossa ; 

they are first temporal, and then sagittal. 

This compound roof ends, behind, in a transverse, dentate, squamous edge, leaving 

the narrow superoccipital region uncovered. Laterally (fig. 3), the bony roof and the 

bony floor are seen to be modelled over and around the endocranium, hiding half 

of it. 
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The middle and outer ears (Plate 8, figs. 1-4, and Plate 9, figs. 8-14) are in a high 

state of development; externally, the annulus (a.ty.) is almost an inch across, and is 

complete; its greatest width, below, is fully a quarter of an inch ; it is thick-rimmed, 

unusually wide at the junction of its “horns,” and altogether unique in size and 

finish. 

The “ columella ” also is unique as to its development, having an osseous shaft in its 

extra-stapedial (Plate 9, figs. 8, 9, 10, e.st., e.st'.), which is not seen in other Batrachia. 

The stapes and the dorsal part of the columella lie in a deep hollow, in the hinder 

part of which is the fenestra ovalis (Plate 9, fig. 8). The stapes (st.) is oval, obliquely 

truncate in front, and thick and convex externally. 

Against it, and somewhat within, lies the thick, short inter-stapedial (i.st.), whose 

distal half is bony; it is quite segmented from the medio-stapedial (m.st.) which is 

long, phalangiform, thick proximally where it is not quite ossified, and narrow and 

arcuate further forwards. Then comes a short cartilaginous tract which is followed by 

the extra-stapedial (e.st.) whose proximal part is ossified as a styloform shaft bone 

(e.st'.), the cartilage within being also considerably ossified beyond the ectosteal tract. 

On the inner side, near the dilated end the supra-stapedial (s.st.) is given off at a 

sharp angle, it passes upwards and backwards and is confluent with the cartilage lining 

the tegmen tympani; it is nearly as broad as the main bar, and is entirely unossified. 

This division of the columella into three segments is of great interest, and can be 

understood only by comparison with the state of things seen in the upper hyoid region 

of Fishes in various groups. 

In the Chimaeroids (see Hubrecht, fig. 2, hy".) there is a “ pharyngo-hyal ” above 

the “ epi-hyal ” (hy'.), but this topmost piece, so constant in the branchial arches, 

proper, is not found in the hyoid of other Fishes. Much lower down, towards its 

distal end, the epi-hyal (“ hyomandibular ”) is cut off as a short distinct cartilage in 

the Sturgeon and Paddle-Fish. 

In osseous Fishes this cartilage acquires an additional bony sheath;—the “symplectic” 

-—but is not cut off. 

I am now jcerfectly satisfied that this lower subdivision of the “ epi-hyal” element is 

a secondary segmentation, such as is seen in the “ pharyngo-branchials” of the 

Sturgeon, where each cartilage is sub-divided into two pieces.* 

In illustration of this we see that the “ hypo-hyal” of osseous Fishes has tiro bony 

centres; in the Menopome it breaks up into three patches of cartilage. 

Therefore we see that the middle ear of this Frog has parts that correspond to the 

following morphological elements of the upper part of the hyoid arch in the Fishes :— 

1. Pharyngo-hyal=inter-stapedial. 

2. Epi-hyal, subdivided into—a, hyo-mandibular=medio-stapedial; and h, sym- 

pletic = extra-sta pedial. 

* Mr. Howes pointed out this to ine, as shown in his excellent dissections at South Kensington. 
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The supra-stapedial is a secondary process of the distal part, and very inconstant; 

the segmentation of the extra-stapedial from the medio-stapedial is complete in 

R. pcdustris and R. halecina (Plate 5), and I doubt not is the same for a time in 

R. pipiens.* 

The mandible in this species is chiefly remarkable for its great length (Plate 8, 

fig. 3). All its parts are normal; the coronoid process of the “ articulare” is well 

developed. 

The hyo-branchial plate (Plate 8, fig. 5) is also quite normal; it differs very slightly 

indeed from that of the Common Frog, and as in that kind the stylo-hyal end of the 

hyoid articulates with the floor of the tympanic cavity. 

As compared with the skull of the “norma” we have many differences that are due 

to their size, such as the distance of the facial bars, laterally, from the nasal labyrinth, 

the small size of the cranial trough, and the huge suborbital spaces. 

The endocranium is not so much hardened as might be expected in so large a kind ; 

the bony masses behind are still distinct below, but not in the superoccipital region. 

The investing bones generally are quite normal; the roof in the parietal region has 

its two sides anchylosed and crested : this is simply due to the extent and strength of 

the temporal muscles. 

The cartilaginous foundations of the great palato-suspensorial arches is quite normal, 

only they are very large, relatively. 

There are two groups of modified parts, namely, the various bony “centres” and the 

elements of the middle ear. The modifications may be classified as follows : — 

1. Groups of small ossicles in a generalised state below the junction of the pre- 

maxillaries and maxillaries, instead of a functional septo-maxillary. 

2. Ectosteal bones applied to the “palato-suspensorial arch” numerous, and in the 

palatine region unsymmetrical; several of those in the pterygoid region being referable 

to normal ichthyic centres. 

3. Further additions of bony centres in the pedicle and quadrate, both membrane- 

bones and endosteal patches. 

4. The quadrate region of the suspensorium fenestrate, below the division into 

“pedicle” and “otic process.” 

5. A sub- and a pre-orbital bone on each side. 

6. Parietal region anchylosed and crested. 

7. A distinct pro-parasphenoid. 

8. Inter-stapedial semi-osseous. 

9. Extra-stapedial half osseous, with distinct, but apposed, ectosteal and endosteal 

tracts. 

10. Supra-stapedial confluent above. 

* This Adpenserine subdivision of the epi-hyal element is to be seen also in the embryo of Chelone 

viridis.—“ On the Skull of Chelone viridis,” ‘ Challenger Memoirs.’ (“ Zoology,” vol. i., part 5, plate 10, 

fig 8, 1880.) 

I 2 
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d. Ethiopian species. 

14. Rcina.-*? sp.—Adult female, 1 inch long. Lagos, W. Africa.* 

The largest of the specimens examined by me was one inch long, and was a female 

with developed ovaries. Dr. Gunther was doubtful as to the exact species of Rana 

to which it belonged ; it was possibly immature, but evidently belonged to a small 

and very slender kind, with proportionally extremely long hind legs : its tongue was 

deeply bilobate, and one lobe was much shorter than the other in this specimen.t 

My dissections show this kind to have a skull closely corresponding to that of a 

Common Frog of the first summer, or about four months after metamorphosis ; it is 

instructive any way, whether it be young or arrested, for it shows how close this 

Ethiopian species comes to our native kind, in all essentials of cranial structure. 

That it was a mature individual I have no doubt, and it came in the same bottle 

with adult specimens of a species of Rappia, the largest of which was only five-sixths 

of an inch long. The general form of the skull (Plate 13, figs. 7, 8) is half a long- 

ellipse ; and the length is equal to the greatest breadth—a proportion which gives 

a rather long skull for a Batrachian. 

The occipital condyles (Plate 13, figs. 7, 8, oc.c.) project very little, are not so 

wide apart as in some small species (e.g., Rana pygmcea, Plate 5, figs. 11, 12), and the 

emargination of the basal plate between them is slight; the roof also (fig. 7) is not 

cut away much above. 

The auditory capsules project moderately in front, but they have an arrested, 

smooth appearance ; their inferior surface is nearly as great as the superior; the roof 

of cartilage is complete up to the post-orbital region, so that there are no lesser 

fontanelles behind the main space (fo.). The optic fenestra (II.) is small, and very 

near the foramen ovale (V.). The ex-occipitals and prootics (e.o., pr.o.) are but little 

advanced ; the former leave a wide basioccipital, and a still wider superoccipital, 

tract soft; the former ride over the anterior ampulla (a.s.c.) above, and are seen 

outside the foramen ovale (V.) below. The interorbital region of the cranial “ barge ” 

is widish, and lessens very gently up to the antorbital region ; there is no ossification 

there ; and if this be, what I am satisfied it is, namely, a mature specimen, here is an 

instance of the entire absence of the “ girdle-bone.” I shall soon corroborate this 

view by showing that another small kind of Frog is equally devoid of this bony tract. 

The ethmo-nasal region is nearly as wide as the occipito-auditory ; the roof and floor 

(s.n., s.n.l.) are broad, and nearly equal. The angles of the latter, and the pro-rhinals 

* Collected by R. W. Walker, Esq.; specimens of the large Tt. Bibronii and It. Orayi, brought me 

from S. Africa by the Rev. Ambrose Wilson, came too late for this memoir. 

f This, according to Dr. Gunther, is artificial, and due to contraction by the alcohol. This was, 

however, supposed by Hallowell to entitle it to a distinct generic name, viz.: Heteroglossa (see Hallo- 

well, Proc. A. Philad., 1857, p.'64; and Gunther, “ Batrachia Salientia,” p. 26). The latter author 

assures me that this is a normal species of liana. 
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fig. 8. p.rh.) are well developed, but there is a small prenasal rostrum; the bulbous end 

of septum nasi is somewhat emarginate. The fore part of the palato-suspensorial car¬ 

tilage is thick, and forms a triangular pre-palatine ; its narrow ethmo-palatine pedicle 

has on its postero-inferior surface a slight palatine ossification (pci.). This cartilage 

in its pterygoid, quadrate, and auditory regions, is slender; the pterygoid bone (pg.) is, 

however, well-developed—not like that of a young Frog—and only leaves the upper 

and outer surface of the cartilage naked (fig. 7). Each pedicle (pci.) is small, and 

they are wide apart; so also is the quadrate region, but it ends in a large condyle 

(q.c.) that reaches as far backwards as to the middle of the stapes; this is quite an 

average retreat backwards. The Eustachian openings (eu.) are of medium size, oval, 

and transverse, and the space of the middle ear is well developed. 

The annulus (a.ty.) is large, and its horns nearly meet; the stapes (fig. 11, st.) is 

large and oval, with a moderate anterior scooping for the columella. 

This rod is well ossified in its main part, and has no appearance of belonging to a 

young individual; its interstapedial segment (i.st.) is small, pisiform, and lies between 

the large unossified lobes of the long, arcuate medio-stapedial (m.st., m.st'.). The extra- 

stapedial (e.st.) is a small, long-oval lobe of cartilage, and has no supra-stapedial process. 

The mandible (fig. 9) is quite normal. The styloid end of the hyoid bar (st.h.) is 

articulated with the ear-capsule; the bar itself (fig. 10, c.hy.) is narrow, and has no 

hypo-hyal lobe ; the two side lobes of the basal plate (b.h.br.) are small ; the thyro- 

byals (t.hy.) are normal. 

The narial valves (fig. 12, uF.uF.) are well developed and perfectly normal. 

The investing bones lend no support to the opinion that this is anything but a 

mature individual : they are well developed; those on the upper surface differ from 

their counterparts in a full-grown Common Frog, by the nasals (n.) being relatively 

much larger and nearer together, and the fronto-parietals (fp.) completely anchylosed 

along the middle—all save their pointed front ends, where a little of the fontanelle 

(fo.) is exposed. This common sheet of bone well covers the roof behind, and 

although the bone is thin, it is highly developed as bone tissue. 

The nasals (n.) touch the septum nasi (s.n.) and curving elegantly outwards in 

front, overlie the large sub-tubular external nostrils (e.n.) which are very wide apart. 

The fore part of the endocranium is well wrapped in the nasals, the pre-maxillaries 

(px.) and the maxillaries (mx.); these outer bones are but little developed in the 

palatine region, but are large and foliaceous on the outside. 

The jugal part of the maxillary is joined to a quadrato-jugal (q.j.) which is well 

grafted on to the quadrate : a good sign of maturity. 

The upper part of the squamosal (sq.) is narrow, but all its regions are well 

developed. 

The parasphenoid (fig. 8, pa.s.) is well developed and large, but is not so elegant as 

in the Common Frog, its angles behind being attenuated and not outspread ; the 

vomers (v.) are small crescents, widest in front and forming a mere hook behind ; 
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they are toothless—a state of things commonly seen in small types of tooth-bearing 

Batrachia. 

My specimen of this kind was equal in size to many other dwarfs in this group of 

Vertebrata, and the evidence in favour of its maturity greatly outweighs that which 

seems to tell of immaturity. Taking its skull then as that of ail adult, and comparing 

it with the “norma,” I find the following discrepancies, viz. : — 

1. No septo-maxillaries. 

2. Fronto-parietals of each side coalesced. 

3. Quadrato-jugal ossifies part of suspensorium. 

4. No teeth on vomers. 

5. No “ girdle-bone.” even in rudiment. 

6. Inter-stapedial very small. 

7. No supra-stapedial, and extra-stapedial arrested. 

8. Lesser fontanelles absent. 

Skulls of “Ranidce” not comprised in the typical “genus.” 

15. (A) Tomopterna hreviceps.—Half-grown female; length, 1^ inch. S. India. 

This and the next kind are both put into the same genus in Gunther’s ‘ Reptiles 

of British India’ (p. 411); but more recently the author has put this short-headed, 

high-faced species into the genus Tomopterna, removing it from Pyxicephalus. 

This is as it should be. The two (this and P. rufescens) differ quite enough to 

entitle them to be placed in distinct generic groups ; this species comes nearest to the 

Ranee, the other is a more aberrant form. 

The outline of this skull (Plate 14, figs. 5, 6) is half a short ellipse, and the width 

is to the length as 8 to 6f; the general outline is very regular. A full grown 

individual would have shown a more irregular outline and denser bony centres, 

but the skull is fairly finished at this stage; size and strength are all that is gained 

afterwards. 

The occipital condyles (Plate 14, figs. 5, 6, oc.c.) are rather wide apart, and project 

but little. The auditory capsules carry the hind skull out considerably, opposite the 

quadrate hinge; and this hinge is opposite the middle of the stapes (q.c., vb.) as in the 

last. 

The suborbital spaces are very large, and each forms two-thirds of an almost regular 

circle. The interorbital region of the cranium only lessens very gradually forwards, 

and it swells out gently in the middle. The cartilaginous roof of the skull is complete 

up to the orbital region ; there is only the main fontanelle. 

The whole fore skull is extremely like that of the “ norma,” but the prenasal 

(fig. 9, p.n.) is a more distinct bud, and the pro-rhinals (p.rh.) are larger hooks; also 

the outer angles of the subnasal laminae (s.n.l.) are simpler. 
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The hinder bony centres (e.o., pr.o.) are just such as would be found in a Common 

Frog two-thirds grown; now, a considerable amount of roof, door, and periotic capsules 

are soft. So also the “girdle-bone ” (eth.) is not of great extent, it hardly reaches half 

way to the large optic fenestra (II.); from this space to the foramen ovale (V.) the wall 

is also unossified. The palato-suspensorial arch, and its ectosteal plates {pa., pg.), 

are quite normal; the condyles of the quadrate are very large, and the cartilage at 

that part is but little affected by the quadrato-jugals (q.j.). The pedicles are wide 

apart, and well developed ; the Eustachian passages (eu.) are large and oblique. 

The annulus (a.ty.) is moderate and complete. The stapes (Plate 14, fig. 10, st.) is 

large, thick, and oval; the medio-stapedial (■m.st.) fits inside it by a decurved unossified 

lobe; but the inter-stapedial is not distinct. The medio-stapedial is therefore large 

behind ; it is straight, and joins on to the narrow stalk of a broadly spatulate extra- 

stapedial (e.st.), which becomes double on its inner face, giving off a strong ligulate 

supra-stapedial (s.st.) which is confluent with the “tegmen” above. The stylo-hyal 

part of the hyoid band {st.h.) articulates with the floor of the tympanium, and turning 

round, borders the Eustachian opening {eu.). 

The investing bones, one and all, are extremely like those of the type; there is a 

septo-maxillary on each side, but it is small. 

The mandible shows in the dentary (fig. 7, d.) very little of the crest; yet in 

old individuals the mandible is high at that part, and also somewhat hooked at the 

synchondrosis, like an old male Salmon. 

The hyo-branchial plate (fig. 8) is normal, but its lateral lobes are badly developed. 

15 (continued).—(B) Tomopterna breviceps.—Adult female, 2 inches long. Ceylon. 

The distinction between the skull of the half-grown young of this species and the 

young of a Common Frog of the same age, is slight as compared with what is seen in 

their adult condition (Plate 15, figs. 1-4; and Phil. Trans., 1871, Plate 9). 

The facial outline now forms half a rather short ellipse, and the greatest breadth is 

nearly one-fourth more than the length ; moreover, this is one of the highest (or 

deepest) of the skulls in the whole Order. 

Indeed, this Frog is an isomorph in respect of its short deep head and its thorough 

want of neck of the most remarkable Toads of the same (the Oriental) territory, e.g., 

Callula, Diplopelma, Cacopus. 

This, again, is an instance of what is seen in the main geographical territories, viz.: 

that some particular modification characterises the members of very different “Families” 

of the same Order, as if the Anurous type had, in each territory, broken up into 

groups isomorphic of, but not immediately related {genetically) to, those of other terri¬ 

tories. Thus from a generalised root-form, in territories wide apart, there may have 

sprung, in each place, independently, Frogs with teeth and Toads without teeth; 
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types with sharp, or broad toes ; with narrow or wide backs; with or without neck 

glands ; with soft or stony skulls. 

For this tribe is notable, perhaps above all others, for ready response to surroundings; 

here is a swimming creature who learns to crawl, to walk, to leap, to climb, and to whom 

(in a rare instance) even a sort of flight is not denied. Moreover, the slow metamorphosis 

of the larva may take place in these types in the water, in the damp floor of the jungle, 

in the foliage of trees, or in a large bag, or in little pockets, on the back of the mother. 

This Frog, which is about equal in size to our native species but much stouter, has 

its skull even less ossified than the common kind; this is true both of the endocranial 

“ centres” and the investing plates. 

In this it differs from most of the species of Rana of its own territory, but agrees 

with them in other things, rather than with that familiar species, whose distribution 

reaches even to us. The nasal and auditory regions are about equal in axial extent; 

the orbital region is one-third longer; the hind skull is of extraordinary breadth. 

The occipital condyles (oc.c.) are large, reniform, and postero-inferior; they are sepa¬ 

rated by a shallow notch less than their own breadth, and the foramen magnum (fm.) 

is large and oblique, the roof retreating forwards. The double canal (ci.s.c., p.s. c.) is 

large and projects beyond the less evident horizontal canal (h.s.c.); the capsule pro¬ 

jects as an obliquely oblong tract. The ex-occipitals (e.o.) do not reach to the stapes, 

right and left, and only slightly overlap the parasphenoid; the prootics (pr.o.) guard 

the outside of the foramina ovalia (Y.) and mount up over the two front ampullae ; 

thus there is a very large cruciform tract of cartilage on the floor of the hind skull. 

There are no lesser fontanelles, and the main space is only half as long as the cranial roof, 

and is long and emarginate behind; it is partly uncovered in front (fig. 1, fo.). The 

interorbital region is narrow, lessening steadily forwards; the roof is enlarged a little 

in front by the small oblong superorbital tracts of cartilage (.s.ob.). The long, oval, 

optic fenestra (II.) lies in the middle of a large unossified tract, which leaves the 

girdle-bone (eth.) only two-fifths of the orbital space; that is, however, compensated 

by the bone running almost to the pro-rhinals, below, and along the hinder third of 

the septum nasi [s.n.), above. The nasal roof is only two-thirds as large as the floor 

(,s.n., s.n.l.), the front of it is elegantly sinuous, for the thick septum projects as a 

small subconical prenasal rostrum. The angles of the floor [s.n.l.) project well into 

the fore part of the wide face, and the pro-rhinals (p.rh.) are large, long, and uncinate. 

The rising wall (al.n.) grows up behind the nostril from the surface of the angle of the 

floor, but does not form a perfect ring by coalescing with the roof as in the larger 

Oriental Frogs. 

The narial valves (u.ll.u.l2.) are large and normal. 

The palato-suspensorial arches are slender behind, but in front they are thick at 

their root (e.pa.), and have a large pre-palatine spike (in front of pa.), and continue wide 

inside the maxillary until they end as a lobe (pt.po.) from which the narrower ptery¬ 

goid cartilage grows. The pedate pedicles (pd.) are sharp and well formed, and reach 
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almost to the prootic and parasphenoicl. The angle of the fork is somewhat rounded, 

so that the large Eustachian opening (eu.) is sub-triangular. The bony plates (pa., pg.) 

are normal, but thin and lathy. 

The quadrate region or outer fork is very long, and retreats as far back as the 

middle of the stapes : this is one of the deepest cheeks to be found in the group. The 

cartilage is very slightly ossified by the quadrato-jugal (q.j.); the condyles (q.c.) have 

the peculiarly elegant form seen in the Oriental Ranee, viz.: a very large, long, postero¬ 

internal trochlea, and a rounded, small, antero-external convexity. 

The annulus (fig. 3, a.ty.) is rather large and perfect, as in the congeners of this 

species ; the stapes (st.) is large, oval, and umbonate. The medio-stapedial (m.st.) has no 

proximal intervening segment cut off, the extra-stapedial (e.st.) is spatulate, and the 

supra-stapedial is confluent above. 

The mandible (fig. 3) is normal, the condyle (ar.c.) is long and subreniform. The 

stylo-liyal (fig. 2, st.h.) is narrow at first and confluent; it widens gradually up to the 

hypo-hyal bend below (fig. 4, city., h.liy.) ; over the curve there is now a small thin 

extra-hyal (e.lvy. for ex.hy.). The notch in front of the basal plate is wide, and the 

whole structure is normal; the front lateral lobes are now fan-shaped, and the hinder 

ligulate. The thyro-hyals (t.hy.) are large and bent outwards. The investing bones are 

very thin and splintery; the fronto-parietals (f.p.) are feeble and arrested in front; the 

nasals (n.) are feeble and ragged, like the newly-formed osseous centres of a young 

specimen; the premaxillaries (px.) are wide and well developed as to their processes ; 

there is a pah' of small seed-like septo-maxillaries (s.mx.). The maxillaries (mx.) are 

high, but thin ; they are notched in front where they overlie the angle of the nasal 

floor, and have a bilobate ascending plate ; they stretch along more than half of the 

temporal space behind. The dentiform quadrato-jugals (q.j.) are only slightly grafted 

on to the quadrate ; the squamosals (sq.) lie well over the narrow tegmen, and have 

a shortish diamond-shaped postorbital process. The descending bar (fig. 3, sq.), is of 

great length, and widens gradually downwards. 

The parasphenoid (fig. 2, pa.s.) is quite Ranine, and its basi-temporal plates are very 

large and bilobate externally. The vomers (v.) are Cystignathine; of the three spurs 

the foremost is twice the size of those which fence in the inner nostril (i.n.) ; the body 

is oblique, arcuate, almost reaches the middle, and is armed with an almost straight 

crest of teeth; the two crests form somewhat more than a right angle, but their sharp 

outer end is strongly turned forwards. As compared with that of our Native Frog, 

this skull is— 

1. Much broader and deeper. 

2. The hinder centres of the endocranium are smaller, and the girdle-bone is larger. 

3. There is only the main fontanelle, which is rather small. 

4. The parotic wings are extremely outstretched. 

5. The interorbital region is very narrow in front. 

6. There are distinct superorbital “eaves.” 

MDCCCLXXX I. K 
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7. There is a short prenasal rostrum. 

8. The pro-rliinals are unusually long and folded over. 

9. There is no inter-stapedial, and the supra-stapedial is continent above. 

10. The suspensorium of the jaw is of great depth. 

11. There is a small extra-hyal on each side. 

12. Most of the investing bones retain their early condition as thin ragged laminae. 

On the wdiole this instructive skull shows that Tomopterna is a Frog close akin to 

the species of Rana, but leaning towards the Cystignathidae; but it does not lie 

directly between the two families, for it has been modified, as a Frog, much as those 

neckless types Cacopus, Diplopelma, and Callula have been modified, as Toads. 

Here we have a problem relating to the influence of territory; that which gave the 

apoplectic look to the toothless kinds, doubtless thrust together the head and shoulders 

of this tootli-bearing type. 

16. Pyxicephalus rufescens.—Adult male ; 1 inch 5 lines long. India. 

This a much slenderer, smaller, and more warty kind of Frog than the last. Its 

toes are much more perfectly webbed in my specimen than in several specimens of 

Tomopterna breviceps in my collection. Dr. Gunther says that the interdigital 

membrane is equal in both kinds (ibid., p. 412). 

The outline of the head is so elongated and pointed as to be almost triangular— 

a great contrast to the last. 

Dr. Gunther says that the eyes are much smaller than in the last kind (p. 412); 

this is a correlate of the narrowing of the skull forwards. 

The length is to the greatest breadth as 8 to 8| ; for although narrow in front, this 

skull is very wide behind. 

The occipital condyles (Plate 14, figs. 1 and 2, oc.c.) are large, reniform, inferior, and 

wide apart; an evenly emarginate tract of cartilage, two-thirds their own width, 

separates them. This basioccipital cartilage is twice as broad as the superoccipital 

synchondrosis, and the bony masses formed by the extensively spread prootics and 

ex-occipitals (pr.o., e.o.) are much nearer together above than below; there they 

deviate more and more from the foramen magnum to the foramina ovalia (V.), which 

they reach below. 

Above (fig. l), there is a large transversely oval space unossified, and with small 

secondary fontanelles; the prootics meet in front of this, and are far extended in 

the roof. Laterally, the prootics and ex-occipitals are confluent, but only affect the 

posterior, and the arch of the anterior, canals (fig. 1, au.) ; the rest of the divergent 

ear-mass is soft: below, an oval floor is left soft to the vestibule, externally (fig. 2, vb.). 

The actual cranial cavity is three times as wide in the post-orbital as in the ant- 

orbital region; far from being an extremely wide skull, it lessens forwards, to become 

one of the narrowest known. Its lateral margins are sinuous, the middle bellying a 
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little. The narrow part opens out elegantly into the ethmoidal wings; up to them 

the girdal-bone (eth.) reaches, ancl no further. Above, this bone reaches half way to 

the extended prootic tract; below, two-fifths of the walls are soft, and this unossified 

tract has in its middle a very large optic fenestra (II.), and behind, it encloses most of 

the foramen ovale (V.). 

The nasal region is quite unlike that of atypical Frog; above (fig. 1), the nasal 

roofs are very narrow, and merely form a crescentic selvedge to the septum nasi (s.n.), 

and on to the fore margin of the ethmo-palatine band. 

The narrow roof curls round the front of the outer nostrils (e.n.), which are very 

near each other—-only one-third the distance apart that we have just seen in the Frog 

from Lagos (Plate 13, fig. 7, e.n.); behind the opening the nasal wall (n.w.) is thick 

and crescentic. 

This narrowing of the nasal end of the skull is made more remarkable by the 

development of a verydisti.net and pointed prenasal cartilage (p.n.).* 

But below (fig. 2, s.n.l.), the trabeculae have united to form a very wide elegantly 

winged tract, which passes between the laminae of the maxillaries (mx.), externally : 

behind, it is narrowed, for each margin is cut away by a semi-circular notch, through 

which the internal nostrils (i.n.) pass. The “ pro-rhinals ” (p.rh.) are very long, 

slender, and bent back upon themselves. 

These processes (Plate 15, fig. 5, p.rh.) are impacted between the two laminae of the 

premaxillary; they are equal to the prenasal in thickness. 

The nasal valves (u.l2.) are outside the nostrils; they are, in form, quite normal, but 

very small. 

The whole of the palato-suspensorial arch is quite normal, and rather slender; the 

same is true of the bony plates (pa., pg.). 

The pedicles (pel.) are wide apart, for the auditory masses are relatively large, and 

widely outspread. The condyles of the quadrate (q.c.) are a little further back than in 

the last, are opposite the end of the stapes, and are large and reniform ; there is no 

grafting of the quadrato-jugal over them. 

The Eustachian openings (fig. 2, eu.) are very large and are turned obliquely 

backwards, outside; the annulus is very large, and like that of the Bull-frogs (Eastern 

and Western). The stapes (fig. 4, st.) is large and like that of the “norma;” the 

columella is very generalised; there is no inter-stapedial segment at the scooped top of 

the club-shaped medio-stapedial (m.st.) whose interstapedial end (i.st.) is not ossified. 

By a short stem, the bony tract is connected, in front, with a small extra-stapedial (e.st.), 

which has no secondary process ; here, the breadth of the “ annulus,” below, is more 

than twice as great as that of the circular extra-stapedial: this is the converse of what 

is seen in Rana Kuhli and Dactyletlira. 

The investing bones are about as strong as those of the skull of “ the type,” when 

* The right dotted line from p.n. in fig. 1 points to the nasal process of the right premaxillai’y; behind 

its apex the first upper labial is hidden. 
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half- grown—or equal to the size of the full-grown individuals of this species. The 

parasphenoid (pa.s.) is very large, both in its main part and wings; this form is like 

that of the Common Frog, but the point is longer and sharper. 

The vomers (v.) are typical; the septo-maxillaries extremely small if present, and the 

bones of the outer face normal, but slight. The nasals (n.) are long crescentic shells of 

bone; the fronto-parietals (f.p.) are large and out-spread over the hind skull and then 

become gradually fine sharp styles in front, leaving part of the girdle-bone and a little 

of the fontanelle (fo.) uncovered. 

The “ frontal suture ” is permanent; the “ sagittal ” is filled in with bone ; the two 

sides being continuous over the inter-auditory region. 

The mandible (fig. 3) is quite normal. 

The stylo-hyal end of the hyoid band (fig. 2, st.h.) is distinct and pointed as it 

passes behind the Eustachian opening ; this band widens to double its breadth (fig. 3, 

c.hy.) in the lower half, and then turns suddenly round to join the basal plate (h.liy., 

Mi.br.). 

Round the outside of the broad distal half there is another band of cartilage as wide 

as the upper half of the main band. 

This is an “extra-hyal” element (ex.hy.) ; it passes over the hypo-hyal loop as a 

short hook. 

Other Oriental Batrachia show this, but not so distinctly, e.g., Tomopterna, 

Calkda, and Diplopelma, and the Australian Tree-frogs have a rudiment of it : here 

it is most largely developed. 

If this cartilage be compared with the pectinate “ inter-branchial ” of Chimcera 

(Hubrecht, fig. 2), it will be seen to correspond with the base of that comb-like 

cartilage. 

In Tadpoles the extra-branchials send pectinate processes inwards, but they show 

no separation of the extra-branchial bands from these “rays” of the septa, such as 

we see in Sharks, for the branchial apparatus of the Tadpole is as highly generalised, 

as that of the Shark is intensely specialised. 

The “spiracular cartilage” belongs to the suspensorium (of the 1st arch), and becomes 

utilised as the annulus tympanicus ; this rarer “extra-hyal” and the four extra- 

branchials all belong to one category. 

This infero-external element of the hyoid arch, like the supero-internal (epi-hyal or 

“columella ), does not appear until after the metamorphosis of the Tadpole; that is 

utilised as part of the apparatus of the fast-improving ear; the extra-hyal merely 

serves as an additional platform for the thin fan-like muscles of the throat. 

The rest of the hyo-branchial structure is quite normal; the lateral lobes are highly 

developed, and the thyro-hyals strong (fig. 3, t.hy.). 

Besides the remarkable shape of this skull, so wide behind and so pinched in in 

front—necessarily modifying the form of the investing bones—we have the subjoined 

differences from the typical form, viz. :— 
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1. The septo-maxillaries are suppressed (?). 

2. The fronto-parietals confluent behind. 

3. The pro-rhinals doubled over as hooks. 

4. A distinct sharp prenasal. 

5. Very narrow nasal roofs. 

6. No inter-stapedial segment. 

7. No supra-stapedial band. 

8. A large long uncinate “ extra-hyal.” 

The folding over of the pro-rhinals, the length of the prenasal, the generalised state 

of the columella, and the additional hyoidean element, indicate a very marginal posi¬ 

tion for this type in the Family “Ranidae.” 

Second Family. “ Cystignathida:.” 

First genus. Pseudis. 

17. (A) Skull of Pseudis paradoxa.—First larva ; total length, 10g inches ; head and 

body, 3g inches; tail, 7 inches; greatest width of tail, 4 inches; depth of body, 

2|- inches ; hind legs, \ inch. S. America. 

A side view of this, the youngest and largest Tadpole of Pseudis (natural size) (Plate 1, 

fig. 1), shows to what a magnitude the larva of a medium-sized Frog may grow ; for 

the old individuals are but little larger than our native Grey Frog. 

As to actual length, more than two-thirds of this larva is a temporary structure, 

and belongs to the tail; the bulbous fore part, below, is half pharyngeal and half 

abdominal. 

Supposing a measurement by vertical lines across the length of the creature, the dis¬ 

tance between the anal aperture and the occipital hinge is one-third the length of the 

essential animal; the single gill-opening (left side) is at the middle; and the eye-ball 

two-fifths from the front. 

Altogether, the outlets and inlets to the essential animal are Jive: three azygous—the 

oral, anal, and pharyngeal; and two paired, the narial; these latter are above and behind 

the upper lip, and are small and rounded: they open into the palate almost vertically. The 

mouth is small but complicated (Plate 1, fig. 2), the upper labials (Plate 2, figs. 1, 2, u.l.) 

arching over the horseshoe-shaped lower labials (Plate 10, fig. 5, l.l.) and the small oral 

passage opening being between the halves of the horseshoe : the skin over these labials 

is formed into a horny plate, and the plicce of the lips are developed into horny rasps. 

Much fibrous tissue—some watery, some strong and tough—encloses the skull and 

the outworks ; above, the head is marked by a median, and a pair of lateral, ridges ; 

the facial cartilages are spread out on each side and lie on a plane but little below that 

of the cranial cavity (see Plate 2). 

The “ chondrocranium ” at this stage is one of the best for comparison with that of 
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the Lamprey, but it has already gone beyond the suctorial type in having both paro- 

steal and ectosteal plates; it is profitable also for comparison with that of the larvae of 

Dactylethra and Pipa. 

The free growth of cartilage, here, gives us a character in this type which I have 

not found in others, but which Gotte describes in Bombinator, namely, that the noto¬ 

chord (nc.) is ensheathed in an azygous, tubular cartilage, as in the Selachians.* 

Hence the parachordals are very narrow bands between this tube and the ear-sacs ; 

and very short also; for the trabecular apices embrace the fore end of the notochord. 

The cartilage, right and left, has formed a perfect arch above, and the flat roof runs 

up to the post-orbital region (Plate 2, figs. 1 and 3, s.o.). 

Behind (Plate 2, fig. 3), the occipital condyles are forming; they look directly back¬ 

wards, and the bony matter (e.o.) runs into them. The auditory capsules were not 

relatively large at first, but they are so largely developed outwards now as to seem 

of unusual size, being winged above and below. 

By the study of the growth of the skull in many types I have satisfied myself that 

the upper wing (“ tegmen tympani ”) has not the same morphological import as the 

lower, or floor of the tympanium, both of which are enormously developed. 

The basal plate, formed by the trabeculae and parachordals, grows round the base of 

the ovoidal ear-sacs, and appears outside, especially in front: hence this copious growth 

of cartilage, forming elegant lower wings to the ear-masses, and serving as a shelving 

tympanic floor (fty.). This undergrowth showing itself outside the ear-sacs, appears 

in many forms ; it is a manifest striving of the basal plate to meet the arches that 

belong to it, this junction being impeded by the huge sense-capsules impacted in at 

this part. 

But, as in the “ Aglossa,” the “tegmen tympani” (t.ty.) is a superficial growth of 

cartilage applying itself to the capsule, in the margin of which is imbedded the hori¬ 

zontal canal; this roof-plate is very large, still larger than the floor (Plate 2, figs. 1-3). 

This tegmen is very thick as well as wide ; it is widest in front, and there it over¬ 

laps, and is confluent with, a large process from the elbow of the suspensorium (ot.p.). 

Here the tegmen cranii, and the tegmen tympani, of each side, remain soft, but the 

labyrinth is almost entirely enclosed in a generalised occipito-petrosal mass (e.o.,pr.o.). 

This is an undistinguishing spread of bony matter over and under these regions, a 

division into “periotic” and “ex-occipital” being attempted later in the growth of 

the head. 

It is very solid bone, and leaving the azygous cartilage untouched below, and a 

similar breadth of roof above, it builds a side wall to the foramen magnum, forming a 

solid rough kind of masonry, and enclosing most of the “canals” and part of the 

“ sacculus.” 

The cartilaginous stapes (Plate 2, fig. 3 ; Plate 10, fig. 5, st.) lies in its fenestra just 

under the middle of the “tegmen,” and above the deep shelving floor {fty.) 

* The outer sheath of the notochord is extremely thin in most of the Batrachia. 
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Already the passages for the 5th and 7th, and the 9th and 10th nerves (V., VII., 

IX., X.) are being enclosed in bone. 

The trabeculae and “ intertrabecula ” form the whole skull from the notochord to the 

upper labials, the hinder half being cranial and the fore half nasal. 

The fontanelle (fo.) is not large, and it appears of a pyriform shape, because of the 

fronto-parietals (f.p.) which partly cover it; they are strong wedges of bone close 

together behind, where they are broad, and wide apart in front, where they are narrow. 

There is an enlargement of each bone in the temporal region, and from thence the 

uncovered skull rapidly widens into the auditory masses. 

In front of that point it is almost oblong, only gently widening towards the front, 

where it is continuous with the large facial bars. 

The floor is flat—scarcely convex—and above the edge of the floor the sides are 

scooped, and shelve inwards, so that the flat top is narrow, especially in front, where 

the “ tegmen ” (t.cr.) reappears. 

The tegmen is continued in front of the closed cranial cavity, whose only fore outlet 

is through the olfactory foramina (I.) ; therefore between these holes there is a part 

answering to the “ perpendicular ethmoid” (p.e). This is continued forwards as a 

crest growing up from the line of junction of the trabeculae ; it is the “ septum nasi” 

or fore part of the intertrabecula. Beyond this wall, with a slight interruption, the 

trabeculae are united for a space, and then are free, and diverge at their end. 

These “ cornua ” are convex above and concave below, with a thick outer and 

front edge (Plate 2, figs. 1, 2, c.tr.); and this part, ending in a flat facet, articulates 

with a like facet on the upper labial (u.l.). 

The coalesced part of each cornu is somewhat constricted, and a similar lunate 

outline exists in the bar outside. Thus the inner nostril (i.n.) is made ; it is finished 

in front by the short pre-palatine ligament (pr.pa.), both cartilages approximating. 

Nearly the middle third of each trabecula is continuous with the outer band ; this 

is in the ethmoidal region, which is very extensive. 

There are in reality two bands—one outer very large, and a smaller band lying 

between this and the trabecula ; this lesser part is the “ post-palatine ” (pt.pa.), and 

the huge bar outside is the suspensorium of the lower jaw (p.pg., sp.). 

The inner bar is half the length and one-third the width of the outer; its 

hinder third is free, projecting backwards and hooked a little outwards between the 

trabecula and the suspensorium. 

Its fore part is continuous with the inner edge of the suspensorium, where it 

bounds the inner nostril (i.n.), and ends in the inturned pre-palatine spike. The 

middle part, which is the longest, is the conjugational tract binding together the two 

main cartilages, outer and inner (c.tr., sp.). 

The upper part of the ethmo-palatine is strongly crested on its inner side, and this 

crest meets the lateral ethmoidal wall at an acute angle behind the inner nostril 

(Plate 2, fig. 1, p.pg., i.n). 
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The nasal capsules are membranous as yet; and this crescentic ethmoidal wall, 

which articulates with the “ tegmen,” bounds them behind. 

The dorsal element of the mandible, or its “suspensorium,” is the most extraordinary 

thing in this remarkable “chondrocranium.” Each bar is equal in size to the combined 

trabeculae cranii, and to each is suspended three other cartilages, and a ‘process which 

becomes a free ray (ot.p.). 

The dorsal end of this bar early coalesced with, or rather grew from, the trabecula, 

beneath the emerging trigeminal nerve (V.); that part is now narrow, but terete; an 

elegant crescentic margin to the subocular fenestra (Plate 2, figs. 1, 2, s.o.f.) is formed by 

this “ pedicle” as it passes outwards and forwards, and becomes the main bar ; that bar 

is becoming rapidly widened, so as to be live or six times the breadth of the dorsal end. 

A rounded notch exists between the “pedicle” and the spiracular cartilage (ot.p.), 

and this cartilage is continuous with the tegmen tympani at its distal end, and with 

the “ elbow'’ of the suspensorium at the proximal end. 

The “elbow” of the suspensorium passes outwards into the cheek as a large 

projection, with a rounded outline; the bar is then bent in a falcate manner, so as to 

run into the face where the ethmo-palatine projects. In front of this, opposite the 

middle of the large conjugational tract, there is the pyriform, gently concave condyle 

for the cerato-hyal; it is just beneath the edge of the bar (Plate 2, figs. 1 and 2, hyf.). 

Over this part the larval Batrachian “ orbitar process” grows upwards and inwards 

as a sessile, semi-oval leaf, with decurved edges and a swollen base ; it is attached 

to the post-palatine crest by a short ligament, and is not confluent as in Bufo 

vulgaris. 

The decurrent enlargement of its edge runs backwards insensibly into the main bar 

as a thickened margin; in front, it projects over the edge of the bar as a free point, 

and then runs along the rest of the bar as a selvedge (Plate 2, fig. 1, or.p.). 

From thence the anterior fourth of the suspensorium is a many-sided flap, not sensibly 

lessened in width, and having on the outside a snag, and in front the convex sinuous 

condyle of the mandible (q.), which looks a little inwards, and is only a trifling 

distance behind the cornu trabeculse. 

That ending, however, is but the beginning of the proper mandible, which is a stout, 

transversely-directed, sigmoid bar (Plate 10, fig. 5, mk.) ; it is twisted and notched 

(like the human ulna) to roll upon the quadrate. To its flattened inner (distal) end 

is attached the lower labial (Plate 10, fig. 5, l.l.), a thick, short, arcuate bar, lessening 

in size downwards, where it is attached by a strong ligament to its fellow to form the 

horseshoe, or imperfect suctorial disk. The elongated angle of the upper labial (u.l.) 

overlaps the double jaw-piece (labio-mandibular), and is represented by a separate 

cartilage in the Lamprey, and in the Tadpoles of many kinds of Batrachia. 

The hyoid (Plate 10, figs. 5 and 6, c.hy.) is a large irregular lozenge of cartilage, 

growing towards the mid-line below, and connected to its fellow by simple cartilage 

{c.hy., b.hy.). Externally, or above (Plate 10, figs. 5 and 6, c.hy., st.h.), it sends out a 
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stout angular styloid process, on the upper surface of which there is a large, oval, 

convex condyle, which rolls in the shallow cup of the suspensorium. 

The sinuosities of the hyoid bar are filled in by the convexities of the branchial 

apparatus. In the middle, behind the soft basi-hyal, there is a large pyriform basi- 

branchial (Plate 10, fig. 6, b.br), composed of hyaline cartilage ; a short process on the 

postero-inferior surface of this is the rudiment of a second basi-branchial segment. 

Outside and behind this median piece there is a pair of flat lozenge-shaped cartilages, 

the hypo-branchials (Ji.br.); these grow outwards and are connected with cartilages 

above (inside) and below (outside) ; these latter are the branchial pouches. 

Two of the small upper cartilages are distinct from the hypo-branchials, but are 

partly confluent with the large outer bars (c.br1., c.br3., ex.br.); the two hinder rudi¬ 

ments (c.6r3, 4.) are continuous with the hypo-branchial plate, and the space between 

the two is filled in with cartilage. 

The first and fourth outer bars (ex.brh, ex.biA.) are pouch-like, the others are thin 

broad bands. 

The rudimentary inner arches {c.br.) are less differentiated than in the larva of 

the species of Rana and of other kinds (Cyclorhamphus, Calyptocephalus, Cystignathus, 

&c.) that I have worked out. 

These parts are at their fullest development at this stage. 

I have already mentioned the roof-bones in relation to the fontanelle; the para- 

sphenoid is a dagger with a guard, but without a handle. 

It seems small, yet it occupies the same place, and has precisely the same relations 

as in the adult (Plate 2, fig. 2; and Plate 10, fig. 2, pa.s.); it is one-thircl longer 

than in the old male. Even now it is split in front : a character which is retained 

throughout life. 

17 (continued).—(B) Second Tadpole of Pseudis paradoxa.—7 inches long; tail, 

4§ inches ; greatest width of tail, 2 inches ; hind legs, 3 inches long; fore legs 

hidden. 

In this stage the legs are six times as long as in the last, and the tail two-thirds the 

length and half the width; here the chondrocranium is but little more than half as broad 

across the suspensoria and only two-thirds the length.* 

There are many things to be noticed in this stage besides its lessened size and more 

oblong general shape. 

And first, the Selachian character of a huge notochord enclosed in a tubular azygous 

cartilage is now as difficult to find as in most Tadpoles; it has become part of the basal 

plate by coalescence with the “ parachordals” and trabeculae, and the gelatinous axis is 

* If I had only found these discrepancies in size in two or three, I should have thought it accidental; 

but my specimens are too numerous, and run over too many stages, for there to be any mistake: the skull 

in the third stage (C) is but little more than one-third the length of that of the youngest (A). 

MDCCCLXXXI, L 
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very much shrunken. The wiki and general growth of bony matter, without division 

into periotic and occipital regions, is now still more remarkable, and, above, the right 

and left tracts are rapidly coalescing, so that there is no superoccipital cartilage 

(Plate 11, fig. 1). This bony matter reaches forwards to the great fontanelle {fo.) and 

laterally up to the inner margin of the horizontal canal (inside t.ty.). 

Below (fig. 2) there is a wide basioccipital tract [iv.) unossified, and the bony 

matter only skirts the floor of the vestibule ; it runs, however, well round the pre- and 

post-auditory nerve-passages (V., IX., X.). 

The steeply-sloping floor of the tympanic cavity (Plate 11, fig. 3,fty.) has become 

much reduced in size, and thus the oval stapes (st.) is seen clearly from below. 

The fontanelle (fo.) has the same relative size, and so have the fronto-parietal bones 

(f.p.) ; but the upper part of the skull in the ethmoidal region has altered greatly; 

ready to alter still more as the tail, and indeed the whole creature, keeps lessening 

in size. 

The ethmoidal roof (Plate 11, fig. 1, p.e.) has grown over the growing septum nasi, 

but the nasal roofs are still membranous, or only composed of soft cartilage. 

The back wall of the nasal fossae is not so distinctly articulated to the edge of the 

tegmen cranii; but, gently shelving down, the median part passes into a concavity 

which lies between the roof and the post-palatine (pt.pa.). The cornua trabeculae 

(c.tr.) have largely united together, but a small hole some distance behind the notch 

may be still seen : this soon fills in, it represents the large open space in the “ Urodeles.” 

The post-palatines (pt.pa.) have been, as it were, moulded into a more solid, but 

altogether a rounder and smoother, structure; the sharp crest has become a neat 

longitudinal ridge, and the hinder process is not a flap but a geniculate projection into 

the fore part of the suborbital fenestra. 

Laterally (Plate 11, fig. 3, pt.pa.), it appears as a gently concave plate, like a “post- 

zygapophysisthe orbitar process playing against its scooped face. The fore part of 

the palatine has chondrified the pre-palatine ligament, and the apex of this bar abuts 

against the trabecular cornu (pr.pa., c.tr.) ; thus the internal nostril (i.n.) is fairly 

enclosed by cartilage. 

Beneath (Plate 11, fig. 2), the trabecular, palatine, and suspensorial regions all pass 

gently into each other; this, however, is a very temporary condition. 

Besides the general lessening of the cartilage, the suspensorium is not now so bent 

outwards, and the “ pedicle ’ has bent itself into a sigmoid form for want of room 

(fig. 2,pd.). 

The space between the “ elbow ” of the suspensorium and the spiracular cartilage or 

otic process (ot.p.) is larger, and that band seems to belong equally to the tegmen 

tympani and the suspensorium; the ridged edge of the orbitar process (or.p.) runs 

along to the tegmen, strengthening the whole band ; this “ extra-suspensorial ” tract 

has no counterpart in the Lamprey. 

The quadrate region (q.) stands out further from the trabecular cornu, and its 
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condyle looks more directly forwards, and not so much inwards ; the orbitar process 

is more elongated. 

The lower arches and labials (Plate 11, figs. 3-5, mk., I.I., c.hy., b.hy., b.br., h.br., 

c.br., ex.br.) are but little changed. 

17 (continued).—(C) Tadpole of Pseudis paradoxa, with all the legs large and free ; 

tail, 5 inches long ; its greatest width 1-^ inch. 

The chondrocranium (Plate 11, figs. 6, 7 ; and Plate 12, fig. 1), although relatively 

wider on account of the throwing out of the suspensorial bands, is only half the length 

it had, even in the second stage (B), and a third the length of that of the first (A). 

This temporary transitional form is very extraordinary ; I have caught no stage 

quite like it in any other species. 

The third Tadpole of Rana clamata (Plate 4, figs. 5, 6) comes nearest to it. The 

ethmo-nasal region, which was one-half the length of the skull in the last stage, is 

now less than one-third ; thus the orbital and auditory regions are now very large, 

relatively, and with them the cranial cavity is equally increased in size (relatively). 

The occipital condyles (Plate 11, figs. 6, 7, oc.c.) are now wider apart; but the ossifi¬ 

cation here is but little increased in extent. The bony substance has united over 

the occipital roof, and a definite tract of cartilage lies in front of the bone. There 

are no “ secondary fontanelles,” and only a wedge-shaped tract of the main fontanelle 

(fo.) is uncovered by bone (fig. 6). 

The notochord (nc.) is still present as a fine thread, and the basioccipital synchon¬ 

drosis is unaltered; moreover, the floor of the vestibule below, and the outer part of 

the capsule with the tegmen tympani, continue unossified. 

The semi-circular canals stand out strongly, and along the ridge of the posterior 

canal and part of the anterior (pr.o., au., ep.), the bone has undergone dehiscence, 

exposing the cartilage within, and partly separating the prootic from the ex-occipital 

on each side (fig. 6, pr.o., e.o.). 

In like manner, over the skull, the large frontals are partly severed from the small 

parietals (/., p.); the parasphenoid (pa.s.), below, has become smaller (actually), and 

more elegantly formed. 

The unossified auditory floor (fig. 7) is now a more transverse, sub-oval mass, and 

the projecting, descending lip of the floor is very small (Plate 11, figs. 7 and 8 ; and 

Plate 12, fig. 1, fty.). The upper part of the auditory capsule projects beyond the 

vestibular pouch, very considerably. 

The cranial cavity lessens in width gently to the fore end ; the “ tegmen ” is of 

moderate extent over it, and part of it passes into the nasal region, as the roof of 

the ethmoid. 

The optic nerve (Plate 11, fig. 7, II. ; and Plate 12, fig. 1, II.) passes out of the 

hinder part of a large fenestra ; the roof-bones have a down-turned orbital edge. 

L 2 
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The ethmoidal wall behind the nasal sac was articulated to the “ tegmen cranii" 

(Plate 2, fig. l) ; that joint was lost in the last (Plate 11, fig. l) ; now a new 

articulation has appeared, namely, of the post-palatine crest with the ethmoidal wall 

(Plate 11, fig. 6, pt.pa.) ; this, however, is merely at its upper part; the bar is 

continuous with the skull below (Plate 11, fig. 7, ppgT). 

The direction of the endoskeletal palatine (“ post-palatine ”) was directly forwards 

(A); the pre-palatine point being slightly turned inwards to join the trabecula by a 

ligament (Plate 2, fig. 1, pt.pa., prpa.). 

Afterwards (B, Plate 11, figs. 1-3), the pre-palatine point was well developed, and 

turned directly inwards to join the trabecula, but the main piece was parallel with the 

skull; the sharp crest had become an even thick ridge. 

Now (C, Plate 11, fig. 6 ; and Plate 12, fig. 1, pt.pci.), this part has behaved like a 

railway signal : it lias turned outwards, almost directly, but is bent a little forwards; 

the pre-palatine has again become reduced to a mere point carrying the ligament that 

runs to the cornu trabeculae. 

The flat, but crested, bar (A, Plabe 2, fig. 1, pt.pa.) has become a massive, rounded 

rib of cartilage, standing high above the thin pterygoid plate that unites it with the 

suspensorium (Plate 11, fig. 6, ppg.) ; thus that outer bar now stands olf a good 

distance from the skull, 

The tegmen cranii has grown well over the perpendicular ethmoid, and the septum 

nasi has become surmounted by a pair of thick crescentic folds, lying back to back 

(Plate 11, fig. 6 ; and Plate 12, fig. 1, cd.sp.) ; from these the cartilage grows to some 

little distance over the nasal sacs, but I cannot find, either now or afterwards, any 

such clearly distinct nasal roof as is seen in the species of Rana. 

The anterior part of the skull has become reduced in size and modified to a much 

greater extent that the outer bars; thus the quadrate hinges (q.) are now a sensible 

distance in front of the cornua trabeculae. 

These latter parts are now very small and bifurcated; the inner lobe is a short hook, 

(c.tr.) pointed inwards; this will be the pro-rhinal, it lies in front of the nasal sac ; the 

outer lobe is a long “ear” of cartilage (s.n.l.) directed outwards and little forwards, 

and attached by ligament to the prae-palatine spur (pr.pa.). 

The position of the pre-palatine ligament shows the amount of lessening the 

trabecular cornua have undergone, for the ligament and this outer cornu, together, 

form the fore boundary of the internal nostril (i.n.). The last stage (Plate 11, 

figs. 1, 2, c.tr.) shows how much of the cornu there was then in front of that passage. 

The ethmo-palatines meet below (fig. 11, ppg.)) there was no such appearance in 

the last stage, before these bars had turned round (fig. 2); here, if the segmental nick 

(fig. 6), which is seen above, had extended between the post-palatine and the trabecula, 

it would have severed it from the skull, beneath which the right and left bars are 

confluent. The sub-cranial confluence is peculiarly Petromyzine. 

The huge suspensorium (sp., q.) is being folded up that it may be changed; huge 
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indeed now, it will soon become less than one-fourth its present size. Even now it 

is less than a fourth the size of that of the young Tadpole (A, Plate 2). 

Relatively to the cranium, it is immense, yet, and retains all the larval characters, 

being still confluent with the chondrocranium at three places, 

The pedicle (pd.) is now a very narrow band, and like the pterygo-palatine, is at 

light angles with the main bar. 

The “elbow” of the suspensorium has developed a new “otic process” (ot.p.), and 

the spiracular band has become a mere thread (Plate 11, figs. 6, 7, sp.c.). 

As in the “Urodeles,” the permanent “otic process” (ot.p.) mounts up against the 

fore edge of the tegmen tympani and the swellings caused by the ampullae : it reaches 

inwards, as in them, to the anterior ampulla, and even a little further. 

Above (fig. 6), it is a thick, rounded mass, but below (fig. 7), it is flat; it has, as it 

were, been thrust back against the auditory mass, and cleaves to, and lies outside, 

as well as in front of it. 

The greatly developed ridge on the edge of the suspensorium, instead of passing in 

a gentle arc forwards to become the thickened edge of the orbitar process, turns 

suddenly as a round loop, and then, at an acute angle, bends back again round the 

front margin of the orbitar process, scarcely dying out as it approaches the condyle of 

the quadrate, in the front of the face; all this growth is ready to vanish away. 

This swollen upper selvedge is thickest behind, then narrows up to the apex of the 

orbitar process, and keeps its breadth until it dies out in front. 

The quadrate region and condyle (Plate 11, figs. 6, 7 ; and Plate 12 fig. 1, q.) is 

very broad and also thick, especially at its outer edge. 

In conformity with the divergence of the quadrate bars the mandibles (Plate 12, 

fig. 1, rah) are considerably longer; but the lower labials (LI.) are full sized, as yet, 

and the condyle for the hyoid (hy.f.) is perfect. 

So also is the bar itself (c.hy.), but one can see that the styloid region (st.h.) is 

elongating. 

In the Common Prog and Toad there is no upper hyoid element until about three 

months after the loss of the tail; in Pseudis the tail has lost only two-sevenths in 

length, although much narrower, when that element (the epi-hyal or “columella”) 

appears. Here, at any rate, this rod appears much earlier, relatively, than in the 

common kinds; it is possible, however, that the Tadpole, at this stage, may be several 

years old. 

In these large Tadpoles it is as easy to show that the early “ stapes ” belongs to the 

periotic capsule as that this late segment does not. There are two cartilages, besides 

the stapes, in certain “ Proteidea” (e.g., in the Menopome), both inside the facial nerve. 

The upper piece sends its narrow proximal part to the stapes ; the lower cartilage, 

manifestly part of the epi-hyal, becomes partly confluent with the hind margin of the 

suspensorium. 

Here things take a very different course, for the cartilage (Plate 11, figs. 8, 9) is 

undivided, and forms a rudimentary epi-hyal. 
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This new cartilage (co.) lies inside the nerve, as it forks to join the glosso-pharyngeal 

(VII., IX.), and to supply the region of the first cleft, fore and aft. 

This rudimentary columella appears as a solid bud of cartilage abutting against the 

fore edge of the large, almost circular, stapes (st.). 

A section of these parts (Plate 11, fig. 9, st., co.) shows-that, according to the rule in 

the Batrachia, the dorsal end of this cartilage is wedged in between the antero-superior 

margin of the stapes and the auditory capsule ; it is already constricted into two 

regions; the massive “ inter-stapedial ” part (a distinct segment generally, but not in 

Pseudis (see Plate 10, fig. 4, m.st.), is already marked off from the main rod (Plate 11, 

fig. 9, co.). Below the stapes (Plate 11, fig. 8,fty.) the tympanic floor, once so large 

as a down-growth of the actual skull-base, is now a mere thickening of the bulbous 

vestibular region. 

The prsemaxillaries (Plate 12, fig. 1, px.) have been added to the bony plates, and 

they fit against a small inner (anterior) cartilage (u.l.); a crescentic valve to the nostril 

is also found outside this ; the large primary upper labials have been removed ; they 

were ready to be absorbed. 

If the metamorphosis of this skull stayed here, we should have much to contemplate 

that is both striking and instructive ; this stage, however, is scarcely mid-way to the 

actual end of this changing skull. 

17 (continued).—(D) Fourth larva of Pseudis, rapidly acquiring the Frog-form, but 

with a tail still 3 inches long and 7 lines wide. 

In this species the tail co-exists for a long while after many of the characters of the 

adult skull have appeared (Plate 12, figs. 2-7). At first sight this larva appeared to 

be not very different from the last, but it had lost the contracted suctorial mouth, and 

had gained the characteristic open gape of an adult Frog. 

This had been done by the rapid enlargement of some parts, and the rapid lessening 

of others—an interstitial change which appears the more marvellous the more it is 

contemplated. 

In the broad basioccipital region the notochord (Plate 12, figs. 2, 3, nc.) still persists 

as a small thread; and a three-rayed tract of cartilage has escaped the ex-occipital 

growths (e.o.); the lateral extensions of cartilage are the occipital condyles (oc.c.), 

which are large and wide apart. 

The cranial cavity has become still wider than in the last; it lessens gently up to 

the ethmoidal region. 

The parietals are now fairly distinct from the frontals (p.,f), and the hinder part of 

the “ tegmen ” has no uncovered cartilage, the confluent ex-occipitals having the 

narrow part of the subquadrate parietals lying on their fore margin. 

These hinder bones send out a temporal angle behind the widest part of the frontals, 

and then the latter bones continue this down-turned edge (orbital plate) up to them 

narrow apex (fig. 4, /). 
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Thus in a side view (fig. 4) the wall is about half of it bony, but this is due to the 

curling over of the roof; the “ sphenethmoidal ” wall itself is quite unossified. The 

orbito-sphenoidal region is largely fenestrate (o.s.f'.), as in Lizards, but in a very different 

* manner. 

In this stage the fontanelle (fig. 2,fo.) is seen in front between the diverging ends 

of the frontals, and behind, as a lozenge-shaped space (/o'.) between the frontals and 

parietals. 

Laterally, the ear-capsules are very large relatively (compare Plate 11, figs. 1-3; 

and Plate 12, figs. 2-4) ; and the tegmen tympani with the enclosed horizontal canal 

(t.ty.) projects much in front; this part is not ossified. 

Below (fig. 3), the two unossified vestibules, embraced at their inner margin b}^ the 

large grooved ex-occipitals, resemble a pair of symmetrically imbedded acorns, the 

rough “cup” being bony, and the smooth “fruit” cartilaginous. 

Each of these capsules is fenestrate, and operculate, obliquely; the opercular stapes 

(,st.) looking outwards and somewhat backwards; the rough “cup” is perforated in 

two places for the glosso-pharyngeal and vagus nerves (IX., X.). In front, the bony 

matter scarcely reaches the 5th nerve (V.); the optic nerve (II.) passes out of the hind 

part of the orbito-sphenoidal fenestra, and the olfactory escapes through the closing 

wall in front. 

The fore part of the tegmen cranii is rather long; laterally, it is articulated to 

the ethmo-palatine [e.pa.) ; in front, it passes into the two narrow crescentic nasal 

roofs (fig. 4, al.sp.), which are partly covered by the small ear-shaped nasal bones (n.). 

The nasal floor (fig. 3, s.n.l.) is of the normal breadth, and in front it is now a finished 

structure, elegantly crenate, with seven lobes. 

The outer of these are the outer angles of the trabecular cornua, now finishing the 

nasal floor in front. Next to these, but on a higher plane, are the horns of the nasal 

crescents (s.n., al.sp.). Near the mid-line we see a pair of short inturned pointed 

“ pro-rhinals ” (p.rh.); and now, at the middle, there is a little bud of cartilage, the 

prenasal (p.n.). 

Besides the nasal roof-bones (n.), there are now, below, two oval dentigerous plates, 

placed transversely and some distance apart; they touch the inner nostril (i.n.) by their 

outer edge ; these are the vomers (y.). 

The semi-oval outline of the face is now nearly finished by the dentigerous pre- 

maxillaries and maxillaries (fig. 4, px., mx.) ; most of the maxillary bone is moulded 

on a cartilaginous bar, which is quite unlike anything seen in the last stage. 

The solid ethmo-palatine bar (Plate 11, fig. 1 ; and Plate 12, fig. 1, pt.pa.) is now 

(Plate 12, fig. 4, e.pa., pt.pa.) a slender rod, flatter below than above, and instead of 

being curved forwards outside, it is turned suddenly backwards. 

The prepalatine spike (fig. 3, pr.pa.), which turned directly inwards in the second 

stage and touched the trabecula (Plate 11, figs. 1-3) now has its outer margin coincident 
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with that of the whole snboccular bar (pterygo-palatine), whilst the point looks directly 

forwards. 

It forms now a pointed wing to the fore third of the crescentic palatine region ; the 

upper process of which{e.pa.) is half the length of the post-palatine (pt.pa.) which ends 

opposite the middle of the optic fenestra (II., o.s.f), whereas in the last stage it ended 

opposite the middle of the internal nostril (Plate 11. fig. 6). 

The last fourth of the pterygo-palatine bar (Plate 12, figs. 2-4, pg.), is the thin 

pterygoid foregrowth of the suspensorium, which was in the antorbital region in the 

last stage. 

The parasphenoid (Plate 12, fig. 3, pct.s.) retains its shape, but its point is more split, 

and these two spikes end in a sulcus caused by the meeting of the ethmo-palatines 

{e.pa.) beneath the ethmoid : their commissure is elegantly bowed forwards. 

A thin ectosteal plate (Plate 12, fig. 3, pg.) has applied itself to the “chondro- 

pterygoidthis latter part, although it is not segmented off from the post-palatine as in 

the genus Bufo, is yet quite distinct from it to the eye, it being suddenly compressed; 

the part in front retaining its thickness up to the meeting of the two regions. 

The suspensorium (e.pa. to q.c.) has shrunk to one-fourth the size it had in the last 

stage; it has lost the large leafy orbitar process; and the quadrate condyle which 

reached to the frontal wall of the head, now reaches nearly as far back as the “fenestra 

ovalis.” 

The hinge for the hyoid has also gone, and that bar (c.hy.), which did hang opposite 

the ethmoid, is now tied by a ligament (hyo-suspensorial), so far backwards that its 

styloid apex is directly below the middle of the auditory capsule. 

This position is attained by the Axolotl when it measures 4^ lines—that is, soon after 

hatching (see “ Urodeles,” Part I., Plate 22, fig. 3, q., c.hy.). 

In all this change of size, form, and relation, the enlarged “ elbow ” or otic process 

(ot.p.) has been the fixed point, and the quadrate has been thrust back by the reversed 

curve and increased length of the ethmo-palatine. 

In the last stage (Plate It, fig. 7, pel.) the pedicle was becoming a mere thread 

of cartilage, and the inner and posterior edge of the lateral bar was becoming solid and 

rounded in front of the groove where the facial nerve emerges. 

Now (Plate 12, fig. 3, pdf), the attenuated pedicle has become fibrous proximally, 

and the outer part has developed itself into a thick pedate mass, the concave side 

of which fits against the convex fore face of the unossified wall of the vestibule. This 

“ condyle of the pedicle ” is a process growing from the under, as the otic process is an 

outgrowth from the upper, part of the suspensorium. 

Over the outer surface, from which the orbitar process has vanished, a thin straggling 

tract of membranous bone now lies; this is the squamosal (sq.), with all the characters, 

as yet, of a “ preoperculum.” 

The little bridge of cartilage which arched over the facial nerve (Plate 11, fig. 8, 

VII.) is now once more free (Plate 12, figs. 2, 4, 6, 7, a.ty.) ; it is now an elegant 
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ear-shaped flap, notched below, and in front sending down a membranous tract, which 

will soon become cartilage. 

The broad part of this rudimentary “annulus” lies on the swollen unossified 

tegmen tympani, covering the ampulla of the horizontal canal (figs. 6, 7, h.s.c.), and 

forming a bridge over the 7th nerve and the tympano-Eustachian cleft, which opens 

inside, between the suspensorium and the condyle of the pedicle (Plate 12, fig. 3). 

In the recess beneath this double roof the epi-hyal element (columella) has now 

become almost normal in form, but is not yet ossified (figs. 4, G, 7, co.). 

Although relatively so much smaller, it is no hard task to harmonise this element 

with the hyo-mandibular of a Skate, which is developed quite independently of the 

cerato-hyal, and perchance a little after it in point of time. 

There is but one piece of cartilage, for the inter-stapedial segment is not distinct; 

this part is broad, oblique, and wedges in between the ear-sac and the stapes (■st.), now 

a large lozenge-shaped cartilage. 

The extra-stapedial region is bent downwards, it is ligulate, and retains the breadth 

of the medio-stapedial region; there is no supra-stapedial process. 

The mandible has more than doubled the length it had in the last stage (Plate 12, 

fig. 1, mk.) ; the angular process is reduced greatly, and the loosely swinging hinge 

is quite unlike tha.t of the larva. 

The inferior labial has coalesced with the distal end of Meckel’s cartilage (mlc.), 

but the dentary (cl.) has not yet converted it into a “ mento-Meckelian ” bone. The 

proximal broad end of the lower jaw lies in a thin bony trough, the “ articulare ” (ar.); 

this is developed most on the inside. 

The cerato-hyal (c.hy.) is now attached by the “ hyo-suspensorial ligament ” (fig. 4, 

h.s.l.) to the inside of the suspensorium at its lower third; its styloid region (fig. 4, st.h.) is 

somewhat uncinate, and its hypo-hyal region (h.hy.) decurved; the basi-hyal has vanished. 

A single rudiment (fig. 5, ex.br.) on each side remains of the four inner and four 

outer branchials ; this plate embraces the basi-branchial ib.br.) which is wider than long, 

and has a crescentic emargination in front. 

The pair of hypo-branchials (h.br.) are not much altered, but their hinder part, which 

sends out rudiments of a third and fourth cerato-branchial (Plate 11, fig. 4, c.br., 3, 4), 

has now become a solid “ horn,” ready to ossify as a “ thyro-hyal ” (t.hy.). 

This is a very instructive stage of the hyo-brancliial apparatus; if it be compared 

with the larval structures (Plate 10, fig. 6 ; and Plate 11, fig. 4), and with those of an 

adult Frog (see in Rana pipiens, Plate 8, fig. 5), we shall see what becomes of the 

copious cartilaginous growths of the larval branchial arches. 

Before leaving this stage I have to remark upon the evidence these changing larval 

skulls supply of the existence of a pre-oral visceral arch in the ethmoidal region. 

Years ago my study of the development of the skull in Birds and osseous Fishes, 

besides what I saw in various kinds of adult Birds, left me in a state of mind that 

scarcely admitted a doubt upon the subject. 

MDCCCLXXXI. M 
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The skull of the Tadpole, evidently a most generalised structure, covered the whole 

question with a cloud of doubt. 

Since then, whilst wavering, I have collected copious evidence of what seems to me 

to be a true second pre-oral rudiment in the antorbital region, and a first or terminal 

rudiment in the front of the face. 

I have already shown (“ Batrachia, ’ Part II., and “Urodeles,” Part I., and in my 

papers on the “ Selachian and Avian Skulls ”) the very constant occurrence of an 

ethmo-palatine in several large natural groups of Vertebrata. 

Here, in the larva of Pseudis, I have shown this part partly segmented off, and 

when not segmented off, it is yet very distinct, and not to be misunderstood; it assumes, 

in fact,four positions, each of which is like what is seen in the members, generally, of 

some large group or groups. 

This large and most remarkable conjugational bar is parallel with the skull in the 

two first stages (A and B, Plates 2 and 11). 

So it is in the Siluroid Fishes {e.g., Clarias capensis), where the palatine bone 

formed by the ossification of an autogenous cartilage (in these and other Teieostei) 

remains distinct, but has no “ ethmo-palatine” or ascending process, as in the Salmon. 

In the third stage (C) it is bent outwards and forwards; this is the natural form 

and position of its independent homologue in a large number of the “ Urodeles.” 

It afterwards turns round; but in doing this there is a time in which it is directly 

transverse, or at a right angle to the skull, as in Menobranchus. 

In Proteus anguinus, where it is not drawn forwards by a chondrified nasal capsule, it 

turns backwards, and so it does also in Notidanus, in the Skates generally, and in 

many Birds. 

In the Salmon, as in the adult Toad, the ethmo-palatine has its three regions well 

developed—an ascending, an anterior, and a posterior part; all these are well seen in 

the stage of Pseudis just described. 

Such a rudiment of the ethmo-palatine as exists in the adult of many Urodeles, 

where it has coalesced with the back and lower part of the nasal capsule, is seen also 

in the “Sauropsida” {e.g., Chamceleo, Dromoeus, Casuarius, and Struthio); wdrilst in many 

Birds it is separately ossified, and forms, as the “os uncinatum,” a most characteristic 

endoskeletal bone in the fore-palate. 

The foremost pleural rudiment is less widely distributed as the “ pro-rhinal,” or 

“recurrent trabecular cornu.” I should not be surprised if it turned out to be the 

serial homologue of the mandibular suspensorium, of the epi-hyal, and of the epi- 

branchial elements/"* 

* 1 have already mentioned (p. 18) that Professor Huxley and Mr. Baleouk do not take the same views 

bf these parts as Professor Milnes Marshall and I do. 
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17 (continued).—(E) Skull of adult Pseudis paradoxa.—Old male; 2d indies long. 

Surinam. (Hyrtl’s prepn. in Mus. Coll. Surg., Eng.) 

The specimen whose skull is here figured was evidently a very old individual; it is 

therefore of great value in this series.* 

It is at once seen to be a very generalised type (Plate 10, figs. 1-4), sharply 

separated from a normal Frog, such as Rana temper aria. 

The skull is one-half the length and a little more than half the breadth of that of 

the perfect larva. 

The skull of the nearly metamorphosed larva (D) is five-sixths the length of that of 

the adult: so that after lessening much, it enlarges again, a little. 

About the size of the skull of a large Common Frog, it is more elegant in shape, 

being a very perfect semi-ellipse in outline. 

The well-bent bow formed by the two series of cheek bones has its “horns” meeting 

at a sharpish angle, for the parts in front are modelled on three trabecular outgrowths, 

the “pro-rhinals” and a small “prenasal.” 

The complex structures that run across, behind, from one cheek to the other, are 

also very beautiful in their construction (Plate 10, figs. 1-3). 

The hind part of the skull is densely ossified from the occipital condyles to the optic 

foramen (oc.c., II.), and in front the ethmoidal girdle-bone (eth.) occupies the hind half 

of the nasal capsule below, and all but the edge in front; the parts in front of that, 

and the anterior sphenoid (o.s.), are unossified. 

The occipital condyles are rather wide apart, being separated by a large semicircular 

emargination; they are hemispherical and subpedunculate, as in those Urodeles that 

have an intercalary “ odontoid ” vertebra. 

Below (fig. 2), the auditory masses seem to stand out in a directly transverse line; 

but above (fig. 1), they are seen to turn forwards as well as outwards, and the well- 

marked semicircular canals (between pr.o. and e.o.) are some distance from the edge, 

which is flanked by the squamosal (sq.): the intervening part is the ossified “ tegrnen 

tympani.” 

The gently rounded floor of the vestibule (fig. 2) shows no trace now of that 

Selachian development of the basal plate, outside the capsules, which formed the 

tympanic floor. 

The main nerve-passages (fig. 2 ; II., V., IX., X.) are well seen from below ; the two 

hinder passages are separated by a bony bar ; the “foramen ovale ” is enclosed in bone, 

and the optic fenestra is partly margined, also, by the extended alisphenoidal wing of 

the prootic (pr.o.). 

The foramen magnum has less roof than floor; neither of these plates has any 

divisional line as in a normal Batrachian. 

* It is a most fortunate thing for me that our College has possessed itself of this invaluable specimen; 

it is not an easy thing to get an adult. 

M 2 
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Nor has this generalised growth (both of cartilage and bone) allowed any deficiency 

of roof below the parietal region ; there is only one, the main, fontanelle : this space is 

barely covered by the shortish frontal end of the roof-bones (f.p.). 

The roof-bones are completely re-unitecl, and the frontal suture is partly closed, as 

well as the whole of the sagittal; the skull is sub-sulcate towards the mid-line 

(fig. 1.). 

These roof-bones leave much of the endocranium uncovered behind as well as in 

front; a little temporal wing, and a moderate orbital plate is formed by them. 

The parasphenoid retains the form it had in the large larva (Plate 2, fig. 2, pa.s.); 

and it is very characteristic of Pseudis, being a dagger, gapped at the point, with a 

wide elegant “ guard,” and no “ handle.” 

The large girdle-bone (eth.) extends its osseous substance half across the cheeks, 

half along the internasal region, and it trespasses on the orbito-sphenoidal headland. 

Together, these elements make the interorbital part of the cranium (its anterior 

two-thirds) a boat-like structure, gently narrowing forwards. 

Then, on a sudden, it widens again, passing out into the palatal and nasal 

structures. 

Above (fig. 1, n.), the elegant conchoidal nasals cover much of the roof, and run down 

over the ethmo-palatine wings, but they do not hide the middle over the front 

extension of the creeping ossification from the girdle-bone ; above (fig. 1), the soft pre¬ 

nasal (p.n.) finishes the face. 

The ectosteal palatine (fig. 2, pa.) binds under the half-ossified ethmo-palatine ; it is 

falciform, with the narrow handle inwards, far from that of its fellow of the other 

side. 

Hiding the semi-osseous sub-nasal plate, except in front and in the middle, are 

the two vomers (Plate 2, v.), they are sub-reniform, with a lateral spike ; behind, they 

are massive and dentigerous : this lenticular part is like what is seen in several Frogs 

(both “ Platydactyla ” and “ Oxydactyla ”) from the Notogoea. 

The internal nostrils (fig. 2, i.n.) are large and round ; the external nostrils (fig. 1, e.n.) 

are moderate in size and are guarded by two valvular cartilages, the inner and outer 

upper labials. 

The arc of cartilage running from the palatine to the pterygoid becomes thin, but I 

cannot find that it is segmented; the hitter bone (pg.) is pointed in front, then 

becomes very broad, and this wide part forks into the sheath of the pedicle (pd.) 

and a posterior process. 

The posterior process becomes sub-vertical, binding the inside of the suspensorium to 

the condyle of the quadrate (g.c.). 

The inner fork arches inwards and enclothes the stunted pedicle (pd.) up to the 

condyle, which glides on a pad of cartilage on the fore-face of the auditory capsule 

(fig. 2.), 
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In the rounded angle between these two forks we see the large, oval, oblique, 

Eustachian opening (eu.); this is enclosed behind, by the geniculate stylo-hyal (st.h.). 

The suspensorium forms a very obtuse angle with the axis of the skull, and its 

condyle reaches to a transverse line that cuts the neck of the occipital condyles. 

The hinge (q.c.) is a bilobate condyle, the inner lobe being the larger; the substance 

of the cartilage above the condyle is ossified as a quadrate bone, by the engrafting on 

it of the “ quadrato-jugal ” (q.j.). 

A tract of cartilage can be seen outside the pterygoid (fig. 3, pg\ and this may be 

traced into the pedicle, and to the borroived quadrate centre. 

The backward position of the suspensorium is the cause of the very tilted position of 

the squamosal (fig. 3, sq.), the lower part of which, partly hidden by the ear-drum, runs 

backwards as well as downwards; the supratemporal part (fig. 3, sq.) is very long and 

sigmoid, for it sends forwards a sharp out-bent postorbital process. 

The premaxillaries (px.) are large and well formed, having a well-defined dentary 

margin, a triangular palatine process, and a high nasal process, capped, inside, by the 

inner upper labial. 

The dentary edge of the face is finished by the maxillary, the teeth ending 

opposite the Eustachian tubes, and the bone opposite the middle of the auditory 

capsules. 

There are small “ septo-maxillaries (s.mx.),” and the maxillaries (mx.), notched in 

front, run well up to the premaxillaries and the nasals ; the jugal part is high. 

The quadrato-jugals (q.j.) are short, high, and are grafted upon the quadrate region 

of the suspensorium, as aforementioned. 

The cartilaginous mandible is placed obliquely in its “articular” trough (ar.), that 

bone lying mainly below, and on the inside ; the dentary (d.) has formed a “ mento- 

Meckelian” bone (fig. 3, m.mJc.), by ossification of the end of the rod ; once the free 

inferior labial! 

The stapes (Plate 10, fig. 4, st.) is thick and reniform; for the antero-superior 

edge is sinuous to admit of the large dorsal part of the “ columella,” between it and 

the capsule. 

The inter-stapedial end of the columella is thin and clawed below; the upper part is 

large and blunt; by these it holds the stapes, as it were. 

The “ medio-stapedial ” bone (m.st.) is dilated where it runs into these spurs, and 

then runs as a straight rod up to the extra-stapedial (e.st.). This latter part is at first 

no thicker than the end of the bone from which it arises; it turns downwards, and 

soon enlarges into a tranversely oval disc. 

There is no “ supra-stapedial,” even as a membranous band, and the interstapedial 

also not being segmented off, this columella is much below the normal condition. 

The “annulus tympanicus ” (a.ty.) is large, and its horns nearly meet above. 

The stylo-hyal end of the cerato-hyal band (st.h.) has coalesced with the auditory 

capsule, a moderate space from the front of the fenestra ovalis; it then turns directly 
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outwards, finishing the Eustachian rim (eu.), and from thence passes downwards and 

forwards to the basal plate, which differs but little from the norma.'" 

Second genus, Gomphobates. 

18. Gomphobates (Leiuperus).-? sp.—Adult (?) ; 10 lines long. River Plate. 

This small Frog was, apparently, adult, and yet so arrested in certain respects, as 

well as so very small, that it answered to the young of the Common species taken about 

the end of July. The chondrocranium of this kind is so very instructive that the 

figures are only made to show this, and certain of the bony plates attached to it. 

The general outline of the skull (Plate 13, figs. 1, 2) is semi-oval and the breadth is 

a little more than the length. The notochord (nc.) is still large, and lies upon the 

united moieties of the basal plate. The occipital condyles (oc.c.) are normal; and 

the emargination between them moderate; but the roof has a much larger crescentic 

notch than usual over the foramen magnum (fm.). The auditory capsules are like 

those of a young Common Frog in general condition, but they have a peculiar character 

seen in metamorphosing larvse of Pseudis (Plate 11), viz. : a floor to the tympanic 

cavity projecting beyond the fenestra ovalis and stapes (fig. 1, st.). The tegmen 

tympani is of very small extent, and only exists in front. 

The 9th and 10th nerves (IX., X.) are surrounded by a very limited ex-occipital (e.o.), 

and the prootic (pr.o.) only forms an oval patch behind the foramen ovale (V.); this is 

entirely on the lower aspect of the skull; the ex-occipitals just reach the upper surface 

between the ear sac and the occipital arch. 

The interorbital region is rather broad, a little bulging, and considerably narrower in 

front than behind; it is well walled in with cartilage, the optic fenestra (II.) being of 

the average size ; and the top wall grows over on to the roof for some distance, leaving 

one oval fontanelle (fo.) about half as large as the whole roof. The anterior part of the 

tegmen cranii is well developed, and the hind part is nearly as long as the fontanelle. 

The ethmoidal wings end abruptly above, and articulate by a fiat facet with the 

ethmo-palatine (e.pa.), but are quite continuous with it below; there is no rudiment 

even of the girdle-bone. 

The figures given of the upper and lower aspects of the ethmo-nasal region, might 

* The skull of the adult Pseudis differs from the “ norma ” in many things, viz.:— 

1. Intense ossification of endocranium. 

2. Sub-pedunculate occipital condyles. 

3. No secondary fontanelles. 

4. A prenasal rostrum. 

5. Solid dentigerous lobe to vomers. 

6. No proximal segment or distal process to columella. 

7. Hind edge of parasphenoid emarginate. 

8. Extreme solidity of pedicles. 

9. Ossification of quadrate region. 
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be taken as typical diagrams of those parts in the “ Anura” generally ; for although 

coalesced, they show the outlines of all the parts that go to make up the whole (tigs. 1, 2). 

The tegmen cranii in the ethmoidal region is continuous with the top ol the large 

high intertrabecular crest, the outline of which is clearly seen, both above and below, 

as a gradually narrowing tract of cartilage, convex above and below, and ending in a 

free, blunt spike. Here we have the perpendicular ethmoid passing into the septum 

nasi and ending in the prenasal rostrum (p.n.). 

In front of the etlnno-palatine bars the trabeculae have a large crescentic notch on 

each side ; here the inner nostrils (i.n.) are situated, yet at this part the latter are not 

much narrower than in the interorbital region. 

In front, they spread into wings three-fourths the extent of the auditory masses, 

behind; and each wing is divided by a large rounded notch into a large hind, and a 

lesser fore, lobe. 

The hind lobe, or angle of the subnasal lamina (s.n.l.) forms a rounded hook in 

front, which turns inwards; on the upper surface (fig. l) each plate has a transverse 

crest, which runs inwards and articulates with the out-turned, anterior horn of the 

nasal roof-cartilage (na.). The anterior lobes of the primary trabecular cornua are 

nearly as long, and one-third the width of the hind lobes ; they are a little arcuate, 

finger-shaped, and diverge at more than a right angle ; these are the pro-rhinals 

(p.rh.). We have, thus, a five-fingered end to the chondrocranium, and these five 

lobes are all developments of the pre-pituitary on-growtlis of the three basi-cranial 

cartilages that in the post-pituitary region embrace and enclose the notochord.'1' 

Over the nasal sacs, the cartilaginous roof (na.) is seen to be composed of a pair of 

ear-shaped shells, lying back to back, not touching each other, but confluent with the 

edges of the septum nasi. 

Behind, they have also united with the etlnno-palatines (e.pa.), and in front with 

the transverse ridge on the outer trabecular lobe (s.n.l.). The inner margin of each is 

semi-circular, the outer is sinuous, widest in the middle, and each end is developed into 

a cornu ; the front horn is blunt and the hinder horn sharp. On the front horn there 

is seen the second upper labial (u. I2.) (the first has been left unfigured with the pre¬ 

maxillary) ; between this and the front horn is the outer nostril (e.n.). 

* Yet the true slceletal axis ended behind the pitnitary space and body, and the organic fore end of the 

nenral axis ended just in front of that part, through the overbending of the vesicles of the brain. The 

continuous, or distinct, conjugating bar by which the fore-growth of the mandibular pier becomes attached 

to the ethmoid, bears an endoskeletal relation to the outer bones in the malar region. 

The angle of the “ subnasal lamina ” bears the same relation to the maxillary region, and the pro-rhinals 

to the inter-maxillary region, and these gore-oral endoskeletal and exoskeletal structures, combined, make 

up one antagonistic upper jaw, to work against the 'post-oral lower jaw. 

Moreover, there are, besides these three pre-oral rudiments (or imitative arch-piers), the “post-palatine” 

cartilage of the Axolotl, the “transpalatine” of Singing Birds, and the “ epiterygoid” of Urodeles, 

Chelonians, and Lizards, to be accounted for. These three latter, I suspect, are different modes of the 

same element. 
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The palato-suspensorial arches and their relation to the nasal region are like those 

of the fourth of my stages of Pseudis (see Plate 12). The “ ethmo-palatine” (e.pa.) is 

a thick transverse bar, whose flattened upper end articulates with the ethmoidal wall. 

The “pre-palatine” (pr.pa.) is split into two laminae, the outer one is rounded, and the 

inner and upper lobe is sharp ; the outer runs into a second spike, turning inwards on 

the transverse bar (fig. 2). The “post-palatine” (pt.pa.) now forms a crescentic crest 

on the top of the far-extended pterygoid cartilage (pg.), where it turns inwards, in 

front. 

The former was free behind ; and its new and fixed position, as compared with its 

original condition, is well seen by comparing my third and fourth stages of Pseudis 

(Plates 11, 12). 

The rest of the arch keeps its even size as a rather wide band, until it forks; the 

short inner fork is the pedicle (pd.), the longer outer fork is the quadrate and its 

hinge (q., q.c.), which reaches to a line crossing the middle of the stapes (st.). The 

palatine and pterygoid bones (pa., pg.) are normal: the former looks like the bone of 

an old individual; the latter is thin and arrested. 

The Eustachian openings (eu.) are large and turned obliquely outwards and for¬ 

wards ; the stapes (figs. 5, 6, st.) is an elegant oval, and has wedged inside its front 

margin a much smaller oval cartilage quite distinct—the interstapedial hind part 

of the columella. The main part of the columella (co.) is not developed into regions; 

it is long, sinuous, and finger-shaped, with a crest near the stapes: but for the separate 

interstapedial, this columella would have corresponded with that of Pseudis at its 

fourth stage (Plate 12, fig. 6). The narrow “annulus” (a.ty.) is arrested ; it is a knee- 

sliaped strap of cartilage bent forwards. 

The mandible and hyo-branchial plate (figs. 3, 4) correspond with those of a very 

young Frog; the mento-Meckelian is not finished, and the cerato-hyal (c.hy.) runs 

short of the ear-capsule; there is no hypo-hyal lobe, and only the hinder part of lateral 

lobes. 

Nearly all the investing bones have the same arrested character; the parasphenoid 

(fig. 2, pa.s.) is, however, very large ; the vomers (v.) are small, angulated crescents, 

without teeth. 

The fronto-parietals fail to cover more than half of the great fontanelle; this cor¬ 

responds to what has been found in other species of this genus.* 

The deflection from the norma seen in this small skull is very largely due to arrest, 

on account of the small size of the species, and perhaps also to a somewhat immature 

state. These deficiencies, as compared with the skull of an adult of the common kind 

are :— 

* Professor E. D. Cope—“ Eleventh Contribution to Herpotology of Tropical America,” Amer. Phil. 

Soc., June 20th, 1879, p. 264—says that Letuperus (a synonym of Gompliobates) has an open fontanelle. 
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1. The small size of the ex-occipitals and prootics. 

2. No girdle-bone. 

3. The fontanelle single and largely uncovered. 

4. The evident outlines of the elements composing the nasal region. 

5. The presence of a prenasal rostrum. 

6. The articulation of the ethmo-palatines with the ethmoid above. 

7. The rudimentary condition of the annulus and columella. 

8. The arrested state of the mandible and simple condition of the hyo-branchial 

structures. 

9. The absence of teeth on the vomers. 

Third genus. Cystignathus. 

19. (A) Cystignathus oceilatus (?).—First larva. Brazils.* 

First larva; inches long ; tail 1-| inch.; hind legs not visible. 

This is the most immature of the Batrachian larvm of which I have as yet given 

illustrations in this memoir; I have already referred the reader to much earlier stages, 

figured and described in my published papers. 

These skulls are relatively very solid, and what strikes the eye at once is their 

oblong form and the straightness and width of the cornua trabeculae. The chondro- 

cranium (Plate 17, figs. 1, 2) is quite complete, and it has passed from the simple 

primary condition by having had three osseous tracts applied to its surface (fp.,pa.s.), 

Except for the projecting cornua and labials, the skull up to the quadrate condyles 

(q.c.) is very evenly oblong, and only one-tenth longer than broad. The occipital con¬ 

dyles (oc.c.) project but little beyond the auditory swellings; the halves of the basal 

plate are separated by a considerable notochord (nc.), and the cartilage which unites 

the basal plates with the periotic capsules is young and crowded with corpuscles. 

The tegmen cranii, both fore and aft, is also made of young cartilage, and its 

boundaries are traceable; it leaves one large fontanelle (fo.), which is pyriform in 

outline, with the stalk behind. Up to the middle of the internal nostrils (i.n.) the 

intertrabecular plate has conjugated the trabeculae (tr.); from thence the massive 

cornua (c.tr.) diverge gently. Behind, the canals of the ear (fig. 1, a.s.c., h.s.c., p.s.c.) 

* These were taken with the species here named, and presumably belonging to it, from Rodsio (a tributary 

of Rio des Macacos) above the Falls, Brazils, May, 1865 ; they are the gift of Prof. A. Agassiz. I shall 

treat of these as belonging to the type named, with the above explanation, as also the skull of another, 

much smaller larva, with no title, but only the locality from which it was taken, namely, Lake 

Jannarg, Manaoo, Brazils. Whichever genus the larger Tadpoles belong to, to that also the little larva 

belongs; these two species have larval skulls very distinct from what is seen in Rana, Calyptocephalus, 

Cyclorhamphvs, the Hylidae, or the species of Bufo; they are most like those of the earlier stages of 

Pseudis. Merely as a study of a variety of the larval Batrachian skull they are very valuable; and I trust 

that some friend will verify their title for me, and if there be any error, correct it. 

MDCCGLXXXI. N 



90 MR. W. K. PARKER OK THE STRUCTURE AND 

shine through the thin walls of the sac, which is a small spheroid, growing into a free 

edge on the outside, above. That “ eave ” of cartilage is the tegmen tympani (t.ty.), 

behind, and the confluent spiracular cartilage (sp.c.), in front; this ear-shaped flap just 

touches the round elbow of the suspensorium—its otic region (ot.p.). The infero- 

lateral face of the capsule is splitting to form the “fenestra ovalis” (fo.), but the 

stapes is not yet formed. Contrary to what was seen in the last two kinds, the inter- 

orbital or fore half of the cranium proper enlarges from behind forwards ; it also 

bulges a little at the sides. 

There are scarcely any “ethmoidal wings” (al.e.) for the post-palatine rudiment 

(pt.pa.) lies close to the skull, and the pterygo-palatine band (p.pg.) is very short; it 

turns forwards and outwards, and is surmounted by the thick, oblong post-palatine. 

In front of the internal nostrils (i.n.) the trabeculae (c.tr.) do not grow towards the 

prse-palatine rudiment (pr.pa.) as in the last two kinds; they only, there, suddenly 

become wider. The sides of the ethmoid (al.e.) can be seen to be older than the 

tegmen (fig. 1, tr.) between and over them, and this latter part covers the rudi¬ 

mentary “ mesethmoid.” 

The gently diverging cornua (c.tr.) increase a little in size up to their fore end; but 

they do more than this, they are convex above, turn gently downwards, and at their 

outer edge curl over; this fold thickens up to the end, where it is very solid; it there 

articulates with both the upper labials of that side (uP.uP.); this is very similar to 

what is seen in Pseudis (Plates 2 and 11), where the upper labials are not divided. 

The falcate hinder part of the suspensorium (sp.) unites by its hooked end (pd.) 

with the basis cranii, and this “ pedicle ” jjasses in between the orbito-nasal and 

vidian nerves (V'., VII'.). The sub-oval condyle for the cerato-hyal (hy.f.) is inferior, 

and projects from the root of the large orbitar process (or.p.) which nearly touches the 

skull-wali; it is only separated by a thinnish tract of fibrous tissue. Its ribbed edge 

is decurrent along the suspensorium, fore and aft, reaching nearly to the condyle 

(q., q.c.) and nearly to the ear. The pre-palatine rudiment (pr.pa.) is an upturned “ ear ” 

of cartilage, giving attachment to the ligament that bounds the inner nostril in front. 

The quadrate condyle (q.c.) is saddle-shaped, and looks somewhat inwards, as well as 

forwards and downwards ; it has a round knob of the suspensorium outside it. The 

upper labials (u.la.u.lh.) are formed (as cartilages) separately; the inner pair are sub- 

crescentic, the outer pedate,-—the “ toe ” being the postero-external angle. 

The mandibles and lower labials (fig. 3, ink., l.l.) are of the same form as in Pseudis; 

they are short, massive, and obliquely articulated together. 

The other inferior arches (fig. 4) have then own characters. 

The cerato-hyal (c.hy.) is remarkable for the hollowing out of its upper part, which 

is a curved shell of cartilage; the condyle (hy.c.) is oval, and there is a spike in front 

of it. The basi-hyal (b.hy.) is composed of simple cartilage, the basi-branchial (b.br.) 

of hyaline, and it has a budding second joint. The large hypo-branchials (h.br.) 

are wide in front, and gradually narrower behind, where they are notched, 
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The extra-branchials (ex.brA4) are quite normal, and each has its own cerato- 

branchial rudiment (c.brP4) coalesced below with it. 

The fronto-parietals (fig. 1 ,fp.) are small blades of bone, pointed in front, broader 

behind, and resting on the roof-edge of the skull. 

The parasphenoid (fig. 2, pa.s.) is very noticeable; it is U-shaped, and half cleft into 

two pieces; this character attains in this, and in its congeneric larva, to an extent not 

seen by me in any other type of the “ Ichthyopsidaa front notch is seen in every 

stage of Pseudis, but it is small. 

Most of the cranial nerves (fig. 2, II., V1., V2,3., VII., VII'., IX., X.) are shown 

issuing from their foramina, as in the last kind of larva. 

19 (continued).—(B) Cystignatlius ocellatus (?).—Second larva; 3^ inches long; tail, 

2^ inches ; hind legs, 1 line long. Brazils. 

In development, this Tadpole corresponds very exactly with my huge youngest larva 

of Pseudis (Plates 1 and 2) ; the hinds legs are relatively of the same size and are at 

the same stage. 

The chondrocranium (Plate 17, figs. 5, 6) is one-half larger than the last, and certain 

changes have taken place in it of importance. The notochord (nc.) is shrinking, and 

the basal plate closing in upon it; the occipital condyles (oc.c.) are better formed, and 

the cranial cartilage has fused more completely with the auditory capsules. A dis- 

coidal exoccipital encloses the 9th and 10th nerve (e.o., IX., X.), and the prootic (pr.o.) 

is beginning to creep up the front of the auditory capsule behind the foramen ovale. 

The canals of the ear (a.s.c., h.s.c., p.s.c.) are very clearly seen above ; below, the 

capsules are getting flattened sides, which lessen backwards ; in the side, under the 

large leafy tegmen tympani (t.ty.) the fenestra ovalis has become almost vertical, and 

a nucleus of cartilage is now7 to be seen in the soft plug of tissue that fills it; this is 

the stapes (fig. 6, st.). The tegmen tympani is elegantly angulated behind ; in front 

it is continuous with the spiracular cartilage (sp.c.), a large sub-falcate flap, which has 

coalesced also now with the budding “otic process” (ot.p.). The interorbital region 

of the skull is more perfect, but of the same shape ; the pear-shaped fontanelle (fo.) 

is widest, now, further back, and the front tegmen is more solid, and has united with 

the trabecular edges and hidden median cartilage to finish the ethmoidal region. 

The olfactory nerves (I.) are seen emerging, but the nasal roofs are still membranous, 

and were removed in the preparation. Yet the intertrabecula is filling in the space 

between the trabeculae up to the membranous margin of the internal nostrils (i.n.). 

That membrane, however, has in it no spur growing from the trabecular cornu (c.tr.), 

which is narrowed further forwards than in the last stage ; for the rest, these, and the 

upper labials (u.la.u.lb.), are only larger. The pedicle of the palato-suspensorial arch 

(pd.) is less transverse; the orbitar process (or.p.) is further out; the post-palatine 

rudiment (pt.pa.) is now fairly differentiated from the ethmoidal wing (cd.e.), now 

n 2 
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manifestly seen to be an external crest of the trabecula, a continuation of the cranial 

wall, but in front of the cranial cavity. 

For the rest, the quadrate region and its condyle (</.), the mandibles (fig. 7, mk) and 

the lower labials (LI.) have merely increased in size since the last stage. The same may 

be said of the fronto-parietals (f.p.); they are a little straighter, however. But the 

parasphenoid (fig. 6, pa.s.) has been transformed into the normal shape, or nearly; the 

notch is now relatively much smaller : its shaft is long and wide also ; the basi-temporal 

wings are now developed, they are pointed, raggedly lobate, and meet in a triangular 

“ handle.” 

19 (continued).—(C) Cystignathus ocellatus var.—Adult male; 5^ inches long. Dominica. 

This large sub-typical Frog has a skull (Plate 16, figs. 1-5), whose length is to its 

breadth as 7 to 8^; it is a very regular half-oval in outline, and the condyles for the 

lower jaw reach, very nearly, as far back as those for the atlas. Being of great 

breadth, the auditory regions are extended like outspread arms, the parotic processes 

being as wide as the capsules proper, outside the horizontal canals. 

The extent of the ossification of the endocranium is normally Ranine, and there 

is clear tract of cartilage above and below the foramen magnum (fm.), and the 

ex-occipitals and prootics (e.o., pr.o.) are distinct. 

The occipital condyles (oc.c.) are large, reniform, postero-inferior, and separated by a 

space less than their own size; the occipital arch itself is of great width, and well 

marked off from the auditory capsule, especially above. This is due to the great 

size of the epiotic eminence (ep.), caused by the arch of the posterior canal; this 

eminence is unossified. So also is the outer half, below, and the outer third, above, 

the prootic not reaching, even there, as far as to the squamosal (sq.). Thus the whole 

of the extensive tegmen tympani (t.ty.) is unossified. 

Besides the high epiotic region another ichtliyic character appears (seen to a less 

degree in Rana pipiens, Plate 8), viz. : an extensive “ pterotic ” crest (pt.o.); this is a 

backward and outward sigmoid process of the tegmen tympani, which doubles the 

extent of the margin and overhangs the large annulus tympanicus (fig. 3, a.ty.), behind. 

The prootics (pr.o.) reach as far as to the middle of the space between the 5th and 2nd 

nerves (V., II.); the latter lie in a fenestra which reaches half-way from the prootic to 

the girdle-bone (eth.). The interorbital region widens steadily from behind forward, it 

is rather hollow above and below, for the side view (fig. 3) shows a concave outline 

both to the roof-bones and the parasphenoid (fp., pct.s.). 

This enlargement forward is due rather to the growth of an “ eave over the fore part 

of the orbit than to any great increase in the size of the cranial trough within ; but for 

that superorbital expansion the cranial trough would be seen as somewhat spindle- 

shaped, bellying in the middle and narrower at either end. The outer edge of the 

superorbital expansion is unossified, and in its fore edge the orbito-nasal nerve (fig. 3) 
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enters. The girdle-bone (eth.) is three-fifths the size of the orbital region and stops 

exactly at the fore edge of the true ethmoidal region : it does the same right and left. 

In the smaller species (Plate 16, fig. 6) a pair of secondary fontanelles exist, and 

I have no doubt of their existence in the large kind also. The great fontanelle is not 

very large and is covered in well by the roof-bones (f-p)- 

That which strikes the eye at once in this skull is the tumid shape of the whole nasal 

region, which is large in every direction, along, across, and from top to bottom. It is 

well roofed by cartilage (cil.n.), but the floor (fig. 2) is still more extensive ; in front, 

the snout is broad and gently convex, not produced, but rounded in the middle and 

rising well over the openings (e.n.). Below (fig. 2), the growth of cartilage is 

unusually extensive, the angles of the subnasal laminse (on each side of s.n.) are large 

and falcate; the pro-rhinals (p.rh.) are long, wide, and somewhat decurved bands; 

the wall of the nasal capsule (fig. 3, n.w.) is well developed. But the greatest modi¬ 

fication is seen in the large size of the ethmo-palatine arms (epa.), which however 

have no definite pre-palatine spike (pr.pa.). The bony bars correlated with these 

arms are also very large; they are falcate, with the point growing back under the 

post-palatine cartilage (fig. 2, pa.). 

Here we have also what is seen in several Toads, viz.: an additional semi-distinct bony 

bar, sharp and denticulated, stuck to the lower surface of the main bone at its middle. 

The pterygoids (py.) are slenderer than the palatines ; they have used up the feeble 

cartilaginous tract to which they were applied; they fork in front of the Eustachian 

opening (fig. 2, eu.) at a right angle, and thus that large space is itself triangular. 

The part covering the pedicle (pci), and faced with unaltered cartilage, is very long and 

pedate, for this point is not far outside the foramen ovale (V.). The hind part of the 

pterygoid faces the inside of the strong suspensorium, whose condyle (y.c.) is a large 

and well made trochlea. There is some deposit of bone in the quadrate region from 

the quadrato-jugal (cp, q.j.). 

The annulus (figs. 1 and 3, a.ty.) is large and perfect; the stapes (figs. 1, 2, 5, st.) is 

oval, umbonate, and cut away in front; the columella has a condyloid cartilaginous 

proximal end without a segment; and the strong bony bar (m.st.) has two projecting 

“trochanters.” The extra-stapedial (e.st.) is tongue-shaped, and its ascending process 

(s.st.) is confluent above. 

The mandible (fig. 3) is strong; the condyle (ar.c.) is large and reniform ; the coro- 

noid crest (ar.) is not high ; the dentary (d.) is only half as long as the ramus; the 

mento-Meckelian (m.mlc.) is well developed. 

The stylo-hyal (st.h.) is confluent above, the rest of the band (fig. 4, c.hy.) is narrow 

up to the hypo-hyal lobe (h.hy.) ; the notch is very large, leaving a basal plate (b.h.br.) 

of small extent at the middle ; the fore side lobes are very large, elegant, and reni¬ 

form ; the hind lobes are narrow arcuate bands ; the thyro-hyals (t.hy) are rather 

straight and of moderate size; between them there is a lozenge-shaped ossification 

of the basal plate (Ji.br.). 
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The roof bones (f.p.) are strong, well developed behind, where they rise over the 

arches of the canals (figs. 1 and 3), have a small temporal wing, and are short and 

rounded in front, where they leave the girdle-bone uncovered, scarcely covering the 

great fontanelle. 

Also between the temples there is a small gap which answers to the “ parietal fonta¬ 

nelle ” of a Lizard; the orbital flange of each bone (fig. 3,fp.) is thickish, and very 

irregular in outline. 
O 

Answering to the large size of the cartilaginous ethmo-palatines the nasals (n.) are 

huge bones, the left much the larger of the two, and sending an angular process over 

the fronto-parietal. Their fore part is pointed and divergent, their facial or descending 

region thick ribbed and projecting; their top is strongly convex. 

The premaxillaries and maxillaries (pcr., mx.) are quite Ranine ; they are strong and 

well developed. The septo-maxillaries (s.mx.) are small and inconspicuous. 

The quadrato-jugals (q.j.) are grafted on to the quadrate ; they are strong, arcuate, 

tusk-like bones. 

Also the top of the squamosal (sq.) is like a tusk, being curved, and turning inwards 

in front as a sharp fang ; the supratemporal part is of small extent, and the descending 

plate long and broad. 

The parasphenoid (fig. 2, pa.s.) is perfectly normal ; it is large and swelling, has 

a long point in front, its wings bent backwards, and its handle triangular. 

The vomers (fig. 2, v.) are large, many-cornered bones ; they bind crescentically 

round the inner nostrils (i.n.), which are large, circular, and very wide apart. The 

front process of the bone is small, not reaching nearly to the end of the subnasal 

angle; the terminal plate almost touches its fellow, is a fan-shaped tract, and ends in 

a thick crescentic ridge, turned obliquely outwards and backwards, and armed with an 

arched row of sharp teeth. The nasal valve-cartilages (u.ll.u.l2.) are well developed. 

This skull differs from that of a true Rana in :— 

1. The epiotic growth. 

2. The pterotic growth. 

3. Its widening roof forwards. 

4. The huge etlimo-palatine. 

5. The additional palatine bony crest. 

G. Absence of an inter-stapedial. 

7. The small extent of, and bony tract in, the basal plate. 

8. The large size of the nasals, and their want of symmetry. 

20. Cystignathus-\ sp.—Larva ; 1 inch long ; tail, § inch ; hind legs, 1 line. Lake 

Jannarg, Manaoo, Brazils. 

This larva of a Neotropical Frog belongs, evidently, to the same genus as the last; 

it is less than a third the length of the large Tadpole, whose skull has just been 

described, and in development it is intermediate between the last two. 
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The difference between this skull (figs. 8, 9) and that of the lesser of the two large 

Tadpoles is slight, indeed, but there are noticeable modifications. The occipito- 

auditory regions are more developed, and the parts more fused ; the fenestra ovalis 

(fo.) is larger and wider open, and more lateral in position ; but there is no stapes. 

The interorbital part of the skull is of the same shape, and so is the great fontanelle 

(fo.). The ethmoidal region is in the same unfinished condition, but the cornua 

trabeculae (c.tr.) are a little shorter, and the thick edge below is less solid, but it creeps 

round to the inner edge. Also at their root the cornua have a small snag for attach¬ 

ment of the membrane in front of the internal nostril (i.n.). The ribbed edge of the 

orbitar process (or.p.) is extended further back, as a strong decurrent enlargement, 

nearly to the apex of the pedicle (pd.). 

The pre- and post-palatine rudiments (the snag inside q., and pt.pa.) are much 

alike in both species; so are the mandibles (mk.), the lower labials (l.l.), and the 

cerato-hyal (c.hy.). But the upper labials (u.la.u.lb.) differ; the right and left inner 

pair are united in front, and all four are rounder and broader; here we get nearer the 

Lamprey. 

The fronto-parietals (fig. 8, fp.) are large, and moreover they have a sigmoid, and 

not a straight, form. 

But the parasphenoid (fig. 9, pa.s.) is the true generic diagnostic ; it is more split 

than in the younger Tadpole of the other species ; the notch and the two sharp 

blades being one-fourth longer than the united part, which has more distinct lateral 

processes. 

If we reflect upon the short time in which this bone changed from what is figured 

in fig. 2, to what is shown in fig. 6, it will occur to anyone that there is strong reason 

to believe that, for a short time, each “ trabecula ” had its own investing bone. In 

the Chick, about the middle of the second week, the hinder parasphenoid (“basi¬ 

temporal ”) is composed of a right and left osseous centre (Phil. Trans., 1869 ; Plate 82, 

fig. 2, b.t.). 

The great constancy of this bone as an azygous basi-cranial splint in the Ganoids, 

Teleostei, Dipnoi, Urodela, and in most of the Anura, makes one surprised to see it 

with its apex bitten off in Rana pipiens and R. lialecina; it would not be more 

remarkable to find it modified by median division, also, and here this seems to be 

the case. 

21. Cystignathus typhonius.—Adult female ; IT inch long. Porto Bico. 

This small species has a much more ossified skull than the last large kind, j ust as 

the skull of the small Cyclorhamphus marmoratus (Plate 20, figs. 1-3) is much 

stronger than that of the large C. culeus, as Mr. Garman has shown. 

On the whole this skull is very similar to the last, but its occipital condyles 

(Plate 16, figs. 6 and 7, oc.c.) are wider apart. The epiotic prominences (p.s.c.) are 
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less, and the pterotic processes (pt.o.) are much shorter. The parotic wings are much 

less, for this skull is only one-thirtieth wider than long. The canals are well marked 

(<a.s.c., h.s.c., p.s.c.), also the whole occipito-auditory region is ossified, and this bone 

runs up to the optic fenestra (II.). Between and a little below these spaces the floor 

of the skull is cartilaginous ; but from thence up to the middle of the septum nasi, 

along the axis, the endocranium is all ossified, and the bone runs into the extremely 

large etlnno-palatine (e.pa.), leaving only the pre-palatine hook (pr.pa.) soft. Above, 

the bone is continued nearly to the front of the broad transverse snout, so that there 

are only a few places where cartilage remains. Behind, only the outside of the 

auditory floor is left below, and the pterotic angle (pt.o.) above, whilst behind these 

parts only the condyles retain their bark of cartilage. The three fontanelles (fig. 6) 

are quite normal, but they are rather small, as there is very much ossified overgrowth 

of cartilage (tegmen cranii). 

The orbital region is almost oblong, rather narrower in front than behind, and 

bulging very little. The roof (al.n.) of the nasal region is well developed ; the floor is 

of less extent than in C. ocellcitus, but the pro-rhinals (p.rh.) are large and hooked. 

The huge bony ethmo-palatines (e.pci.) help the bones to enclose the large circular 

nostrils (i.n.), which are wide apart; the palatine bones (pa.) are well developed, 

falciform, and with an additional inferior sharp crest. 

The pterygoids are feeble and sinuously inbent, with a much shorter part for the 

pedicle (pd.) than in the last; they have consumed nearly all the cartilage. The 

Eustachian passages (eu.), lying in their angle, is sub-pyriform in outline. 

The quadrate is well ossified by the quadrato-jugal (q.j.), and the condyles (pc.) 

are large well-made trochlea). The annulus (a,ty.) is large and perfect; the stapes 

(figs. 6, 7, and 10, st.) is oblique, emarginate, and has a boss ; the feeble columella has 

a large undivided emarginate unossified proximal part; the bony bar (m.st.) is feeble 

and curved. The extra-stapedial (e.st.) is a small irregular hook, and its ascending- 

process is fibrous. 

The mandible (fig. 8) is rather slender; it has a long condyle (ar.c.), a sharpish 

coronoid crest (ar.), a short dentary (d.), and a well-formed mento-Meckelian (m.mkj. 

The stylo-hyal (fig. 7, st.h.) is confluent above ; the hyo-branchial apparatus (fig. 9) 

is similar to the last, very elegant in form, has its front lateral lobe dentate in front, 

its basi-branchial ossicle (b.hr.) divided in the middle, and there is a band of bony 

deposit along the edges of the basal plate ; the thyro-hyals (t.hy.) are long, straight, 

and slender. 

The nasal valve-cartilages (u.ll.u.P.) are well developed. 

The investing bones are also well developed; the fronto-parietals (f.p.) cover the 

temporal and part of the epiotic region, just roofing the lesser fontanelles, behind, 

where they form a straight margin; also in front they form a straight margin, and only 

just cover in the large fontanelle (fig. 6). The nasals (n.) are large, but less irregular, 

convex, and ribbed than in the last. The marginal bones (px.,mx., q.j.) are all normal; 
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they are slight, but dense; there is a small septo-maxillary (fig. 6, s.mx.). The post- 

orbital process of the squamosal (sq.) is straight, the supra-temporal tract small, the 

descending part normal. The parasphenoid (fig. 7, pa.s.) is not so attenuated in front, 

nor do the wings turn backwards as in the last kind ; the tract between the wings is 

strongly ribbed in a cruciform manner, and the whole hinder part is largely anchylosed 

to the ossified endocranium. 

The vomers (fig. 7, v.) are similar to those of the last, but they are broader, and with 

smaller notches in their margin. To the discrepancies between the last and the type, 

we must add (1) the highly osseous state of the skull, (2) the ossified ethmo-palatines 

and quadrates, (3) the anchylosed parasphenoid, (4) the fibrous supra-stapedial, and (5) 

the additional centres of the basal plate. 

Fourth genus. Pleurodema. 

22. Pleuroclemct Bibronii.—Adult female ; 1\ inch long. Chili. 

The skull of this species is very evenly semi-oval, and its greatest breadth is to its 

length as 8 to 7 ; it, therefore, is one of the short skulls (Plate 18, figs. 1, 2). 

At first sight its main difference from the “norma” seems to consist in its open 

fontanelle (fo.) and the absence of the two secondary fontanelles, which open, like 

sky-lights, in the hind skull of more typical forms. 

More attentive observation, however, brings out several aberrant characters. 

The occipital condyles, the basi- and superoccipital tracts of cartilage, and the foramen 

magnum (figs. 1 and 2, oc.c.,f.m.) are all normal. The occipito-auditory region is more 

extended, laterally, and more ossified than in the type. 

Moreover, there is here a character which I have already described in another 

aberrant Neotropical Frog, namely, Pseudis; this is a tract of cartilage running over 

the crest of the posterior canal (p.s.c., e.o.), and which, in Pseudis, is due to segmenta¬ 

tion of the originally continuous bony matter answering to both prootic and ex-occipital 

—that is an unmistakably archaic character. The basioccipital cartilage (fig. 2) is only 

half the width of the upper tract (fig. 1); this latter is a large wedge-shaped tract (t.cr.) 

which runs to, and forms the hind margin of, the great single fontanelle (fo.). 

This is bounded by the ex-occipitals behind and by the prootics in front (pr.o., e.o.), 

and the latter run forwards just as far as the cartilage above, up to the optic fenestra 

(II.); they therefore take in the whole “ alisphenoidal” wall as well as the “prootic” 

region. The “tegmen tympani ” (t.ty.) is extended far outwards, and this parotic 

projection is largely cartilaginous; beyond the horizontal canals (h.s.e.) the auditory 

region loses one-third of its breadth, and this is bevelled off from the hind margin, 

mainly. In front the cartilage is nearly one-third the breadth of the whole auditory 

region; behind, it is nearly one-half, that is above. But below (fig. 2) the bony matter 

reaches to the edge of the sub-convex vestibular region (vb.), with its fenestra and 

cartilaginous plug or stapes (st.). 

mdccclxxxi. o 
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The interorbital region is rather pinched than swollen in the middle, and gently 

narrows, forwards; from the hind margin of the optic fenestra (II.) to the front of the 

true ethmoidal region, half behind, is cartilage, and half, in front, is bony; the latter 

tract is the “girdle-bone” (etli.). This bone has a convex fore, and a concave hind, 

margin; it nearly reaches the fontanelle above and spreads a little into the ethmoidal 

wings, right and left. There is no trace of a superorbital “ eave. ” 

The nasal region is normal as to its wide floor (s.n.l.), gradually lessening, backwards; 

it has large pro-rhinals (p.rh.); and it wants a pre-nasal rostrum ; but the roof (fig. 1) 

is very narrow, and the thick wedge-shaped end of the septum nasi (s.n.) is ossified 

separately: this bone (p.n.) is a low triangle, with its apex backwards. 

The large sub-oval orbital spaces, and the strongly bent bow of the palato-suspen- 

sorial are normal, but wider than usual; the pterygoid bone (pg.), with the pedicle 

(pd.), are also normal; but the palatine bone (pa.) is composed of two sub-equal 

pieces. These are large in proportion to their cartilaginous model, and the outer 

piece is large and falcate. The quadrate hinge (q.c.) is normal; above it the quadrato- 

jugal (qj.) has ossified a good tract of the cartilage. In the rounded angle formed by 

the forks of the pterygoid the Eustachian passage (eu.) is of medium size, is oblique, 

turning outwards and forwards. 

The “annulus” (a.ty,) is broad, rather small, and imperfect above; the stapes 

(fig. 4, st.) is large, oval, sub-pedunculate, and obliquely emarginate on its antero- 

superior edge. 

The columella (fig. 4) is pistol-shaped, there is no interstapedial cartilage separate 

from the medio-stapedial; this bar is gently arcuate (m.st.), and ends in a broadly 

spatulate extra-stapedial (e.st.) with a strong supra-stapedial (s.st.) confluent above. 

The mandible (fig. 3, d., ar., m.mk.) is perfectly normal, and so is the hyo-branchial 

apparatus; the stylo-hyal (fig. 2, st.h.) is articulated, above. 

The investing bones (figs. 1, 2) are on the whole similar to those of a Common Frog 

of the same size, but they are less solid. The parasphenoid (pa.s.) has a similar form, 

and so have the vomers (v.); these, however, are turned outwards much more. The 

pre-maxillaries, septo-maxillaries, maxillaries, quadrato-jugals, and squamosals have 

the typical form, but are all rather feeble. 

But the fronto-parietals (f.p.) are very arrested ; and although they reach from the 

ethmoidal wings to the junction of the anterior and posterior canals (a.s.c., p.s.c.) they 

are each only two-thirds the width of the naked space between them. 

The contrasts between this and the typical skull arise mainly from the following 

characters:— 

1. There are no secondary fontanelles. 

2. The fronto-parietals are abortively developed, leaving the fontanelle largely open. 

3. The occipito-auditory ossifications, right and left, are generalised, and not properly 

divided into prootics and ex-occipitals. 

4. There is an “ anterior septal bone in the nasal region. 
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5. The palatine ectostoses are in two pieces on each side. 

G. The quadrate is partly ossified. 

7. There is no distinct inter-stapedial. 

8. The supra-stapedial is confluent, above. 

Filth genus. Lymnodynastes. 

23. Lymnodynastes tasmaniensis.—Adult female ; If inch long. Tasmania. 

This is a long skull (Plate 18, figs. 5-8), with short auditory, long nasal, and 

average orbital, regions. The length is the fortieth of an inch greater than the 

breadth, and the outline of the face is half a long oval. The sides are rather straight 

in the jugal region, for the broad and long nasal region makes the fore edge a regular 

semicircle. The whole ethmo-nasal territory is, as compared to the skull cavity, as 

2 to 3 in length; the average fore and aft extent of that territory, as compared 

with that of the cranium proper, is as 1 to 2. The occipital condyles (oc.c.) are of 

moderate size, and of the usual distance from each other; they project but little, are 

more posterior than inferior, and the emargination of both floor and roof is crescentic. 

The auditory capsules are of moderate size and become narrow at the tegmen (t.ty.); 

the cranial interspace between them is very wide, especially in front. 

The ethmoidal region (eth.) is also wide, and the broad flat skull is almost like an 

hourglass, being much the smallest in the middle, and thus the snborbital fenestra: 

are almost oval in shape, the arcuate palato-pterygoicls bounding them externally. The 

whole pre-cranial region is very flat and outspread. 

The tegmen cranii (t.cr.) is more complete in this skull than in most of those known 

to me; it resembles in this respect the skull of the Skate, the roof growing along from 

the sides, so as to leave, when the roof-bones are removed, a space little more than 

a third as wide as the narrow interorbital region, and little more than a third the 

length of the cranial cavity. 

Also those secondary spaces, so characteristic of the Anura,, are absent, and the wide 

inter-auditory space, above, is completely chondrified. The tract, moreover, in front of 

the fontanelle (etli.) is large both ways, so that a very unusual amount of the girdle- 

bone is exposed. The ex-occipitals and prootics (e.o., pr.o.) are confluent for some 

extent at their inner edge, above ; below, there is a good space of cartilage dividing 

them. Above (fig. 5), the whole tegmen tympani (t.ty.) is soft, and a wredge-shaped 

tract of cartilage is seen between the bones. Behind this tract the ex-occipital is seen to 

reach outwards beyond the horizontal canal (h.s.c.) and inwards to such a distance from 

the middle that the superoccipital region (fig. 5) is left of unusual width. Below, the 

basioccipital synchondrosis (fig. 6) is only half that width, and is quite normal. 

The prootics run forwards, above (fig. 5, pr.o.), over the optic passage, and inwards 

o 2 
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they each grow into a large falcate tract which nearly reaches the end of the 

fontanelle, and then come within a moderate distance of each other, near the middle. 

The roof of cartilage has a concave edge behind, as well as in front; and from the 

curved tracts of bone the cartilage runs forwards on each side to the end of the 

fontanelle, and exists, between the prootic and girdle-bone, as an obliquely four-sided 

space, which occupies about a fourth of the orbital edge of the skull. 

Below (fig. 6), the prootics and ex-occipitals being of less extent, the cartilage is 

present as a large wedge on each side running into the floor of the skull ; nearly the 

whole vestibular floor is unossified, and in front of the ear, the prootics, not completely 

surrounding the foramen ovale (Y.), leave a tract of cartilage which surrounds the whole 

of the optic fenestra (II.). 

The outer edge of the girdle-bone (eth.) margins half the orbital rim; it is only 

typically developed as to extent, a clear tract of cartilage separating it from the 

orbital fenestra; while in front it only just reaches the long septum nasi (s.n.). 

This bone is large, because of the width and size of the matrix in which it is 

formed, and not because of overpassing its own proper territory, as in several kinds 

of Anura. 

On each side the ethmoid bone does not quite cover the wings of the ethmoidal 

cartilage (fig. 5,pa.), from which the ethmo-palatine bars are extended; these transverse 

bars and all the huge nasal region, are left unossified. 

The roof of the nose (fig. 5, al.sp.) is very wide and enlarges from before, backwards ; 

the floor of the nose (fig. 6, s.n.l.) is equally wide, and lessens from before, backwards. 

Here we see what has taken place since the larval stage—viz. : that the huge cornua 

trabeculae are now united together by a solid intertrabecular tract, ending, in front, in a 

rounded knob; whilst near this knob, on each side, a small ligular fork has been 

given off which passes between the laminae of the premaxillary; this small secondary 

“ cornu ! is the pro-rhinal (p.rh.). Above (fig. 5), the nasal roof throws the external 

nostrils (e.n.) far apart; each lamina has a rounded emargination behind the nostril, 

and then expands again until it passes into the substance of the ethmo-palatine 

band (fig. 5, pa.) 

That band is twice the normal width, and spreads externally into a large fan-shaped 

plate (fig. 6). 

The hind horn of this expansion (pt.pa.), as it passes into the pterygoid, becomes a 

mere thread, and the rest of the arch, although normal, is very feeble, and its two 

forks, the pedicle and quadrate region (q.c.), are short. 

In this species it is not difficult to detach the palatine and pterygoid bones (pa., 

pg.), for they graft themselves only slightly on the cartilage within. The palatines 

(fig- 6, pa.) are flat, lathy bones, rounded only at their inner end; they are sub- 

sigmoid, with sinuous edges, and an abrupt outer end ; their inner ends pass largely 

under the face of the girdle-bone. 

The pterygoids (figs. 5 and 6, pg.) are but little larger than the palatines ; they 
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bend inwards in front of their fork, and the inner process covers the short cartilaginous 

“ pedicle ” very imperfectly. The quadrate region (q.c.) is short, but the condyle is 

large and reniform; it only reaches to the middle of the columella ; this region is not 

ossified. The Eustachian tubes (su.'j are large and circular; the annulus (fig- 5) is small 

_two-thirds the typical size—and imperfect above. The stapes (figs. 6 and 8, st.) is 

large, oval, only straight-sided supero-anteriorly, not emarginate ; for the columella is 

very small (fig. 8); it is pistol-shaped, has a bilobate unossified tract fitting inside the 

stapes, but no segment there. The medio-stapedial bone (m.st.) is dilated at the upper 

end, where it fails to ossify the bilobate tract ; it then becomes a very slender rod, 

dilating gradually to its end, beyond which the unossified distal part is a small, 

narrow, cochleate extra-stapedial (e.st.), with no ascending process. The stylo-hyal 

end of the hyoid (fig. 8, st.ln.) is narrow, and articulates with the auditory floor. 

The mandibles (fig. 7) are long, and quite normal; the mento-Meckelian part 

('in.mk.) is unusually large, showing that the lower labial kept its size, after fusion 

with the mandible, more than is the case generally. 

The hyo-branchial plate (fig. 7) is normal, the basal part is wide, but its processes 

are slender ; the hypo-hyal lobe (h.hy.) is sharp and slightly perforate ; the lateral lobes 

are smaller than usual, and the tliyro-hyals (t.hy.) are very slender, diverging rods. 

The investing bones (figs. 5 and 6) show a feeble skull; the fronto-parietals (fig. 5, 

fjp.) are thin curved shells of bone, hooked outwards, in front, where they bind on the 

outer angle of the girdle-bone, sinuous along their inner edge, where they form a waist 

to the fontanelle (fo ), and dilated behind into a large round lobe ; these lobes, right 

and left, cover much of the unossified supraoccipital tract (t.cr.) ; externally, each bone 

just rises on to the swelling of the anterior ampulla (a.s.c.). 

The nasals (fig. 5, n.) are large, but leave a width of cartilage uncovered between 

them, equal to their own diameter. These bony shells are notched behind the outer 

nostril, in relation to it; their postero-external part, or handle, is short and sigmoid. 

The parasphenoid (fig. 6, pa.s.) is typical, but very broad in the main shaft, and 

notched in front ; the vomers (v.), as in Pleuroderna (fig. 2), are placed almost trans¬ 

versely, and the inner nostrils (i.n.) open wide apart in the large rounded notch of 

each vomer. The main wing of the bone, in front of that notch, is, as usual, split into 

two sharp lobes. The dentigerous stem of each bone is a long thick rib, serrate with 

recurved teeth, subcrescentic in outline, and nearly reaching its fellow. Hence in 

opening the mouth of a Frog of this species the vomerine teeth are seen to run nearly 

straight across behind the inner nostrils, and to be scarcely separated at the middle ; 

then real direction is inwards, and a little backwards, their ends lying under the fore 

margin of the girdle-bone. 

The bones that fence the semi-oval face are normal, but delicate ; the premax diaries 

(;px.) are wide, and the septo-maxillaries (s.mx.) small ; they lie outside the second 

upper labial; both these cartilages (u.V-.u.l3.) are normal. The squamosals (sq.) are 

slight, and only just clamp the edge of the short tegmen tympani (t.ty.); the 



] 02 MR. W. K. PARKER ON THE STRUCTURE AND 

maxillaries (mx.) are thin, high shells in front, and have a slender jugal process; the 

quadrato-jugal (q.j.) only fastens on, does not ossify into, the quadrate. 

As compared with the normal skull, this of Lymnodynastes has many curious points 

of difference; it would fit in among the skulls of Australian “ Anura,” generally, 

better than among those of the Palmarctic region, even those of its own “ Family” :—- 

1. It is a frail skull, the outer bones very feeble. 

2. It is greatly depressed. 

3. Its nasal region is one-third longer, and much broader than in the type. 

4. The prootics are confluent with the ex-occipitals above. 

5. The tegmen cranii is extremely developed, behind, in front, and also over the 

edges of the skull, so that there is only one small median fontanelle. 

6. The front o-pa rietals fail to cover the space. 

7. The fore part of the palato-suspensorial cartilage is very broad and large, and 

the hind part unusually small. 

8. The dentigenous stem of each vomer is very long and sub-transverse in position. 

9. The annulus tympanicus is only two-thirds the normal size. 

10. The columella is arrested and very small, without inter- or supra-stapedials. 

Sixth genus. Camariolius. 

24. (A) Camariolius (Pterophrynus) tasmaniensis (?)—Adult female; f inch long. 

Australia.'" 

1. Skull of the adult.—This is one of the smallest of the Batrachia ; mine had large 

ripe ovaries, and was only f inch (9 lines) long; Dr. Gunther (see note) gives 13 lines 

as the length of two, and 1 inch for the length of a third, species. 

This is a long skull (Plate 19, figs. 1, 2), for its breadth is but little greater than 

its length ; the contrast is much greater in a large number of “ Anura.” 

Knowing this to be an adult, a satisfactory comparison can be made of its skull with 

that of the typical species. 

This skull is the frailest I have yet seen in the group ; and this not only as to the 

small quantity of hone that enters into its composition, but because of the economy as 

to cartilage also. 

I shall describe, in their turn, other very minute skulls from the same region. 

The occipital condyles (Plate 19, figs. 1, 2, oc.c.) are rounded in form, and largely 

inferior in position ; the interspace is moderate, and gently emarginate. 

The auditory capsules have the large ovoidal fulness of form seen in the young of 

the larger kinds, but they are intensely ossified ; their retention of the ovoidal form, 

with but little tegmen, is one cause of the relative narrowness of the skull. 

* For a description of this genus see Gunther, Proc. Zool. Soc., 1864, pp. 46-49. That author has 

examined this specimen for me, and considers it to be either C. tasmaniensis, or the one most akin to 

that species. 
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The wide temporal regions become concave in passing into the orbital, and then the 

skull narrows gently and bulges a little in front, near the ethmo-palantine “ axils.” 

The ethmoidal region (eth.) is covered by a very short “anterior tegmenthe 

margin of this part has a large evenly rounded edge, and so also, in the other 

direction, has the “posterior tegmen,” which is limited to the superoccipital region, 

and is barely twice the breadth of the narrow ledge in front. These two opposite 

margins of the great single fontanelle (Jo.) are very far apart; the hinder is nearly as 

far back as the middle of the auditory capsules; the fore edge is nearly as far forwards 

as the arcuate eth mo-palatine (fig. 1, pa.). 

The fontanelle, open over three-fourths of the cranial “ barge,” narrows in the 

temporal region, and only recovers three-fourths of its size behind; the roof-bones 

(fp.) are at a considerable distance from it in every part. 

The cartilage which bounds it laterally is narrow in front and widens in the 

temporal region to thrice its first breadth ; this is the lateral remnant of the tegmen 

cranii, and it is, for the most part, quite independent of the walls (see fig. 2), which 

from a little behind the ethmoidal “axils” to the back of the optic foramina (II.) are 

entirely membranous. Thus the optic fenestra (the “ foramen ” is a hole through it) 

is excessively large; a good series of gradations in this respect are to be seen in the 

Australian Anura, and will be described in due time. 

The floor of the skull is very narrow—only half the width of the roof—and is merely 

composed of the trabeculae and an “ intertrabecular ” band of the same width. The 

nasal regions are cpiite normal, except that the subnasal angle is simpler than in the 

type. There is no “rostrum,” and the pro-rhinals (p.rh.) turn inwards, and are not 

much dilated distally. The roof (fig. 1), widest behind, and the floor, widest in front, 

are normal; the septum (s.n.) is thick and clearly seen. 

The ossification of this little semi-membranous skull is of great interest, for its 

very minuteness has enabled it to escape from the strict morphological bonds that 

keep the larger kinds in order. 

Nearly all the ossification of the endocranium is behind the orbits ; there are more, 

and there are feioer, osseous centres than in the typical kinds. The additional centres 

are the median bones that have been crushed out, so to speak, by the special law of 

Batrachian morphology ; these have crept in again. 

Fewer centres are seen in the lateral parts, for the occipito-otic centres (prootic and 

ex-occipital, pr.o., e.o.) are here, as in Pseudis and other generalised types, ossified fore 

and aft, without the transverse dividing band of cartilage, seen in those in which the bone 

begins only at the proper nerve outlets. And they are intensely ossified too; only a 

trifling edge of cartilage is left in the tegmen and in the floor (figs. 1 and 2), and in front 

the bony matter takes up half the “ alisphenoidal ” tract, giving a good bony margin to 

the “ foramen ovale ” (V.). The upper and lower median synchondroses are of moderate 

width ; the lower is oblong, and is less than a third the width of the inter-condylar 
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space, and contains the rudiment of a basioccipital bo,ne (fig. 2) as a frail bony “ cephalo- 

style.” 

The upper tract is of the same width at the foramen magnum, but widens out, 

wedge-like, to the fontanelle ; it contains the rudiment of a supraoccipital bone as a 

slight endosteal deposit. 

The antorbital (axillary) tracts of the ethmoid are ossified (etli.), not, however, as 

a " girdle-bone,” but as in “Urodeles” as a pair of “ sphenethmoids;” these occupy 

about three-fifths of the ethmoidal cincture—perfect here for a short distance. Below 

(fig. 2), the two bones are separated by a distance less than their own width ; above 

(fig. 1), they come a little closer together, ending there as sigmoid “ horns,” turned 

forwards till they nearly touch the conchoidal nasal roof. 

These bones, laterally, just run round the end of the long oval interorbital fenestra; 

in their interspace below there is between these two ecto-ethmoids an evident, endosteal, 

“ mesethmoidal ” tract like the azygous endosteal patches in the hind skull. 

Here, once more, we come athwart the familiar “ perpendicular ethmoid,” and the 

basi- and supraoccipital bones. 

The palato-suspensorial arches have thin bony plates (pa., pg.), and these, as well 

as the bones that surround the face, are normal, if compared with a young Common 

Frog of the first summer. 

The vomers (fig. 2, v.) are small and toothless; the parasphenoid (pa.s.) is narrow, 

especially in the fore part, yet it is, essentially, typical. But the fronto-parietals 

(fig. 1,/p.) are by far the slightest and most delicate I have yet seen : they reach to 

the conchoidal nasal roof in front, and partly cover the anterior canal (a.s.c.) where 

these needle-like bones become roughly pedate. These bones only cover the outer edge 

of the arrested lateral rudiments of the “ teamen cranii.” 

The nasals and the squamosals (n., sq.) are under-sized but quite normal; so also 

are the parts of the mandible (fig. 3), and the hyo-branchial plate with its processes 

(fig. 4). 

The annulus (fig. 1, a.ty.) is open above and rather small. The stylo-hyal (st.h.) is 

articulated, above; the Eustachian passage (eu.) is of medium size and reniform, with 

the concavity looking outwards and backwards. 

The stapes (fig. 5, st.) is between a lozenge and an oval in shape; it is large, and 

has a short stalk. 

The cartilaginous enlargement on the oblique end of the columella is not segmented 

off as a distinct inter-stapedial. The medio-stapedial (m.st.) lessens rapidly from this 

cartilaginous process, and ends as bone, a little behind an oval, decurved, thick but 

small, foot of cartilage—the extra-stapedial (e.st.) ; there is no ascending process from 

this lobe. The labial cartilages (u.V-.u.l2.) are normal. Many of the things that dis¬ 

tinguish this from the typical skull depend upon arrest, and are such as can be seen in 

a young Common Frog, five or six months old. 
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24 (continued).—(B) Camariolius tasmaniensis (?).—Larva, f inch (9 lines) long ; legs, 

3^- inch. Same locality. 

This Tadpole was the largest of several of this species examined by me, and its free 

hind legs showed that it has attained to its full larval condition; it was as long with 

its tail as its parent without. 

In the possession of paired nasal sacs, each with a distinct roof, and of a well defined 

fenestra ovalis, this larva had gone beyond the Lamprey; hut there was no bony 

deposit even below the skull (parasphenoid), and the hinder half of the long hypo¬ 

physial space was still membranous ; the rest of the space was composed of a very 

thin layer of young, half consistent cartilage. 

This skull, therefore, was in the best possible state for comparison with that of 

Petromyzon and its allies. 

Leaving out the prenasal structures this skull (Plate 15, figs. 6, 7) is nearly square; 

it is unusually short, and although the head was no larger than that of a Blow-jly, the 

chondrocranium had become a very solid structure; and cartilage was forming even in 

Tadpoles one-third the length of this—that is, in newly-hatched specimens corres¬ 

ponding to my earliest stage in Bufo vulgaris (Phil. Trans. 1876, Plate 55, fig. 1). The 

first-formed cartilage can now be well seen, as it is much more massive, and richer 

with proliferating cells, than the newer tracts. 

The cartilage, which at first only enclosed the apex of the notochord as the ends of the 

trabeculae, has now spread along the whole hind floor and a very definite tract crosses in 

front of the notochord. That rod is expanding to its full (spinal) size just where it 

emerges from between the parachordal bands (iv.); they pass outwards and backwards, and 

end in a free rounded point behind the ganglion of the 9th and 10th nerves (IX., X.), 

which lies in a notch in the outer border of each band. These bands are distinct 

until they reach the apex of the notochord, and then, as just mentioned, unite in front 

of it; there they form the hinder boundary of the pituitary space. Directly in front 

of the notch for the ganglion each parachordal dilates suddenly into a broad crescentic 

wing, which forms a concave floor for the antero-internal half of the auditory capsule 

(fig. 7) right and left. There is a shallow crescentic notch in the middle of the hinder 

margin of each wing; this forms the inner boundary of the fenestra ovalis (f.o.). In 

front, there is a deep round notch between the wing and the trabeculae; in and over 

this space lie the more or less united ganglia of the 5th and 7th nerves (V., VII.). 

The sub-orbital fenestra, and the band of cartilage which encloses it are, together, 

scarcely of larger extent than the auditory capsules behind. These have lost their 

simple oval form, for-the three large canals and their globular ampullae (ia.s.ch.s.c., 

p.s.c.) above, and the sacculus (■vb.) below, have wrought the sac into their own form. 

The alate basal floor is thin, and composed of rather young cartilage, but the 

auditory sacs are very solid, for they become cartilaginous directly after hatching, 

coevally with the trabeculae and suspensoria. 

MDCCCLXXXI. p 
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They are now 'perfectly distinct from that floor, and a little pressure serves to shell 

them out under the cover-glass ; this causes no tearing of the tissue. The large 

fenestra ovalis (fo.) is as wide as one of the canals, and as long as the diameter of 

an ampulla; it lies along the middle, obliquely parallel with the horizontal canal ; 

its antero-internal edge is double, being composed of both floor and capsule; the vesti¬ 

bule swells out on its inner side in a crescentic manner. From the inner edge of each 

capsule, above (fig. 6), there is a little tract of new roof-cartilage, which will finish 

the occipital arch. The basis cranii in the orbital region widens a little forward ; the 

trabeculae (tr.) occupy nearly a third of its breadth; the trabeculae have met in the 

ethmoidal region, and are becoming fused together ; the line of fusion is nearly equal 

to the intertrabecular space, behind (i.tr.), which is now half filled in with new cartilage. 

In front, the trabeculae are free, diverge at more than a right angle, and curve out¬ 

wards ; these are the horns of the trabeculae (c.tr.). Newer cartilage has appeared in 

several places ; laterally, the trabeculae have grown into orbital walls, and these walls 

are growing over the roof a little, especially in the ethmoidal region (fig. 6). Out¬ 

side, in front of these rudiments of the “ tegmen cranii,” the “ ethmoidal wings ” have 

appeared, embracing the nasal sacs (n.r.). 

Between these sacs the trabeculae are very thick, where they are narrowest, and 

then suddenly expand into the “cornua.” These latter, or their inner edge, are 

developing a thin, crenate expansion, ready to finish the nasal floor. The trabeculae 

are most compressed where they form, below, the semi-circular inner boundary of the 

internal nostrils (i.n.). Over the sac, right and left, there is a small cartilage, like the 

valve of a small Entomostracan, attached to the ethmoidad wing : this is the nasal roofi 

cartilage (first “ paraneural,” n.r.); here it is more distinct than usual—more than I 

have ever seen it in this group. 

The huge suspensorial bands reach by their distal condyles (<q.c.) in front of the 

nasal sacs, whilst, behind, they curl themselves up against the intruded auditory 

capsules (au.), and bend suddenly upwards as they pass inwards, to form the narrowed 

(but really broad) pedicle (pel.).* 

At this part the cartilage rises so high that it would seem to form the counterpart 

of the “ascending process ” of the Urodeles, but it drops again before it passes into the 

trabecula, and although riding over the vidian nerve (YII1.) it passes under the 5th 

(figs. 6, 7, V.). This thick high part will be further outwards, afterwards, and will 

form the otic process (ot.p>.). In front, the quadrate passes inwards as a broad lamina 

from the saddle-shaped condyle, and grows into a hook—the pre-palatine rudiment 

(fig. 7) bounding the nasal passage, below, as the ethmoidal wing does, above. 

The pterygo-palatine conjugational band is short, wide, and out-turned; on it, 

as yet, I see no definite rudiment of the post-palatine process. Over it, from the 

large projecting sulcate condyle for the hyoid (hy.fl’.), the orbitar process (or.pt.) grows ; 

* The pedicle lies on a higher plane than the pterygo-palatine band; it is, like the ribbed edge, and 

orbitar process, a temporary tract of the suspensorium. 
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it is a very long, narrow leaf of cartilage, and lies in a recess of the ethmoid, nearly 

touching the wing; its fore edge is ribbed. 

The mandible (mk.) is a thick, short, chubby cartilage—like a little short ulna; the 

lower labial (l.l.) meeting its fellow by a broad face, is thick and strong; and the 

temporary upper labials (u.l.) are thin crescentic leaves of cartilage. 

The hyoid bar (fig. 7, c.hy.) is normal; above, there is the sinuous condyle, and the 

rudimentary styloid process ; and ventrally it is dilated largely—most behind—and 

then suddenly less, it becomes the basidiyal; this is composed of simple cartilage. 

This chondroeranium is essentially like that of the youngest Pseuclis, another 

member of the Cystignathidse (see Plate 2) ; that is the largest, and this the smallest 

larval Frog I know. The larval skulls are, however, very uniform throughout the 

“ Opisthoglossa ;” yet they have non-essential differences that are of great interest. 

The skull of the adult Camariolius is like that of a young typical Frog, several 

months after transformation. 

This is seen in the general lightness of the investing bones—the moderate extension, 

backwards, of the quadrate hinges, and the divided condition of the ethmoid. But 

there are many things that cannot be put down to mere arrest; these are :— 

1. The continuity of the membranous space, above ; only one very large fontanelle. 

2. The extension of the orbital (or optic) fenestra over three-fourths of the wall, in 

that region. 

3. The intensely ossified and generalised condition of the occipito-auditory region, 

right and left. 

4. The very slight and arrested, tripartite state of the elements of the girdle-bone; 

a “ meso-ethmoidal ” rudiment appearing. 

5. An upper and a lower median rudimentary osseous centre in the occipital arch. 

6. No septo-maxillaries. 

7. Extremely rudimentary fronto-parietals. 

8. Quadrate region partly ossified. 

9. Columella rudimentary ; no “ inter- ” or “ supra-stapedial.” 

10. Vomers rudimentary and toothless. 

Seventh genus.— Cyclorhamphus. 

25. Cyclorhamphus marmoratus.—Adult female ; If inch long. Vinco Caya, Peruvian 

Andes; height, 16,000 feet. 

This is a stout, evenly semi-oval, short skull (Plate 20, figs. 1-6) ; the length is to the 

breadth as 6§ to 8. The quadrate condyles only reach opposite to the middle of the 

stapedial plates, the epiotic eminences are almost flush with the occipital condyles, the 

roof is imperfect, and the ossification is intense, and attended with much anchylosis 

behind. 

The ear is imperfect and the nasal roofs short, the vomers small, and the inner 
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nostrils much nearer together—-ao-ainst rule—than the outer. This is one of the 

lowest and most generalised of the Itanidse. 

The occipital condyles (Plate 20, figs. 1, 2, oc.c.) are large, oval, and postero-inferior ; 

they are separated by a coucave notch of their own width. The whole hind skull has 

a remarkable form, for the auditory capsules are very large and thoroughly ossified, 

yet the canals project very much both before and behind, pushing the epiotic eminence 

almost as far back as the occipital condyles, and the anterior (prootic) swelling, caused 

lay the anterior canals, into the orbital region. The parotic projections suddenly 

become one-half the size of the main capsule and are only one-third at the tegmen 

(fig- !)• The extreme edge of this part (inside sq.) is unossified, and there is a small 

semi-osseous tract in the superoccipital region; all the rest of the endocranium is 

ossified up to the middle of the nasal septum (fig. 2, etli.) below, and still further 

forwards above (fig. 1, s.n.). 

Moreover, the parasphenoid behind, and the fronto-parietals for fully two-thirds of 

them extent, are anchylosed to the bone within. The temporal fossae are deep rounded 

hollows ; the orbital region of the skull, from thence, swells gently, and then remains 

of the average width up to the antorbital bars ; then there is a slight superorbital 

projection, but it also is ossified. 

The tegmen of this hard endocranium is extensive before, but more so behind ; for 

that tract reaches so far as to lie over the front edge of the optic fenestra (II.). The 

edges of the open part are wide, so that the single fontanelle (fo.) is only one-fourth 

the length of the cranial cavity, and is narrow, and pinched in the middle. Here the 

roof is almost covered in, as in some old Skates’ skulls. 

The girdle-bone, as in some Salamanders, is not marked off behind; in front it runs 

far forward into the true nasal region, and right and left, ossifies the ethmoidal wings, 

but stops at the etlnno-palatines (fig. 1, e.pa.) exactly where the segment is in the genus 

Bufo. The nasal region (n.r.) is very remarkable, being, like that of Bombinator 

(Plate 25, fig. l), merely a transverse double pouch ending in a broad sub-arcuate 

snout, which is scarcely covered by the nasals, which lie mainly on the proper ethmoidal 

tract. Hence the outer nostrils (e.n.) are very wide apart; but the floor being very 

narrow where the trabeculae originally came first into contact in the internasal region 

the inner nostrils (fig. 2, i.n.), although large and round, are very near together for a 

Batrachian ; the relative distances are exactly reversed in this case. 

The roof (n.r.) is narrow from the ethmoid onwards, but the nasal wall (fig. 1) 

forms a pouch behind the outer nostril. The inner labial (u.l1.) is small, and lies 

against the front of the broad snout; the outer piece (u.l2.) is in front of the nostril. 

Below (fig. 2), the trabeculae in becoming the floor have scarcely changed their form 

at all; but they have budded out into a pair of large falciform, secondary cornua at 

their inner angle ; these are the pro-rhinals (p.rh.). 

The palato-suspensorials are normal in the palatine region, and the bone (pa.) is of 

the usual /-shape ; it forms but little union with the cartilage. 
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The pterygoid (pg-), on the other hand, has used up most of the cartilage to which 

it clings, and growing beyond the pith of the pedicle (pel.) makes this part pointed. 

On the right side, that independent ossification of the outer and inner elements 

which is so common in the “ Anura,” shows itself in a remarkable manner, for the very 

apex of the cartilage becomes detached, as a “meniscus,” and then thoroughly ossified, as 

a small, free, diamond-shaped “metapterygoid” (figs. 5 and 5a , pd., pd.m.). In Rana 

temporaria, and others of that genus, the metapterygoid, which appears during 

metamorphosis, is formed in the outer fibrous layer : here it is endoskeletal. The 

quadrate region is neither long, nor far retreated (fig. 2, q.c.), it is all ossified by 

the quadrato-jugal, except the apex of the otic process, which is continuous with 

the slight remaining pith of the pterygoid, and the edge of the tegmen tympani 

(fig. 5, sp., q., pg.c., pr.o.). The condyle (q.c.) which ends opposite the middle of the 

stapes (st.) is a large, well-formed trochlea, strongly clamped on its inner side by the 

pterygoid. That process forms a very obtuse angle with the pedicle, and here a very 

small crescentic slit can be seen just through the skin of the mouth, its convex side 

lying against the bone : this is the blind Eustachian opening (eu.). Outside the 

suspensorium a very small annulus (figs. 3 and 6, a.ty., m.ty.) is seen ; it forms three- 

fourths of a circle, its diameter, and the breadth of the hand, is about one-third 

that of a typical Frog. 

The mandible (fig. 3) is very strong, especially in its hinder part; it is, however, 

quite normal. 

The stapes (fig. 6, 5i.) is of the average size ; it is a very regular oval, but has a 

rounded process behind, and an oval “ boss ” outside. 

The columella is extremely delicate, and is not segmented. The medio-stapedial 

bone (m.st.) occupies the dilated stapedial end, and runs along the thread of cartilage 

so as to be one-third the length of the whole rod, which ends as an arcuate extra- 

stapedial (e.st.); this is spatulate, and without a fork. 

The stylo-hyal (fig. 2, s.th.) is confluent with a trace of cartilage on the outside of 

the floor of the vestibule; it enlarges in its descent (fig. 4, c.hy.), and becomes partly 

ossified. There is a small, sharp hypo-hyal lobe (h.hy.) in front, and one on the side of 

the short retral part; between these bars the “ notch is a very large crescent. 

For the basal plate is very wide and short, and is of the same kind as we see in 

Ccdyptocephalus (Plate 21, fig. 4)—a near relative. There is an adze-shaped fore, and a 

styliform hind, lobe on each side; the thyro-hyals (t.liy.) are large, dilated, and separated 

by a space which is two-thirds of a regular oval. The proximal part of these bars take 

up half the basal plate, and they almost meet at the mid-line. The rest, all but the 

front edge and part of the fore-lobes, is semi-osseous. 

Like some other sub-typical Frogs—Pleurodemci, Lymnodynastes—the fronto- 

parietals (f.p.) do not finish the roof but are scanted in their front half, and end as 

rounded bars, each one-third the breadth of the roof. Behind, they are strong, 

smooth, sinuous, falling in at the temples, and swelling over the anterior canals, and 
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are thoroughly anchylosecl to each other, and to the subjacent bone. The pre- 

maxillaries and maxillaries (px., rnx.) are strong, smooth, high, and typical; and 

there is a large septo-maxillary (s.rnx.) on each side. The falciform quadrato-jugal 

(figs. 1, 2, 3, and 5, q.j.) is perfectly continuous with the bony quadrate (q.) ; the 

squamosals (sq.) are like a hammer witli a wide handle and a. very short head ; this 

latter part lies on the tegmen tympani but little (fig. 1, sq.). 

The nasals (figs. 1 and 3, n.) scarcely hide the fore part of the girdle-bone, and 

leave the pouched short nasal roofs naked ; they are narrow, convex, curved shells of 

bone, with a descending narrow process, outside. 

The vomers (v.) are small and have a post-narial spur, but none in front of the 

passage; the fore part is narrow and bifid; the dentigerous lobe is oval and less than 

normal. The parasphenoid (fig. 2, pa. si) is large, normal, rather blunt and ragged in 

its processes, and is somewhat confluent with the superjacent bone, behind. 

Next to the skull of Bnmbinator and Pelobates this Frog shows most what is low 

and generalised in its skull, it differs from the “ norma” in : 

1. The large relative size of the auditory capsules. 

2. The shortness of the nasal capsules. 

3. The unfinished roof. 

4. The intense and almost universal ossification of the endocranium, and the 

anchylosis of the outer roof and floor bones. 

5. The differentiation of an endoskeletal metapterygoid on the right side. 

6. The smallness of the upper part of the squamosal and of the applied “annulus.” 

7. The arrested state of the columella. 

8. The almost entire closing of the first cleft. 

9. The short, wide form of the basal plate, and its semi-osseous condition. 

10. The narrowness of the internasal region, and small size of the vomers. 

26. Cyclorliamphus culeus*.—Larva ; length, 3} inches ; tail, 2 inches ; hind legs, 

7 lines. Puno, Lake Titicaca, Peru. 

I am very fortunate in being able to give the structure of the larval skull in a 

geographical neighbour of the great Calyptocephaius; this is one among many of the 

things I owe to my friends Agassiz and Garman. 

Moreover, among the various kinds of larval skulls worked out by me, this comes 

the nearest to that of that helmeted Frog; and as we know in the case of Bombinator 

and Pelobates how weak one skull, and how strong another, may be, in congeneric 

types, there is no difficulty on that head as to the relationship of these two 

Neotropical forms. Cyclorliamphus marmoratus (Dum. and Bib.) evidently comes 

between these two forms in respect of its adult skull (Agassiz and Garman, p. 277). 

* For an excellent figure of the adult of this fine species, see Agassiz and Gasman, “ Bulletin of the 

Museum,” No. 11, plate 1 (Cambridge, Mass., November 26, 1875). 



DEVELOPMENT OF THE SKULL IN THE BATRACHIA. Ill 

This larval skull will be best described by comparing it with the next (Plate 22, 

figs. 6-9 with figs. 2-5) ; all these objects are shown as magnified five diameters ; the 

Tadpole of Calyptocephalus was fully one-third Larger than that of Cyclorhamphus, and 

in the latter the hind legs were four times (relatively) as long as in the former, and 

therefore it must have been somewhat more advanced in development, generally. 

Indeed, this will be seen by comparison of the figures; yet this is too slight to 

effect the general form and relations of the parts. 

The interauditory region, in this, is altogether narrower ; the interorbital much 

more uniform, not narrowing, forwards, half as much ; and the palato-suspensorial bars 

converge more. On the whole, however, these two skulls might easily be taken for 

those of two species of the same genus ; part for part, and process for process, there 

is a very close resemblance between the two. 

The notochord (nc.) is still found between the halves of the basal plate; the 

occipital condyles (oc.c.) have the same form ; the ex-occipitals (e.o.) are more deve¬ 

loped, answering to the longer legs, and are seen beyond the twin nerve-passages 

(IX., X.). The hinder “tegmen” only runs half as far forwards, and is not fenestrate, 

whilst the fore “tegmen” is finished and the single fontanelle (fo.) is a large evenly 

oval space, instead of being a smaller space, shaped like an oval leaf, with the stalk 

in front. The auditory capsules are not thrust so far out; they are naked, and show 

the canals (a.s.c., h.s.c., p.s.c.) through then diaphanous walls ; the spurs growing from 

the “ tegmen tympani ” are very similar (t.tysp.c.); the stapes (st.) is like that of the 

next. 

The almost oblong interorbital region (fig. 7) is shorter, and scarcely bulges at 

all; its walls are perfect and run an edge over the roof, on which the bony “ wall 

plates ” lie. The front tegmen runs forward as a wedge-like mass, for it has coalesced 

with the more developed intertrabecular crest, and the “ lamina perpendieularis ” (p. e.) 

is now formed. The lateral ethmoidal wings (al.e.), and the upgrowths of the tra¬ 

beculae, outside the emerging olfactory nerves (I.), have conspired with the median 

crest and the roof to finish the plaster model for the future “ girdle-bone.” The first 

rudiment of the septum nasi exists, now, merely as the foremost part of the inter¬ 

trabecula ; beyond this frail commissure of the paired bands the cornua trabeculae 

('c.tr.) diverge, arching both outwards and downwards ; they are longer and narrower, 

and more diverged than in the next, making the lozenge-shaped interspace left by 

them and the upper labials (u.la.u.lb.) much wider. 

The palato-suspensorial arch (pd., p.pg., q.) shows its likeness and its unlikeness 

to that of the other species. The pedicle (pd.) is longer and the otic process is not 

distinct from the rounded “ elbow ” of the cartilage, which is bent backwards more. 

This, with the gradual convergence of the main bars, makes the orbital space wider 

behind ; it is, also, shorter. The orbitar processes (or.p.) do not overlap so much as in 

the next, but keep outside the post-palatine rudiment (pt.pa.); this crest fails in its 

* In fig. 6 this is wrongly lettered t.cr. 
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hinder lobe, which is merely a blunt projection. The trabecular and pre-palatine 

spikes (c.tr., pr.pa.) help to surround the inner nostril (i.n.) in the same manner, and 

the quadrate region (q.) is alike in both, but most turned inwards in this. 

The passages, only, of the 9th and 10th nerves are shown, but the common root of 

the upper and lower maxillary branches of the fifth (V3,3.), the orbito-nasal (V1.), the 

facial (VII.), and the long, undivided palatine or vidian are shown ; the latter (VII1.) is 

seen passing forwards outside of, and a little below, the orbito-nasal; it pierces the 

ethmoidal wing, then runs close to the mid-line, and supplies the upper lip. The 

optic (II.) and olfactory (I.) are seen in situ* 

The spiracular cartilage (sp.c.) is shorter; the upper labials (u.la.u.lb.) are quite cut 

through into four pieces ; the lower labials (fig. 8, l.l.) and the mandibles (ink.) are 

similar to, but still more solid than, those of the larger kind. The hyoid cornu 

(fig. 9, c.hy.) is extended out into an unciform stylo-hval (.st.h.) and the condyle (liy.c.) 

is narrow and oblong. 

The extra-branchial pouches (ex.br.) are similar, but the small cerato-branchials (c.br.) 

are smaller still in this, and the second is confluent with the hypo-branchial plate 

(h.br.), as well as with its corresponding external bar. 

All things, however, taken together, the want of conformity between these two in 

the chondrocranium is much less than between many other kinds that are congeners ; 

the eye sees at once that they must belong to types very near akin to each other. 

This is shown, also, in the parasphenoid (fig. 7, pa.s.), but it has a long point at its 

fore end, and its basi-temporal wings are pointed, but the two bones are very much 

alike : the great difference is in the want of any trace of granulation in this. 

The fronto-parietals (fig. 6, fp.) are also cpiite devoid of granulation ; and their 

size is in extreme contrast with those of the larval Calyptocephcdus; they belong 

to a somewhat riper stage, and yet, instead of being large expanded plates, are mere 

styles of bone, lying like wall-plates on the edge of the skull, dilated a little on the 

inside where they will be more or less segmented into two bones, and on the outside, 

where they bind on the auditory sac. 

Third Family. “ Discoglossidje.” 

First genus. Discoglossus. 

27. Discoglossuspictus.—Adult male; 2^ inches long. South Europe. 

This is a true Frog, it comes next the Fannie, and above the Cystignathine species, 

but is modified by having a discoid tongue, dilated sacral apophyses, and opisthocoelian 

vertebrae. The other Frogs that possess the first of these marked characteristics are 

* The sudden curve, upwards, of the pedicle (fig. 6, pd.) gives it the appearance of lying over the 

5th nerve at its exit; this is not the case, however, the actual end passes into the skull much lower 

down. 
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much less typical, and some of them are very aberrant and generalised. Hence it 

comes to pass that this is rather a motley group, and the question arises as to whether 

it should not be broken up and redistributed; if this were done the boundaries of the 

groups that should receive their own relations back again, would have to be made 

more elastic. This type would have to go to the Ranidse ; Calyptocephalus to the 

Cystignatliidse ; Pelodytes would ask for admittance, either among the Bombinatoridse, 

or the Alytidee ; whilst Xenophrys, and the kinds agreeing with it, would probably 

have to be made into a new family; that species is exceedingly generalised, and shows 

affinity with families far removed from the Ban kite, far more clearly than with those 

typical Frogs. My mention of these things is as a protest against the family group 

as it now stands : the Zoologists must re-arrange it as they see fit. 

As far as the skull is concerned, this type might have been left in the genus Rana, 

or still better, put with the species of Pyxicephalus ; with that of P. rufescens it agrees 

very closely. This is a typical semi-elliptical skull, whose breadth is to the length as 

15 to 14 ; it is more frail, or less ossified, than in the average Frog’s skull; and its roof 

is imperfectly covered. 

The extent of the three regions of the skull is normal, the orbital being the largest, 

the nasal next, and the auditory the shortest. The occipital condyles (Plate 20, 

figs. 7, 8, oc.c.) are large, semi-oval, almost directly posterior, and separated by a 

narrow notch. 

The epiotic projections (p.sx.) are gently convex, and come short, behind, of the 

condyles. The quadrate hinges are opposite the large twin nerve-passage (q.c., IX. X.). 

The small ex-occipitals (e.o.) are wide apart both above and below, and are at a con¬ 

siderable distance from the equally arrested prootics (pr.o.); these latter bones enclose 

the foramina ovalia (V.), run out to the facet for the pedicle (pd.), and up over the 

anterior canal (a.s.cf Beyond these bones the tegminal region (fig. 7) is only half the 

width of the canal region, and runs only a moderate distance beyond the horizontal 

canal (h.s.c.). The skull is well roofed, for the main fontanelle (fo.) is a rather small, 

long, heart-shaped space, and the small secondary fontanelles are wide apart on the 

large hinder part of the tegmen cranii. 

The temporal region is wide, and from thence the orbital part of the skull narrows 

up to the rudimentary superorbital projections (s.ob.); these increase the width a little in 

the ethmoidal region, but, as in Pyxicephalus rufescens (Plate 14, figs. 1, 2), the cranial 

boat is very constricted in front. As in some small Ranidse from Australia (e.g., 

Camariolius), the girdle-bone (eth.) is imperfect; it occupies only about a fourth of the 

interorbital region at its widest; its halves are united by a narrow isthmus below, and 

scarcely meet above. 

Most of the ethmoidal region, with its wings, and all the wide, well-developed, 

normal nasal region, are cartilaginous. Both roof and floor (figs. 7, 8) are wide, 

the septum (s.n.) is high and thick, the snout gently convex, with a slight prenasal 

bud; and the pro-rhinals (p.rh.) and subnasal outer angles are large and well 

MDCCCLX XXI. Q 
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developed. So also is the annular growth of the nasal wall (n.w.), and the 

appendages (ii.ld.u.l3.) that finish the nostrils (e.n.). 

The inner nostrils (fig. 8, i.n.) are very large, short oval, and almost transverse ; 

they turn a little forwards, within. 

The palato-suspensorials are well developed, the fore part wide, with a slight pre¬ 

palatine projection; the foot-like pedicle (pd.) projects well inwards, and the quadrate 

condyle projects well outwards, reaches back behind the stapes {st.), and is large and 

reniform, with a post-condylar lobe; there is no ossification beyond the setting on of 

the quadrato-jugal (qj.). 

The palatines and pterygoids (pa., pg.) are quite normal, but remain ungrafted. 

The Eustachian passages (eu.) are only half the size of the inner nostrils, and are 

reniform. The mandible (fig. 9) is perfectly normal; it is rather high. The annulus 

(a.ty.) is large and perfect. The stapes (fig. 11, st.) is oval, emarginate in front, and 

has a boss. The interstapedial (i.st.) is nearly as large, is gently notched below, and 

its fore third is ossified. The medio-stapedial (m.st.) is a strong phalangiform bar, 

and ends in a perfectly normal spatulate extra-stapedial, with a cartilaginous supra- 

stapedial, confluent above (e.st., s.st.). The stylo-hyal is also confluent above, and the 

hyo-branchial apparatus (fig. 10) is perfectly Ranine. The investing bones are also 

quite Ranine, but the fronto-parietals (f.p.) are very narrow in front, and fail to cover 

the fontanelle perfectly; they are like those of Pyxiceplialus rufescens, but do not 

unite, behind. The nasals (n.) are normal, but wide apart; all the marginal bones 

are normal, but the squamosal (sq.) has an exceedingly long postorbital process. 

There are no septo-maxillaries; the parasphenoid (pa.s.) is exactly like that of a Rana, 

but the vomers (v.) are not; they are sub-quadrate, with short snags. Each bone 

touches the septum nasi, the spike in front of the inner nasal opening is suppressed, 

the front part ends in a spike, and the post-narial spike is short. The dentigerous 

elevations are large, oval, and oblique. 

This Frog differs from its narrow-backed relations, with forked tongues, in having:—- 

1. The whole skull feebly ossified. 

2. The interorbital region very narrow in front. 

3. The main fontanelle left partly uncovered by the roof-bones. 

4. The four bones of the hind skull small, and the girdle-bone imperfect above. 

5. No septo-maxillaries. 

6. The squamosal very long in its post-orbital region. 

7. The stylo-hyals and supra-stapedials confluent, above. 

Second genus. Pelodytes. 

28. Pelodytes punctatus.-— Adult male ; 1^ inch long. Europe. 

The skull of this species is short, the breadth being to the length as 11 to 10; yet 

it looks shorter than it is, on account of the great breadth of the nasal region. In 
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this respect it is intermediate between that of Pleurodema and Lymnodynastes, types 

to which it can claim no near relationship.* 

But there are two European Frogs to which this type has some claims of relationship; 

these, Bombinator and Alytes, however, are very exceptional forms, having “opisthocce- 

lian ” vertebrae, whilst Pelodytes has them normal or “ procoelian they have ribs, but 

this type has not (see Mivart, P. Z. S., 18G9, pp. 290, 291, and. 294). Nevertheless, 

in spite of all that, I would rather put this near them—the natives of the same geogra¬ 

phical territory—than place it with any from a far country, having a great belief in 

the faculty of the Anura for modifying their internal structure, during secular periods. 

The occipital condyles (Plate 23, figs. 1, 2, oc.c.) are large, oval, and posterior; the 

occipito-auditory region is wide proximally, and narrow distally. The interorbital 

region is rather wide, lessens gently forwards, and bulges a little ; the nasal region is 

very broad, a little longer also than usual, and then the snout is very transverse. In 

the endocranium the fontanelle (fo.) is single and large, the roof-bones more than half 

hide it, and leave it of an hourglass shape. 

Half the interspace between the occipital condyles is unossified, and the super- 

occipital cartilage (above fm.) is of the same breadth ; this is normal. But there 

is no distinction between the prootic and ex-occipital (pr.o., e.o.) right and left; this 

I take to be a primary confusion of parts, and not due to coalescence; if they have 

been separate at all, it has been secondary and temporary. 

The bony matter half encloses the foramen ovale (V.); half the interorbital region 

is unossified ; in this part the moderately large optic fenestra (II.) is seen. The other 

half is taken up by the girdle-bone (eth.), which simply ossifies its own ethmoidal 

territory in front, and only slightly passes into the wings; its axillae are shallow, and 

its upper part loses half its extent at the middle, in bordering the great fontanelle. 

The nasal roof and floor (figs. 1 and 2, s.n., s.n.l.—put by mistake on fig. 1) are 

well developed, the former widest behind, and the latter in front. The “ pro-rhinals ” 

(p.rh.) are small, and the angles of the floor large; there is a small “ prenasal rostrum ” 

running forwards from the thick septum nasi (s.n.). 

The palato-suspensorial arches are quite normal, but the fore part is very broad, and 

the hinder part rather feeble ; as in Dactylethra and Bombinator there is no palatine 

bone, and the pterygoid (pg.) is feeble like that of a young Common Frog; it scarcely 

affects the cartilage to which it is applied, and a considerable pad of cartilage forms 

the facet of the movable “ pedicle ” (pd.). The re-entering angle of the pterygoid 

and suspensorial cartilage is a right angle, and in it the Eustachian passage (eu.) is 

seen—it is large, oval, and transverse. 

* Dr. Gunther, who gave me my specimen, predicted that I should find it a very generalised type; 

this is quite true, for I am completely puzzled as to where it ought to be placed. The “Family” in 

which systematists put it, namely, the “ Discoglossidae,” is merely a “ Cave of Adullam,” to which all 

sorts of irregular, lawless, and aberrant types are relegated. Pelodytes and Calyptocephalus have procoelian 

vertebrae, whilst in Xenopirys and Viscoglossus they are opisthoccelian. 

Q 2 



116 MR. W. K. PARKER ON THE STRUCTURE AND 

The annulus (a.ty.) is of the typical size, broad, and its horns are not united. The 

stapes (figs. 2 and 4, st.) is large and oval, with its fore and upper edge but little 

bevelled. The medio-stapedial (m.st.) is a strong and somewhat sigmoid rod, with 

but little cartilage at its proximal end, where it wedges in—without any inter- 

stapedial segment—between the stapes and the vestibule. 

Beyond the bone the cartilage soon expands suddenly into a sub-peltate extra- 

stapedial, with a ligulate supra-stapedial confluent above (e.st., s.st.). 

The mandible (fig. 3) is normal, but very long and slender. 

The stylo-hyal end of the hyoid (fig. 2, st.h.) is sub-acute, and loosely attached to the 

vestibular floor; it does not bind strongly round the hind margin of the Eustachian 

opening. Two-fifths of the band (fig. 3, c.hy.) at its lower end is reduced to a mere 

fibrous tract, and the hypo-hyals (h.hy.) are quite loosed from their proper stem 

and are confluent with the basal plate (fig. 3, b.h.br.), into which they run by a 

ligulate stalk. This distal part is a very large ear-shaped emarginate leaf of cartilage, 

which, by its oblique, external angle overlaps the front lobe of the basal plate, a some¬ 

what smaller, more regular leafy growth, which runs almost transversely into the 

base by a shorter stalk. Behind this, on each side, there is the normal finger-shaped 

hinder lobe, a much smaller outgrowth of cartilage. At its root the fore end of the 

phalangiform thyro-hyal bone (t.hy.) is set into the cartilage; this is terminated by 

an unossified lobe ; and the right thyro-hyal is considerably larger than the left. To 

the lower face of the proximal part of the right bone there is a curious splint applied: 

it is V-shaped, with all its points sharp ; the short stem behind, and the forks, which 

are crooked, run, the right forwards and outwards, and the left obliquely outwards in 

the other direction, under the root of the left thyro-hyal. 

This, which exists as a splint, I take to be an abortive attempt to produce an 

ectosteal basi-branchial bone; it will soon be described again in Alytes, and I shall 

have to refer to it when describing a more normal (“ endosteal ”) basi-branchial in 

Bombinator, Diplopelma, Callula, Engystoma, Rappia, and Pelodrycis 

The fronto-parietals (f.p.) are similar to what we find in many sub-typical Anura, 

they are wedge-shaped shells of bone, with sharp fore and dilated hind ends. By 

these bones the great oblong fontanelle is reduced to an hourglass-shaped space, only 

half as large. The rest of the investing bones are normal; the nasals come within a 

moderate distance of each other, and are not very broad. With the upper labials— 

which are normal—there is, I believe, a small seed-shaped septo-maxillary. The pre- 

maxillaries (px.) are widely transverse; the maxillaries (mx.) thin and shell-like 

in front, and sharply styloid behind; and the styloid quadrato-jugal (q.j.) is not 

evidently grafted on to the quadrate. 

The squamosals (sq.) are slight but normal; they fail to cover the short unossified 

“ tegmen tympani ” (t.ty.). The parasphenoid (fig. 2, pa.s.) is normal, and large in 

* This is one among many instances in which the metamorjjhosis to which these iclithyic types have 

been subjected has only partially obliterated the form and structure of the Fish. 
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the fore part; its basi-temporal wings are narrow. The vomers (v.) are also normal, 

their dentigerous lobe is small and transverse; they strongly curl round the inner 

nostrils (i.n.), and have a moderate front lobe. 

I shall have to refer to this skull once and again ; it seems to me to belong to an 

archaic type of the “Anura,” and to be a form very difficult to place, zoologically. 

Idle main departures from, or failures in attaining to, what is typical, are as 

follows :—• 

1. There is only one fontanelle. 

2. This is not covered by the roof-bones. 

3. The ossification of the occipital arch and ear-capsules is generalised and continuous. 

4. The nasal region is very dilated. 

5. There are no palatine bones. 

6. There is no inter-stapedial, the supra-stapedial is confluent above, and the extra- 

stapedial is sub-peltate. 

7. The hyoid arch is very feeble, partly absorbed, and has its dislocated distal ends 

extremely dilated. 

8. The front lobes of the basal plate are similarly dilated. 

9. The thyro-hyals are non-symmetrical. 

10. There is an irregular forked superficial basi-branchial on the under surface of 

the basal plate. 

Third genus. Xenophrys. 

29. Xenophrys monticola.—Adult male ; 3 inches long ; length of hind leg, 4§ inches. 

Darjeeling. 

This fine specimen, the gift of Dr. Gunther, is twice as large as the one described 

by him in his ‘ Reptiles of British India’ (plate 26, fig. H, h', p. 414). That specimen 

only measured 19 lines from snout to vent, with a hind limb 31 lines long ; this gives 

nearly double these lengths. 

Moreover, this appears to be much better developed ; it has a rudiment of the 

“ interdio’ital membrane,” and the fingers and toes have a discoid end one-third wider 

than the contiguous part of the digits. 

I am very doubtful as to the position of this large Frog, and of its equally fine 

relative, Megalophrys montana (ibich, p. 412). 

The figures of the skull of Xenophrys (Plate 23, figs. 5-10) have been purposely put 

on the same plate with those of Pelodytes (figs. 1-4) for contrast. The Family 

“ Discoglossidse” (Gunther, “ Batr. Sal.,” p. 34 ; and Mivart, Proc. Zool. Soc., 1869, 

p. 294) must be one in which the members “agree to differ” to a very great extent, 

especially now Professor Mivart has added the “ Asterophrydidse ” of Dr. Gunther, 

and Professor Cope’s Neotropical genus Grypiscus, which has mandibular teeth, and 

heads a “ Sub-family” of its own. This type has opisthoccelian vertebrse. 

I shall look for its true relations among the “Oriental” Batrachia, and these, when 
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found, will most probably differ from it in one or other unimportant character, and yet 

correspond with it in non-essentials. 

This is a short skull (Plate 23, figs. 5 and 6); the breadth is as to the length as 

5 to 4, but the length is increased externally by the great retreat backwards of the 

quadrate condyles (q.c.), which make it, if measured by them, one-tenth more. 

It is also an extremely flat skull, and has a decurved snout; it is very much unlike 

the skull of any of the “ Ranidae” known to me, and the crania that answer to it best 

are not yet described. I must therefore give an account of it as it is, and then refer 

to it afterwards, when its image appears again in other types. The occipital condyles 

(■oc.c.) have large, oval, posterior faces, but they project very little and are separated 

by a gentle emargination. 

With many deficiencies, that make it lie some depth below the “norma,” this skull is 

ultra-Ranine in its general form, for it is extremely depressed, the otic regions are wide 

wings, the jugal arch strongly bowed, and the hinge of the jaw is carried far behind 

the occipital articulation. The skull is of full width in the temporal region; then it 

does not become narrower, but much broader, towards the antorbital region. The 

margin above has a concave, and not a convex, outline; the walls do not bulge, but 

are scooped (fig. 6). 

The dilated ethmoidal region is made still wider by superorbital expansions (so.h.), 

and in front the whole nasal territory is but little narrower than the ethmoidal. Thus 

the fore half of the cranium is in remarkable contrast with the hind half, and its 

copious cartilaginous matrix is very similar to that which is seen in Skates and even 

in the Chimeera; to make it still more archaic, the prenasal (p.n.) is a thick decurved 

beak, such as is seen in an early stage of the embryos of many Yertebrata. 

The ossification of the occipito-auclitory region is generalised, being continuous on 

the same side (pr.oe.o.); the synchondroses above and below (f.m.) are rather wide 

and sub-equal. The fontanelle is quite covered ; it is single and lanceolate, with the 

narrow end forwards; the tegmen, behind, is short; in front, it rather appears, than 

is, extensive, for the ethmoid (eth.) is of great extent. The occipito-auditory bones 

(pr.o., e.o.) nearly reach the fontanelle, under the roof-bones, above ; below, they touch, 

over the parasphenoid, but leave the vestibular floor unossified. Above (fig. 5), the 

bony matter leaves merely the tegmen tympani soft; it is very narrow fore and aft. 

In front, below, the bony matter almost encloses the foramen ovale (V.), and from 

thence half the interorbital region is cartilaginous in this tract; behind the middle of 

it is the large oval optic fenestra (II.). 

The girdle-bone [eth.) occupies more than a third of the endocranium ; it borders 

nearly a third of the fontanelle, and runs somewhat into the proper nasal territory. 

Below (fig. 6), it affects the wings a little ; above (fig. 5), its edge is rounder ; it runs 

quite clear of the superorbital “ eave. ” A cross-shaped expansion, below, marks off the 

shallow axils of this depressed bony mass; these fossae are large, but shallow. The 

cross is made more apparent by the extension forwards of the bony matter into the 
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liind part of the septum nasi (s.n.), and the hiding ol the outer part of the bone by the 

vomers (see figs. 6 and 9). Contrary to rule, the upper and lower outlines of the nasal 

region are very similar. 

Above, a large and shallow, and, below, a narrow and deep, notch on each side, shows 

where the ethmoidal territory ends and the nasal begins, and these emarginations show 

that the nasal region is short; the thickness of the convex root hides the form of the 

dividing septum nasi. Below (figs. 6 and 9), the girdle-bone ends in a sinuously- 

Tounded margin, a short distance behind the notches in the sides. The bone is sinuous 

on its surface, first scooped in the middle, then swollen on each side, a groove sub- 

transversely dividing these swellings from the “wings.” In front of the notches, the 

subnasal laminae (fore part of trabecular cornua, s.n.l.) are ossified, each bone taking up 

one-third of the floor. A bone half the size of these has been formed in the cartilage 

of the median tract; it reaches from the nerve-passages (n.n.) to the decurved rostrum 

(;p.n.). These three bones, like the ethmoid or “ girdle,” being ossifications of the 

three basi-cranial bars—like those found in so many types in the region of the brain 

cavity—may be entitled to the name of “serial homologues ” of such segment-forming 

bony centres.'" 

The lateral subnasal ossifications are rugged and prickly at their margins ; their 

middle is somewhat elevated, transversely; the “pro-rhinal process” of the cartila¬ 

ginous matrix (p.rh.) is small. 

The upper surface, formed mainly (i.e., except at the middle line) by the nasal roof- 

cartilages (fig. 7, al.n.) is broad, gently convex, and passes insensibly into the prenasal 

rostum (figs. 5-7, p.n.). 

The suborbital space (f.p. to pg.) is large and sub-oval; its outer fence is the palato- 

suspensorial arch. The ethmo-palatine bar, like the rest of the cartilaginous pith of 

this arch, is slender, and runs outwards and forwards, like a continuation of the wing 

of the ethmoid; it is bi-aculeate in front (fig. 9, e.pa.). The post-palatine portion 

(behind e.pa.) can be seen to be but little affected by the palatine bone (fig. 6), which 

is a normal sub-falcate blade, separated by almost its own length from its fellow, and 

not reaching the pre-palatine spur in front. But the pterygoid (pg.) either ossifies or 

conceals much of the hinder part, yet the inner fork or pedicle (fig. 5, pd.), and the 

tract leading to it in the edge of the folded pterygoid (fig. 7, pg., sp.) shows that the 

axis is nowhere quite lost. But on the under surface (fig. 6, pd.) the pedicle is seen 

to be tied down by the pterygoid bone so that all motion is lost, and this inner tongue 

of the bone forms a strong squamous suture with the prootic and parasphenoid ; this 

is a Bufonine character, as we shall see. 

But the outer fork, or quadrate region, becomes much larger, and the part above the 

condyle is largely ossified by the quadrato-jugal (figs. 6, 7, q., q.c., q.j.). 

* In Birds, ossifications of this kind in the precranial region of the base are very common; bnt in their 

compressed prognathous head the fore part of the intertrabecula is early absorbed ; the paired trabeeulce 

end behind the intertrabecula and the “ snbnasal laminae ” are only exceptionally developed. 
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The condyle for the mandible (q.c.) is large, oblique, and reniform, and has the inner 

trochlea twice the size of the outer; the hinder and outer fork of the pterygoid bone 

runs vertically, splint-like, inside this far-retreated part of the suspensorium. The 

large Eustachian opening (fig. G, eu.) is, by this, made to turn backwards, as well as 

outwards; its hind margin is a thick fibrous ligament. 

The mandible (fig. 7) is quite normal and of great length, answering to the extent 

of the gape; the mento-Meckelian part (m.mk.) is large, and so is the cylindroidal 

condyle (ar.e.); the cartilaginous bar (ink.) is but little affected by the trough-shaped 

“ articulare ” (ar.); the dentary (d.) is a little more than half the length of the 

mandible. 

The “annulus” is very remarkable ; it is large (Plate 23, fig. 7, a.ty.), thick at the 

edges, oblong in shape, and whilst one horn is attached to the fore part of the 

portico formed by the squamosal (sq.) over the tympanic cavity, the other horn passes 

behind and under the hind part; its position is oblique, being carried backwards, 

below, b}r the suspensorium and its splint (q., sq.). 

The stapes (fig. 10, st.) is thick and of a short-oval shape, with the fore margin 

emarginate. The columella fits by its thick, bilobate, scooped apex, within and around 

the fore part of the stapes. The inter-stapedial (i.st.) is represented by the larger, 

unossified lobe ; but it is doubtfully segmented. The medio-stapedial (m.st.) has also 

some cartilage on the lesser lobe, and the thick bony end carrying the cartilage is 

almost discoidal. The narrow shaft is bent almost at a right angle on the dilated 

proximal part, and runs more than half way to the distal end. That end, gradually 

thickening to its middle, is the extra-stapedial (e.st.); at first it is merely a continuation 

in the same line as the shaft, but its distal two-thuds is bent down at a little more 

than a right angle, is thick below, and cochleate above. There is no supra-stapedial. 

This generalised, but large, columella is seen (fig. 7, e.st.) to emerge from the cleft, 

and then to pass, downwards and outwards, inside the membrana tympani. So far 

are these parts carried outwards, backwards, and downwards, that in the upper view 

(fig. 5, a.ty.) they are scarcely seen when the eye is focussed to the upper face of the 

skull; hence the apparent minuteness of the annulus in the figure showing that aspect. 

I could find no cartilage in the hyoid arch from the Eustachian opening downwards 

until I reached the hypo-hyal region. There (fig. 8, h.hy.), there is a falcate hypo-hyal 

lobe which passes backwards and inwards to a basal plate of normal size (b.li.br.), and 

with the usual small posterior wings, and bony, divergent thyro-hyals (it.hy.); but there 

are no anterior wings to the basal plate. Here the absorption of the hyoid band is 

equal to what is seen in Pipa. 

The investing bones, like those of the endocranium, are very unlike what we see 

in Rana, and in the “ ftanidse ” generally. 

The fronto-parietals (f.p.) just overlap the fontanelle and the side-walls of the cranial 

cavity; they are almost square over the hind part of that cavity, and then expand 

forwards to their end. Their hind margin has a pair of shallow notches, and their fore 



DEVELOPMENT OF THE SKULL IN THE BATRACHIA. 121 

margin is cut away, but more irregularly, into four shallow emarginations. The ribbed 

orbital edges are higher than the middle, so that the top of the skull is gently con¬ 

cave ; behind the superorbital edge there is a temporal notch. In front, these bones 

scarcely cover in the fontanelle ; behind, they almost reach the foramen magnum. 

The nasals (figs. 5 and 7, n.) are curious stalked shells of bone ; the stalk is thick 

and is pointed below, the dilated part fits on to the convex cartilage, does not come 

near its fellow, and has a strongly crenate margin; much of the middle and all the 

fore part of the cartilaginous roof is exposed. 

In this very “ Phryniscine ” skull (see Plate 41) the prsemaxillaries are thrown 

beneath the prenasal rostrum (Plate 23, figs. 5-7, px.); they extend outwards a good 

way, but are narrow, have a small palatine process, and an average nasal process. As 

with the dentary below, so with the premaxillary, above, the bone is grafted on to a 

labial cartilage, which cartilage it largely ossifies; in this case it is the “ inner upper 

labial” (u.lh). All the cartilages of the outer nostril are large and solid—we shall see 

the like again in the “ Pelodryadidae ”—-and whilst above the opening (e.n.) the nasal 

roof (al.n.) is very thick and crescentic, the front of the nostril is guarded by the large 

“outer upper labial” (fig. 7, u.lh), which is pedunculate and triclentate. 

The maxillaries (mx.) are long, narrow bones; the jugal process reaches far back; 

and the quadrato-jugals (qj.), which are half as high as the maxillaries, are rather 

long : they are extensively fused with the quadrate (q.). The real height of the 

oblique backwardly-turned squamosal (sq.) is equal to half the length of the skull. 

Its supratemporal part (fig. 5) is extensively developed over the auditory capsule, as 

well as over the marginal “ tegmen;” the bone is cleft, as it were, to bind fore and aft 

upon the parotic mass. 

The postorbital process (figs. 5 and 7) is falcate ; the edge of the temporal part 

forms a crescentic porch to the ear, and the descending stem is a narrowish lath of 

bone binding on the retreating suspensorium. 

The parasphenoid (fig. 6, pa.s.) is large, well-developed, and Ranine; its short 

“ handle ” is split, its basi-temporal “ guard ” is strongly sutured to the pterygoid 

(where it lies over the pedicle), and the pointed “ blade” reaches as far as to the wings 

of the ethmoid ; the trough of the bone is deep (fig. 7, pa.s.). The vomers (fig. 6, v.) 

are remarkable ; they are thick, and bent like “ knee-timbers,” are wide apart, have a 

solid boss for the teeth, an out-turned front lobe which reaches the pre-maxillary angle, 

and a round notch for the internal nostril (i.n.), which passage is guarded by a long 

spike of bone on the outside. 

As compared with the skull of the typical species, this is very abnormal; its most 

important modifications are : — 

1. The extreme flatness of the skull. 

2. The great extension outwards of the parotic wings. 

3. The extremely backward position of the quadrate articular condyles. 

4. The fusion above of the occipito-auditory bones. 

MDCCCLXXXI. 11 
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5. The absence of the secondary fontanelles. 

6. The increasing width, forwards, of the cranium, involving the great breadth of 

the girdle-bone. 

7. Superorbital projection of the ethmoid cartilage. 

8. The width, convexity, and solid rostral end of the nasal region. 

9. The three anterior subnasal ossifications. 

10. Slightness of palato-suspensorial arch, with its fixed pedicle. 

11. Bony cpiadrate. 

12. Oblong, oblique, open annulus tympanicus. 

13. Generalised columella, without supra-stapedial process or infra-stapedial segment. 

14. Absence of hyoid band and of antero-lateral lobes of basal plate. 

15. Inferior position of pre-maxillaries. 

16. Reversed shape of fronto-parietals. 

17. Extensive double growth of supratemporal region of squamosal. 

18. Solidity and arcuate form of vomers. 

19. Massiveness of upper labials, and union of the inner pair with pre-maxillaries. 

20. Absence of septo-maxillaries. 

These twenty marked characters of difference from the type show how far removed 

this Frog is from the Rani dm ; its generalised nature is so great that I shall have to 

refer to it for comparison when I come to the Polypedatidae, the Hylidae, the 

Phryniscidse, the Engystornidse, and the Hylaplesidae. 

Fourth genus. Calyptocephalus. 

30. (A) Calyptocephylus Gayi.—Adult female; 5ij> inches long. Chili. 

(A) The adult.—This large, massive, and almost ganoid skull (Plates 21, 22) is, on 

the whole, very Ranine, but it has retained a copious overgrowth of granular sub¬ 

cutaneous bone, which makes it like a strong rough helmet. 

Its general form is half a short oval; it is similar in outline to rather more than the 

narrow end of a short Hen’s egg; for its outline narrows in again behind. Compared 

with its length (from snout to occipital condyles) the breadth is as 4y to 3, and the 

quadrate hinges project 2 lines beyond the occipital hinges, making the skull one- 

eleventh longer at the outside. The actual measurements are— 

1. Greatest breadth, 2 inches 5 lines. 

2. Length from snout to occipital condyles, 1 inch 9 lines. 

3. Extent of quadrate hinges behind them, 2 lines. 

This skull carries the peculiar Batrachian type to its greatest degree, viz.: the great 

width as compared with the length. 

So great is the development of the investing bones that the endocranium is almost 
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entirely roofed over by them ; and the orbital spaces, so large generally, have only 

one-third the extent above that they possess below. 

The endocranium is not intensely ossified, and there is no increase of the number 

of bony centres either in it or in the external plates such as is seen in Rana pipiens; 

but it agrees with that large Frog in the moderate ossification of the inner skull, and 

in the extension backwards of the condyles for the lower jaw. 

But on the whole, leaving out of view the dense overgrowth of the subcutaneous 

bones, this skull differs less from that of Rana tigrina and R. hexadactyla (Plates 

6 and 7) than it does from the skull of R. pipiens. 

It agrees with that of the Oriental Bull-frogs in the form of the endocranium; in 

the relative size of the cranial trough (much wider and larger than in R. pipiens), and 

in the severely typical paucity of bony centres, whether external or internal. 

On the whole, there is little in this skull of divergence from the “ norma,” except 

the exuberant growth of its roofing plates ; and in this genus, and also in Ceratophrys, 

it is in this overgrowth, and not in indefinitely numerous bony patches, that we have 

the mark of ancientness: the great size of the species, however, is in itself suspicious in 

a group whose members are for the most part small, and even very small. 

The occipital condyles (Plate 21, figs. 1, 2; and Plate 22, fig. 1, oc.c.) are large, 

oval, postero-inferior in aspect, and separated by the basioccipital cartilage, which is 

gently emarginate, and one-third of the width of one condyle. 

The superoccipital arch (Plate 22, fig. 1) is excavated above, and less than a line 

in front of the basal outline (Plate 21, fig. 1 it is not finished with bone, for 

there is a considerable wedge-shaped tract of superoccipital cartilage. 

Both the auditory and ethmoidal regions stand out at right angles to the axis, and 

the former is twice the extent of the latter. The interorbital region between these is 

of the average length, and twice as broad as in Rana pipiens (Plate 8); it narrows 

gently up to the ethmoidal region, and is almost straight-sided, not bulging, as in many 

types. The depth (fig. 3) is proportional to the width, and the sectional form is boat¬ 

like, gently widening upwards. The foramen ovale is partly rimmed in front by the 

prootic (fig. 2, V., pr.o.); the optic fenestra (II.) is of the medium size and is midway 

in a tract of cartilage that occupies half the interorbital region. The girdle-bone (eth.) 

takes up the rest; it spreads some way into the ethmoidal wings, but does not reach 

quite to the front of its own proper territory, nor ossify the limited superorbital 

lamina (s.ob.). 

Behind, the ex-occipitals and prootic-s (fig. 2, e.o., pr.o.) are separated by a triangular 

tract of cartilage, and do not extend outwards as far as the parasphenoidal wings ; 

thus the lesser vestibular and the larger tegminal tracts (fig. 2) are left soft. 

The tegmen tympani (tty.) is largely extended outwards, beneath the over-arching 

squamosal (sq.), as a flat, sub-quadrate, pterotic tract; the vestibular floor is gently 

convex, and is confluent on its outside with the dilated stylo-hyal end of the hyoid 

bar (st.h.). 

r 2 
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In the nasal region there is no rostrum to the septum (s.n.) in front; the pro- 

rhinals (fig. 2, p.rh.) are broad, short, pedate, and they fill the space between the 

nasal and palatine processes of the pre-maxillaries (px.). The outer angles of the 

subnasal lamime (s.n.l.) enter a similar space in the fore end of each maxillary (mx.); 

the laminae themselves bulge downwards, and the septum ends below on a higher plane 

(fig. 2, s.n.). Both these inferior (trabecular) plates and the nasal roof (al.n., al.sp.) 

are moderately developed, and the latter can be seen to project beyond the fore end of 

the nasals (figs. 1 and 3, al.n., n.). The small round outer nostrils (figs. 1 and 3, e.n.) 

are unusually near together, are formed in a scooping of the nasal roof—or rather that 

roof runs round them, and they are protected by the large, solid inner and outer 

“ upper labials” (u.P.u.l2,.). 

The inner nares (fig. 2, i.n.) are twice as wide apart as the outer, twice as large, 

oval, and directed cross-wise; they are quite included in the space between the middle 

process of the vomer and the ethmo-palatine cartilage and bone (pa.). 

That cartilage (pr.pa.) is of the usual form, and that bone is not more than usually 

developed; it is straight in direction, but sigmoid in form, with a dilated (external) 

blade. The post-palatine region of cartilage is unossified for a considerable extent, and 

as it passes into the pterygoid region is at first only covered on its inner side by a 

delicate stylo of bone, for the pterygoid (pg.) in its fore part, whilst it still clings to 

the cheek, is aborted considerably by the huge maxillary (fig. 2, mx.). 

Becoming free, before it forks, this bone suddenly enlarges ; then in front of the 

Eustachian opening (pg., eu.) it sends, straight inwards, a large tongue of bone having 

an ectosteal relation to the pedicle, which reaches almost to the foramen ovale (V.). 

By this process, as in Xenophrys and Bufo, this partially absorbed dorsal end of the 

pier of the mandible is hidden and fixed; we miss here the gliding joint seen in Rana, 

and many other types. 

The outer and hinder fork of the pterygoid passes backwards, and then outwards, 

in a geniculate form, to clamp the inner face of the quadrate region of the suspen- 

sorium (q.). 

Tins region, ossified below by the quadrato-jugal (q.j.), ends in the large “trochlea” 

for the lower jaw (q.c.); it is a very elegant pulley with a large inner, and a smaller 

outer longitudinal convexity, and a deepish concavity between. 

This part, with the condyle, the practical suspensorium, but only made out of the 

distal end of the larval cartilage (see Plate 22, figs. 2, 3, q.), is directed almost equally 

outwards, downwards, and backwards (Plate 21, fig. 1-3, q.). 

The large, oval, Eustachian passages (eu.) are turned a little backwards, and not 

directly outwards; the “annulus” (fig. 3, a.ty.) is of medium size; is open above, and 

is a rather broad band. The mandible (fig. 3) is quite normal; it is a strong bar, with 

a large cylindroidal condyle, with a moderate coronoid crest to the articulare (ar.), 

an unusually long and high dentary (d.), and a thick, short mento-Meckelian bone. 

The stapes and columella (figs. 2-6), partake of the general stoutness of the skull; the 
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former (st.) is a solid, sub-pedunculate mass, sub-oval in form, but scooped to receive 

the columella. This latter part has no separate inter-stapedial segment; but there 

is a large thick unossified lobe to the end of the medio-stapedial (m.st.) which 

represents it. Between this and the main stem there is a deep notch, faced fore and 

aft with cartilage, then the bony bar gradually lessens, is arched, and ends in a terete 

rod of cartilage which dilates into the thick, oval, bi-convex extra-stapedial (e.st.). 

From the inner face of this lobe there arises, at a sharp angle, the terete, stout supra- 

stapedial (s.st.), which is confluent with the “tegmen ” above. 

The stylo-hyal end of the cerato-hyal (figs. 2 and 4, st.h., c.hy.) seems like a flabelli- 

form continuation of the vestibule; it is wide at first, then narrows as it passes directly 

outward, margining the Eustachian opening; is then wider again as it creeps along 

the inside of the quadrate, and after this becomes a little less again, as it passes, 

sigmoid in form, to the hypo-hyal region (h.hy.). There is no enlargement, but it 

forms a round loop, and then gently dilates as it passes into the basal plate 

(fig. 4, Khrbr.). 

The antero-posterior extent of the basal plate is small, as in the “ Hylidse its lobes 

are large, the foremost fiabelliform, the hindmost-—here quite as large—is stalked 

and emarginate. There is no bone, save in the “ thyro-hyals ” (t.hy.); they are of 

moderate length, divaricate well, are stout, and soft-footed. 

This skull, with its strong roof and sides, is constructed, externally, of seven pairs 

of bones, and an odd one ; in the young the main roof-bones were divided across, which 

gives seventeen “ parostoses ” originally investing the proper endocranium ; the plates 

applied to the cartilage, and grafted upon it, are not counted, but the two “ dentaries ” 

in the lower jaw bring the sum up to nineteen. The other bony tracts in skull and 

face amount to seven pairs and an odd one—that, however, the girdle-bone, was double 

once, so that there are sixteen bony centres that are properly “ endoskeletalin all, 

there were thirty-five ; there are thirty-two bones in this skull. 

But the “ quadrato-jugal ” is grafted on the quadrate and becomes partly endo¬ 

skeletal, whilst, on the other hand, the bony centres that were formed in the chondro- 

cranium (ex-occipital, prootic, &c.), are largely recruited, in their growth, from the 

perichondrial layers of membrane, thus they link on to the palatine and pterygoids 

that begin in membrane, and get their “endosteal” additions afterwards. But the 

truly parosteal “sub-species” of bony centre concerns us now; I shall describe this 

group, and then show what wa,s the form of the original “ chonclrocranium,” on and 

in which this strong architecture is perfected. 

Behind, the roof-bones come close to the edge of the foramen magnum (fm.), and 

are built across from side to side, without interruption, over the condyles of the 

quadrate region; the hind margin of this wide tract is emarginate, crescentically. 

Ihe nasal, frontal, and saggital sutures form one line of division from snout to 

occiput, and each region of this long suture is about equal. The two pairs of main 
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roof-bones, viz. : the parietals and frontals, are now only one pair (fp). the coronal 

sutures having early disappeared. 

This double fronto-parietal tract is twice as wide over the occiput as over the orbits ; 

its hind margin, like its front margin, is almost straight, but the edge on each side 

uniting it with the squamosal (sq.) converges forwards, and is a roughly dentate 

suture—this answers to the squamous suture in Man. 

Each squamosal (sq.) is a bone with a descending and retreating handle, and a 

roughly pentagonal blade; these are the temporal and pre-opercular regions of the 

bone. 

The pointed fore end of the temporal plate —its postorbital projection—is united by 

suture with the upper edge of the maxillary (tig. 3, mx.); this is a sinuous suture, and 

behind it the edge of the squamosal rises and falls twice : first outside the pterygoid 

(pg.), and then over the “annulus tympanicus,” forming the ledge under and to which 

it is attached (fig. 3). 

The preorbital rim is formed by the nasals (n.), these are very large, about half the 

size of the fronto-parietals. 

In front of their concave preorbital edge they form a large descending pedate 

process (fig. 3), which rests upon, and is united by suture with, the fore end of the 

maxillary, on each side. 

The median spur of each nasal is blunt, and the fore edge has a large round notch, 

exposing the nasal roof (al.n.), which is itself notched for the nostril (e.n.). 

The main roof-bones dip into the orbit (fig. 3,fp.), forming an orbital plate. 

The arcuate premaxillaries (px.) form a divided but strong key-stone to the great 

arch of the face; their palatine and nasal processes are well developed and normal. 

The maxillaries (mx.) are notched in front, where they articulate—without the inter¬ 

vention of a septo-maxillary—with the premaxillary. 

The lower dentary edge of the bone is gently arched, and the jugal process reaches 

as far back as the tegmen tympani (t.ty.). Half the depth of the side of the skull is 

formed by the maxillary, whose edge is cut away below the eye, and is again deeply 

notched behind the postorbital suture; it then becomes the rapidly lessening jugal 

process. 

The quadrato-jugals (q.j.) are one-third the length of the maxillaries, but are only 

the size of the jugal processes ; they strongly bind on the lower part of the squamosal 

(fig. 3), and are grafted largely on the quadrate, and there pass under the squamosal; 

this is best seen in the palatal view (fig. 2). 

That view also shows how large the palatal plate of the maxillary is, especially 

where it is locked to the pterygo-palatine arch (pg.). 

The parasphenoid (figs. 2 and 3, pa.s.) is a large bone, and reaches to within a short 

distance of the foramen magnum, behind, and to the beginning of the unossified 

septum nasi in front. 

It projects by a very obtuse angle behind, its “ basi-temporal wings ” are broader 
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than the main bar, and end by a ragged oblique edge, which runs to a point in front, 

reaching nearly to the Eustachian opening (eu.). 

The middle of this hind part is raised into a lozenge-shaped convexity, but the main 

bar, which is three-fifths the width of the trough of the cranium, is itself a deep 

trough. 

Between the foramina ovalia (V.) it is compressed a little, is widest between the optic 

nerves (II), and then scarcely lessens to its rounded ragged fore end, where it reaches 

the thick bosses of the vomer (v.) that carry the teeth. 

Those bones (fig. 2, v.) are very thick in their dentigerous portion, where they form a 

lobe that runs outwards and a little forwards ; the thinner part forms a strong spike in 

front of the internal nostrils (i.n.), and a broad diverging lobe in front of the spike, 

which reaches the maxillary under the angle of the “ subnasal lamina ” (s.n.l.). 

This cranial building is thus finished below and above ; its roof, floor, side-walls, 

partitions, chambers, and outworks are all essentially such as we see, on a small scale, 

in the Common Frog. But the great size of this skull, and the extension under the 

skin of thick dense bone, ornate with a honeycomb pattern of hollows and papulate 

ridges passing into pearly grains, makes it in appearance very unlike its simple 

“norma.” These modifications may be classed under one head as modification No. 1. 

2. The upper fontanelle appears to be single. 

3. The long inner process of the pterygoid aborts the joint of the pedicle. 

4. There are distinct superorbital ledges. 

5. The quadrate is largely ossified by the quadrato-jugal. 

6. There is no inter-stapedial segment. 

7. The extra-stapedial is suborbicular, and its supra-stapedial process is confluent 

above. 

8. The stylo-hyal is confluent above. 

9. The basal plate is very short, the hypo-hyals have no lobe, and the hind lobe is 

very large and emarginate. 

These are the few, and for the most part gentle, differences between this skull and 

that of the norma, 

30 (continued).—(B) C. Gayi.—Larva; 4f inches long ; tail, 2f inches ; hind legs, 

■g- inch. Chili. 

In the large Tadpole of this species the chondrocranium (Plate 22, figs. 2-5) is 

seen to differ in many points from that of the larvse of the American Bull-frogs 

(Plates 3 and 4), and of Pseudis. 

It may be compared with the same (my first) stage in Rctna pipiens (Plate 3, 

figs. 1-3), Ranct clcimata (Plate 2, figs. 5-7), Pseudis paradoxa (Plate 2, figs. 1-4), and 

with a somewhat more advanced stage of Cyclorhamphus culeus (Plate 22, figs. 6-9), 

and with the larval skulls of Cystignathus, Phyla, Bufo, &c., in other Plates. 

Its true relationship will be at once seen by a comparison of the figures on this 
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Plate (22) with the others. Cyclorhamplius is its nearest ally, by far, and in this 

comparison we have dug deeper for evidence of kinship than in any comparison that 

could be made of the skull in the adult. 

Small hind legs have budded out in this larva, and as a correlate of these growths 

three investing and two intrinsic bones have appeared in the skull; these lift it out 

of the sphere of simple “ chondrocrania.” 

The notochord (nc.) is still of considerable size, but the copious development of 

hyaline cartilage has already obliterated several morphological landmarks. 

The occipital condyles (oc.c.) are now well formed, and the arch itself is very wide, 

rather low, and has a huge doorway (f.m.). The large oval ear-sacs are completely 

chondrified, and are confluent with the basis and tegmen cranii; they abort its walls 

largely, growing into the sides of the skull; the old lines of junction can, however, be 

traced. 

The cranium proper is very wide, especially behind, and the tegmen is developed, 

already, nearly as much as in Sharks—more than in most Skates ; it has two lesser 

fontanelles in it (fo.). The interorbital part is wide, gently bulging, and gradually 

narrowing to the ethmoidal region, which is now in the act of closing in upon the fore 

part of the brain capsule. Above (fig. 2) the principal fontanelle (fo.) is only a 

quarter the size of the general tegmen of cartilage, and in front it is unenclosed—the 

lateral halves of the primary ethmoidal region of the skull-wall have not met over the 

brain cavity. Also the unfinished state of the skull is seen still further in this, 

namely, that the “perpendicular ethmoid” (p.e.) is still a mere oval upgrowth of 

cartilage—a tuberous ascending development of the intertrabecular tract which is still 

visibly distinct from the trabeculae, all the way from the pituitary floor to where the 

trabeculae become again free in front as the “ cornua” (c.tr.). 

I21 front of that little swelling of cartilage (fig. 2, p.e.) the foundation of the septum 

nasi is seen in the narrow foremost part of the cartilage which conjugates the two 

trabeculae. 

We get here additional light upon the vegetative growths of cartilage that finish, 

by closing in, the cranial capsule, in front. Where the walls have most converged in 

front they there suddenly grow out as the “ethmoidal wings’’ (al.e.), running by con¬ 

tinuous growth of cartilage into the pterygo-palatine bands (p-pg.). 

The olfactory nerves (l) escape here from inside the thickening wall which gives off 

the wings; in the middle the mesethmoidal “ tuber ” (p.e.) becomes a flatter structure, 

and grows into a vertical partition wall between the nerve-outlets, the foremost of 

the three sense-capsule fenestra. The right and left roofs—growths of the ethmoidal 

wall—unite with each other and with the middle wall; and besides this, in front of 

the cranial cavity, each trabecula at its outside develops a process of cartilage, similar 

to, but less than, the median intertrabecular tuber. These three, growing round the 

olfactory nerves, finish the round passages (fenestrae), and, with the lateral ethmoidal 

walls (growing into the roof), close in the skull-building. 
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Directly in front of these ethmoidal crests the trabeculae are at their narrowest, are 

closest together, their scooped edge forming the inner margin to the internal nostrils 

(i.n.); the complete hind rim is formed by the crescentic fore edge of the pterygo¬ 

palatine band (p.pg.). In front, the quadrate part of the suspensorium (q.) and the 

trabeculae (c.tr.) of the same side each send out a bud (pr.pa.), and these approaching 

growths are united by a fibrous band which finishes the nasal opening. The cornua 

trabeculae maintain their average width up to the frontal wall, but are narrower and 

are longer than usual, diverge very gently, and end in a moderately pedate process, 

which is turned outwards. 

The nasal roofs are not yet cliondrified, the eyeballs have been removed with the 

other soft structures, but the auditory capsules are shown, for they are built into the 

walls of the cranium as side chambers. Below (fig. 2), there is no columella at present, 

but there is an open space, and into this space—the fenestra ovalis—the oval “ stapes ” 

(fig. 2, vb., st.) fits. 

The roof of the future tympanic chamber (t.ty.) is very largely developed ; outside 

the large horizontal canal (h.s.c.) it sends out a small hinder, and a large front, spur; 

the latter is the confluent “spiracular cartilage ” (sp.c.)—the “annulus ” that is to be; it 

just touches and overlaps the otic process (a free elbow now) of the suspensorium (ot.p.). 

The anterior canal (ci.s.c.) is covered with bone (fp.), the posterior (p.s.c.) is naked, 

and bulges gently above and behind. A small circular plate of bone, the ex-occipital 

(e.o.), has grown inside the double nerve-passage (IX., X.) and encloses and subdivides 

it externally. 

The roof is covered to a great extent by the fronto-parietals (fp.); these are many 

times larger than those of any other larva at this stage dissected by me (see Plates 

2, 3, 4 ; also Plate 22, figs. 6, 7). 

The two bones are very granular and rugose, quite unlike what is seen in the other 

Tadpoles, they, together, have an emarginate bow-shaped hind edge spread over the 

large ear-capsules up to the horizontal canal ( h.s.c.), which they partly cover, and then 

occupy two-thirds of the interorbital region of the roof. Each bone is deeply notched 

on the inside, half-way ; this is the beginning of the segmentation into two bones ; the 

space thus left bare is roofed by the front part of the hinder tegmen. Behind the 

notch the bones come closer together, ready to form a sagittal suture, in front they 

diverge to their pointed end and have a, rounded inner edge. 

But the parasphenoid (fig. 3,pa.s.) is also rugose, pitted, and shows signs of a “ganoid ’’ 

nature ; this is lost in the adult, as if the ]arva retained more of the nature of some 

ancient armed type than the adult. The bone is similar in form to that of Cyclorhamplius 

(fig. 7), and not much larger, relatively ; it is very large in both kinds ; it is broader 

altogether, and notched at the tip ; and the basi-temporal wings are, like the tip, 

less acuminate than in the other Tadpole (fig. 7). 

This condition of the roof and floor-bones in a larval Batrachian just putting forth its 

hind legs is of extreme interest; and the size, massiveness, and sculpturing of these 

MDCCCLXXXI. S 
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bones is surprising when compared with what is seen in the large Tadpoles of cognate 

“ Ranidge.” 

The nerves figured as issuing from the skull in this view are the 1st (I.), the optic 

(IT.), the trigeminal (V1., V3,3.), the facial (VII.), with its vidian branch (VII1.) which 

runs forwards to the upper labials; the Sth is out of sight; the 4th and 6th were not 

drawn, and the 9th and 10th (IX., X.) are indicated by their twin-passage. 

The “ palato-quadrate ” arch in this Tadpole is full of interest (figs. 2 and 3, 

"P-pg., pel., q.) ; it is very massive, and its hinge is opposite the beginning of the 

terminal third of the cornua trabeculae (c.tr.). 

Altogether these bars are twice as wide as, and much thicker than the trabeculae, and 

every thing about them is large and solid. They are almost parallel with the skull, 

converging very little ; the pedicle (pd.) is short, for the elbowed and forwardly turned 

bar is of great width and takes up the room; its “otic process” (ot.p.) is a rounded 

bud overlapped by the spiracular cartilage (sp.c.). The main bar becomes half its 

former width near the pterygo-palatine conjugation (p.pg■) ; there it sends up over the 

temporal muscle that large, outwardly rimmed scooped and sessile leaf, the “ orbitar 

process” (or.p.), which at its base has the infero-external crescentic hollow for the 

condyle of the hyoid (hyf). 

As yet the pterygoid band is not free from the ethmo-palatine, but the palatine region 

of this great arch has all its three sub-regions well marked out. The first of these is 

that which runs into the trabecula, namely, the ethmo-palatine (p-pg• ), it is half as broad 

as the trabecula and runs outwards and forwards behind the inner nostril (i.n.). Run¬ 

ning inwards in front of that passage is the pre-palatine spur (pr.pa.); and from the 

wide space between the outer and the conjugating bar, in the front part of the long sub- 

reniform orbital space, a falcate lobe of cartilage grows backwards and inwards, taking 

up about one-fifth of the large membranous tract: this is the “ post-palatine ” (pt.pa.), 

whose axis will afterwards be coincident with that of the pterygoid band with which it 

also will be confluent. 

The distal quadrate region (q.) is more than twice as wide and thick as the trabe¬ 

cular cornu ; it is sinuously flat above and sub-carinate below; its condyle is saddle- 

shaped, like that of a human <! humerus,” and looks a little inwards. 

The free mandible (Plate 22, fig. 4, ink.) is a stout phalangiform cartilage, hooked 

externally like the “ ulna,” whose condyloid notch it imitates ; its distal part is solid, 

broad, and excavated at the end for the lower labial (l.l.). 

This latter segment now runs across to its fellow with but little downward bend ; 

the two meet by a straight fibrous joint; each piece is oblique and bulging, where it 

fits into the end of the mandible. 

The upper labials (Plate 22, figs. 2, 3, u.l.) are nearly divided from behind, forwards, 

into two flat, oblique plates, the outer of which has a long, blunt, angular process; 

here the subdivision of the labial tract, right and left, takes place very early. 

The hyoid cornu (Plate 22, fig. 5, c.hy.) is very massive, with a semi-globular 
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condyle and a flabelliform body; its basal piece (b.hy.) is composed of simple car¬ 

tilage. 

The basi-branchial (b.br1.) is a solid cartilaginous disk, witli the rudiment of a second 

(b.br3.) behind it. 

The hypo-branchial (Ji.br.) is a triangular plate, which passes outside the postero¬ 

internal angle of the hyoid, and has articulating with it the four normal “ extra- 

branchials” (ex.br.). They give rise near the lower end to processes that run into the 

septa on the inner and upper surface of the pouches ; these (c.br.) are (all but the last) 

small rays, with a pedate free end : they are “ cerato-brancliials.” 

Fourth Family. “Alythle.” 

Genus Alytes. 

This Family, as enlarged by Professor Mivart (P. Z. S., 1869, p. 291), suggests 

this remark, namely, that that assemblage of characters by which the Alytina, Sca- 

phiopodina, and Uperoliina are characterised, after all only serves to faggot them 

together; and the possession of neck-glands, dilated sacrum, maxillary teeth, and 

sharp toes by Alytes in Europe, by Scaphiopus in North America, and by Hyperolius 

((Jperoleia) in Australia, proves nothing as to the genesis of these three genera. 

Before all things, in classification, natural geographical grouping has to be looked to, 

and then afterwards the modification into Families, Genera, and Species. 

All the Australian Anura I have dissected, as yet, look to me rather like branches 

of one Australian stock than scattered scions of Families and genera from distant 

geographical regions; and whilst appraising at their full value every character that can 

be discovered in any type whatever, I shall keep as far as possible the distribution of 

the types before my eyes. The Dog-faced Opossum is far nearer akin to the Kangaroo, 

in spite of his canine features and form, than he is to the true Dog of other regions. 

31. Alytes obstetricans.—Adult female; 1 inch 10 lines long. Europe.4' 

The skull of this type is extremely like that of the delicate Australian Tree-frogs, 

e.g., Hijla Ewingii and H. phyllochroa (see Plate 31); whilst in the next instance, 

an Australian Frog, the skull might be taken for that of one of the “Ranidse,” and a 

not very aberrant form of the European or the Oriental species of Rana. Yet a 

careful examination of this skull will show that the skull of Alytes has some important 

points of coincidence with that of Pelodytes and Bombinator; and the Obstetric Frog 

is more likely to be one branch of the same stock as these other European kinds than 

a migrated relative of an Australian species, or the Australian species a migrated 

relative of this. 

* My specimens of this Frog are the gift of Professor Troeschel, of Bonn, 

S 2 
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This skull (Plate 24, figs. 1, 2) is short, flat, and a very delicate semi-osseous 

structure altogether; the length is to the breadth as 5 to 6, and the quadrate 

condyles (q.c.) reach as far back as the fore edge of the stapes. The occipital 

condyles (oc.c.) are large, separated by a very gentle emargination of the basal plate, 

and directly posterior in aspect. 

The auditory regions are greatly winged outwards, becoming narrow externally; the 

common occipito-auditory bones are single on each side, reach as far out as to the 

wings of the parasphenoid below, and touch the narrow squamosal above; thence 

the outside of the vestibule (vb.) and the tegraen tympani (t.ty.) are left soft. 

So also is a rather wide tract above and below at the middle; whilst in front the 

prootic region of the bone reaches the foramen ovale (fig. 2, V.), which it half encloses. 

The optic fenestra (II.) is large, and is well surrounded by cartilage, and this cartilage 

is continued beyond the middle of the orbital territory; two-fifths of this territory 

only is taken up by the girdle-bone (eth.) This bone just reaches the “wings” and the 

fore end of its own proper territory, and above (fig. 1, eth.) it is imperfect; the right 

and left half, which are united, but leave emarginations below (fig. 2), are not fused 

above : their horns just meet in the fore margin of the anterior fontanelle (fo.). The 

“tegmen cranii ” is very short in the ethmoidal region; it forms a flat and widish wall- 

top, runs a band across the roof in the postorbital region, and becomes superoccipital 

in front of the middle of* the auditory regions, right and left. The main space thus 

spanned is divided into two fontanelles (fo.,fo'.) ; the front space is one-third larger 

than the hinder, and is emarginate behind; the hinder space is transversely oval. This 

is a rare modification; behind, there are, as a rule, two secondary spaces, and in 

several types none. 

The tegmen grows out into a small superorbital “ eave ” in front, and then there is 

a wide stretch of cartilage—ethmoid and ethmo-palatine. Outside the small super¬ 

orbital projection of the “wing” there is a very large superorbital cartilage (s.oh'.); it 

covers nearly a third of the orbital space ; is roughly oval, its large end foremost, and 

it is placed obliquely, with its hollow face downwards. This is also a rare character, 

it occurs in Phyllomedusa tricolor; but in that type it is much smaller. The common 

septum of the ethmoidal and nasal regions (fig. 1, s.n.) is large, and is continued in 

front as a prenasal rostrum (p.n.). As in Bombincttor the aim of the nasal roof (fig. 1) 

are very little developed along the sides of the septum, the cartilaginous pouches 

being nearly all in front, lying on, and coalesced with, the “ subnasal laminae.” These 

plates (fig. 2, s.n.l.) are normally wide, and have long narrow pro-rhinals (p.rli.). 

The muzzle being very obtuse, the nostrils are wide apart, they are protected by 

the usual inner and outer labials (uP.u.l2.), which are large and well developed. 

The palato-suspensorial arches are wide apart, and the orbital spaces are oval, the 

pre-palatine spike (pr.pa.) is large, the stem (e.pa.) wide, and the post-palatine and 

pterygoid tracts are but little affected by the palatine and pterygoid bones (pa., pg.), 

wffich are quite typical. This cartilage is seen in both forks—the pedicle (pc/.) and 
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the quadrate (q.)—the latter is partly ossified near the trochlea or condyle (<[.c.) 

by the quadrato-jugal (qj)- 

The Eustachian openings (eu.) are large, reniform, and transverse ; the annulus (a.ty.) 

is large and its horns are confluent, above. 

The stapes (fig. 5, st.) is large, truncate in front, and has a large knob for muscular 

attachment. 

The inter-stapedial (i.st.) is well developed as a “sesamoid” cartilage; the medio- 

stapedial (m.st.) is roughly pistol-shaped; the extra-stapedial (e.st.) is a large spatula, 

giving off a ligulate supra-stapeclial (s.st.), which is confluent, above. 

The mandible (fig. 3) is normal, but the dentary (d.) is much longer than usual, 

and the articular portion has an endosteal “ articulare ” (ar1.) as in Bombincitor. 

The basi hyo-branchial plate (fig. 4) has the notch very deep; the cerato-hyals 

(c.liy.) expand to twice their upper size, in the middle, and have a small hypo-hyal 

lobe ; they are free above. The lateral lobes, fore and hinder, are well developed, 

but the thyro-hyals (t.hy.) are near together in front, and are short; they have a 

pedate unossified free end, and each has, on its outside, a small oblong nucleus of 

cartilage sticking to the bony shaft.* 

Here again we see, as in Pelodytes, the V-shaped perichrondrial bone, with its angle 

backwards, lying on the under face of the basal plate near the thyro-hyal; it is an 

attempt to form a basi-branchial bone. 

The investing bones correspond very closely with those seen in the skulls of 

Pelodytes and Bombincitor, and they are also very similar to those of the more 

delicate Australian Hylce. The fronto-parietals (fp.) are thin laths of bone, lying 

on the skull-wall, and curved so as to bind round the two fontanelles and the front 

of the ear-capsule, just at its inner edge. But they fail to cover the superoccipital 

region, and only partly hide the girdle-bone. 

The nasals (n.) have the usual form, and in their fullness of size and shape cover 

in the imperfect nasal roof. 

The premaxillaries (px.) are extended widely ; the maxillaries, quadrato-jugals, and 

squamosals (mx., q.j., sq.) are normal but feeble ; the quadrate is partly ossified by the 

second of these; the third only binds on the edge of the tegmen tympani. 

The parasphenoid (fig. 2, pa.s.) is large in its fore part, but its wings are narrow 

externally, and the hind part is but little produced. The vomers (v.) are very large, 

but in this wide-muzzled Frog they only reach the septum nasi inwardly, and outwardly 

do not touch the maxillaries. The dentigerous part is oval and transversely placed; 

the interspaces between these tracts is almost equal to the tracts themselves. There 

are no septo-maxillaries. 

It is impossible to compare this skull with that of Bombinator and Pelodytes without 

seeing that these three have many things in common, and that in so far as they agree 

* Mr. Howes Las shown me, in his exquisite dissections of the Sturgeon at the South Kensington 

Museum, that the visceral arches of that fish have many small nuclei of cartilage inside the periosteum. 
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with each other, they differ from the more typical Anura of the European sub-division 

of the Palsearctic region. They differ greatly from the normal Bufo, as well as from 

the normal Rcmci, and they are isomorphic, more or less, with types in the “ Notogsea,” 

to which they can claim only the remotest Batrachian relationship. 

The main characters by which Alytes differ from the common typical Frog are :— 

1. The flattened, very feeble skull, as a whole. 

2. The open state of the fontanelles, through the deficient growth of the roof-bones. 

3. The fusion of the normal pair of secondary fontanelles into one. 

4. The presence of a clear superorbital edge to the skull, and the articulation with 

it of a large, distinct superorbital cartilage. 

5. The nasal roof imperfect, and the “ rostrum ” well developed. 

6. No septo-maxillaries. 

7. Occipito-otic bones continuous. 

8. Quadrate region partly ossified. 

9. Supra-stapedial confluent. 

10. An endosteal “ articulare.” 

11. Cerato-hyal wide, and basal “ notch ” very large. 

12. A V-shaped ectosteal basi-branchial, and periosteal cartilages on thyro-hyals. 

Fifth Family. Hyperoliida:. 

Genus Hyperolius. 

32. Hyperolius (Uperoleia) marmorcitus.—Adult female ; 1^ inch long. Paramatta, 

Australia. 

This type represents the “ UperoliicPe ” of Gunther (“Batr. Sal.,” p. 39), but Pro¬ 

fessor Mivart (P. Z. S., 1869, p. 291) melts this lesser group into the “Alytidse;” 

the correspondence in certain characters, however, gives them no real title of near 

relationship. This more extended group of “ Alytidse” must be taken as a convenient 

temporary zoological bundle ; a very small spark will devour the “ tow ” that binds 

these alien types together. 

This skull (Plate 24, figs. 6,7) is evenly semi-elliptical in outline; its breadth is 

a little greater than its length, and the quadrate condyle (q.c.) is only opposite the 

foramen ovale (V.). 

This skull is at once seen to be both generalised and arrested; yet it belongs to a 

minority among its Australian congeners, in having its fontanelle covered. Altogether 

it is more like the skull of a young Common, than of an old Obstetric, Frog. 

It is, indeed, more like the typical skull than that of the “ Cystignathidse ” of 

Australia—Lymnodynastes, Camariolius (Plates 18 and 19)—whose skulls approach 

those of the Tree-frogs of the same region. The occipital-condyles are almost hemi¬ 

spherical ; they are posterior, and are separated by a straight-edged interspace larger 
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than themselves. Below, there is a narrow, above, a wider and widening tract of 

cartilage, dividing the bony masses of the ear and occiput, which are moderately ex¬ 

tended, wholly ossified, and furnished with a large, wide tegmen tympani (t.ty.), which 

overhangs the vestibnle (fig. 7) to an unusual extent. These right and left bony regions 

reach to the fore edge of the foramina ovalia, below, which they almost encircle. 

The skull is wide behind, and narrows evenly, with scarcely any bulging up to the 

axils of the ethmoidal region. The covered fontanelle (fig. 6) is very large ; it reaches 

to within a short distance of the foramen magnum, behind, and leaves very little 

tegmen cranii in front. The edges formed by the walls of the skull are straight, and 

those walls have scarcely any “ coping.” The converging and slightly bulging inter¬ 

orbital walls are unossified from the foramina ovalia to the ethmoidal axils; in the 

hinder third of these cartilaginous tracts, the optic fenestra (II.) is seen to be of 

moderate size. The girdle-bone (etli.) scarcely covers its own territory in front, and 

behind, only ossifies the axillary or pinched part, reaching some way back below ; 

above (fig. 6) it is imperfect, its halves scarcely meeting at the mid-line. 

The nasal region is entirely unossified, there is no prenasal rostrum, and the pro- 

rhinals (fig. 7, p.rh.) are well developed ; the subnasal lamina (s.n.l.) is very broad, 

and the roof (fig. 6) is of normal width. The external nostrils (e.n.) are only half as 

wide apart as the internal (i.n.). The palato-suspensorial arch is quite normal, both 

in its cartilage and in its bones (jpa., pg.) ; but both the pedicle (pel.) and the quadrate 

(q.c.) are short; the latter is scarcely affected by the quadrato-jugal (q.j.). The Eusta¬ 

chian openings (fig. 7) are rather small, and directed obliquely outwards and forwards. 

The annulus (fig. 8, a.ty.) is a very small crescent, one-third the average diameter. 

The stapes (fig. 10, st.) is large, ear-shaped, and ossified, except at the edges; it has 

a strong apophysis. 

The columella has no inter-stapedial segment, the medio-stapedial (m.st.) is pistol¬ 

shaped, the large, proximal pedate end not ossified, and the terminal part is a thick, 

short spatulate extra-stapedial (e.st.), with no ascending process. 

The mandible (fig. 8, m.mJc., cl., ar.) and the hyo-branchial apparatus (fig. 9, c.hy., 

b.h.br., t.hy.) are perfectly normal; the stylo-hyal end (fig. 7, st.h.) is confluent, above. 

The labials (u.V-.u.l2.) and the investing bones are, on the whole, quite normal—that 

is if compared with those of a half-grown Common Frog. The fronto-parietals (fp.) 

are very wide behind, deficient inside, in front, and on the left side (reversed in fig. 6) 

behind, are unusually developed over the arch of the anterior and posterior canals. 

The parasphenoid (fig. 7, pci.s.) is large and normal, but the vomers (r.) are mere 

films of bone, bordering the inside of the inner nostrils ; they are toothless. 

There are no septo-maxillaries ; the maxillaries (mx.) send up a distinct process to 

articulate with the “manubrium” of the nasal («.), which has the normal conchoidal 

shape, and comes near its fellow, above. 

The pre-maxillary (px.) has united, by its nasal process, with the inner upper labial, 

so that this cartilage, like the lower labial, is partly ossified. 
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The wide contrast between this skull and that of Alytes is seen at a glance by a 

comparison of the figures ; it differs from the “norma” in the following particulars : — 

1. The skull, as a whole, corresponds with that of a young specimen of the typical 

kind. 

2. The occipito-auditory region is quite ossified, showing no distinction of front and 

hinder centres. 

3. The skull, proper, is very broad behind, and largely unossified in the interorbital 

region, the girdle-bone being imperfect above. 

4. The annulus and Eustachian tubes are small. 

5. The stapes is very large, projecting, and bony. 

6. The columella is arrested ; there is no inter-stapedial segment or ascending process. 

7. The stylo-liyals are confluent above. 

8. The premaxillaries are grafted on to the 1st upper labials. 

9. The vomers are very small and toothless. 

Note—That the highly ossified hind part of the skull is in great contrast with the 

feebly ossified fore part; the large size of the stalked stapes is in great contrast with 

the arrested columella and the feeble annulus. 

Sixth Family. “ BoMBlNATORlDrE.” 

Genus Bombinator. 

33. Bombinator igneus.—Adult female ; If inch long. Europe. 

The semi-oval skull is of the average form; the length is as to the breadth as 

7 to 8, and the quadrate condyles reach to a point opposite the fore edge of the 

stapes; in Alytes they were opposite its fore edge, but the breadth of the skull was 

much greater. 

This and the next type have many things in common, but their skulls are in strong 

contrast, on account of the feeble ossification of the one, and the unusual degree of 

hardness attained by the other; the contrasted figures will show how they differ 

(Plate 25, figs. 1-4, and 5-11). 

The main difference in form of outline between the skull of Bombinator and that of 

the Common Frog, is that in the former the snout is much wider; the interorbital 

region is much alike in both, it is rather narrow, lessens from before, backwards, and 

bulges gently in the middle. 

The auditory region is also wider, and the whole skull more archaic, and also much 

arrested. 

The occipital condyles (oc.c.) are separated by an interval their own breadth, and 

but little emarginate ; they are supero-posterior in position as in Pip a. wdiich is a rare 

modification. The roof over the foramen magnum is also gently emarginate, and both 

in roof and floor the bones (e.o.) are divided by a moderate wedge of cartilage. 
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The prootics and ex-occipitals (e.o. to Y.) are one undivided mass of bone, right and 

left, and the tracts are margined by cartilage, outside and in. 

The outer tract, above, is the widish oblong tegmen tympani (t.ty.), beyond the 

horizontal canal (h.s.c.); below, the vestibular region (vb.) is largely unossified. 

In front, the bone reaches to the foramen ovale (V.). Thence the cranial trough is 

unossified for three-fifths of the region of the orbits ; in the hinder half of this tract 

the optic fenestra (o.s., II.) is very large. 

The girdle-bone (eth.) does not ossify all the ethmoidal region in front; it reaches 

further below than above, and there it projects somewhat into the “ wings,” and 

reaches forwards most in the middle. 

The fore part of the great, single, open fontanelle (fo.) cuts away a semi-circle from 

the girdle-bone ; three-fourths of it is uncovered by the arrested roof-bones. The fore 

part of the ethmoid and all the nasal territory is unossified; the septum nasi (s.n.) is 

large and clearly marked, and the subnasal laminrn (fig. 2. s.n.l.) are very large, even 

at their narrowest part, mesiad of the internal nostrils (i.n.); their notched outer 

edges nearly reach these passages. The “intertrabecula” only forms as a knob in the 

prenasal region ; the angles of the subnasal laminae are triangular, and spread into 

the maxillaries at their fore end. 

The secondary cornua, or pro-rhinals (p.rli.), are long, slender, and out-turned. 

The nasal i’oof-cartilages form a mere rim to the septum nasi (fig. 1, al.n., s.n.), but 

they swell out into a curious bag of cartilage in front. This bag lies on the fore part 

of the subnasal lamina, and is confluent with it; the premaxillary encloses part of 

this bag, as well as the pro-rhinal band. 

The thick upper and fore part of the nasal roof stops abruptly, the cartilage dipping 

down in front; after forming the bag, it grows up again, behind the large outer nostril 

(e.n.), which is protected, in front, by the three-toothed outer and upper labial (u.l2.) ; 

this is attached to the inner labial (u.lh), a large oval segment, inside the nasal process 

of the pre-maxillary. 

These nasal pouches look like those of Dactylethra, but in that type these bagpipe¬ 

shaped pouches are formed out of the large upper labial; the true nasal roof being 

a small band over the nasal sac, on each side (see Phil. Trans. 1876, Plate 59, figs. 1, 

3, 5, and 6, u.l.). 

The ethmo-palatines (e.pci.) are wide, diverging, cultrate bands, emarginate in front, 

with a wide pre-palatine blade (pr.pa.), and having the post-palatine bar (pt.pa.) 

continuous with the pterygoid as one arcuate cartilage, but little afiected behind by 

the normal pterygoid bone (pg.). There is no palatine bone, but the pterygoid runs 

far forwards; behind, it bifurcates as usual, to invest the large pedate pedicle (pel.), 

and to clamp the inside of the quadrahe stem (fig. 2, sp.) This region is only a little 

affected by the quadrato-jugal (q.j.); its condyle (q.c.) is small, but normal; it reaches 

only a little behind the very small Eustachian pouch (eu.). 

There is neither annulus tympanicus, or columella ; the stapes (figs. 1 and 4, st.) is 

MDCCCLXXXI. T 
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therefore an uninjured oval, having no bevelling or emargination in front; it forms a 

fit lid for the vessel of the vestibule (vb.). The stylo-hyal end of the hyoid bar 

(figs. 2 and 4, st.h.) is small, pedate, and articulates loosely with the ear-mass behind 

the almost closed first cleft. 

The mandibles (fig. 3) form an elegant arch ; the mento-Meckelian (m.mh.) is not 

much developed; the dentary (cl.) is small, and the articulare (ar.) is large, has a high 

coronoid crest, and within its trough behind the articular portion of Meckel’s cartilage 

has a large endosteal nucleus (fig. 3, ar'.), as in C/ielone viridis. The hyo-branchial 

structures show the same semi-transformed condition as the other parts of the skull, 

and some very generalised characters, besides. 

At first the stylo-ceratohyal band is narrow (fig. 3, c.hy.) ; it then widens largely, 

narrows again, has a knee-like dilatation at its fore part, and then goes straight back¬ 

wards as a narrow hypo-hyal (h.hy.). 

The notch between the lateral parts of these structures is three times the extent of 

the solid basal plate (b.li.br.); and this basal plate has a bony “basi-branchial” (lj.br.) in 

its centre. The thyro-hyals (t.hy.) are normal, but the posterior lateral lobes are twice 

as large as those hinder forks, and instead of being a slight cartilaginous snag, they 

are large, and largely ossified. 

The anterior “ lateral lobes” are very large; they, also, have retained much of the 

larval cartilage, and each flabelliform outgrowth is notched deeply and sinuously in 

front. 

The investing bones are very similar to those of newly metamorphosed Frogs and 

Toads of the more typical sorts. The frontal portion of the two roof-bones (fig. 1 ,fp.) is 

merely a narrow lath, lying like a wall-plate on the flat top of the skull-wall; this ends 

at the second third of the interorbital region. The parietal portion widens, covers 

the hinder part of the large single fontanelle, spreads a little over the temporal region, 

runs sinuously over the hind skull, and ends some distance in front of the foramen 

magnum. The right bone overlaps the left, and the suture is very irregular. 

The nasals (n.) are large thin shells of bone, coming near each other by their round 

backs, and having two shallow emarginations outside. The premaxillaries (px.) are 

of great transverse extent, but their processes are feeble. There are no septo- 

maxillaries ; the maxillaries (mx.) are long thin bones, with a rather high shell-shaped 

fore end. 

The quadrato-jugals (q.j.) are but little united to the quadrate; they and the 

squamosals (sq.) are feeble. The parasphenoid (fig. 2, pa.s.) is a short, wide, thin 

bone, normal in its processes, but ending far behind the antorbital region in a lathy 

ragged manner, like that of a young Common Frog. The vomers (fig. 2, v.) are very 

large, have a massive dentigerous lobe that nearly reaches the septum nasi, are coiled 

round three-fourths of the inner nostril (i.n.), and grow out in front to the suture 

between the premaxillary and maxillary. 

Here we have a combination of characters that betokens an old type and an arrested 
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form ; and these things are not the same, although they often co-exist in the same 

species. 

The great difference between the skull of this kind and that of Pelobcttes partly 

arises from the Bufonine stoutness of the latter, and the Hyline delicacy of the former ; 

and this in general form as well as in the internal histological differences. 

The skull of Pelohates is as much overwrought, in comparison of the “ norma,” 

as that of Bombinator is underwrought; moreover, the former has a rudimentary 

columella, whilst Bombinator has none. 

Pelobates is as remarkable in showing ichthyic bony patches in the cerato-hyals as 

Bombinator in the basi- and hypo-branchials. Bombinator, in its skull, looks a little 

towards Dactylethra—that is, in the condition of the nasal capsules ; and it is, for the 

most part, like a young typical Frog. 

Its divergence from the last-mentioned species, or the type, is seen in the following- 

particulars :— 

1. The fontanelle is wide open, through the arrest of the roof-bones, 

2. The ossification of the occipito-auditory regions is continuous, 

3. The occipital condyles are supero-posterior, 

4. The nasal capsules are almost entirely deficient in their roof-cartilage along the 

septal region. 

5. There are no septo-maxillaries. 

6. The investing bones are all feeble, except the vomers. 

7. There is no annulus tympanus. 

8. The Eustachian passage is a very small diverticulum. 

9. There is no columella. 

10. There is no palatine bone. 

11. The coronoid process of the “ articulare” in the mandible is unusually distinct, 

and there is an “ endosteal” articulare besides the outer plate. 

12. The cerato-hyal is greatly dilated distally, and the notch in front of the basal 

plate is very large. 

13. The limited basal plate has a bony basi-branchial centre. 

14. The posterior lobes of the basal plate are very large, and ossified as a second 

pair of hypo-branchials. 

Seventh Family. “ Pelobathle.” 

Genus Pelobates. 

34. Pelobates fit sens.—Adult male ; 2 inches 5 lines long. Europe. 

In these types extremes meet under an apparent external harmony. Beneath 

similar Taxonomic characters there are hidden the greatest contrasts in these two 

European representatives of two of the lowest Families of Frogs. 

T 2 
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In the architecture of their skull they are as nearly much contrasted as any two 

species that can be found in the whole group of the Anura; we shall see how much of 

this is due to the feeble condition of one, and to the stout, stony strength of the other. 

In the skull of Pelobates (Plate 25, figs. 5-11) the length of the skull as compared 

to its greatest breadth is only as 7 to 8§; the occipital condyles project so far beyond 

those of the quadrate that the median length is one fourteenth greater than the 

extent of the skull at the sides. 

Here we miss the excessively wide gape of Xenophrys and the American Bull¬ 

frogs ; there, all was for elasticity ; here, all is for compactness. 

The occipital region is moderately wide'; the great width of the skull is mainly due 

to the suspensorial structures (sq., q.). 

The endocranium, best seen from below, and the end (figs. 6 and 8) is wide, but 

not fiat as in Xenophrys (Plate 23, figs. 5-7); yet it increases in width from behind, 

forwards, as in that type; it has also a very broad but short nasal region, which is, 

as in Xenophrys, a well-fused convex mass, with a thick, short, decurved “prenasal 

rostrum” overhanging the front; but the premaxillaries under the skull are more 

normal. Strong as are the outworks (ectocranial elements) of the skull, the equally 

strong endocranial territories can be made out very clearly, on the whole, without 

unroofing. 

The occipital condyles (figs. 6 and 8, oc.c.) are large, sub-reniform, postero-inferior 

in position, and separated by a space two-tliirds their width, which is gently emar- 

ginate. The whole oceipito-auditory region, right and left, is completely ossified up 

to the foramen ovale (V.); the super- and basioccipital tracts of cartilage are quite 

obliterated. There is cartilage from the front of the foramen ovale to the front of the 

optic fenestra (II.), and then the girdle-bone (eth.) occupies all but small supero-lateral 

tracts in the front; the sides of the nasal region, only, are unossified. The girdle-bone 

thus occupies the fore part of the orbito-sphenoidal region, all its own territory, and 

all the middle part of the nasal. 

Yet the terminal part was probably formed by a separate centre (or centres), 

as in Xenophrys, anchylosis taking place afterwards. 

From whatever aspect the endocranium is examined (figs. 5—8) great strength is 

seen, the end view (fig. 8) especially shows how strong the occipital arch is, terminated 

by the large condyles, and flanked by the massive auditory capsules. These show the 

large arches of the canals (a,s.c., h.s.c., p.s.c.) ; on the outside right and left, the two 

“tegmina” (fig. 5) are clamped by the large squamosals (sq.) as in a vice. 

The outspread girdle-bone (eth.) has shallow “axils,” and sharp angular wings; 

these articulate with the palatines (pa.). The ali-nasal cartilages (figs. 5, 7, al.n, 

n.w.) are crescents of cartilage outside the double bony roof, nasal and prenasal; and 

the external nostrils (e.n.) are half embraced by their concave edge; these openings 

are well finished in front and at the side by the normal inner and outer upper labials 

(v.ll:u.P.). Below (fig. 6), we see that the bifurcate cornua trabecula)—pro-rhinals 
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and angles of subnasal laminae (p.rh., s.n.l.)—are not ossified. The pro-rhinals are 

triangular, pointed and in-turned, as in the genus Bufo; inside them the passages 

(n.n.) for the terminal branches of the “ orbito-nasal ” nerves are large. 

The thick roof hides the fontanelle, but I suspect it to be single, as in the thin skull 

of Bombinator (fig. 1). 

That I should claim for the pterygoid and palatine bones (jpg., pa.) the title of enclo- 

skeletal and “ectosteal” will not seem very strange if the condition of these bones in 

Pelobates is considered. All, or nearly all, the cartilaginous palato-suspensorial arch 

has been eaten by these strong bones. Here the palatine (fig. 6, pa.) has the form of 

a hatchet blade, for it has taken up the prenasal spike ; it is deeply notched, and 

half the long-oval, transverse inner nostril (i.ri.) is in this notch, and the hole is finished 

inside by the vomer and wing of the ethmoid (v., eth.). Curving elegantly round in the 

hollow of the maxillary (mx.) the palatine meets the pterygoid (pg.); seen from below, 

these two bones appear of equal length : a thing contrary to rule. 

The pterygoid (fig. 6) has the strength of a “flying buttress,” jammed in between 

the clentary and palatine laminae of the maxillary (mx.), and then springing obliquely 

across to clamp the front of the hind skull over the reduced and useless “ pedicle,” it 

fixes and binds the cheek to the cranium. That inner fork, like a strong foot, stands 

stoutly on the prootic, and is sutured to the parasphenoid (fig. 6, pr.o., pa.s.). The 

outer fork passes back outside the minute Eustachian pouch (eu.), and clamps the 

inside of the quadrate (cp), the distal part of this huge “pier.” By grafting of the 

quadrato-jugal (q.j.) on the cartilage, this part also is well ossified, all but the large 

convexo-concave reniform condyle (q.c.). 

Answering to its pier, the mandibular arch (fig. 10) is unusually stout; yet it does 

keep the Meckelian rod—its pith—unossified. The mento-Meckelian (m.mJc.) is well 

developed ; the dentary (d.) is continued from it as a strong splint along the front 

two-thirds of the arch; and the “ articulare ” (ar.) forms a strong inwardly crested 

trough for the primary cartilaginous rod. 

I can find no “ annulus tympanicus;” the spiracular cartilage is probably combined 

with the edge of the “ tegmen.” The stapes (figs. 8 and 11, st.) is rather large and 

has an “ umbo ;” its form is three-fourths of a circle, with the hind margin cut away 

to fit against the sub-convex bony margin of the fenestra ovalis, behind. The columella 

(co.) is a little phalangiform bone, as long as half across the stapes, thick behind, thin 

in the middle, and knobbed at its free end; it fits against the inferior margin of the 

stapes, just below the facial nerve (VII.). The stylo-hyal (st.h.) has a pedate end which 

articulates with the auditory mass close behind the minute Eustachian pouch (eu.). 

The continuation of the hyoid bar gently increases in size until it conies to the hypo- 

hyal region (fig. 9, c.hy., h.hy.); that part is a large rounded ear of cartilage, which, 

behind, passes by a broad stem into the basal plate (b.li.br.). The cerato-hyal has two 

small osseous centres in it; a rare modification. 

As in the Hylidse, the pre-basal notch is of great depth, and the basal plate of small 
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extent, axially; three-fifths of this is taken up by the huge, very diverging, widely 

pedate, thyro-hyals (t.hy.). 

The posterior lateral lobes are normal; the anterior are small, irregular lobes. 

In this skull the roofing and outer walls are in harmony with the inner parts of the 

building ; the bones are very solid, and their outer surface is almost Ganoid, being 

richly sculptured with honey combings and clear granules, like the surface of a lai’ge 

thick-walled Globigerina bulloides. 

The roof in this old male is one bone, its parietal region projects as a thick triangular 

process over the archway of the occiput, and the nasal end (n.) reaches to the verge of 

the bony prenasal (figs. 5 and 7, n.px., eth.); there it ends in two broad, rounded lobes, 

divided by a sharp notch—all that remains of the nasal suture. This bilobate end of 

the roof is formed by the nasals, which were very large whilst distmct; they form a 

right and left wing over and down the antorbital region ; this part is of great breadth, 

quite unlike the usual spike that articulates with the maxillary. There is a regularly 

crescentic orbital margin to the frontal region, right and left; then a short, stout, 

postorbital process; then a rounded notch in the temporal region (belonging to the 

parietals); and then an oblique, crenate margin up to the terminal spike. 

This large, completely anchylosed, convex slab of sculptured bone (fig. 5) overhangs 

the flat orbital edge of the endocranium, its width, in the orbital region, increasing 

from before backwards, whilst the inner skull, in that part, increases from behind, 

forwards (fig. 6). 

The only part of the slab which articulates with other investing bones is the nasal 

wing—right and left; much of the extended ear-mass divides the parietal edge from 

the squamosal (sq.), and the nasal lobes do not reach the nasal processes of the pre- 

maxiilaries (figs. 5 and 7). 

The parasphenoid (fig. 6,jpa.s.) is large and typical; the blade is sub-carinate and 

trough-like ; the guards, on each side, are also hollow above, and receive the ear-masses 

into their hollows ; they bend downwards, right and left, in accordance with the 

dipping of the hind floor of the skull, towards the suspensoria (fig. 8). The handle 

of the parasphenoid is short and bifid; it does not reach to the edge of the base, 

behind. 

The vomers (fig. 6, v.) are curious foot-shaped bones, and are extremely solid, 

especially the dentigerous “ toe”—an oblique, oval mass, looking straight towards its 

fellow, from which it is separated by a space half the width of the lobe. The “ heel” 

of this bone lies over the internal nostril (i.n.), from thence it becomes a thick wedge 

reaching to the junction of the premaxillary with the maxillary. 

The solid dentigerous lobe of each vomer, and the internal nostrils, form together a 

transverse series of long ovals, broken by the exposed base of the girdle-bone, and 

bounded by the bony palatines. 

The premaxillaries (px.) are strong, wide, have a small flat palatine, and a large 

bowed sub-vertical nasal process (fig. 7, n.qjx.), which overlaps the inner and upper labial 
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(u.l}) hardly as large as usual. Attached to this cartilage is the second or outer labial 

(u.l.3); it, also, is crescentic and solid; its concave face lies towards the nostril. 

Below this, and wedged in between the premaxillary and maxillary, there is a 

granular septo-maxillary (fig. 7, s.mx.). The fore margin of the high, long, and thick 

maxillary (mx.) is notched where it receives the small bone ; its greatest height is 

where the nasal wing rests obliquely upon, and is sutured to, it. The upper surface 

is cut away in crescentic manner, and this margin and the orbital edge of the frontal 

region, together, form most of the oval orbital space ; it is only deficient where the post¬ 

orbital process fails to meet the antero-superior angle of the squamosal (sq.) in the 

temporal region ; the temporal muscle is thus uncovered at its “ origin.” 

Behind the suborbital margin the maxillary rises to form a suture with the post¬ 

orbital process of the squamosal, and then lessens to its end, which is a blunt point 

overlapping the quadrato-jugal (q.j.) This latter bone is high, thick, and quite one 

with the ossified quadrate region (q.). 

The squamosal (figs. 5, 7, 8, sq.) answers well to the rest of the outer garniture of 

this strongly-built skull ; its facial granular plate is large, oblique, has two large 

rounded emarginations above, and a lesser round notch below. Its stem (fig. 7) is 

strong, sinuous, and notched below; its supra-temporal tract runs over the tegmen 

tympani, binding hard upon the prootic, up to the horizontal canal ([h.s.c.), to the form 

of which it is adapted. The end view (fig. 8, sq.) shows how solid and convex this 

bone is, and what a stout knee its “ pre-opercular,” or descending process makes, where 

it binds upon and clamps the suspensorium, and articulates with the pterygoid by its 

hinder edge. 

I shall compare this skull now with that of the type, as I have done with that of 

Bombinator which has just been described. The most striking modifications here seen 

are as follows :— 

1. The form of the skull, which is very short, high, convex, and of a regularly semi¬ 

oval contour. 

2. The intense ossification of all the parts, outer and inner, and the sub-ganoid 

condition of the exposed parts of the investing bones. 

3. The anchylosis of all the six roof-bones. 

4. The complete union of all the four occipito-auditory centres. 

5. The great extent of the girdle-bone, from the optic fenestra to the fore edge of 

the skull. 

6. The inferior position of the premaxillaries. 

7. The obliteration of the joint of the pedicle. 

8. The lateral junction of the squamosal and maxillary. 

9. The complete ossification by the quadrato-jugal of the quadrate. 

10. The minute size and imperforate condition outwards of the Eustachian passage 

as the tympanic cavity. 

11. No annulus tympanicus. 
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12. Columella extremely minute, generalised, and completely ossified. 

13. The two cerato-hyal centres, the short basal plate, and the minute size of the 

anterodateral lobes. 

I might, perhaps, add 

14. A single fontanelle. But this is doubtful; there is only one in Bombinator. 

I. A. b.—PLATYDACTYLA. 

First sub-clivision.—Tree-frogs with narrow sacral apophyses and no neck-glands. 

First Family. Polypedatida:, 

First genus. Polypedates. 

35. Polypedates cliloronotus.—Adult male ; 2 inches long. India, 

The difference between this skull and the next (Plate 26, figs. 1, 2 ; and Plate 27, 

figs. 1, 2) lies mainly in its general form ; its shape is half a long ellipse, and the 

length is to the breadth as Sir to 7§—an almost exact reversal of the proportions seen 

in the other. 

The mid and hind skull are greatly affected in their shape by this, the parotic pro¬ 

jections being much less and the orbital region much longer; it is also much narrower. 

The nasal region has lost little of its breadth, but the ethmo-palatines are shorter 

and lie within less divergent maxillaries; its three fontanelles are normal. The 

occipital condyles (Plate 26, figs. 1, 2, oc.c.) are very similar in both; they are oval, 

posterior, and separated by a concave emargination, which is narrower in this species 

than in the other. Here the ossification is more intense in the hind skull; the bony 

masses of the two sides (pr.o., e.o.) are confluent both above and below, and there is 

scarcely any cartilage left—it is only seen at the outermost part where the pedicles 

articulate—and the bone reaches half-way between the foramen ovale and the foramen 

opticum (V., II.). But the girdle-bone (eth.) is somewhat more restricted, and only 

reaches to the middle of the orbits; likewise in front it does not run along the 

septum nasi, but the whole bone stops short a little behind the margin of the proper 

ethmoidal region. 
O 

The sinuosity of the bounding lines of the mid-skull is similar in both, but the 

curves are gentler in this narrower skull. The actual breadth of the nasal roof and 

floor is but little less in this kind, and the snout is more directly transverse as in 

Rhacophorus maximus (Plate 26, figs. 5, 6). The pro-rhinals (fig. 2, p.rh.) are large, 

and the septum nasi (s.n.) is very thick and solid, as is seen both from the upper and 

lower surfaces. The double palato-suspensorial bow (with its outworks) is rather 

tightly drawn ; and the quadrate hinges (q.c.) retreat a little less than in the next kind. 



DEVELOPMENT OF THE SKULL IN THE BATRACHIA. 145 

Here the whole structures is very Ranine, hut unusually narrow from side to side, 

yet the form of the palatines and pterygoids (pa., pg.) and the amount of unossified 

cartilage is quite normal; as also is the pedicle (pd.), but the quadrate (q.) is partly 

ossified by the quadrato-jugal (<[■]■)■ 

The Eustachian openings (eu.) are quite as large as the inner nostrils ; they are oval, 

and are turned outwards and forwards. 

The annulus (a.ty) is large and complete, and the stapes and columella (figs. 1 and 2, 

st., e.st.) are like those of P. maculatus; the stylo-hyal (st.h.) is confluent above. The 

mandible and liyo-branchial apparatus (figs. 3, 4) are normal, but the articulare (ar.) is 

fastening upon the ossifying cartilage to make a more solid lower jaw than that of 

most species; also the hypo-hyal (h.hy.) has a free lobe in front, as in the “ norma,” 

which is not present in P. maculatus. 

That species approaches Rhacophorus maximus; this comes very near Hylarana 

temporalis (Plate 29, figs. 1-5). 

The investing bones only differ from the type in being fitted to a skull with a wider 

cavity and narrower cheeks. 

As regards conformity to the Batrachian type, this kind is one of the highest:— 

1. The whole cranio-facial structure is longer, and with a broader skull-cavity. 

2. The occipito-auditory bones are all confluent, right and left. 

3. The columella has an imperfect supra-stapedial. 

4. The cartilage both above and below the mandibular joint is partly ossified. 

5. There are no septo-maxillaries. 

On the whole, this is perhaps the least modified from the typical Ranine skull of any 

of the “ Platydactyla.” 

36. Polypedates maculatus.—Adult male; 2 inches 1 line long. India. 

There are two noticeable varieties of the Oriental Polypedatidse, namely, those 

with short and flat, and those with long and narrow skulls; this (Plate 27, figs. 1-4) 

belongs to the first variety, which culminates in Rhacophorus maximus (Plate 26, 

figs. 5-9). The outline is evenly semi-elliptical; the length is to the breadth as 8 to 9, 

and the condyles of the quadrate come short of those of the occiput by one-thirtieth of 

the whole length of the skull. 

The term Hylarana given to one of the genera in this Family perfectly expresses 

the relationship of this group, whose members are almost exactly intermediate between 

the species of Rana and the species of Hyla. 

In this skull the antero-posterior extent of the nasal and orbital regions is equal, 

but that of auditory, only one-half; this latter region, however, is of great transverse 

extent. 

The chondrocranium, as a whole, has had a fair half of its bulk converted into bone, 

and the skull in all respects has a medium strength ; it is much depressed, and the 

orbital region is at least one-third wider than in most of the species of Rana, 

mdccclxxxi. u 
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The small, oval, directly posterior occipital condyles are separated by a concave 

space more than the width of both together, and more than half of this basal inter¬ 

condylar tract is cartilaginous. 

Also a wide “ cross ” of cartilage intervenes between the four main hind-skull ossifica¬ 

tions, below; above, the superoccipital synchondrosis is narrow, and the prootic and 

ex-occipital (fig. 1, pr.o., e.o.) of the same side are entirely confluent, the bony substance 

reaches to the squamosal (sq.) under which the “ tegminal edge ” is soft. Even below, the 

trigeminal nerve (fig. 2, Y.) passes through the bone, which is not far from the girdle- 

bone, over the optic nerve (II.). Some cartilage and three small membranous fontanelles 

lie across the hind skull, behind the large heart-shaped principal space. The breadth 

of the skull at the top lessens along the girdle-bone, in which, however, it spreads 

out again gently in front. This bone (eth.) takes up three-fifths of the orbital region, 

it passes, in front, nearly to the boundary of its own (ethmoidal) region, and above, 

runs a little along the septum nasi (s.n.). Over its wings this common ethmoid has 

a small superorbital “ eave ” of cartilage. 

The nasal region is very large both ways ; it ends abruptly in front, has large cres¬ 

centic roofs (fig. 1), a long and moderately deep septum (s.n.), and a wide floor (fig. 2), 

The pro-rhinals (fig. 2, p.rh.) are slender, but well formed and uncinate. The super- 

added cartilaginous valves of the external nostrils (u.V.u.P., e.n.) are large, and those 

passages are wide apart. 

Very wide apart indeed are the internal nostrils (i.n.); they are large oval holes con¬ 

verging forwards. The palato-suspensorial arch is large and well developed ; all its 

parts are wide, for width characterises the whole skull and all its parts. Yet, in 

essentials, both the cartilage and its grafted bones (pa., pg.), with the condyles of the 

quadrate and the pedicle (q.c., pel.), are quite normal. 

The Eustachian openings (eu.) are less than the inner nostrils, but are large; they are 

oval, with the long axis directed outwards and a little forwards. The annulus (a.ty.) 

is large, broad, and perfect; the stapes (fig. 4, .st.) is large, oval, and flattisli: it is 

broader in front than behind. The inter-stapedial (i.st.) is a thickish subquadrate 

segment, nearly half the size of the stapes; the medio-stapedial is long, straight, and 

its imperfectly ossified, wide, proximal end is scooped out; the extra-stapedial (e.st.) is 

a reversed spatula—it is narrower distally than proximally, and has only a fibrous 

supra-stapedial band. 

The narrow stylo-hyal (fig. 2, st.h.) is confluent above; it increases only gently in size 

downwards (fig. 3, c.hy.), has no hypo-hyal lobe (Ji.hy.), and soon reaches the basal plate 

as it turns backwards. That plate {b.li.hr.) is short, wide in front, narrow behind, has 

small fore-turned anterior, and long, slender, posterior lobes; the thyro-hyals (t.hy.) are 

long and slender; they diverge so as to be at a right angle with each other. 

The mandibles (fig. 3) are quite normal, but are long and slender; the dentary (cl.) 

is half the length of the ramus. 

The investing bones are normal but partake of the general flatness and breadth of 
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all things else in this skull. The roof-bones (f p.) run short in front; the parasphenoid 

(pa.s.) has pointed arms under the ear-capsules; the vomers (v.) are wide apart and 

have only a smallish crop of teeth ; there are no septo-maxillaries; the premaxi]laries 

(px.) are wide but feeble, so also the maxillaries (mx.) have a wide facial plate, but it is 

thin; the quadrato-jugals (q.j.) are not grafted on the quadrate; the squamosals are 

but little developed over the tegmen (fig. 1, sq.). 

Here, in a few things, the “norma” is not reached; besides the general breadth of 

the parts— 

1. The auditory occipital masses of bone are confluent above. 

2. The lesser fontanelles are very small and have a still smaller space between them. 

3. There are small superorbital projections. 

4. There are no septo-maxillaries. 

5. The supra-stapedial is membranous. 

6. The hyo-branchials are feeble. 

This is a poor list of indictments against this species as coming short of the norma; 

the flatness of the general shape, and of the individual parts, are also no great modi¬ 

fications in the morphology of this very Ranine skull. 

Second genus. Rhacopjliorus. 

37. Rhacophorus maximus.—Adult male ; 3(t inches long. North India. 

This large species bears the same relation to the Tree-frogs of India that Pelodryas 

does to those of Australia, and Phyllomedusct to the Neotropical kinds. 

That which characterises the Oriental Polypedatidse, generally, is here carried to 

excess, namely, the great dilatation of the endocranium, especially in the nasal region. 

The length is seven-eighths as great as the breadth ; the quadrate condyles (Plate 2G, 

fig. 5, 6, q.c.) are opposite the passage for the vagus nerve (fig. 6, X.). 

The cranial “ barge,” from the foramen magnum to the great transvere snout, is twice 

the breadth of an average skull of a species of Rana of the same size as this kind. 

The fore skull, leaving out the massive premaxillaries, is as long as the mid skull, and 

is wider : it is extremely wide in the ethmoidal region. The mid skull lessens gently 

to the temporal region, where it is pinched in ; in front it is three times as wide as it is 

deep (figs. 5, 6, 7). 

The antero-posterior extent of the hind skull is half that of either of the other two 

regions, yet the breadth of the cranial cavity is not lessened there, but the parotic 

wings extend far out, as the great breadth would indicate, beyond the horizontal canals 

(fig. 5, h.s.c.); these wings are rather narrow. The occipital condyles (oc.c.) are rather 

small for so strong a skull, they are posterior, and are separated by an arched (emar- 

ginate) line of their own breadth. 

The occipito-auditory ossifications are all continuous, as in Polypedates chloronotus, 

u 2 
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and just a little cartilage is left on the outside of the wings; the bony matter reaches 

half way between the foramen opticum and the foramen ovale (II., V.). 

The tract of unossified skull-wall round the optic passage is only one-fourth the 

extent of the mid skull, for the girdle-bone (etli.) is very large; in front, above, it 

occupies half the nasal roof (fig. 5, al.n.), and below, it runs up to the dentigerous 

lobes of the vomers (v.). 

Under the roof-bones (fig. 5,fp.) the three normal fontanelles can be seen, and as 

those bones only reach, in front, halfway from the foramen magnum to the transverse 

end of the snout, the girdle-bone is but little roofed in above. Below, the bone passes 

into the ethmoidal wings, but above, there is a considerable selvedge unossified ; this 

is the apiculate superorbital (s.ob.). 

The pre-cranial mass, which is the fore half of the ethmoidal, and all the nasal region, 

is square, and its breadth is equal to the widest part of the roof in the orbital region. 

Its fore edge is almost directly transverse, being only gently rounded. 

The depth of the nasal region is only moderate (fig. 7); the septum (fig. 6, s.n.) is 

very thick ; the floor and roof (figs. 5 and 6) are equal in width ; the pro-rhinals (p.rh.) 

are small and wide apart outside the nerve outlets, which also are wide apart. 

The external nostrils (figs. 5 and 7, e.n.) are very wide apart, and the nasal roof 

(al.n.) is very thick over them ; so, also, the second upper labial (u.V1.) is a thick cres¬ 

centic valve. The 1st upper labial (u.l1.) is rather large, and the nasal process of 

the premaxillary (px.) is grafted upon it, ossifying much of its substance. The 

internal nostrils (i.n.) are very wide apart. The palato-suspensorial arches are not 

large in proportion to the skull proper; and they have only the average ossification, 

the two bones (pa,, pg.) leaving a considerable tract unaffected. The palatines 

(fig. 6, pa.) are thin, straight, splint-like bones becoming twice as wide at their outer 

end as at their inner. The curved and bifurcated pterygoids (pg.) are moderately 

strong; the inner fork on the pedicle is half as long as the outer, which runs inside 

the quadrate (q.c.). Both the pedicle and the quadrate are formed of a solid mass of 

cartilage, especially the former (pd.), which forms, here, the most massive condyle I 

am acquainted with, at this part. This sinuous facet glides on a definite tract of 

basal cartilage, which is confluent, externally, with the stylo-hyal (st.li.). The quadrate, 

above the reniform condyle (q.c.), is not ossified to any noticeable extent. 

The Eustachian openings (eu.) are large, oval, and have their long axis directed 

forwards. The annulus (fig. 7, a.ty.) is large, broad, and complete; its edge has a 

strong’ rim. 

The mandible (fig. 7) is normal; it is rather slender, and has a high coronoid process 

to the articulare (ar.). 

The stapes (fig. 9, st.) is oval, and not raised externally to any appreciable extent. 

The inter-stapedial (i.st.) is massive and semi-ossified ; it runs some distance on the shaft. 

The medio-stapedial (m.st.) is a rather slender, terete rod ; the extra-stapedial (e.st.) 

is large and spatulate; the (s.st.) supra-stapedial is cartilaginous and confluent, above. 
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The hyo-branchial plate (fig. 8, b.h.br.), with its outgrowths, falls short of the type 
in having no hypo-hyal lobes, and in the small size of the front lateral lobes; the 
thyro-hyals (t.hy.) are rather slender, and only diverge gently. 

The investing bones are very similar to those of the type, but modified so as to fit 

to a more outspread cranium. The roof-bones (f.p.) are strong, very wide, and as in 
most of this Family are very scant in front, especially near the mid-line. The nasals 
(ft.) make no pretence of covering the skull in their region, for they are very narrow 

crescentic shells of bone. The premaxillaries (px.) are, perhaps, the largest in the 
Order, bounding, as they do, so wide a nasal fore wall. 

There are no septo-maxillaries; the maxillaries (mx.), the quadrato-jugals (q-j.), and 
the squamosals (sq.) are all strong, well developed, and normal. So also is the para- 
sphenoid (fig. 6, pa.s.) ; it is very sharp, both behind and before. The vomers (v.) stretch 

far across the nasal floor, but fail to meet; they have the usual four-snagged form; 
the large thick tooth-bearing lobes are arcuate, and their concave margin is behind. 

The relation of this type of skull to the others in this Family is evident; this is the 
fullest expression of the Polypedatine type, and thus the greatest divergence from 
the form of the Ranine skull is obtained. We have to remark upon— 

1. The short auditory and occipital region, the wide orbital, and the wide and long 
nasal region. 

2. The fusion of the bones of the hind skull. 
3. Unusual solidity and strength of the pedicle. 

4. The inter-stapedial ossifying as part of the shaft, apparently without absolute 
segmentation of the cartilage. 

5. The confluence above of the supra-stapedial and stylo-hyal bands. 
6. The feebly expressed cartilages of the hypo-branchial plate. 
7. No septo-maxillaries. 
8. A distinct superorbital eave. 
9. The grafting of the premaxillary on the “ 1st upper labial.” 

All these modifications are gentle and non-essential. 

Third genus. Ixalus. 
<D 

38. Ixalus variabilis.—Adult female ; 1 inch 1 line long. Ceylon. 

This skull differs very little indeed from that of Polypedates maculatus; it would 
differ still less from that of a young individual of that species of its own size. 

It is a short skull, and the length bears to the breadth the proportion of 7 to 8 ; it 
is therefore a trifle narrower than that of Polypedates maculatus. The outline is 
extremely regular, and is half an ellipse, whose long diameter may be put as 13 and 

* Dr. Gunther, is now inclined to consider this species as the young of Polypedates maculatus; hut the 

well developed supra-stapedial band, and the absence of an inter-stapedial and of secondary fontanelles, 

makes this doubtful. 
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its short as 8, for the outline of the face stops a little short of the axial length; the 

mandibular hinges are slightly less retreated than in the large kind. The occipital 

condyles (Plate 27, figs. 5, 6, oc.c.) are similar ; the cartilaginous tracts at the mid¬ 

line are larger, and the projection of the ear-mass less, and less ossified; the “ tegmen” 

(fig. 5, t.ty.) is soft. The hind part of the orbital region is not so wide ; the girdle- 

bone is of less extent, and the superorbital tract of cartilage is not present. 

The nasal region is similarly broad, on the whole, but the outer nostrils (e.n.) are 

nearer together, and the inner nostrils (i.n.) are scarcely oval. What difference of 

length over breadth there is, is shown differently—the holes are transverse. There 

are no secondary fontanelles (fig. 5); the “annulus” (a.ty.) is smaller, but complete; 

the Eustachian openings (eu.) are similar in both kinds. 

The columella has no separate inter-stapedial (Plate 29, fig. 6, m.st.) ; and the 

supra-stapedial (s.st.) is confluent above ; the stapes (st.) has a boss. The investing 

bones differ in these two kinds, as those of the old and young of the same species 

differ ; there are no vomerine teeth. 

The mandibles and hyo-branchial apparatus (fig. 7) are very similar, but the former 

are more evenly arched, and the latter has a young appearance, for the front lateral 

lobes are not such elegant “ ears,” and they are not definitely marked off from the 

hinder projection (loJi.br.). The basal plate is longer, and the thyro-hyals (t.hy.) are 

slenderer, and are inbent. 

This small Ranine Tree-frog differs from the type in the following particulars 

1. In the genera] broad, short, outspread condition of the skull. 

2. There are no secondary fontanelles. 

3. There are no septo-maxillaries. 

4. There are no vomerine teeth. 

5. The tympanic annulus is less. 

G. There is no inter-stapedial segment, and the supra-stapedial is confluent above. 

7. There is no lobe to the hypo-hyal. 

Fourth genus. Hylarana. 

39. Hylarana maldbarica.—Young ; § inch long. India. 

The specimens dissected by me were only one-fourth the length of the full-grown 

adult, which attains to nearly 3 inches. 

Nevertheless I found the skull in these young individuals (Plate 28, figs. 1, 2) to be 

much more perfectly ossified than in the adult of II. temporalis (Plate 29, figs. 1, 2), 

next to be described. 

This is one of the longest skulls in the “ Order;” its length is to the breadth as 

7k to —a Frog’s skull which is as long as it is broad, is long as compared to most 

“ Anurous” skulls. 

The proportionate length of the three regions of the skull is very different from 
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what is seen in II. temporalis, where the muzzle is very broad : here the fore and hind 

regions are equal, and each is three-fourths the length of the mid skull, which is both 

long and broad. 

The occipital condyles (Plate 28, figs. 1 and 2, oc.c.) are postero-inferior, and are 

moderately large. A considerable tract of cartilage remains in both the basi- and 

superoccipital regions ; there is a triangular endosteal super occipital hone (figs. 1 and 5, 

s.o.) ; and the bony tracts (pr.oe.o.) of the same side are quite confluent. Below, the 

bone leaves an even crescent of cartilage at the margin of the floor of the vestibule 

(au.) ; above, the bone is snagged, and leaves an irregular cartilaginous tegmen (fig. 1). 

I could find no secondary fontanelles, but a very large long mam space with no 

lateral ingrowth for a considerable distance* along the sides, quite unlike the next. 

Moreover, this deficiency of the “tegmen cranii” shows itself both behind and before : 

behind, the roof is devoid of cartilage up to the ear-capsules; and in front the roof 

extends a very short distance over the hemispheres. As this is a young specimen, 

the ear-masses and the nasal roofs show much of their primary form ; they are not 

drawn into new shapes by the overgrowth of the peripheral bones and arches. 

Hence comes the narrowness of the skull in the auditory region, for the tegmen 

tympani is merely a narrow selvedge to the ovoidal ear-sacs; this would be at least 

somewhat modified in an old individual. On the whole, the orbital region, or mid¬ 

skull, is very Polypedatine, but is broadest behind, narrows gently, and widens out 

again towards the ethmoidal region. 

What is very remarkable in so young a skull is the trespassing of the so-called 

“ prootic ” round the front of the foramen ovale (V.), even so as to include the lesser 

cranial nerves between it and the foramen opticum (II.). Therefore, so early, the 

orbital region is half of it bony, the girdle-bone (eth.) being as long as the cartilage 

behind it. It runs into the septum nasi (s.n.) both above and below ; then it takes in all 

its own cartilage,athwart the ethmoidal “wings;” above, it scants a little, and leaves 

the edge of the ethmoidal roof, at its junction with the nasal roofs (fig. 1), naked. 

These roofs are very large and broad (fig. 1), larger than the floor (fig. 2); the inter- 

trabecular wedge (or wall) between both grows into a distant “prenasal rostrum” 

(p.n.) in front, which is a new thing in an Oriental member of this Family. Never¬ 

theless, the snout is very broad, and the rostrum, which is drawn as dissected out in 

the figures, in reality turns downward, as in embryos of all kinds that possess this 

projecting cartilage. In this kind, as in its congeners, the nostrils (e.n.) are very 

wide apart, nearly as wide as the “choange” or inner openings (fig. 2, i.n.). The pro= 

rhinals (p.rh.) and the labials (u.D-.u.l2.) are well developed. 

The arrest of the “ parotic wings,” in a skull with such long regions, causes the 

facial “bow” to be strongly bent; otherwise all is normal; the bones (pa., pg.) are 

already of the normal size and strength, and leave a cartilaginous palato-suspensorial 

of the average size. 

The forks of this arch differ greatly, for the pedicle (pd.) is very short, and the 
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quadrate, with its condyle (q.c.) runs downwards and outwards to a considerable 

distance; backwards, it only reaches to the fore end of the stapes (st.); above the 

condyle the quadrato-jugal (q.j.) has spread into the cartilage, ossifying it. 

The Eustachian openings (eu.) are large and oval; they are turned forwards; the 

annulus (a.ty.) is large and perfect; the stylo-hyal (st.h.) is confluent above. The 

stapes (fig. 4, st.) is large, convexo-concave, oval, and emarginate in front; the inter- 

stapedial (i.st.) is a thick mass, ossified largely, and joined by a suture to the medio- 

stapedial (m.st.), which is a straight rod. The extra-stapedial (e.st.) is a wide 

spatula, and its ascending fork (s.st.) is cartilaginous and confluent above. 

The mandible (fig. 3) is perfectly normal, and the mento-Meckelian (m.mk.) is well 

ossified. The coronoid crest of the artiteulare (ar.) is moderate, and the condyle is 

sub-reniform. The hyo-branchial apparatus is normal, but its actual shape is much 

like that of the next (Rappia, fig. 8); the hypo-hyal lobe is small, and the cerato- 

hyal broad (<h.liy., c.hy.); the semi-oval notch in front is short, the front lateral lobe 

very large and separated by a small space from the hind lobe ; the basal plate (b.h.br.) 

is both long and broad, as compared with that of other kinds, and the thyro-hyals 

(t.hy.) are long and slender. 

Altogether this part is exactly intermediate between what we find in the ordinary 

Oriental Polypedatidm, and in the next but one, a small Ethiopian type. 

The investing bones are such as would be found in a Common Frog’s skull of the 

same size and age. The fronto-parietals (ftp.) are more Ranine then in the last, being 

pointed above ; they would be more truncated in an old specimen. The nasals (n.) are 

better developed, and cover more of the nasal roof than in its congeners. The para- 

sphenoid (pa.s.) is very large, both in the median and transverse parts; and the 

vomers (v.) are well developed and dentigerous. I find no septo-maxiHaries; the 

marginal splints (px., mx., q.j., sq.) are feeble but normal. An intermediate place 

between Hylarana temporalis and the West African Rappia is asked for this species : 

we shall see this in the two next instances. Compared with the tyjoe, we have some 

curious discrepancies 

1. The great size, both length and breadth, of the orbital region. 

2. The intense ossification of the occipito-auditory region. 

3. A well-marked endosteal supraoccipital bone. 

4. No septo-maxillaries. 

5. The confluent condition of the apices of the stylo-hyal and supra-stapedial. 

6. The intense ossification of the inter-stapedial. 

7. The large size and close contiguity of the lateral lobes of the basi-hyobranchial 

plate ; none of these are deep-seated differences. 

40. Hylarana temporalis.—Adult male ; 2^ inches long. Ceylon. 

Dr. Gunther (“ Kept, of Brit. Inch,” p. 427) gives his reasons for believing this 

insular species, which at that date (1864) he had received from Ceylon only, to be 
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distinct from tire continental form—II. malabarica. I have just described that species, 

and when this has been compared with it then all doubt will vanish as to their 

distinctness; both kinds attain the length of three inches, or thereabouts ; my speci¬ 

mens of H. malabarica are all young, and only a quarter the length of the adult; yet 

the ossification of their skull is much more perfect than in the adult of the Ceylonese 

kind; there are also other differences, as we shall see. 

This is a long skull (Plate 29, figs. 1, 2), for the length is equal to the breadth ; it is 

extremely like that of Polypedates chloronotus (Plate 26, figs. 1, 2), but is not so long; 
in that species the length is about a twelfth greater than the breadth; and that kind 

has its ossifications intenser, and has no evident superorbital “eave.” 

Although belonging to the narrow-skulled group of this Family, the cranium proper 

is in reality very broad, half as broad again as in an average species of Ranct, and 

therefore settling this as a character of the Oriental flat-toed Frogs. 

They are, indeed, a broad-muzzled, flat-skulled race, but when flattened most their 

skull is very Ranine as compared with that of a true Hyla. 

The occipital condyles (Plate 29, figs. 1, 2, oc.c.) are large, posterior, and separated 

by a crescentic emargination half their breadth. Measured along the axis, the occipital 

region is half, and the nasal two-tliirds, the extent of the orbital, which is very large. 

The “ tegmen cranii” covers two-thirds of the skull, and grows in well from the 

sides, so that the larger cordiform fontanelle is small, and the secondary spaces very 

minute. 

The parotic wings stand out well, and the canals (a.s.ch.s.c., p.s.c.) are prominent. 

The ossification, right and left, is only equal that of the type, and the four normal 

centres (pr.o., e.o.) are separated by extensive tracts of cartilage. Above, the prootic 

stretches out in front so as to underlie the squamosal a little. Below, the floor of the 

vestibule (au.) is unossified, for the ex-occipitals, which flank the posterior canal above, 

do not reach to the fenestra ovalis below. In front, the prootics just reach the optic 

fenestrse (II.). Of the remainder of the long orbital region the hinder half is unos¬ 

sified ; the rest, or the region of the “ girdle,” is partly ossified, and partly calcified, 

the latter tract marking out the usual extent of the bone, which however is only 

fully developed in front into an irregular |J -shaped bone, thick and rugged, but whose 

halves do not meet above (fig. 1, eth.). In front, this imperfect girdle scarcely covers 

the proper ethmoidal territory, and the whole nasal region, and likewise the extensive 

superorbital crescents (s.ob.), are unossified. Leaving these out, the form of the orbital 

region of the skull is oblong, modified by a slight bulging, and a gentle increase of 

breadth, forwards. 

The nasal territory (al.n.) is large and four-square, with the roof spreading wider 

than the floor ; the septum (s.n.) is thick, and both above and below we can see clearly 

how much has been added to the original “ trabecular horns ” by the solid inter- 

trabecular wedge (or wall), and how much by the large shells of cartilage that form 

the roof. Their division also, into the floor (with its angles that bury themselves 

MDCCCLXXXI. X 
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in the maxillaries), and the new “horns” or pro-rhinals (jp.rh.) that have budded 

from their infero-medial face, is clearly seen. 

The broad snout is gently emarginate in front, and the nostrils (e.n.) look outwards 

and forwards : they are wide apart, and are protected by the normal valves (u.V.u l~.). 

The large circular inner nostrils (i.n.) are still wide apart, not much nearer together 

than in the more flat-headed “ Polypedatidae.” 

The palato-suspensorial arches are perfectly normal, but slender ; their bones (pa., py.) 

partake of a like slenderness, and the well-retreatecT condyle of the quadrate (q.c.) 

is large. So also is the condyle of the pedicle (pd.) ; it is sub-convex; the other is 

deeply bilobate : above this hinge the suspensorium is ossified to some extent by the 

quadrato-jugal (q., q.j.). The Eustachian openings (eu.) are large, oval, and look 

outwards and forwards. The annulus (a.ty.) is very large, broad, and perfect. 

The mandible (fig. 3) is long, slender, and normal; it has a rather high coronoid 

process to the articulare (ar.) ; the dentary (d.) is half the length of the ramus, and 

rises into a crest behind the mento-Meckelian (■mk.), as in the Oriental Ranee 

(Plates 6 and 7). 

The stapes (fig. 5, st.) is large, sub-oval, and has a boss for muscular attachment; 

the inter-stapedial (i.st.) is a large, thick, sub-oval cartilage ; the medio-stapedial (m.st.) 

is a short pistol-shaped bone, very large and expanded above ; the extra-stapedial (e.st.) 

is large and spatifiate; and the supra-stapediai (s.st.) is almost entirely fibrous. 

The hyo-branchial apparatus (fig. 4) is normal, but all the “ lobes ” are small and 

narrow. 

The investing bones are intermediate between those of a middle-sized Rana and a 

broad-headed member of its own Family ; both the roof-bones (fp.) and the para- 

sphenoid (pct.s.) reach further forwards than in its congeners. The nasals (n.) are 

angular, jagged shells, and leave a large cruciform tract of cartilage uncovered. 

The outer bones of the face are all slender ; there are no septo-maxillaries; and the 

quadrato-jugals (q.j.) are grafted upon the quadrate cartilage. The vomers (v.) are 

large, have a considerable dentigerous lobe, and the three other spikes are well 

developed. Compared with the “ norma,” this skull is— 

1. Remarkable for the breadth of the cranium proper; for the great length as 

well as breadth of the mid skull; and for the width of the fore skull, or nasal region. 

2. There are no septo-maxillaries. 

3. The superorbital “ eaves ” are large. 

4. The girdle-bone is imperfect. 

5. The stapes has a boss, and the stylo-hyal is confluent. 

6. The supra-stapediai is imperfect. 

These are all slight modifications, and on the whole this skull is extremely Ranine, 

and agrees especially with the Oriental Ranee in having a crest on the fore end of the 

dentary, and a large perfect annulus. 
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Fifth genus. Rappia. 

41. Rappia-? sp.—Adult female ; f- inch long. Lagos. 

This specimen was collected, with others, several years ago at Porto Novo, near 

Lagos, by ft. B. Walker, Esq., and was sent to me by Mr. T. J. Moore, of Liverpool, 

on March 24, 1874. 

Dr. Gunther was doubtful of the species, although there is a Rappia lagocnsis 

(see Gunther, P. Z. S., June 25, 1868, pp. 478-490 ; a figure of that species is given 

in plate 40, fig. 2, and a description at p. 487). 

Dr. Gunther gives the length of P. lagoensis as 28 millims. ; my specimen measured 

only 21 millims., although a female. In the paper just referred to, 15 species of this 

genus are given—all African. In the “Batrachia Salientia,” p. 85, these are described 

under the generic term Hyperolius, a name now used instead of Uperoleia (ibich, p. 39) 

for a genus related to Alytes. The only Australian kind described in that work is 

TI. bicolor (p. 89) from Port Essington. The author remarks of this, whose skull I 

shall describe next, that—This species is very probably the type of a separate genus.” 

This suggestion is a true one; the Australian type has an exceedingly different skull 

from that which I shall now describe from West Africa. 

This skull (Plate 28, figs. 6, 7) greatly resembles the last but one (figs. 1, 2) ; and the 

thought that occurs is this—Are the African Rappice dwarfed “races” of various 

species of the “ Polypedatidsetypes which attain so large a size in the Oriental region ? 

This is a rather long skull; the length and width are equal, and it tends towards 

the triangular form. The condyles of the quadrate (q.c.) do not reach so far back as 

in the last but one, they end in front of the fenestrce ovales. 

The occipital condyles (oc.c.) are similar—they are large and posterior; but the 

basal emargination is less in this species. In conformity with the greater breadth 

across the ears, the simply oval form of the capsules is lost, and there is a considerable 

tegmen tympani (fig. 6). The general form of the mid and fore skull is very 

much alike in both kinds, but they are both a little broader (relatively as well as 

really) in this small adult; and the nasal roofs are like those of a metamorphosing 

Rana temporaria (see Phil Trans., 1871, Plate 8, fig. 1). The four bony tracts of 

the hind skull (pr.o., e.o.) are like those of the same of Young Frogs; whilst the 

girdle-boue is like that of quite old individuals, and the skull, altogether, is a curious 

mixture of old and young characters. 

The notochord (figs. 6, 7, nc.) is persistent; there is, as in the last but one, only one 

large fontanelle, the tegmen cranii being very short in front, short behind, and not 

present along the sides in most of the orbital region. 

Below (fig. 7), the prootics and ex-occipitals slightly overlap the wings of the 

parasphenoid (pa.s.); but the cruciform synchondrosis is very large. Below, the 

ex-occipitals reach half way between the vagus-passage (X.) and the stapes (st.) ; 
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above, they climb up to the inside of the posterior canal (fig. 6, p.s.c.), which they 

flank ; there they are wide apart. 

The prootic (pr.o.) runs forward to the foramen ovale (V.), and outwards as far as 

to the tegmen tympani (fig. 6); they show mostly in front, and to a very moderate 

extent either above or below. Three-fifths of the orbital region is unossifiecl, and the 

optic fenestra (II.) in this type is larger than in the other (fig. 2). The girclle-bone 

(eth.) is more developed than in it, and it has ossified exactly all the cartilage that 

belongs to the ethmoidal region, for it has carefully avoided the anterior sphenoidal, the 

ethmo-palatine, and the true nasal, regions. The nasal region is very instructive; the 

proper roofs (fig. 6) are large cartilaginous pouches that have coalesced with the ethmoid 

behind, and with the large intertrabecula (nasal septum), (s.n.) in the middle ; they even 

exaggerate the large size of the nasal region in the Polypedatidse, for they are very tumid, 

postero-laterally; a clean chink separates them from the ethmo-palatine bars (e.pa.). 

In front, the septum grows out into a well-marked prenasal rostrum (figs. 6, 7, 9, 

p.n.). (In figs. 6 and 7, both this and the pro-rhinals (p.rh.) are drawn as dissected 

out, and shown beyond the outer bones; they were examined by transmitted light.) 

The form of the larval cornua trabeculse is clearly seen below (fig. 7), as they first 

bend inwards at their first coalescence, and then spread out in front; their secondary 

cornua—the pro-rhinals (figs. 6, 7, 9, p.rh.)—are long, slender, and pedate. 

The secondary upper labials (u.ll.u.l2.) are well developed ; and the outer segment is 

an almost perfect “ annulus,” with an outer lip over the external nostril: this passage 

is far from its fellow, as in this “ Family ” generally ; three-fourths as far as the 

internal nostrils (i.n.), which, however, are very much larger than the outer. The 

facial “ bow ” is not so strongly bent as in the last, and here we have an arrested 

condition of the applied bony tracts {pa., pg.), which are extremely feeble, and like 

those of very newly curtailed Common Frogs. The cartilaginous palato-suspensorial 

bar is well developed ; the pedicle (pd.) is large, and the quadrate region (q.c.) is thick, 

and of the normal length. The condyles, however, are very peculiar; they are 

obliquely saddle-shaped, and have not the usual resemblance to a kidney. 

But one of the rarest characters, for an adult, turns up here : this is the retained 

orbitar process [or.p.), a structure which is large in the Tadpole, in all the Anura, and 

is to be seen in Polyodon (see Bridge, Phil. Trans., 1878, Plate 57, or.p.); I find it 

also in the Sturgeon. 

It remains here as a round leafy lobe {or.p.), at the point where the quadrato-jugal 

and squamosal {q.j., sq.) meet. 

The Eustachian tubes are large and reniform ; they turn outwards and a little 

forwards. The annulus {a.ty.) is rather small, and does not unite above ; the stylo- 

hyals {st.h.), coalesce with the auditory capsule. The stapes (fig. 10, st.) is large and 

oval ; the inter-stapedial {i.st.) is large and semi-osseous : the medio-stapedial {m.st.) 

is a pistol-shaped rod of bone, which ends in a tongue-shaped cartilage, the extra- 

stapedial {e.st.); it has no ascending process. 
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Here, again, in the large bony inter-stapedial and the suppressed snpra-stapedial 

we have a curious mixture of what is arrested and over-developed. 

The mandibles (fig. 8) are well developed and quite normal, except that the articular 

condyle is very deeply sulcate, so as to be the exact reniform counterpart of the quad¬ 

rate condyle of other types; this is in conformity with the very deep scooping of the 

part on which it rolls (figs. 6 and 7, q.c.). 

The cerato-hyal band (fig. 8, c.liy.) and the hypo-hyal lobe (h.hy.) are quite normal, 

but the large front notch, as in the other kind (fig. 3), is unusually short. 

The whole plate is large, and here the lateral lobe is notched in front, is of large 

extent, and is only separated from the hinder small lobe by a gentle emargination, 

there is an approach to this in the other (fig. 3), but here (fig. 8) we have it well 

developed, and it is a rare condition. 

The thyro-hyals (fig. 8, t.hy.) are rather large and only moderately divergent, they 

show age in a remarkable wTay; the inner edge of each is produced into a large wing 

of periosteal bone; moreover, the basal plate (b.h.br.) is all converted into true bone, 

except at its edges. 

More or less calcification often occurs and is typical; sometimes true bone appears 

close to the thyrodiyals; here, however, the bony substance reaches to the front notch, 

and runs far into the lateral lobes. 

The investing bones are exactly such as we see in newly transformed Frogs of the 

common kind. The fronto-parietals (fp.) are quite similar to those of the young 

Hylarana (figs. 1 and 2), and the nasals (■n.) are small, crescentic shells, covering very 

little of the cartilage. The marginal bones (px,, rnx., cpj., sq.) are frail splints, like the 

palatine and pterygoid ectostoses. The parasphenoid has similar wings to the other, 

and its main part is short but very broad ; here again we have the characters of a young 

Frog. The vomers (fig. 7, v.) are very minute toothless crescents, and there are no 

septo-maxillaries. 

Many of the characters of this dwarf are those of a young tyjjical Rana, but the 

intense ossification of certain regions show that it is an adult arrested at certain points. 

It differs from the “norma” in the following particulars :— 

1. The cranial notochord is large and persistent. 

2. The occipito-otic centres are arrested. 

3. There is only one, and that a very large, fontanelle. 

4. The mid and fore skull are very wide, and the latter has the roofs very tumid, 

as in young species of other kinds. 

5. There is a prenasal rostrum. 

6. The palato-suspensorial ectostoses are arrested. 

7. The quadrate condyle is of an unusual form, being deeply scooped, and its counter¬ 

part in the mandible being reniform with a very definite “ hilus.” 

8. The retention of the larval “ orbitar process.” 

9. The intense ossification of the inter- and the absence of the swpra-stapedial. 
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10. The unique ossification of the large basal plate, and the crested growths of the 

thyro-hyals. 

In the next kind of dwarf “ Polypedatid,”—a smaller species than the last and from 

another region,—the signs of arrest are more numerous, and some of these stoppages 

must have taken place early in the larval stage; moreover there is but little sign of 

compensating growth, in over-ossification and the like, such as is seen in the one just 

described. 

42. Rappia (Hyperolius) hi color.—Adult female; f inch long. Dog-trap Road, 

Param atta, A ustralia. 

This is a rather long skull, for the length and greatest breadth are equal. The 

quadrate condyles (Plate 19, figs. 6, 7, q.c.) end opposite the middle of the medio- 

stapedial (rn.st.). The mid skull is one-third longer than the other two regions, which 

are equal to each other in this respect; they are both moderately broad, but the mid 

skull is very broad. 

The interauditory region is nearly as wide as the interorbital, and this latter 

increases in width forwards. The “ tegmen craniiis very slight in front, largely 

covers the hind brain, and there is left a fontanelle (fo.) which is evenly egg-shaped, 

and has its wide end in front. 

There is a very narrow band of cartilage bounding the fontanelle on each side, but 

this is not continued downwards into the wall, which is membranous, except for a short 

distance at each end. 

There are two rather large secondary fontanelles in the extensive interauditory roof. 

The occipital condyles (oc.c.) are small, sub-reniform, and postero-inferior; they are 

separated by a straight basal tract equal to both in width. The basal cartilage is equal 

to one condyle in width, and the upper or supraoccipital cartilage is as wide as the 

intercondyloid space. 

The four bones (pr.o., e.o.) are larger than in the last; the ex-occipitals reach the 

fenestra ovalis below, and are wider above ; the prootics cover the anterior canal (a.s.c.), 

nearly, floor its “ampulla” below, and go round, but not in front of, the foramen 

ovale (V.). There is a moderate tegmen tympani (fig. 6), and the canals and vestibule 

bulge out above and below (A.s.c., a.s.c., p.s.c., vb.). 

The tegmen cranii becomes a narrow band directly it passes into the interorbital 

region, for the trabeculae (tr.) have not enlarged, relatively, since the legs of the 

Tadpole began to bud out, only the intertrabecular tract of cartilage was added. 

The optic foramen (II.) is large, but the optic fenestra (or fontanelle, ofo.), which 

is large in several types of small Australian Anura, here occupies nearly all the orbital 

region; it is one-tliird the length of the skull. The bulging floor of the skull widens 

towards the ethmoidal region, and then, behind the true nasal region, there is a com¬ 

plete girdle for a short distance—not a complete bony girdle, however, yet there are 
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three tracts of bone, as in the young of Rana temporaria (Phil. Trans. 1871, Plate 8, 

fig. 7, eth.). 

The broad end of the egg-shaped fontanelle (Jo.) is bounded by a very narrow 

tegminal tract; this tract is ossified, at first, evidently, as in the young of Rana 

temporaria of the first autumn, by ossification of the fibrous investment, and then by 

some degree of endosteal deposit. In Dactylethra (Phil. Trans. 1876, Plate 59, fig. L, 

s.eth.) the ossified membranous tract is large and "f"_shaped, but it does not unite with 

the extensively ossified chondrocranium; but in the phaneroglossal Anura, any 

external bone there may be is soon lost in the deeper ossification. 

In this “dwarf” the superior marginal crescent of bone seems to have started in 

growth from symmetrical points, but of this I am not certain; it may have been single 

and median at first, and then have become partly sub-divided afterwards—a very 

common thing in this group. In this narrow ethmoidal girdle the “axils” are 

ossified (eth.), and their limited lateral tracts unite with the arch of bone above, 

inside the superorbital band. That band (s.oh.) is double, there is a narrow tract 

over the anterior angle of the orbital space, and a wider lobe projecting from the 

ethmoidal wing; these two are separated by a deep rounded notch. 

The true nasal region is altogether unossified; it is of a good size both in length 

and breadth. The septum (s.n.) narrows a little, forwards, from the perpendicular 

ethmoid, and ends in front in a shortish, rounded rostrum (figs. 6, 7, 9) ; this 

rostrum is margined by the nasal roofs, and the front of this region is sinuous, 

and retires considerably, right and left. The pro-rhinals (figs. 7 and 9, p.rh.) are 

smallish and falcate. The broad subnasal laminae (fig. 7, on each side of s.n.) grow 

out into ear-shaped angular processes. The external nostrils (e.n.) are as wide apart 

as in other “ Polypedatkhe; ” they are almost as far apart as the inner openings 

(i.n.); the valvular cartilages (u.ll.u.l2.) are normal. 

The palato-suspensorial arches are normal, but feeble, so also are the bony tracts 

applied to them ( pa., pg.); both the hinder forks ( pd., q.c.) are short, and the quad¬ 

rate is not ossified. 

The Eustachian openings (eu.) are nearly circular: they are two-thirds the size of 

the inner nostrils; the annulus (figs. 6, 10, a.ty.) is rather small, and imperfect above. 

The mandible (not figured) is normal, but feeble; the stapes (fig. 10, st.) is nearly 

semicircular, and has a long “ bossthe inter-stapedial is not cut off from the dilated 

and forked end of the stout arcuate medio-stapedial (■m.st.), but is a massive, emar- 

ginate lobe of cartilage. The extra-stapedial (e.st.) is the short unossified end of 

this non-segmented columella; it is an inverted saddle-shaped process, and has no 

ascending ray. This small “ key ” is embedded in a thick cushion of fibrous and 

fatty tissue. The stylo-liyal end of the rest of the hyoid arch is not coalesced 

above; the descending bar (fig. 8, c.hy.) is of the normal width for the greater part 

of its length, but widens before it turns back into the hypo-hyal region (h.hy.); this 

part has no front lobe, but on its outer side there is a small oval “ extra-hyal ” 
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(exJiy.). The front notch of the basal plate (b.li.br.) is deep, the plate itself of 

normal length and width, but the front lateral lobe is absent; the hind lateral lobe 

and the ossified thyro-hyals (t.hy.) are normal. 

The investing bones are, on the whole, like those of a very young Frog; but the 

fronto-parietals (fig. G,f.p.) are small, falcate shells of bone; their ragged inner edges 

pass a very little way beyond the boundary band of cartilage, behind; they expand 

over the antero-medial part of the ear-masses, but are wide apart even there. 

The nasals (n.) are normal, but cover only a third of the roof cartilage; there are 

no septo-maxillaries, and the marginal bones (px., mx., q.j., sq.) are feeble and thin, 

like those of young Common Frogs. 

The parasphenoid (fig. 7, pa.s.) is relatively large and well developed; all its pro¬ 

cesses are pointed at their free ends, and the basi-temporal projections are uncinate. 

The vomers (v.) are small, arrested, toothless, sub-falcate, and rather ragged tracts of 

bone, like those of the young of any normal type. 

The figures show, of themselves, how far short this small Frog comes of the develop¬ 

ment seen in its nearest Ethiopian and Indian relations; it falls short of the “ norma” 

in the following particulars :— 

1. The arrest, during an early larval condition, of the chondrocranium, both above 

(in front) and along the sides. 

2. The feeble ossification, especially in the ethmoidal region, so that the girdle-bone 

is but little developed, broken up into three centres, and widely unfinished, below. 

3. The distinct prenasal rostrum. 

4. A very large, open, main fontanelle. 

5. A bilobate superorbital (and preorbital) tract. 

6. General feebleness of facial structures, both cartilaginous and bony. 

7. Small Eustachian hole, and annulus tympanicus. 

8. Absence of inter-stapedial segment, and supra-stapedial ray, with stunted extra- 

stapedial. 

9. Modification of hyo-branchial apparatus, a. No hypo-hyal, or front lateral lobe ; 

and b. A distinct extra-lryal, either a rudiment of the pectinate “ inter-branchial ” 

of the Selachians or a remnant of the first extra-branchial of the Tadpole. 

Note—That the open window in the orbital space is like what I have described in 

another small Australian type, namely, Camariolius (“Bankke”) (same Plate); it is 

seen in a less degree in some of the small Hyke (Plate 31, fig. 7), and in the little 

Bombinator Toad (Pseudophryne) (Plate 42, fig. 2); all from the same region. 

Second Family. “ EIylodidje.” 

First genus. Hylodes. 

43. Hylodes martinicensis.—Adult female; lA inch long. Martinique. 

This skull differs in many respects from that of the Oriental “ Polypedatidm ;” and 

the species of Hylodes evidently bear the same relation to the Cystignathine Frogs ol 
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the Nearctic and Neotropic regions, that the Indian “ Polypedatidse ” do to the typical 

Frogs of their own region. 

In general development the skull is about equal to that of Polypedates maculatus 

and chloronotus (Plates 27 and 26), but the ear-organs are more arrested ; altogether, 

however, it is a lighter and more elegant skull, and is almost exactly intermediate 

between the skull of a Cystignathus (of the same size), on one hand, and that of such a 

true Ilyla as H. rubra (Neotropical), (Plate 33, figs. 6, 7) on the other. I shall com¬ 

pare it with that of Cystignathus ocellatus and typhonius (Plate 16). 

The length is nine-tenths of the greatest breadth (Plate 29, figs. 7, 8), and the cheeks 

rapidly narrow in towards the broad, rounded snout. 

The fore and middle regions are of equal axial length ; the hind skull is only 

two-thirds their length, but it is of great breadth; the ossification, outer and inner, is 

typical; the whole structure is elegantly light, but of considerable strength. The 

occipital condyles (oc.c.) are small, project but little, are directly posterior, and are nearly 

twice their own breadth apart; they are separated by a gently emarginate line ; the 

condyles for the mandibles reach as far back as the fore edge of the stapes. The upper 

and lower median cartilaginous tracts are rather wide, and the superoccipital edge 

(fig. is almost as far back as the basioccipital. The prootics and ex-occipitals 

(pr.o., e.o.) of the same side are continuous, and the bone reaches in front to the optic 

fenestra (II). 

The bone, outside, reaches beyond the horizontal canal (h.s.c.) and then there is a 

large lozenge-shaped tract of cartilage which ends in the tegmen tympani (t.tiy.), whose 

margin stretches outwards and forwards. 

In front of the ampullae of the anterior and horizontal canals (ci.s.c., h.s.c.) there 

is a blunt hook of bone, looking outwards ; this process is also developed largely in 

Siren lacertina (Huxley, Art. “Amphibia,” Encyc. Brit., 9th edit., p. 758; and 

Wiedersheim, “ Das Kopfskelet der Urodelen,” plate 1, figs. 11, 12, Y. F., and 

plate 2, fig. 18, Y. F.). I have worked out this part in Siren, and in the correspond¬ 

ing stage in the larvae of Triton cristatus, and I find it to be a foregrowth of the plaster 

of cartilage developed beneath more or less of the auditory capsule—an outgrowth 

from the bevelled edge of the basal plate, or “ investing mass.” 

The hinder roof (tegmen cranii) reaches to the optic fenestrse ; it has two lesser 

fontanelles in it. The main fontanelle is a long oval, half the extent of the roof. 

The fontanelle is narrow because the tegminal edges are wide, equal to the scanty 

tegmen in front—the top of the girdle-bone (eth.); there is a small open space there, 

and a lozenge-shaped naked tract of the ethmoid. The temporal fossse are large and 

round, being margined outside by the prootic spurs ; then the rather narrow skull 

steadily widens forwards, as in Cystignathus ocellatus (Plate 16, figs. 1, 2). 

Infero-laterally, two-fifths of the mid skull is unossified, the large optic fenestrse 

lying at the end of the soft tract, right and left. 

In this flattish skull the girdle-bone barely reaches the true nasal region, and does 
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not ossify its own alas ; its axillae are shallow. Although elegantly arched in front 

the snout is very wide, and the oblique outer nostrils (e.n.) on each side are sub-tubular 

and very large ; they have outside them well developed labials (u.V.u.V1.). 

The roof and floor (fig. 7, al.n.; fig. 8, s.n.) are very wide tracts of cartilage; there 

is no prenasal rostrum, and the angles of the floor and the pro-rhinals (fig. 8, s.n., p.rh.) 

are large, and end in out-turned hooks ; the septum nasi, above and below, is thick 

and clearly defined. Up to the point where the true palatine cartilage (fig. 8) begins, 

the ethmoidal wing, which is generally thick and somewhat pointed forwards behind 

the outer margin of the inner nostril, is here unusally developed, as in the genus 

Cystignathus (Plate 16) (indeed, in C. iyphoriius it is ossified continuously with the 

ethmoid, Plate 16, figs. 6 and 7). Here it is not ossified, but is of great breadth, and is 

seen outside the post-narial spike of the vomer (nf, v.)—a part which is also, here, 

four times its usual size. Beyond the notch which separates the ethmoidal from the 

palatine regions the cartilage is rather feeble and narrow, and so is the whole palato- 

suspensorial arch, except in its quadrate region behind. 

In conformity with this, the two pairs of bones (pa., pg.), although quite normal, are 

slender and rather feebly developed. 

The pedicle (pel.) is a small osseo-cartilaginous “foot,” gliding on the sub-concave 

facet outside the prootic spur. The angle between the forks of the pterygoid is more 

than a right angle, and in it we see the large, oval, Eustachian opening (eu.) 

The cartilage of this arch is nowhere obliterated except above the joint (q.c.) where 

the quadrato-jugal (cpj.) has freely grafted itself. 

The condyles are large and normal, the inner convexity being much the larger of 

the two. Outside the suspensorium and its T-shaped splint (sq.) there is a smallish 

crescentic annulus (fig. 11, a.ty.); it is three-fourths of a circle, its width and concavity 

moderate, and its hinder horn two-fold. The stapes (fig. 11, st.) is oval, and has a 

boss ; the columella is slender, the partly ossified proximal end is smaller than usual, 

and there is no inter-stapedial segment. 

The bony rod (m.st.) is almost straight, slender, and partly unossified distally; at 

that part segmentation has taken place, cutting off the symplectic element, or extra- 

stapedial. This cartilage (e.st.) is like the bill of a Spoonbill, and has no supra- 

stapedial fork. The mandible (fig. 9) is quite normal, the condyle (ar.c.) is reniform, the 

coronoid crest (or.) is definite, the dentary (cl.) is nearly half the length of the ramus, 

and the mento-Meckelian (m.mk.) rather long. 

The stylo-hyal (st.h.) margining the Eustachian opening is confluent with the auditory 

capsule; it passes into a slender cerato-hyal (fig. 10, c.hy.); outside its flexure there is 

a small extra-hyal, and from the arch there is a long slender hypo-hyal horn (h.hy.), 

which curves towards its fellow in front of the great pre-basal notch. 

The basal plate (b.h.br.) is of the average width, and withal, very long also ; its 

lateral lobes are narrow, the hinder longer than the front pair; these grow outwards 

and forwards, those outwards and backwards. 
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The thyro-hyals (t.hy.) are as long as the basal plate at its middle ; they are slender, 

straight, moderately divergent, and well ossified. 

The investing bones are thoroughly Cystignathine, and very elegant; the fronto- 

parietals (fig. 7,fp.), are dilated in the temporal and ethmoidal regions, are hollowed 

out to form the temporal fossa, and spread well over three-fourths of the hind skull, 

where they end by a straight margin. They widen steadily in the orbital region, and 

taken together, their fore-edge is crescentically emarginate—so much so that the great 

fontanelle is not quite covered, and a large lozenge-shaped tract of the girdle-bone is 

left naked. The diverging outer angle of each lies on the corresponding nasal. The 

nasals (n.) have the normal shape; they are large, convex shells, and each touches the 

septum nasi by its inner edge; their bluntish fore ends leave the snout uncovered for 

some distance. 

The marginal bones (px., mi, q.j., sq.) are well developed and perfectly normal; the 

squamosal, however, only lies on the edge of the tegmen tympani; its post-orbital 

process is bent outwards, and is curved and long ; the descending part is normal. 

There is a very small, sesamoid septo-maxillary (fig. 7, between u.l2. and al.n.). 

The parasphenoid (fig. 8, pa.s.) is long, well-developed, and normal; the bone is 

thickened at the cross, and the transverse processes are carinate, the thickening 

running along them as a ridge; the “ handle ” is unusually long and slender. 

The vomers (fig. 8, v.) are very large triradiate plates; there is a y>os£-narial, but 

not a yme-narial spur; and the front part is triangular, running under the edge of the 

dilated subnasal lamina (right and left of s.n.); these, right and left, are far apart. 

The hinder half of each bone, on the contrary, converges towards its fellow, each 

almost reaching the point of the parasphenoid. From the hind margin a thick rib 

grows, covered with a rasp of retral teeth; these lobes reach outwards further than 

the inner edge of the inner nares (i.n.), their thick end is outside, and they are 

furthest forward there. This hind margin is slightly arcuate, so that they run across 

the fore palate as a crescentic rasp, j ust broken at the mid-line; they are quite 

Cystignathine. 

Most of the divergencies from the “norma” in the skull in this species are very 

gentle, and yet quite appreciable ; this is a true Neotropical Frog, with the toes dilated. 

Its main points of difference are as follows :— 

1. The nasal region is extremely large, both wide and long; and the orbital region 

steadily widens towards it. 

2. The hind skull is unduly ossified. 

3. The prootic region has a projecting spike, as in Siren lacertina, and the larva of 

Triton cristatus. 

4. The palato-suspensorial arch is very slender. 

5. The quadrate is largely ossified. 

6. The annulus is small and widely open. 

7. There is neither an inter- nor a szfpra-stapedial. 

Y 2 
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8. The processes of the basal plate are all very slender, and there is a pair of small 

extra-hyals. 

9. The squamosals have a very narrow supra-temporal part, and the vomers are of 

great size, especially their dentigerous lobe. 

Second genus. Acris. 

44. (A) Acris Pickeringii.—Adult female; 10 lines (f inch) long. Cambridge, 

Mass., U.S. 

Although essentially a Hylodes, this minute Frog is worthy to be put into a sub¬ 

genus ; I therefore retain for it the term Acris. The skull of this species is very 

valuable as showing the effect of dwarfing in a remarkable arrest of the chondro- 

cranium, such as is seen in the dwarfs of other genera, in different and distant 

regions. The small species of Rappia from Australia, e.g. R. bicolor, and similar 

minute Oxydactyle Frogs from the same territory, e.g. Camanolius, have the same 

modification of their skull—almost all toindows, with but narrow strips of wall; and 

this is also seen, but to a less extent, in the small Bombinator Toads of Australia, viz.: 

Pseudophryne. Hence it is evident that this economy of cartilage is due to the same 

cause as the general arrest in size of these species. On the other hand, some of the 

smallest kinds are most ossified, notably a species close akin to this, and to Rappia 

bicolor, viz.: the small Rappia from Lagos; and some of the small edentulous Anura 

show the same thing, e.g., Hylaplesia—a Platyclactyle type : the smallest of the typical 

Frogs, Rana pygmoea, has also a very bony skull. 

This skull (Plate 30, figs. 1-5) has its breadth slightly greater (one-twentyfifth) than 

its length ; it is semi-oval in its facial outline, has a broad but rounded muzzle, and 

its quadrate condyles (q.c.) end opposite the middle of the columella. 

The occipital condyles (oc.c.) are large, reniform, and postero-inferior; they are 

separated by a space nearly equal to the width of both, and this wide notch is 

crescentic. 

There is a wide basal or median tract of cartilage, in which the remnant of the 

notochord is seen to be enclosed in a feeble bony sheath—a cephalostyle—the rudiment 

of a basioccipital (b.o.). Above the wide foramen magnum {fan.) the roof-cartilage 

comes well back, and is seen to be partly calcified, showing the rudiment of a supra- 

occipital bone. This roof is complete up to the same transverse line as that from 

which the optic nerves (II.) emerge ; from thence the roof is membranous nearly up to 

the septum nasi (s.n.). This is the large ovoiclal fontanelle (fo.); it is two-fifths the 

length of the skull, and three-fourths the width of the interorbital region. The 

ossification of the hind skull is feeble, and by the two pah's of normal centres (pr.o., e.o.). 

The ex-occipitals (e.o.) flank the posterior canals (p.s.c.) above, and surround the 

twin nerve-passages (IX., X.) below; the prootics (p>r.o.) climb over the ampullae of 

the anterior and horizontal canals (a.s.c., li.s.c.) above, and half surround the foramina 
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ovalia (V.) on their upper edge, reaching from thence to the pedicles {pel.). Beyond 

the horizontal canal the capsule lessens to one-third its breadth, to form the “tegmen” 

(fig. 1). The fore and hind skulls are equal in length ; the mid skull is one-half longer, 

and relatively broad ; its sides are sinuous, for it dilates a little both in the temporal 

and ethmoidal regions. The actual floor of the chondrocranium is only half the width 

of the roof, and the optic nerves (II.) pass out of the end of a long, oval fenestra, which 

reaches to within a short distance of the ethmoidal wings. Measured from the hinder 

margin of the actual optic foramen to its fore end, this fenestra takes up four-fifths of 

the orbital wall, and the girdle-bone {eth.) does not even reach to the fore edge of the 

fenestra. A narrow band of cartilage bounds the single, great fontanelle (fo.), and as 

this widens in front it becomes bony ; the fore margin of the fontanelle is bony, but the 

tegmen cranii thus ossified is a very narrow selvedge, and this band only reaches to 

the very definitely marked nasal roofs, whilst the bone runs very slightly into the 

septum {s.n.). Laterally, there projects a narrow superorbital eave beyond the bone, 

and the ossification projects slightly into the wings. 

The nasal septum [s.n.) is thick behind and bulbous in front; its junction with the 

roof-cartilages is shown in front, where the short decurved “ rostrum” (p.n.) has a small 

projection on each side of it, the right being the largest ; these are the ends of the 

crescentic roof-tracts, which are large and wide. 

Below (fig. 2) the floor is very wide, and ends in front in the primary angles of the 

cornua trabeculae, and in the smaller, secondary, decurved pro-rhinals {s.n., p.rh.). 

The narial openings are wide apart, the external nostrils {e.n.) being three-fourths 

the distance from each other of the inner holes {i.n.); the outer openings are protected 

by the normal valves {u.V-.u.V1.). The palato-suspensorials are slender, but quite 

normal; from the ethmoidal wing, which thickens round the hinder margin of the 

inner nostril, the ethmo-palatine becomes a moderate tape of cartilage, expanding 

into the spiked pre-palatine band, which runs backwards as a post-palatine, with a 

rounded hinder lobe projecting into the maxillary, and then becoming pterygoid 

{pr.pa., pg.). The forks of the suspensorium are apparently nearly equal, as seen 

from above and below, but the quadrate region and its condyle (q.,q.c.) pass further 

backwards, reaching as well some distance downwards and outwards. The palatine 

bone {pa.) is the normal falcate thin piece, and the pterygoid {pg.) has the usual 

shape, but, contrary to rule, it covers the cartilage most above and least below. 

The bulbous pedicle is most seen above ; below, it is confluent with the stylo-hyal (pd., 

st.h.)—a rare modification, and seen again in Phyllomedusa hicolor (Plate 34, fig. 8). 

Above, in front of the fork, the pterygoid-bone is rough and hollowed out; it is thin and 

lathy where it binds on the inner face of the quadrate. That region is only slightly 

ossified by the quadrato-jugal {q.j.); its condyle {q.c.) is large, elegantly bilobate, with 

the inner or hinder lobe much the larger of the two. 

The annulus {a.ty.) is rather small and open above; the stapes (fig. 5, st.) is oval, 

with an emargination antero-superiorly, and an external boss. The pistol-shaped 
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columella is large and bilobate behind, but the unossifiecl part is not distinct from the 

medio-stapedial (m.st.). The decurvecl extra-stapedial (e.st.) is spatulate, and it gives 

off a narrow supra-stapedial (s.st.), which degenerates into a ligament, above. 

The stylo-hyal (st.k.), from its junction with the pedicle, runs into the cerato-hyal 

(fig. 4, c.hy.), without change of breadth ; the hypo-hyal region (h.hy.) is narrower, and 

there is no projecting lobe. The great notch in front of the basal plate (b.h.br.) is 

wide ; the plate is short and wide, and the fore lobes are uncinate and but little wider 

than the hind lobes. The thyro-hyals are long, a little more than half bony, and 

hooked inwards behind. There is an irregular patch of “ endostosis;” between these 

bars, in front, as the sign of a tendency to form a basi-brancliial bone. The mandible 

(fig. 3) is long and slender, with a pyriform condyle (ar.c.), a long dentary and mento- 

Meckelian (d., on.ml:.), and a low coronoid ridge to the articulare (ar.). 

The investing bones are extremely delicate, some of them being less than may be 

seen in the Tadpoles of other kinds, before the fore legs are free. 

This is true, especially of the fronto-parietals (fp-), which are delicate styles over¬ 

lapping the girdle-bone in front, and only forming a wall-plate to two-thirds of the 

narrow marginal band of roof-cartilage. In the temples each bone projects, and binds 

upon the anterior canal ; behind, it becomes pedate, not reaching, however, to the 

small ex-occipital; thus the hinder, complete “ tegmen ” is nearly all naked. 

The nasals (n.) have a fuller development, but they are more than their own width 

apart, and are thin lunate shells. The premaxillaries [px.) are extended in front of the 

wide snout, and the main bar of each is long ; their nasal and palatine processes are 

moderately developed. Over the junction of these bones with the maxillaries there is a 

small irregularly radiate_septo-maxillary (s.mx.) ; the maxillary (mx.) is of great length, 

almost reaching to the hinge (//.c.), but it is thin and not high ; the small t-ootli-like 

quadrato-jugal (q.j.) is partly joined to the quadrate (q.). 

The squamosal (sq.) runs one-third further forward than the tegmen (fig. 1, left of 

au.)\ it overlaps that eave a little, and is split at its free postorbital end ; the descend¬ 

ing part is normal. The parasphenoid is thin and like that of a Tadpole, but it reaches 

from the front of the ££ cephalostyle ” (b.o.) nearly up to the notch in the margin of the 

narrow girdle-bone (eth.); its processes are all normal, but the lateral wings are rather 

limited, and the hind lobe is irregular. 

The vomers (v.) are like bony spiculse ; there is a po.sUnarial, but not a pre-narial 

hooked spike; the £! body ” is in two arcs, the hinder ends in a thick lobe covered with 

teeth, and the front lobe is pointed and underlies the angle of the floor-cartilage (s.n.). 

The main points to notice in this skull, as compared with the ££ norma,” are its 

general arrest at a condition of growth equal to that of a young Common Frog of the 

first summer. The particular points are :■— 

1. Rudiments of a basi- and supra-occipital. 

2. Its one large fontanelle. 

3. The long orbital fontanelles. 
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4. The small girdle-bone. 

5. The definite prenasal with its lateral projections. 

6. The junction of the pedicle with the stylo-hyal. 

7. The absence of a distinct inter-stapedial. 

8. The absence of hypo-hyal lobes. 

9. The extreme delicacy and narrowness of the fronto-parietal bones ; this is repeated 

in the other investing bones, but not to the same extent. 

44 (continued).—(B) Acris Pickeringii.—Larva, 1 inch 2 lines long ; tail, f inch ; hind 

legs, ^ inch ; same locality. 

The adult of tins species is smaller than that of Camariolius, but its Tadpoles are 

larger by one half; this specimen is more metamorphosed than the larva of that 

minute Australian “ Oxydactyle Frog” (see Plate 15, figs. 6, 7). 

In this larva the chondrocranium (Plate 30, figs. 6, 7) is oval in outline, for the hind 

part of the suspensorial bands and the fore part of the auditory capsules project, and 

the quadrate condyles (q.c.) are drawn in towards the mid-fine. It has gone beyond 

the Petromyzine stage, for there are two bones, both of them axial and azygous : one 

intrinsic, the cephalostyle or rudimentary basioccipital (n.c.); and the other superficial, 

the parasphenoid (pa.s.). The first vertebra (c.v1.) is drawn with the crown of its arch 

cut away; in it we see the ossifying neural arches, and the relatively huge notochord 

(nc.) becoming invested with a layer of bony deposit, principally on its upper surface 

(fig. 6). This is taking place in the mesoblastic sheath, and is two-horned in front. 

Entering the skull, the notochord suddenly becomes very small, reaches to the same 

transverse fine as the Gasserian ganglia (V.), and ends in a rounded pomt, which is 

twisted to the right hand. This styfiform apex of the notochord is invested—most 

above—with a deposit of bone, like that which in the vertebral region forms rudi¬ 

mentary “ centra.” The bony “ cephalostyle ” has already been described as existing in 

the adult. The occipital arch is fast finishing, for cartilage is breaking out, above, from 

the inner edges of each auditory capsule, and this has converted most of the membrane 

there into the same tissue. Also in front of the notochord there is a long inter- 

trabecular tract of new, small-celled cartilage (fig. 6, inside tr.), and the orbital walls 

are beginning to grow over as a super-cranial (tegminal) rudiment; this is especially 

seen in front. 

Between the narial passages (i.n.) the trabeculae have coalesced, converging for this 

purpose, but there is no appearance here of a distinct mesethmoidal rudiment. The 

trabeculae break free of each other again, to end as free, crescentic, decurved horns, 

from whose inner edge a crest is growing to fill up the re-entering angle between them. 

The nasal roofs are only beginning to chondrify, and with the eye-balls, were removed 

in making the dissection. The auditory capsules began to chondrify directly after 

the trabeculae and suspensoria, and are now highly developed ; then canals (a.s.c., 

h.s.c., p.s.c.) bulge largely, and the ampulla of the horizontal canal projects greatly. 
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The tegmen tympani is showing itself, and outside the 'parachordal floor the 

oblique fenestra ovalis is nearly filled with the oval stapes (st.), now well chondrified. 

The unfilled fore end of the fenestra ovalis is waiting until after most of the meta¬ 

morphosis is done to receive the columella, which will articulate with the newer 

parachordal floor at its outer edge. Cartilage has spread from the tegmen tympani 

into the angular space between the capsule and the otic process of the suspensorium 

(ot.p.), just as cartilage spreads from the inner edge of the capsule into the mem¬ 

branous superoccipital tract—for cart day e, like hone, in many instances, does not heed 

morphological landmarks. The little cordiate cartilage (fig. 7, sp.c.) which is develop¬ 

ing in the opercular membrane, over the 1st cleft, becomes free from the ear-capsule, 

coalesces with the otic process of the suspensorium, becomes detached again from that 

part, and then develops into the annulus tympanicus, and is permanently kept as the 

cartilaginous “ operculum ” of the cleft to which it belongs; the specialisation of both 

cleft and operculum failing to disturb the original morphological relation of the parts. 

In like manner the modified hyo-mandibular or columella, will be wedged in between 

the auditory capsule and the basal plate, exactly as in its simple and generalised 

counterpart in the Selachians. 

The suspensorial arch has tire normal form ; the pedicle (fig. 7, inside sp.c.) is 

narrow, the otic process (fig. 6, ot.p.) is a thick crest, ascending from the main bar as it 

suddenly turns inwards to become the pedicle. The quadrate condyle is a small 

trochlea, and looks inwards as well as forwards, and the terminal or quadrate region 

(q.) is altogether oblique ; it sends inwards an angular pre-palatine spur which is 

attached to the cornu trabeculae in front of the narial passage (i.n.) by a ligament. 

The orbitar process (fig. 6, or.p.) is large and rounded, with raised edges; the 

hyoidean condyle beneath it has the usual reniform outline, and is scooped. The 

wings of the ethmoid are very rudimentary at present, and I find no post-palatine 

rudiment outside them. The mandibles (fig. 7, mk.) are short, thick, ulniform rods, 

with the usual hooked angular process ; they are articulated to the lower labials by a 

wide surface ; these latter are each half a thick crescent with a raised lip. The 

temporary upper labials (u.l.) are large, thin, crescentic flaps fitted on to the end of 

the cornua trabeculae. The hyoid bar (fig. 7, c.hy.) has the usual form; it has a large 

condyle and an unciform stylo-hyal free end; it has a narrow waist, obliquely ridged, 

externally, for muscular attachment, and then expands largely, most on its hinder 

margin, to contract again where it is joined to its fellow, ventrally, by the square, soft- 

celled, basi-hyal. The branchial arches were not figured in this instance, they were 

quite normal. 

The parasphenoid (fig. 7, pa.s.) formed a floor, very exactly, to the newer cartilage 

of the intertrabecular space ; it had, although it was very thin and young, developed 

the rudiment of its lateral and posterior angles; the last was directly under the 

(endoskeletal) bony sheath of the notochord. 
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Second sub-division.—Tree-frogs, with dilated sacral apophyses, and without parotoids. 

Family “ Hylidjs.” 

First genus. Hyla. 

45. Hyla Ewingii.—Adult female; 1|- inch long. Van Diemen’s Land. 

The lesser, glandless, flat-hacked Tree-frogs form a very natural group ; those of 

the genus Hyla a very neat group. The Australian Anura of various genera and 

families are very frail and delicate in their build, and their skulls especially are often 

extremely deficient even in cartilage, which, like the outer bone, is often used with 

the utmost economy. 

This in the case of the Hylce is in perfect harmony with the life led by these insect¬ 

like Batrachians, and is very instructive as throwing light upon the influence of 

external conditions upon a most sensitively modifiable group. I shall return to this 

subject again when summarising the whole of this piece of work. 

The skull of this species (Plate 31, figs. 1, 2) is an even half oval; the breadth is to 

the length as 9 to 8 ; the occipital condyles (oc.c.) project but little, are postero- 

inferior, of medium size, and wide apart. The condyles of the quadrate (q.c.) reach as 

far back as the fore edge of the stapes ; this is a correlate of the arrested size of this 

type. The skull is very flat and wide, and very open ; there is one large oval fon- 

tanelle, which reaches almost from the closing in of the cranial cavity in front, to 

some distance into the inter-auditory region, behind ; at the sides, also, the tegmen 

is scarcely developed at all, and thus three-fourths of the roof is membranous. The 

whole occipital arch, and all but the edge of the tegmen tympani, and the rim of the 

fenestra ovalis, is one continuous (generalised) osseous tract, which reaches up to the 

optic fenestra (II.) in front. The flatness of this little skull is such as to throw the 

nerve-passages both before and behind the ears (fig. 2, II., V., IX., X.) on to the general 

plane of the gently convex lower surface. Thus this skull resembles that of a young 

typical Frog, artificially compressed ; and that in spite of the intense ossification of both 

the fore and hind skull. In accordance with the general arrest as to size, the auditory 

capsules are relatively larger, and the parotics less extended, than in the Peloclryadidse. 

So also the mid skull is wider; the cranial cavity is larger, in proportion to the part in 

front, and is twice as long as the nasal region. There is very little pinching in of the 

orbital region, which is widest behind, where the temporal region begins, and in front 

where a distinct eave of cartilage is left unossified (s.ob.). The girdle-bone (eth.) runs 

into the nasal region in front, transversely above, and as a spike below ; it takes in also 

part of the proper territory of the anterior sphenoid, for more than half of the orbital 

region is ossified by it, and it also runs well into its own wings, stopping where the 

etlimo-palatine bar is segmented in Bufo. Here, as in Pelodryas (Plate 34), the nasal 
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roofs are small (figs. 1 and 4), and the nasal floor large (fig. 2, right and left of s.n.). 

The end of the septum (s.n.) projects as a triangular rostrum (fig. 4, p.n.), and the paired 

trabecuke have developed their new horn or pro-rliinal (p.rh.) in such a manner as to 

almost rival the outer angle of the first horn (fig. 4, c.tr.) ; that is pedate with the toe 

outwards : this is like an adze blade. The outer nostrils (e.n.) are only moderately 

wide apart; the inner (i.n.) are not so far apart as in many cases ; they are very large 

and circular; the labials (u.ll.u.lz.) are normal. The palato-suspensorials are like those 

of a young Common Frog ; they are slender and but little affected by the bony tracts ; 

have a large cultrate pre-palatine; and end behind in two massive growths, the 

condyles of the pedicle and quadrate (pel., q.c.); these parts are much like those of 

Pelodryas. The Eustachian opening (eu,) in the angle is almost circular and of the 

average size—only half as large as the inner nostril. The palatines and pterygoids 

(pa., pg.) are slender, but quite normal. The mandible (fig. 3) is normal. 

The annulus (figs. 1 and 5, a.ty.) is of normal size, but its horns are wide apart. 

The stapes (fig. 5, st.) is an oval plate obliquely truncated in front; on it, antero- 

superiorly, the arched columella fits; it is equally wide at both ends, has no segmen¬ 

tation, and no supra-stapedial cartilage—only a fibrous band (s.st.). There is no 

inter-stapedial segment, even marked by ossification, and the bony matter runs up 

nearly to the stapes. The extra-stapedial (e.st.) is two-fifths the length of the outer 

rod ; it is a rounded spatula. 

The stylo-ceratohyal is confluent above (fig. 2, st.li.), and gently widens to the 

middle (fig. 3, c.hy.) ; it then lessens again, and returns backwards into the basal plate 

without any hypo-hyal lobe. Only the sharp postero-lateral lobe exists on the short, 

small basal plate (b.h.br.); the thyro-hyals (t.hy.) are well developed, moderately 

diverging, and straight. 

The investing bones are such as we should find in a young Pelodryas equal to this 

species in size. The fronto-parietals (fig. 1, fp.) form a narrow, straight wall-plate, 

widened, like a foot, over the temporal fossa ; they turn slightly outwards over the 

superorbital eave, and inwards, a little behind. The nasals (n.) are narrow crescentic 

shells, with a spike on the middle of their convex edge. 

The marginal bones (px., mx., q.j.) are well formed and typical, but extremely 

thin ; I find no septo-maxillary in tins species. The squamosals (sq.) have a good 

upper bar, projecting as a free postorbital process in front. 

The parasphenoid (fig. 2, pa.s.) is characteristic of this Family; it is well formed, 

wide in its main part, has all its processes pointed, but the basi-temporals are narrow. 

The vomers (v.) show nothing of the breadth of those of Pelodryas (Plate 34, fig. 2), 

nor the radiate character of those of Pkyllomedusa (Plate 34, fig. 8); they are quite 

normal, and have a small obliquely-oval dentigerous plate. 

This skull should be compared with that of a young Common Frog of the first 

autumn; then we can see that its divergence from the type is in these several pecu¬ 

liarities, namely:— 
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1. The extremely flat form of the skull, generally. 

2. The intense ossification of the occipito-otic and ethmoidal regions. • 

3. There is but one, that a very large, fontanelle. 

4. The prenasal is present, and the lesser cornua (pro-rliinals) are half the size of 

the outer angles of the snout. 

5. The superorbital tract is distinct as a semi-oval eave. 

6. The nasal roof is very narrow, as compared with the floor. 

7. The annulus has its horns wide apart. 

8. The pedicle is very solid, and the Eustachian opening is margined behind by a 

confluent stylo-byal. 

9. There is neither a separate inter-stapedial nor a supra-stapedial band. 

10. There are no lobes on the hypo-hyals, and no antero-lateral lobe on the very 

small basal plate. 

11. The roof-bones are extremely arrested and narrow. 

12. There are no septo-maxiflaries. 

46. Hyla phyllochroa.—Adult female ; 1 inch 5 lines long. Cape York, Australia. 

This skull resembles the last very much, but is altogether frailer, and less ossified ; 

I am not aware of having dissected a skull more light and delicate than this; its main 

rivals are some of those of its own country, viz. : Rappia bicolor, and Camariolius 

tcismaniensis. 

The outline of this skull (Plate 31, figs. 6-9) is elegantly semi-oval; it is much 

shorter than the last, the breadth being to the length as 7 to 6, and the condyles of 

the quadrate have retreated much further back, being opposite the proximal part of 

the occipital condyles. These condyles project as little as in the last, are smaller, and 

differ in direction, being exactly posterior. 

Both skulls are equally depressed, but this differs in shape in all the three regions. 

The auditory capsules are only three-fourths the size of those of H. Ewingii; the 

parotics project much further outwards, and are considerably narrower. 

The tegmen cranii reaches more than half-way from the foramen magnum to the 

front of the cavity, and runs round the single fontanelle (fo.) as a considerable band 

both right and left and in front. The greatest width of this membranous space is 

equal to that of 11. Evnngii and to its own length, but the widening backwards of the 

marginal tegmen makes it lose what would otherwise be the circular form. 

A large triangular tract of cartilage exists above, occupying most of the hinder 

tegmen, and a clear synchondrosis exists both above and below at the foramen magnum 

(fm.); the floor of the vestibule and the tegmen tympani (fig. 7, vb., and fig. 6, t.ty.) 

are also unossified. Above, there is a narrow tract of cartilage running from the 

horizontal canal to the junction of the anterior and posterior canals (fig. 6). In front, 

the prootic bone reaches to the foramen ovale (fig. 7, V.); above (fig. 6), the bone 

reaches the roof over the optic fenestra (II.) The girdle-bone (eth.) only occupies one- 

z 2 
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third of the mid skull, runs a little into the wings below, and above creeps along the 

septum nasi almost to the end of the snout (ai.n.). The whole of the large ear-shaped 

superorbital tract (s.ob.) is unossified ; it is thrice as large as in the last. The optic 

fenestra (II.) is twice as large as in the last. In that species the flat mid skull was 

widest behind; in this, the skull widens and bulges from behind forwards. With the 

exception of the top of the septum, all the nasal region is unossified ; and in this kind 

the roof and floor are equal, and there is no rostrum. The pro-rhinals (p.rh.) are 

very wide, and have the shape of the angular lobes (right and left of s.n.). 

Here the snout is almost as broad and transverse as in the Indian Polypedatidse ; 

the labials (u.V-.u.l3.) are normal. The palato-suspensorials are curiously different in 

these two kinds : here the ethmo-palatine (e.pa.) is broader; the pre-palatine a sharper 

adze blade, and the post-palatine cartilage retains a greater breadth; it ends in this, 

as in the other, in solid condyles—both of pedicle and quadrate, as in Pelodryas. 

But in this the palatine (pa.) is a mere needle of bone, whilst the pterygoid (pg.) 

is broader; it is of necessity longer, on account of the greater retreat of the quad¬ 

rate : tins latter part is not ossified. 

In this species the Eustachian openings (eu.) are large and nearly circular, as in the 

last; but the inner nostrils (i.n.) are still larger; they are oval, and look obliquely 

inwards and forwards. 

The annulus (a.ty.) is large, but unclosed; the stapes (figs. 7 and 9, st.) large and 

sub - oval; it is but little produced outwards. The bony medio-stapedial (m.st.) has a 

very thick, solid, proximal part, from the core of which an ear-shaped inter-stapedial 

lobe (m.st'.) passes inside the stapes. The shaft is long, and in front the unossified 

extra-stapedial (e.st.) grows as a narrow tongue, bent on the core of the shaft, and 

having a lobate edge, but no distinct supra-stapedial. 

The stylo-hyal (fig. 9, st.hr) is confluent above ; it widens downwards into the cerato- 

hyal (fig. 8, c.hy.), which soon lessens again, and becomes a long, delicate, retral, non- 

lobate hypo-hyal (h.hy.). There is no front lateral lobe to the very short basal 

cartilage, which tends to develop a hinder segment (b.b/.); this exists as a very rare 

median lobe between the long, slender sub-arcuate thyro-liyals (t.hy.). 

The mandible is normal, is very long and slender, and has a distinctly lobate 

coronoid process to the articulare (fig. 8, ar.). 

The mento-Meckelians (m.mk.) are large; the feeble dentaries (cl.) reach half-way 

along the ramus. 

The investing bones are, on the whole, about as thin and delicate as in the last; but 

the roof-bones are wider by one-third. The fronto-parietals (fig. 6,f.p.) partly overlap 

the ear-capsule, and nearly reach the ethmoidal wings. They are sigmoid in outline, 

and bend inwards, first behind the fontanelles, and again at its fore end; then they 

lessen this space slightly, and end in a rounded lobe. The nasals (n.) are large, thin, 

crescentic shells. The premaxillaries, maxillaries, and quadrato-j ugals (px., mx., q.j.), 

* The top of the stylo-hyal is hidden in fig. 7. 
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and also tlie squamosals (sq.), are very similar to those of the last kind; there is a 

small club-shaped septo-maxillary (fig. 6, s.mx.) on each side under the second upper 

labial (u.lh). The parasphenoid (fig. 7, pa.s.) is altogether more slender and pointed 

than that of H. Ewingii, especially in its basi-temporal spurs. The vomers (fig. 7, v.) 

are large; they have a curiously-arched form, a dentigerous lobe twice as large as in 

the last, and come nearer together. The postero-external edge of the bone embraces 

half of the great inner nostril, and the outer spike in front of this passage is but the 

hinder of a series of tooth-like projections of the bone. 

The difference between this skull and that of the “ norma ” is much the same as in 

the last; it comes nearer, however, to the pattern-form, in having the ex-occipitals and 

prootics somewhat marked out, and in having the lateral masses of bone distinct; also 

in having septo-maxillaries. It diverges further in one thing, namely, in having a 

basi-branchial rudiment projecting beyond the basal plate. Both the annulus and 

columella, in these two kinds, come equally short of that which is typical. Here, also, 

we have the optic fenestra and the superobital, both twice as large as in II. Ewingii. 

On the whole, there are about the same number of points in this and the last, in 

which these typical Hglce disagree with the “norma.” 

47. Hyla arborea.—Adult male ; 1-g- inch long. South Europe. 

This is a semi-oval skull, still shorter and broader than the last; the breadth is to 

the length as 6 to 5. 

On the whole, this specimen comes very near to II. Ewingii, notwithstanding the 

distance between the homes of the two species. 

The skull is not quite so depressed as in the two last, and is rougher and stronger 

in its general build ; also it is more fully roofed in. 

The occipital condyles (Plate 32, figs. 1 and 2, oc.c.) are larger and wider apart; 

they are postero-inferior, as in H. Ewingii. 

As in that species, the occipito-otic ossifications are fused together, but in this kind 

there is a basioccipital tract of cartilage (fig. 2, b.o.). 

The canals are larger, but the parotics are similar in both ; there is veiy little 

unossified cartilage near the fenestra ovalis in this species; altogether the ossification 

is more intense above than below; the bone encircles the foramen ovale (V.). 

The three regions of the skull are nearly equal; the single fontanelle (fo.) is exactly 

one-third the length from snout to occipital condyles; it is an irregular oval, for the 

edges of the tegmen cranii are sinuous. 

The short, wide, depressed mid skull lessens a little from the temples, and enlarges 

again into the superorbital lobes, which are ossified, proximally, by the girdle-bone 

(s.ob., eth.), and are semi-oval, not projecting much more than in II. Ewingii. 

The girdle-bone scarcely occupies a third of the mid skull; and the large optic 

fenestra (II.), which is intermediate in size between that of the two last, is well 

margined with cartilage. 
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The bone hardly affects the ethmoidal wing, but runs fairly up to the septum nasi 

(s.n.), below; above (fig. 1, eth.), it is very narrow, where it forms an arcuate margin 

to the fontanelle. 

The nasal region is well developed, both as to roof and floor ; it is wholly cartila¬ 

ginous, it is broad, but arcuate (not transverse), in front, and ends in five large, well 

formed processes (figs. 1, 2, and 4). Each outer angle of the primary cornua trabeculae 

(fig. 4, c.tr.), is a large, broad, decurved ear of cartilage, and the pro-rhinals (p.rh.), are 

long, large, and pedate; the prenasal (p.n.) is spatulate, and one of the best, in shape 

and size, to be seen in the whole group. Between this bar and the out-turned pro- 

rhinals, the nasal-nerve openings (n.n.) are large. The palato-suspensorials are stouter 

than in the two last; the pterygoid and palatines (rpg., pa.) are stronger even than 

in II. Ewingii, but the cartilage of the pedicle (pd.) is much less solid; that of the 

quadrate is equal to what is seen in that species ; this latter part is not ossified. These 

condyles have retreated to a point opposite the hind margin of the stapes ; this is 

intermediate between what we see in the two last kinds. So, also, are the internal 

nostrils (i.n.), they are sub-oval and oblique, but not to the same extent as in 

II. phyllochroa; the Eustachian openings (eu.) are very similar in all three; they are 

quite circular in this species. The external nostrils (e.n.) and the upper labials 

(u.V-.u.l2.) are very similar to those of II. Ewingii. 

The annulus (a.ty.) is imperfect above, but it is of the average size. 

The stapes and the other linked segments of the ear-chain (fig. 5, st., i.st., m.st.) are 

large ; the proximal segment is oval and unossified, but quite distinct from the solid 

head of the medio-stapedial. 

The extra-stapedial is a long, decurved, spatula, giving off a ligulate cartilaginous 

supra-stapedial {e.st., s.-st.), which like the stylo-hyal (s.th.) is confluent above. 

The rest of the hyoid band (fig. 3, c.hy.) is rather broad ; it lessens before it turns 

back, has no lobe, and soon melts into the basal plate. 

That plate {b.li.br.) is extremely small, both fore and aft, and has inordinately large 

thyro-hyals {thy.) : its lateral lobes are but little pronounced, especially on the right 

side. The mandible (fig. 3, m.mk., cl., ar.) is normal. 

The investing bones are somewhat denser than in the small Australian Ilylce; the 

fronto-parietals {f.p>) are only one-third as long as the skull, and overlap the marginal 

“ tegmen ” very little; they are small, straight, and gently conchoidal, with only a 

slight temporal dilatation. 

The nasals (fig. 1, n.) are fine large stalked crescentic shells of bone, coming very 

near each other at their inner edge; these bones, and the pre-maxillaries, septo- 

maxdiaries, maxillaries, quadrato-jugals, and squamosals, are all similar to what would 

be found in a young Common Frog of the same size as the adult of this species. 

The parasphenoid and vomers (fig. 2, pa.s., v.) are normal and large; the former lias 

its wings pointed, and not dilated, and the latter are thrown wide apart by the 

dilatation of the basi-nasal tract. 
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Divergence from the “ norma ” is seen in :— 

1. The general breadth and depression of the skull. 

2. The thorough continuity of the endo-cranial bones of the hind skull, above, and 

of those of the same side, below. 

3. In the mid skull the great size of the optic fenestra, and the limited extent of 

the girdle-bone. 

4. The superorbital eave, and large single fontanelle. 

5. In the fore skull, the large, well made prenasal, and the unusual size of the pro- 

rhinals. 

6. The stylo-hyals and supra-stapedials are confluent, above. 

7. The fronto-parietals are arrested. 

8. The basal plate is very small, and the tliyro-hyals very large, 

48. Phyla albomarginata.—Adult female ; 2-g- inches long. Brazils. 

This species, which is nearly twice as large as those whose skulls have just been 

described, cannot be far removed from Phyllomedusa, in spite of its want of “parotoids.” 

Its skull is moderately strong in its outworks ; the endocranium very strong, although 

very flat; the ethmo-nasal region takes up half its length, and this causes it to be 

almost a long skull, the breadth being only one-Jiftieth greater than the length ; the 

jaw-hinge reaches very nearly as far back as the occipital condyles. 

Thus much of the divergence from the type is in this kind evident at first sight. 

Besides its likeness to the skull of the gigantic South American kind, it resembles 

very much that of an Australian sub-type, namely, Litoria marmorata (see Plate 19, 

figs. 11, 12 ; and Plate 32, figs. 6, 7) ; but the skull of that species is much less unlike 

the “ norma.” 

Even here the Ranine skull is but thinly veiled, and not so much metamorphosed 

in any part as to hide its fundamental character ; and yet this normal form is an 

acquired character, whilst the primary form was Petromyzine, or “ Suctorial.” 

The occipital condyles (Plate 32, figs. 6, 7, oc.c,) are small, subreniform, and postero- 

inferior ; they are separated by an interspace which is greater than their own width, 

and this is deep and crescentic ; the epiotic eminences (jo.s.c.) are nearly flush with 

them. 

A line drawn athwart the middle of the hind brain, and cutting the junction of the 

anterior with the posterior canals {ci.s.c., p.s.c.) would also run across the opening of 

the tympano-Eustachian cleft (eu.), where the columella, pushes out its extra-stapedial 

process (e.st.) ; this point is a little behind the middle of the drum of the ear (a.ty.). 

The great parotic wings are half the breadth of the rather small proximal region of the 

auditory capsules ; they turn a little forwards, externally, but they are dilated somewhat 

along the tegminal margin (fig. 6, under sq.). 

The ossification of the hind skull is continuous everywhere, except a short oblong 
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tract under the hind brain ; its greatest width is in front. Another tract, twice as 

large, with its base in front, is seen under the pituitary body, and the triangular super- 

orbitals (s.ob.) are soft. With these exceptional tracts, all the cranium is solid bone 

up to the middle of the proper nasal region. The fontanelle (fo.) is a long oval; it is 

half the length of the cranial cavity, and half the width of the interorbital region at 

its narrowest part. 

The temporal shoulders of the hind skull are high and large ; from thence the outline 

narrows suddenly, and less rapidly regains its inter-temporal width, so that the inter- 

orbital region is at first very narrow, with a deep, large, crescentic emargination 

right and left; a small round notch is seen between the superorbitals and the ethrno- 

palatines. Then the wide girdle-bone is flat above and concave on each side below ; 

moreover, the edge of the cranial boat is produced outwards, and is scooped below up 

to the optic fenestra. The girdle-bone takes up all the ethmoidal wings, but leaves 

the facial region of the ethmo-palatines untouched ; in front it occupies full half of 

the partition wall, the roof, and the floor of the true nasal region, besides its own 

ethmoidal wall, roof, floor, and wings. 

From below, the skull looks very much like the repetition, in front, of such a 

continuous vertebral tract as is seen in the neck of a Skate. The nerve-passages in this 

flat skull are almost inferior in position, and they form a double series, right and left, 

in a very orderly manner, and are almost equidistant; moreover, those for the 

trigeminal and facial (fig. 7, V.) are subdivided by a bony bar, like those for the glosso¬ 

pharyngeal and vagus (IX., X.) : the optic passage is small. 

The nasal roof (fig. 6, each side of s.n.) is wide behind and narrow in front; the 

floor (fig. 7, s.n.) is wide at both ends and rather contracted, by a crescentic retreat of 

the margin, in the middle. The internal nares (i.n.) are very large, turn inwards in 

front, and lie against the narrowing hind part of the floor. The outer nostrils (e.n.) 

are only half as large, and half as wide apart; they are well protected by the two 

upper labials (ii.ll.u.l~.) right and left. The snout is not of great extent, but it is 

directly transverse, and has no rostrum; the pro-rhinals (p.rh.) are rather small, but 

the angles of the floor are large and fan-shaped, and lie well within the wide maxil- 

laries (mx.). The ethmo-palatines (e.pa., pa., pg.) are widely transverse, and end in 

an adze-shaped dilatation externally; the palatine bone (pa.) takes on the same 

form, and ends inwardly as a sharp point far from its fellow bone ; the post-palatine 

cartilage is continuous with the pterygoid tract, which is strongly arcuate, but very 

narrow and slight; its bony correlate (pg) runs nearly to the palatine in front, and 

behind, forks at less than a right angle, in which space there is a very large egg- 

shaped Eustachian opening (eu.), the narrow end of which is in the sharp re-entering 

angle of the bone, and is therefore turned outwards. The outer fork binding the 

quadrate bar runs far back; the inner, growing over the stunted “pedicle” (pdf clamps 

it and ties it down to the skull by sutural teeth, instead of allowing it to glide on the 

corresponding cartilage. The quadrate-condyles (g.c.) are twice as large as the occi- 
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pital; the cartilage above them is ossified by the quadrato-jugal (q., q.j.). The annulus 

(a.ty.) is large, broad, and open above; the stapes (fig. 9, st.) is thick and oblique ; 

the medio-stapedial (ru.st.) is a strong, arched rod, having a large ovoidal mass of 

cartilage on its upper fork, which, however, is not distinct as in the last kind. The 

extra-stapedial (e.st.) is tongue-shaped ; it has a free rounded selvedge, but no 

supra-stapedial band. The stylo-hyal (fig. 7, st.h.) is confluent above ; it is very 

narrow, and widens very little in the cerato-hyal region (fig. 8, c.hy), which is a very 

narrow tape all through, with only a slight hypo-hyal lobe. The basal plate (b.li.br.) 

is largely converted into the membrane of the great front notch, which is more than 

twice the extent of the solid tract. 

The narrow ear-shaped front lobes run far along by the hypo-hyal, and the hind 

lobes are small spikes; in each of these, at their origin, there is an endosteal patch. 

The thyro-hyals (t.hy.) diverge moderately, are of the average strength, and are 

sigmoid in form; they spread well into the basal plate, proximally, and have a blunt 

unossified end. 

The mandibles (fig. 8) are extremely long and slender; the dentary (cl.) is only one- 

third as long as the ramus; the coronoid process of the articulare (ar.) is well formed, 

and the cylinclroidal condyle (ar.c.) is very large; the mento-Meckelian (m.rnk.) is 

small. 

The fronto-parietals (fig. 6, fp-) are falcate, less than a third the width of the 

narrowest part of the skull, pointed at both ends, and dilated a little behind, but far 

apart there; they just touch the ethmoidal wings in front. The nasals (n.) are long, 

narrow, angulate bones, with a small posterior and two large external emarginations. 

The marginal bones (px., mx., q.j., sq.) are all normal and well developed, but are 

thin; there is a good supratemporal plate and post-orbital spur to the squamosal; 

there is no septo-maxillary. The parasphenoid (pa.s.) is large, long, attenuated in front, 

gnawed externally, and triangular behind. The vomers (v.) are peculiar; the front 

part is a dilated lobe, giving off a short spike in front of the inner nostril; then the 

bone runs along, flat and thin, by the inner margin of that passage up to the ethrno- 

palatine. This thin part is flanked with a thick, arcuate, dentigerous crest, and the 

right and left crests running towards each other in front, meet within a distance of 

one-third their own length. 

This large Neotropical Tree-frog has an intensely specialised skull, which, however, 

lies along a line diverging far from that of the typical skull:— 

1. The whole skull is extremely depressed. 

2. The ethmo-nasal region takes up half the length of the skull. 

3. There is only one fontanelle which is totally uncovered by the roof-bones. 

4. All but the small tracts below, and externally, and the fore end of the nasal 

region is one continuous bony box. 

5. The snout is without a rostrum (normal), but is very transverse, and the roof- 

cartilages are rather scant. 

MDCCCLXXXI. 2 A 
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6. The ethmoidal roof gives off large superorbital outgrowths. 

7. The palatine bones are unusually developed, taking on the dilated form of the 

corresponding cartilages. 

8. The pterygoid bone, like the cartilage on to which it is grafted, is slender, but it 

articulates, by suture, with the bony skull, and fixes the pedicle. 

9. There are neither inter- nor supra-stapedial. 

10. The basal plate is largely membranous in front, and all the “lobes” are small. 

11. There are no septo-maxillaries. 

12. The fronto-parietals are narrow, arrested bands. 

49. Hyla rubra.—Adult male; 1 inch 11 lines long. South America. 

This is a lightly built, but strong, skull (Plate 33, figs. 6, 7); its greatest breadth is 

to its length as 11 to 10, and its general outline is seven-twelfths of a very neat oval; 

the incurving of the quad rat o-jugal (q-j-) gives a sixth of the (supposed) other half of 

the figure. The condyles of the quadrate (q.c.) reach as far back as the upper edge of 

the foramen magnum (f.m.). 

It is a flat, wide skull, the “parotics’'- beyond the horizontal canal (h.s.c.) doubling 

the width of the capsule, right and left. The axial extent of the hind skull is only 

two-thirds as great as that of the other two regions, which are equal. 

Measured across the etlnno-palatine wings within the maxillaries (e.pa., mx.), in 

front, and across the tegrnen tympani of each side within the squamosals (sq.), behind, 

the chondrocranium has the same breadth. A considerable synchondrosis exists above 

and below, at the mid-line (f.m.); between the small, oval, posterior condyles (oc.c.) 

the basal outline is convex, and is equal to both the facets in breadth ; the arch, above, 

comes short of the basal plate only moderately; the obliquity of the foramen magnum 

is not great. 

The extent of the outstanding ear-capsules is twice as great against the skull as at 

the tegmina (inside sq.); each tegrnen is ossified for one-third of its extent, and the 

bony tracts are not divided into a prootic and an ex-occipital (jpr.o., e.o.); the foramen 

ovale (V.) is not quite enclosed by this bony tract. Below (fig. 7), the bone only leaves 

a scooped cartilaginous space, margined by a bony balk, for the pedicle (pd.) and a 

small tract running from the setting on of the stylo-hyal (st.h.) to the fenestra ovalis 

(st.). The hinder third of the interorbital space is cartilaginous, and the large optic 

fenestra (II.) occupies its middle. That region is almost oblong—it dilates a little 

at both ends; it is only three-fifths the width of the sub-oval orbital spaces. The 

single fenestra is long-heart-shaped ; the fore end of it has been filled in by periosteal 

growths from the girdle-bone; the lateral tegminal growths are wide. This is a very 

rare ethmoid; its superorbital region is unossified, and grows out and back into a narrow 

cartilage with a sinuous outline ; this process carries a distinct oval superorbital (s.ob1.) 

which is turned forwards. This free cartilage occurs again in Phyllomedusa and Alytes 
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(Plates 34 and 24), but I have looked for it in vain in most of the skulls of the 

Anura. 

The girdle-bone reaches in front to the full extent of the ethmoidal region, but at 

the sides does not ossify the “alse.” From the axils to within a short distance of the 

hind margin there is a large oblong fossa : this is due to a very remarkable structure, 

viz. : the filling in by periosteal bone of a pair of large oblong fenestrse in the side- 

walls of the skull, in front of, and similar to, the optic fenestrse (II.). In Rappici 

bicolor (“ Polypedatidse ”) (see Plate 19, figs. 6, 7) and in Camariolius tasmaniensis 

(“ Cystignathidse ”) those two spaces are continuous (Plate 19, figs. 1, 2); it is possible 

that the orbito-nasal nerve may have passed into the skull in the front part of this 

space, which is very anomalous. The septum nasi {s.n.) is thick and well marked, and 

ends in a distinct, but short, prenasal (fig. G); the roof and floor (on each side of s.n., 

above and below) are well developed, and the new cornua, or pro-rhinals (p.rli.), are 

miniatures of the primary cornua trabeculae. 

The sub-tubular nostrils (e.n.) have a definite raised rim; they are not very wide apart, 

and have the usual appendages (u.ll.u.Vl) which are well developed. The inner nostrils 

(i.n.) are much wider apart; the ethmoidal alse are broad up to their outer edge, behind; 

there the cartilage, now etlimo-palatine (e.pa.), is much narrower and then expands 

outside into the pre-palatine plate (pr.pa.). The bone {pci.) only partly hides the 

cartilage; it is almost straight and dilates outside; the pterygoid {pg.) does not 

reach it by a considerable distance; that bone and the correlated cartilage is very 

slender. The bone continues so, but the cartilage dilates considerably to form the 

swelling pedicle {pci.) and the oblique bilobate trochlea of the quadrate (y.c.); the 

cartilage above the joint {q.) is considerably ossified from the quadrato-jugal {q.j.). 

In the right angle formed by the suspensorial forks the Eustachian opening {eu.) is 

seen to be large and crescentic. The “ annulus ” {ci.ty.) is of normal size, but is open 

above. The stapes (figs. 10, 11, st.) is a thick oblique valve, hollow within and thickest 

at its lower edge; it has a crescentic emargination for the inter-stapedial (i.st.) and a 

definite, oblong “ umbo ” outside. The inter-stapedial {i.st.) is a large saddle-shaped 

segment, half the size of the stapes ; the medio-stapedial (m.st.) has the average pistol- 

shape, and a nearly perfect joint divides its unossified end from the symplectic element. 

This latter {e.st.) is a rod of cartilage, duckbill-shaped, with a thin flange; this extra- 

stapedial gives off from the end of the flange a ligulate supra-stapedial {s.st.), wThich is 

confluent above. 

The mandible (fig. 8) is perfectly normal. 

The fixed stylo-hyal passes into the cerato-hyal region (fig. 9, c.hy.) without enlarging; 

the cartilage has a sharp inturned horn before it grows back as the hypo-hyal (li.hy.). 

The notch is very large and transversely oval; the body of the basal plate {b.k.br.) is 

extremely short, and ends behind in a small free rounded lobe, in front of which there 

is an endosteal basi-branchial (b.br\) ; outside this the thyro-hyals {t.hy.) are extremely 

long and bound a space which is half a long ellipse; their hinder third is unossified. 

2 a 2 
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The lateral lobes are well developed, the foremost are stalked obovate leaves, the hinder 

pair are ligulate; altogether, this is one of the most remarkable and elegant hyo-branchial 

structures to be seen in the Order. 

The investing bones are full of interest: the fronto-parietals {fp) are oblong, 

rounded, however, and scarcely dilated behind, and having a transverse dentated front 

margin ; they barely overlap the endocranium (fig. 7). Contrary to rule, they cover in 

the fontanelle (under fp), as in the larger “ Polypedatidse.” 

Over the large fore skull the nasals (n.) are nearly as large as the fronto-parietals; 

they only touch the edges of the septum nasi (s.n.) and do not meet each other; they 

are crescentic shells, with a facial “handle.” 

The premaxillaries (px.) are narrow, and so is the palatine portion of the maxillaries 

{rax.), but the facial part, although extremely thin, is high : there are no septo- 

max diaries. 

The quadrato-jugals (qj.) are sharp and curved; they are wed grafted on to the 

quadrate ; the squamosals (sq.) are wed developed, the supratemporal part is lozenge¬ 

shaped, and sends outwards and forwards a long narrow postorbital process. The 

parasphenoid (pa.s.) is not two-fifths the length of the skull, it is a very elegant 

dagger, with backwardly bent narrow processes for the guard, and a short triangular 

handle. The vomers (v.) are long and slender; the tooth-hillocks are sub-crescentic, 

the pre- and post-narial spikes are long, and the fore part a short pointed process. 

This skull is a very exquisite structure, differing from that of the “ pattern ” rather in 

a certain dedcacy of the parts and the light airy character of the whole, than in any¬ 

thing essential; some things may especially be noticed :— 

1. There is only one fontanelle. 

2. The bones of the hind skull are confluent on the same side. 

3. There is a cartdaginous process, and also a distinct cartilage, in the fore angle of 

the orbit, above. 

4. There is a short prenasal rostrum. 

5. There are no septo-maxidaries. 

6. The girdle-bone has its sides partly formed of ossified membrane. 

7. There is a short hinder projection from the basal plate, and some enclostosis there ; 

and the whole of that apparatus is very remarkable in the shortness of the plate, the 

depth of the front notch, and the great length of the arcuate thyro-hyals; but these 

things, and many more, which the figures will show, are almost undefinable modifica¬ 

tions of the typical form, and this Tree-frog is just such a refinement, so to speak, of 

the typical Frog, as that is of the Common Toad. 

50. Hyla-? sp.—Tadpole, 1 inch long; hind legs, 5 lines. Bio Janeiro. 

These, and the skulls of more advanced larvae of Nototrema marsupiatum (Plate 30, 

figs. 8, 9, and 10-13), show that the modification of the larval Batrachian chondro- 
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cranium in the “ Hylide ” is very characteristic; the stoutness of the larval skull 

gives no promise of the delicacy of structure shown in that of the adult. The skull 

at this stage corresponds very closely with that already described (Plate 30, figs. 6, 7) 

in the larva of a narrow-backed Tree-frog, viz. : Acris Pickeringii, a type not very far 

removed from the Oxydactyle “ Cystignathidse.” 

Up to the quadrate condyles (Plate 30, figs. 8, 9, q.) this is a rather square skull, 

but those hinges are further back than in any other kind known to me, reaching very 

little in front of the inner nostrils (i.n.); the cornua trabeculae, on the other hand, are 

so long as to make this really one of the longest of the Tadpoles’ skulls. 

In this skull the occipital arch is fully formed, and the notochord (nc.) has become 

very small; the condyles (oc.c.) are perfect, and the tegmen cranii (fig. 8.) runs forwards 

as far as to the exit of the 5th nerve (V.). 

The large auditory capsules (au.) reach as far back, nearly, as the condyles; and 

their breadth is about as great as that of the intermediate basal plate. Externally, 

they reach nearly as far outwards as the suspensoria, for the tegmen tympani (t.ty.) is 

already developed outside the horizontal canal (li.s.c.). In front of the tegminal lobe 

there is a smaller lobule of cartilage; here the formation of this tissue is spreading 

over the opercular region of the 1st cleft; that lobule will be detached as the 

“spiracular cartilage” (,sp.c.). The fenestra ovalis (fig. 9) is formed, but the stapes 

(st.) is not chondrified. The interorbital region is one-fourth longer than the inter- 

auditory ; apparently the basal plate is of the same width, but the wings that form the 

auditory floor are not evident at first. From the point where the notochord was, to the 

projection on each side in front of the inner nostrils {i.n.), the trabecula) (tr.) are very 

uniform in width. There is an evident tract of newer cartilage (intertrabecular) from 

the point where the notochord ended, to the most contracted part of the trabeculm 

(fig. 9, tr.) : and above (fig. 8) this median tract has risen in front of the great fon- 

tanelle (fo.) as a rudimentary “mesethmoid” (p.e.). 

The fontanelle (Jo.) is large and elegantly lanceolate; the walls are well developed, 

and the roof (tr.) exists as a marginal band from the hinder complete roof (above nc.) 

to the up-growing middle wall (p.e.). 

The wings of the ethmoid (each side of p.e.) are very indeterminate at present, and 

there is no distinct elevation outside them forming a rudimentary post-palatine. The 

inner nostrils (i.n.) are wide apart—unusually so—and small; in front of them the 

trabeculae are lobate to catch the pre-narial ligament, which arises from the blunt pre¬ 

palatine spur (inside q.). The cornua (c.tr.) are very long, narrow, and sinuous; they 

each send out a sharp external angle. The suspensoria have a thick pedicle (fig. 9,pd.), 

a thick curved otic process (fig. 8, otp.) and a short and broad orbitar process (or.p.). 

The ethmo-palatine band (p.pg.) is wider than long, the suspensorium coming 

very close to the trabecula; beyond this band the quadrate region (q.) is one-third 

wider than it is long, and the pre-palatine spur is very blunt. The mandibles (mk.) 

are extremely large and massive; the angular process is short and thick. The lower 
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labials (1.1.) are thick scooped crescentic lunules; the upper (or temporary) labials 

(u.l.) are large, thick, and lozenge-shaped, with a deep notch outside. The hyoid 

(fig. 9, c.liy.) is very elegant. The lobate lower part is lozenge-shaped, and is joined 

to its fellow by the normal square mass of soft cells. The condyle and the condyloid 

cavity on the suspensorium (fig. 9, between q. and sp.) are very large, and the stylo- 

hyal process is shaped like a Tiger’s claw, broadly uncinate with a definite point; this 

tract is separated from the hinder distal lobe by a deep notch. 

Altogether, this is a very peculiar chondrocranium ; the next stage, in another genus 

of the “ Hylidse ” (Nototrema, Plate 30, figs. 10-13), will show still further the pecu¬ 

liarities of the skull in the Tadpoles of this group. 

Second genus. Litoria. 

51. Litoria marmorata.—Adult male ; 1-| inch long. Australia. 

The skull of this species (Plate 19, figs. 11, 12) differs considerably from that of 

the wide-backed Australian Tree-frogs already described, viz. : Hjjla Eioingii, and 

H. phyllociiroa. In some respects it comes nearer that of H. albomarginata (Plate 32, 

figs. 6, 7), a Neotropical species, and in others it is not so far removed from that of a 

typical Rana. 

It is rather strongly built, and is not so flattened out as those I have been describing; 

in many things it shows characters that indicate affinity to other Families. The 

breadth is to the length as 11 to 10, and the quadrate condyles reach to the middle of 

the stapes (q.c., st.) ; hence it is a medium skull in these respects. So, also, in its 

flatness, in density of endocranial bone, and strength of investing bones, it is an average 

skull. The occipital condyles (oc.c.) are of the medium size; they are postero-inferior, 

reniform, and are separated by a convex line of basal bone greater than their own 

breadth. The epiotic eminences over the posterior canals (p.s.c.) reach nearly as far 

back as the occipital condyles; then the other canals (a.s.c., h.s.c.) are large, but the 

parotic wings, although widely extended, are narrow and run to a rounded end (t.ty.), 

which, at the point where the squamosal (sq.) binds on, is unossified. 

But the whole hind skull, with this exception, and with the exception of the basi- 

sphenoidal region, is all solid bone up to the optic fenestra (II.). The hinder 

tegmen cranii is well ossified, but here was seen what is evidently rare in the Ply 1 idee, 

namely, two large secondary fontanelles; they are, however, filled in with periosteal 

bone, and are traceable by means of its thinness. The sides of the mid skull form 

a gently concave outline, inbent most at the middle; the great fontanelle (fo.), which 

is longer than either of the bony tracts above, is a long oval, has but narrow tegminal 

margins, and is a little roofed over by the fronto-parietals (f.p.). The optic fenestrse 

(II.) are of medium size, and have a tract of cartilage nearly of their own extent in 

front of them ; from thence bone—the girdle-bone (eth.)—reaches above, to the middle, 
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and below, along a third, of the proper nasal territory. This extensive bony tract takes 

in the ethmoidal wings up to the proper facial ethmo-palatine (e.pa.), and uses up the 

small superorbital projections (s.ob.). 

The roof and floor of the nose have the usual width; the latter narrows, crescentically 

at the middle, and the roof is widest behind. The septum nasi (fig. 11, s.n.) is thick and 

well marked, it ends in a distinct prenasal, to the sides of which are fused the horns 

of the roof crescents (on each side of s.n.). As in Hyla Ewingii (see Plate 31, figs. 2 

and 4, p.rh.), the pro-rhinals (fig. 12, behind px.) have the form and appearance of the 

angles of the primary cornua, and are half as large— a very unusual size. The append¬ 

ages of the nostrils (uE.uE.) are well developed ; these passages are at the average 

distances, outside the crescentic snout; the inner nostrils (i.n.) are large, circular, and 

their distance is one-fourth greater than that of the outer holes. The palato-sus- 

pensorials are in several respects varied from the norma ; the palatine portion is 

evidently stronger than the pterygoid, and the arch is angulated where these regions 

meet. The ethmo-palatine (e.pa.) narrows as usual where it joins the ethmoidal wing, 

and both this lessening, and the cessation of the bony deposit, mark off the true facial 

part. The pre-palatine is the point and edge of a dilated blade, and under this a 

large palatine bone (pa.) binds, which is falcate and dilated externally, and has a 

cultrate ridge growing from its middle third—like an old tootli-bearing crest; as in 

Bufo cigua, Callula pulchra, Cystignathus ocellatus, and some others. 

The pterygoid bone (pg.) is slender, but strong; the re-entering angle of its fork is 

rounded, its inner fork {pel.) forms a suture with the skull, and ties down the carti¬ 

laginous pedicle, as in Hyla albomarginata (see Plate 32, fig. 7). The quadrate region 

is rather short, moderately retral, and considerably ossified ; the condyle (q.c.) is a well- 

formed bi-cristate trochlea. There is a middle sized annulus (a.ty.); its band is wide, 

leaving a small central space ; it is open above. The mandible (fig. 13) is perfectly 

typical, and the Eustachian opening (fig. 12) is oval and rather large. The stapes 

(fig. 15, st.) is large, oval, and knobbed; the medio-stapedial (m.st.) is pistol-shaped, 

with a heavy “ handle” of cartilage, notched off from the bony part, and itself emarginate 

behind. The shaft is arcuate and very slender; it is followed by an extra-stapedial 

(e.st.) which is two-winged, and the wings are crenate. A bud grows from the middle 

of this oakleaf-sliaped plate, which ends as a free knob, behind, but from which no 

ray protrudes, as a supra-stapedial. 

The stylo-hyal (fig. 12, st.h.) is confluent above, and passes into a middle-sized tape 

(fig. 14, c.hy.) that ends in a straight hypo-hyal horn (li.hy.). 

The retiring part passes quickly into the base, for the “ notch ” is shallow ; so also 

the plate itself (b.li.br.) is of small extent, fore and aft, and has no front lobes, only long 

hinder processes. The large, expanding, highly ossified thyro-hyals (t.hy.), diverge 

considerably behind; in front they are anchylosecl together, and there they form 

a “ basi-branchial ” bone (Jj.br.), whose wedge-like point nearly reaches to the selvedge 

of the emarginate basal plate. 
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The investing bones are slight, but rather strong; the fronto-parietals (f.p.) are more 

developed than in many Hylce, and creep over some considerable tract of the temples, 

clamping the ridge of the “anterior canal” (a.s.c.). They cover in a little of the 

exposed membranous roof (fo.), and diverge only a little to their pointed fore end. The 

nasals (n.) are crescentic trowels, that stop in front with the bony deposit, and thus 

are far off from the nostrils ; they are a moderate distance from each other. There 

are no septo-maxillaries, that I can find; the other outside bones (px., mx., q.j., sq.) 

have the typical development. The parasphenoid (pa.s.) is a very elegant dagger, at 

first very wide, and then running to a fine long point. The guard is composed of two 

long slender bars ; the handle is broad, short, triangular, and anchylosecl to the skull. 

The vomers (v.) are very large, perfectly typical in form, and have an oval toothed 

boss, they are only separated by the septum, behind. 

With an outer form more Ranine than that of the species of Hylce, this skull yet 

shows a considerable number of specialisations that are different from what is seen 

in a typical Frog :— 

1. The skull is more flattened out. 

2. The occipito-otic region is one continuous mass of bone, running to the front of 

the optic fenestra. 

3. The girdle-bone takes up half the anterior sphenoidal region, and half the nasal. 

4. The superorbitals are present, but ossified. 

5. The main fontanelle is open through the arrest of the roof-bones; and the lesser 

spaces are ossified. 

6. The pedicle is tied down by the pterygoid, 

7. The quadrate is ossified. 

8. There is no septo-maxillary. 

9. There is neither inter- nor supra-stapedial. 

10. There is no fore lobe to the small basal plate, and the thyro-hyals are anchylosed 

together and ossify much of its middle part. 

11. The palatines have a cultrate ridge. 

Third genus. Nototrema. 

52. (A) Nototrema marsupiatum.-—Adult male ; 1-f inch long. South America. 

This skull (Plate 33, figs. 1-5) has all the massiveness of that of any stout Toad, 

and is in extreme contrast with what is found in some of the species of Hyla—such 

as II. phyllochroa, and II Eivingii. It is flat at the top and wide, but is also very 

high or deep, for a Batrachian. 

The proportion borne by the bony, to the soft, tracts of the endocranium is not 

much greater than is common even in the genus Rana, but where bone is, there it is 

strong and rugged, and the investing bones might belong to the skull of a small 

Crocodile, both for their strength and sculpture. 
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The outline is semi-oval, ancl the length is to the breadth as 10 to 11 ; the hinge 

of the jaw has got no further back than the end of the upper bar of the squamosal 

(sq., q.c.), in this it is in strong contrast with the skull of Hyla alhomarginata. 

The obliquity of the parotic wings is much more evident than it is in that species 

(see Plate 32, figs. 6, 7); a line drawn along the hind margin of the auditory capsule, 

touching the end of the tegmen tympani and the epiotic eminence, would form, 

with a transverse line intersecting it, an angle only half as acute as would be 

obtained by the same measurement in the skull of that species of Hyla; I shall 

take that species for my model of comparison in describing this. In this skull the 

moderate degree of retreat of the jaw-hinge makes the suspensorium form a little 

less than a right angle with the basi-facial line; and there is a great obliquity of the 

squamosal (sq.) outlying it, the hammerlike head of which is tilted downwards to 

articulate with the jugal process of the maxillary. 

Without any loss of elasticity—for soft tracts of cartilage alternate with hard 

territories of bone—this skull is one of the strongest, for its size, of any to be found 

in the “ Orderalbeit, like that of a Crocodile, it retains not only much cartilage, 

but, also, nearly all its sutures. 

We have, here, the normal proportion of the three (serial) regions of the skull; the 

auditory and nasal are about equal, and the orbital one-third larger ; measured across 

the axis, the middle region has its cranial part very large, thus lessening the orbital 

vacuities. 

The occipital condyles (oc.c.) are semi-ovoidal, and are postero-inferior; they are 

separated by a straight basal space one-third larger than their long axis. Over and 

below the large foramen magnum there is a clear cartilaginous supra- and basioccipital 

tract of cartilage (behind f p. and at b.o.) ; the upper tract becomes the soft selvedge 

of the short hind skull, up to the single, very large, pear-shaped fontanelle (fo.), the 

broad end of which it encloses. 

The lower tract passes into an extensive cross-shaped field of cartilage, not divided 

off from the unossified interorbital part (fig. 2). Thus we have the normal division 

into prootics and ex-occipitals (fig. 2, e.o. to II.). These, however, are anchylosed 

together on the epiotic eminence (fig. 1 p.s.c.), but a narrow band of the roof-cartilage 

runs along almost to the end of this rounded balk. The parotics are ossified to 

their end, leaving but little cartilage even at the tegmen. The prootics enclose the 

foramina ovalia (V.), and almost touch the optic fenestra (II.). The ex-occipitals run 

up to the fenestra ovalis, but the outer part of the vestibule (fig. 2, vb.) is floored with 

cartilage, which is continuous with the soft part of the basal plate (b.o.). The 

girdle-bone (eth.) is equal to the unossified tract behind it, yet their junction is not 

in the middle of the orbits, but further forwards, for that bone runs a little into the 

proper nasal region (s.n,). Yet it does not harden the wings of the ethmoid, nor the 

narrow superorbital eave (s.ob.). The endocranium in the orbital region is, as to its 

cavity, very similar to that of H. alhomarginata (see Plate 32, figs. 6, 7 ; and Plate 33, 

MDCCCLXXXI. 2 B 
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figs. 1, 2), but the intrinsic roof of the bitter, and the secondary roof of Nototrema, 

dilate the top at opposite ends, so that whilst they have the same actual outline, this 

is reversed; the skull in this kind is twice as wide at the temples as in front, and in 

the other twice as wide in front as at the temples. 

Moreover, the skull is almost as completely roofed as in the narrow-backed Oriental 

Tree-frogs (Polypedatidse), for only a httle of the membranous fontanelle is naked, 

as the roof-bones converge rapidly, and for half their extent form a “ sagittal suture.” 

Somewhat hooked in front, the fronto-parietals {fp.) insert their point under the 

nasals (».), but leave a pentagonal tract of the girdle uncovered, in front of the 

fontanelle, and also expose, right and left, the small semi-ossified superorbital eaves 

(s.ob.). Above, in front, this bony part is hidden by the conterminous nasals (n.), and 

below, in some degree, by the inner end of each palatine {pa.), and by the toothed 

boss of each vomer (v.). The dilated end of each ethmoidal wing, and nearly all the 

nasal region, are left untouched by the girdle-bone. The nasal roof (<al.n.) is formed by a 

pair of large, but narrow, crescents, that are confluent by their backs with the top of the 

septum {s.n.) ; the whole tract is narrow-waisted. So also is the floor (fig. 2, s.n.), but 

it is twice as wide, and at its angles spreads into leafy lobes, that grow well into the 

fore end of the maxillaries (mx.). The outer nostrils {e.n.) are not wide apart, although 

the snout is transverse ; yet the outline of the bones (px.) is crescentic. The inner 

nostrils are one-half larger, and their distance is one-half greater. The transverse 

snout-margin has three well-formed projections, namely, a terete prenasal, and the 

two pedate, out-turned pro-rhinals (p.rh.). The appendices of the nostrils {u.V-.u.V1.) 

are of the typical size and form. 

The palato-suspensorials are strong, the front bar (pa., pr.pa.) is directly transverse 

and cult-rate, and the lateral part (pa. to pg.) gently arcuate. The palatine bone {pa.) 

is thin, falcate, and narrowest in the middle ; it is but little united to the cartilage. 

The pterygoid {pg.), as usual, runs up along the post-palatine bar to the curved end 

of the palatine bone ; it has largely affected the cartilage beneath, and has run outwards 

into the post-palatine lobe, thus making what is generally only seen during meta¬ 

morphosis (see in Pseudis, Plate 12, fig. 4), a permanent structure ; for at one time 

all the arch which now stretches from the ethmoidal wing to the jugal lobe was 

antorbital, and it really belongs to the palatine. The pterygoid (fig. 2, pg.) seems, as 

seen from below, to have two sub-equal forks, but the side view corrects this (fig. 3), 

and the quadrate region is seen to be of considerable extent; it is partly ossified. 

The fork of the bone {pg.) is sharp, and thus the Eustachian opening {eu.), which is of 

the medium size, is oval. The inner fork {pd.) is formed of the cartilaginous pedicle 

and pterygoid bone ; the latter almost obliterates the joint, but not so much as in 

Hyla albomarginata. The quaclrato-condyle {q.c.) is a very finely finished trochlea, 

for the solid cylindroidal condyle of the mandible (fig. 3 ar.c.). The auditory outworks 

have but a middling development; the annulus {a.ty.) is not small, but its horns are 

wide apart; there is a good sized tympanic cavity. The stapes (fig. 5, st.) is large, 



DEVELOPMENT OF THE SKULL IN THE BATRACHIA. 187 

bossed, and sub-oval, with an oblique antero-superior emargination. The columella 

is pistol-shaped, large proximally, and small distally. The medio-stapedial (m.st.) is 

notched above, and carries a huge unossified inter-stapedial lobe (i.st'.), not separate ; 

the extra-stapedial (e.st.) is tongue-shaped, with a side wing which ends abruptly 

without an ascending process. 

The stylo-hyal (st.h.) is confluent above, and passes into a band (fig. 4, c.hy.) which 

widens gently and passes back (h.hy.) into the basal plate without a lobe. The great 

front notch is a wide semi-circular space ; the basal plate (Jj.li.br.) is one-third larger 

fore and aft than in most of the Ilylce; the front lobes are small, and the hind lobes 

sharp ; the thyro-hyals (t.hy.) are long, gently divergent, and dilated behind. The 

mandible (fig. 3) is normal, the raento-Meckelian (m.mk.) moderate, the dentary (d.) 

large, the coronoid process of the articulare (ar.) small, and the condyle (ar.c.) solid, 

and sinuously rounded. 

The investing bones must be compared with those of Calyptocephalus and Pelobates 

(Plates 21 and 25) ; they are thick, ornately sculptured, and sub-ganoid. Where- 

ever these bones are directly sub-cutaneous there they are elegantly honeycombed ; 

the pits are well cleared, and the network of ridges sharp. 

The fronto-parietals (fig. 1, fp.), like the other outer bones, are wide and strong, 

as in the species of Bufo. Their form is many-cornered, with the antero-external and 

postero-external margins concave, and the hind margin crenate, and notched ; together, 

they reach, behind, over the rising parts of the auditory capsule, and each sends a 

round process backwards which clamps the front part of the epiotic eminence (p.s.c.). 

Towards the middle they cover the front third of the occipital arch. Binding on the 

anterior canal (a.s.c.) they send a sharp postorbital process outwards, and then run, with 

a concave margin, their sharp-edged superorbital plate up to the proper superorbital 

eave (s.ob.). Their pointed diverging fore part retreats and exposes the girdle and the 

fontanelle. There is a supraorbital fossa, beyond which the bone is strongly honey¬ 

combed, and also over the temporal edge behind ; there is there, on each side, one large 

oval fossa, more strongly marked than the rest. The nasals (n.) form a pair of bony 

wings, whose long tips bend down to lie along the top of the maxillary (mx.); they 

overlap the frontals, the girdle-bone, and the ethmo-palatines, and leave the front part 

of the snout naked. They are only moderately wide, much angulated, sculptured, and 

they meet to form a nasal suture, and dip to reach the “ girdle.” 

The premaxi 11 aries, maxillaries, and quadrato-jugals (px., mx., q.j.) are normal in 

form, Bufonine in strength, and have the special fretwork, outside, of this species. I 

find no septo-maxillaries. 

The squamosals (sq.) have only a moderately broad supra-temporal part; it binds by 

an irregular edge on the parotics. The postorbital process (fig. 3) is a broad, rough, 

oblique part, whose depth is continued with little diminution to the end of the “ head” 

of the bone, which thus shows an Otilophine character. The “ handle” of the hammer 

lies deep, and is therefore smooth; it is narrower than the head, and is set on behind 

2 n 2 
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the middle ; the fore part of its head is bent, adze-lihe. The facial part of the 

maxillary is very high, so also, although lower, is the jugal part up to where it is 

united, by suture, with the squamosal. 

The parasphenoid (pa.s.) is a very large, but truly Hyline, hone ; the four rays all 

run to sharpish angles ; the wide blade is swollen, and then rapidly attenuated ; the 

guard is unusually wide, and the handle is a large, low triangle. The vomers (v.) are 

perfectly typical ; they touch the sides of the septum, but not each other, and each 

carries an oblique, oval, rather large, dentigerous boss. 

The difference between this skull and that of Tlyla albomarginata can be seen 

better by reference to the figures than by any description. This skull is about equi¬ 

distant from that of the typical Ream, and that of such a Neotropical Bufo as 

B. chilensis, or the Ethiopian B. pantherinus ; it nevertheless keeps the Hyline 

characters intact, whilst diverging less in some things from the norma than the species 

of Hyla. The divergence of such a species as this from an oxydactyle Frog may have 

been gentle and gradual; there was no morphological stumbling-block to be got over 

of any importance whatever. The likeness of this skull to the “ norma” is as instructive 

as its unlikeness. 

1. The whole skull is short, solid, strong, and deep ; and the osseous tracts of the 

endocranium, although well, and almost normally, limited by cartilage, are remark¬ 

ably Bufonine. 

2. The sculpturing of the very strong outer bones is another variation. 

3. The bones of the hind skull are anchylosed above on the same side. 

4. The quadrate condyles have only partially retreated. 

5. The fontanelle is single, and partially open. 

6. There is a distinct prenasal rostrum. 

7. The septo-maxillaries are wanting. 

8. There is a wide post-palatine lobe. 

9. The horns of the annulus are wide apart, 

10. There is no proximal segment of, nor ascending process from, the small columella. 

11. The stylo-hyal is confluent above, there is no hypo-hyal lobe, and the basal 

plate is short, and has small lateral lobes. 

52. (B) Nototrema mar sup) latum. -—Larva, 24 inches long ; body, 1 inch ; tail, 1-g- inch; 

hind legs, 13 lines ; right fore leg free, 1 inch long; left fore leg still under the 

operculum. South America. 

This skull is at a very important stage; the larval structures are all present, and 

the permanent structures are fast coming in. Its shape (Plate 30, figs. 10, 11), 

now, is a short oval, for while the quadrate cartilage is where it was, right and left, 

the cornua trabeculae have dwindled down remarkably; nevertheless, all the external 
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cartilages are of full size at present. Besides tire odd outer bone below, two pairs 

more are now present above, and the post- and pre-auditory endoskeletal centres have 

appeared (pa.s.,f.p., px., e.o., and the patch behind V.); three pairs of new cartilages, 

also, have appeared—the spiracular and the permanent upper labials (sp.c., u.P.u.l2.). 

The notochord (no.) is fast shrinking ; the condyles (oc.c.) are well formed ; and a 

crescentic bony tract appears on each side, reaching to the foramen for the 9th and 

10th nerves (IX., X.); these are the ex-occipitals (e.o.); they are climbing up behind, 

and flanking the auditory capsules in the opisthotic region ; the prootics are small. 

The whole basis cranii is now well chondrified, and behind, has completely coalesced with 

the auditory capsules; they are oblicpiely placed, the horizontal canal (h.s.c.) and its 

fringing tegmen (t.ty.) pushing outwards. Outside the oblique, oval, vestibular con¬ 

vexity, below, we see a perfect oval stapes (fig. 11, vb., st.) ; and between the otic process 

of the suspensorium (otp.) and the capsule there is a thick biconvex mass of cartilage 

wedged in ; this is the distinct spiracular cartilage (sp.c.)—the “annulus tympanicus” 

that is to be. The interorbital region, or mid skull, lessens considerably forwards, and 

bulges gently ; its floor is perfect and so are its walls, but the roof is membranous from 

the narrow occipital arch (lettered f.m.) to the perpendicular ethmoid (the hind part of 

s.n.) : this is the great fontanelle (fo.). The rudiment of an ethmo-nasal wall seen in 

the last stage (fig. 8, p.e.) is now complete, and yet has quite a clear outline above and 

below (figs. 10, 11, s.n.); this is the high fore part of the intertrabecula, which often, 

in this “Family” (the Hylidee), grows forwards as a free prenasal rostrum. The broad 

bulbous hinder end is directly in front of the parasphenoid below, and of the fontanelle 

above ; its fore end is narrow and is still growing, for it will run forwards between, and 

even in front of, the cornua trabeculae (c.tr.). Here we see the distinction between the 

nasal roof-cartilage (n.r.), or ali-septals, and that growth of the skull itself at its closing 

in, which belongs to the true ethmoidal region. Here the hind part of the roof is the 

ali-etlunoid (al.e.)—an ox-liorn-shaped spreading and curving growth of cartilaginous 

wings, enfolding the sides and hind part of the nasal sacs. The nasal roofs (n.r.) 

are broad lunules of newer cartilage, their deep concavity, or notch, margining the 

nostrils (e.n.). 

The cornua trabeculae (c.tr.) are quite like those of the last stage (figs. 8 and 9), but 

they have dwindled down to half their proper size. In front of these, but more than 

twice as large, are the temporary upper labials (u.l.); these have a deep cleft behind, 

more than half dividing each, and a long round outer angle ; the outer part corresponds 

to the angulo-labial of the Lamprey, and the inner moiety to half its anterior dorsal 

cartilage, or main upper labial. 

Behind this inner part, running obliquely backwards and outwards, there is a half¬ 

tube of thin bone, rather dilated at its base, in front ; this is the premaxillary (px.), 

which thus develops its nasal process, first. 

Each bone reaches the front of the outer nostril (e.n.), and bas under it two little 

beads of new cartilage ; the inner lobule lies under the bone and is discoid; the 
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outer passes outside the front of the nostril and is a hollow shell; these are permanent 

upper labials (u.l1. 

The lower labials (fig. 12, 1.1.) are, as in the earlier stage, very solid; but now they 

form a very good half ring, segmented across the middle ; these scooped, thick ridged 

cartilages are articulated with the mandibles (•mk.), massive, swelling segments, with 

a concave condyloid face, and a squarish, hooked, angular process. The massive 

suspensorials (sp.) are nearly half as broad as long; their pedicle (fig. 11) is narrow at 

its root but soon widens ; their otic process (fig. 10, ot.p.) is a high, thick, inturned rib 

of cartilage. 

The large leafy orbitar process (or.p.) is half the size of the suspensorium, it is of 

good width, and very long, from its broad, sessile root, to its rounded apex. The 

condyle for the hyoid (hy.f.) is the normal rimmed hollow, and the condyle of the 

quadrate is rather small, and selliform. The pterygo-palatine bridge (p.pg.) is rather 

small, and the cartilage in front of it very broad, sending inwards a sharp, but small 

pre-palatine hook (pr.pa.) ; I find no rudiment of a post-palatine over the bridge. 

The hyoid (fig. 13) is massive, its distal lobes are lessening; its condyle large, and its 

stylo-hyal end sharp and uncinate. The sharp, shell-like fronto-parietals (fig. 10, 

fp.) are as much developed now, as in the average of the Hylidce, in the adult; the 

parasphenoid (fig. 11, pa.s.) has the shape and proportions, now, that it has in the 

adults of many dwarf Toads [Pseudophyrne, &c.), being broad, splintery, and with 

sharp, angular lateral processes. 

The basi- and liypo-branchials are normal, and the cerato-branchials (proper) are 

evident, as distinct from the extra-branchial pouches, which are, also, quite normal; 

these parts were dissected and examined, but not figured. 

This specimen has added considerably to the sum of our knowledge of the growth 

and metamorphosis of the Batrachian skull; I shall refer to it, especially, in my 

“ Summary.” 

Third sub-division.-—Tree-frogs, with dilated sacral apophyses and parotoids. 

Family. “ Pelodryadida:.” 

First genus. Pelodryas. 

53. Pelodryas cerulceus.—Adult male; 3 inches long. New South Wales. 

This skull is of the average breadth, which is to the length as 9 is to 8 ; the 

quadrate condyles almost reach as far back as the occipital, and the general outline is 

a very accurate semi-ellipse. 

At first sight this skull is seen to belong to a very different type to that of the 

Common Frog; it is intermediate in size between those of the Common and Edible 

kinds, and in detail differs much from them; the large Oriental “ Polypedatkke ” help 

to fill in the space between the typical Frogs with pointed toes, and the typical flat- 

toed kinds. 
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The reasons for the great unlikeness of this skull to that of the type are not, at 

first, easy to find; the same elements are there, having the same relations, and the 

degree of ossification of the chondrocranium, and the form and size and density of the 

investing bones is very similar in both. The occipital condyles (Plate 34, figs. 1-4, oc.c.) 

are reniform, and posterior; they are of the average size, and are separated by an 

emarginate space more than equal to their own diameter. The post-auditory part of 

the skull is here unusually developed—there is thus a “ neck ” to the skull, if there is 

none to the body. The “ parotic wings ” stretch out to an unusual distance, are of a 

good breadth to their end, and are then dilated along the tympanic roof. 

Considerable super- and basioccipital tracts of cartilage remain wedge-like between 

the lateral bones ; those of the same side are perfectly confluent. 

Each occipito-otic bony tract reaches forwards from the condyle to the middle of the 

space between the openings for the 2nd and 5th nerves (II. V.); laterally, the bone 

is arrested a little beyond the horizontal canal (li.s.c.). 

There is, beyond the bone, an otic tract two-tliirds the extent of the ossified part; 

this extended tegmen narrows gently, and then dilates over the ear-drum, sending 

outwards and downwards a pedate process, to which the hinder crus of the annulus is 

attached behind the squamosal (figs. 1, 3, 4, t.ty., a.ty., sq.). This postero-external 

process is the familiar “ pterotic ridge” of the Fish, and is well seen, again, in Ran a 

pipiens, and Cystignathus ocellatus. 

I find no secondary fontanelles, but in that region there is a considerable tract of 

cartilage, triangular in shape, but with its apex truncated over the foramen 

magnum. From that edge to the ossified tegmen in front, the roof, ossified laterally, 

reaches nearly half way ; the fore half is occupied by the long oval main fontanelle 

(fo.) which is small, relatively, but almost entirely uncovered by the fronto-parietals 

IfP-)- 
This space is rendered narrow by the marginal tract of endocranial roof, which also 

extends a good way back in the ethmoidal region. The mid skull has the hourglass 

outline, for there is a considerable expansion of both the post- and antorbital parts of 

the roof, and the skull is rather narrow where the girdle-bone (eth.) ends. 

Where the superorbital (s.ob.) cartilage overhangs the orbit, there the breadth, 

above, is doubled ; but this is only where this ear-shaped flap projects ; it lessens 

again and then is continued, roof-like, into the etlimo-palatine, as in Rappia bicolor 

(Plate 19, figs. 6, 7). 

Above (fig. 1), the girclle-bone keeps to the narrow width of the mid skull; but 

below (fig. 2), it ossifies all but the superorbital flap, and takes up all the cartilage 

belonging to it, both in the middle, and into the wings, right and left. 

In the fore skull the nasal region is evenly rounded in front, and does not form a 

square snout, with the nostrils (e.n.) wide apart, and at the edge, as in the Poly- 

pedatidae ; but these passages are superior, and not very wide apart; they are also 

large, and have a strong rim of uncovered cartilage. 
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The roofs (cil.n.) are narrow crescents and only form a tract half the width of the 

floor (fig. 2); the septum (s.n.) is thick, and ends as a blunt mass, not projecting; the 

pro-rhinals (fig. 2, p.rh.) are rather small and inturned; the angles of the original 

cornua pass well into the maxillaries (fig. 2, mx.). 

From the upper surface of these angular growths a thick and widish crescent of 

cartilage grows up as a limited nasal wall (figs. 1, 3), behind the nostril (e.n.), and 

confluent with the roof (cil.n.). 

The two pairs of labials (u.U.u.l2.) that defend the nostril in front, are rather small. 

The palato-suspensorial arch is normal but very strong, and the usual bony plates, 

namely, the falcate palatine (pa.) and the triradiate pterygoid {pg.), are normal, and 

leave an average amount of cartilage untouched. But the condyles of the pedicle and 

the quadrate { pci., q.c.) are very large and solid, and the latter region is partly ossified. 

The cartilage is left uncovered towards the end of the pedicle, which is not only 

very solid, but is also almost external in position. Moreover, the pterygoid bone forms 

a right angle by its fork, and in the space thus half enclosed there is an extremely 

large, circular Eustachian opening {eu.), whose boundary is finished by the hind process 

of the pterygoid, by the stylo-hyal, and by the binding web of fibrous tissue tying 

these together. 

The mandible (fig. 3) is normal: the dentary (d.) is half the length of the ramus ; the 

mento-Meckelian (m.mJc.) is large, and the coronoid process (ar.) low. The annulus 

(<a.ty.) is relatively almost as large as in Rana pipiens (Plate 8, fig. t), but it is widely 

open above (fig. 3); yet the drum, altogether, is large and well specialised, and its 

additional structures are nearly typical. 

The stapes (figs. 4, 5, 6, st.) is oblique, truncate, and lobate; it is gently convex 

externally, and gently concave within. 

The columella lias a reniform proximal osseous centre, which hardens most of the 

dilated upper end; this is the inter-stapedial (i.st.) ; it is segmented from the long 

medio-stapedial rod (m.st.) by separate ossification, and not by separation of the 

primary cartilage. The distal cartilage is as long as the bony part {m.st.); the extra- 

stapedial (e.st.) is a compressed tongue, which gives off a ligulate supra-stapedial (s.st.) 

that is confluent with the ear-mass above. So also is the stylo-hyal (st.h.) confluent 

above ; it becomes first broader, and then narrower again as it passes round, without 

lobulation, to become liypo-hyal (see Plate 15, fig. 8, c.liy., h.hy.). 

The body (b.li.br.) of the basal tract is only two-thirds the extent of the notch in 

front ; it has no anterior lobe, and the posterior lateral lobe is long, pointed, and 

diverging. The bony thyro-hyals (t.liy.) are normal, but in front of them the basal 

plate is occupied in its centre by a large basi-branchial endostosis (lj.br.). Also on each 

hypo-hyal there is a small oval extra-hyal piece (e.liy.). 

The investing bones are normal as to strength, but they differ very much in certain 

regions from the norma : the fronto-parietals (j-p) cover two-thirds of the inter- 

auditory region, the right overlapping the left. 
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They then become narrow bands, and in front turn outwards, over the superorbital, 

which they partly cover; their end is truncated. By this divergence the girdle-bone 

is left naked, and the fontanelle is scarcely covered at all by them. 

The nasals (n.) are rather small shells; they have a falcate outline, and are notched, 

behind; the hollow blade overlies the very limited nasal roof. The marginal bones 

are well developed; the nasal process of the premaxillary (px.) is thick, wide, and 

high ; it is capped by the small 1 st labial. 

The maxillary (rnx.) is very high in front, and rather high behind; where it shelves 

downwards, over the premaxillary there is a small, notched septo-maxillary (s.mx.); 

the quadrato-jugal (qj.) is normal in size ; it is largely continuous with the quad¬ 

rate (q.). 

The squamosal (sq.) has a long falcate upper part, and a long, broad, retreating 

lower part. 

The parasplienoid (figs. 2, 3, pa.s.) is large, smoothly convex below, and has all its 

four rays pointed. 

The vomers (fig. 2, v.) are at their highest development; they occupy all but the 

fore margin of the very wide subnasal cartilage, and as the large circular inner 

nostrils (i.n.) are wide apart, there is a large inter-narial space for the two vomers, 

which fit, by “harmony,” along the mid-line. 

Each bone sends a narrow sharp snag out in front of the passage, and in front of 

this a broader falcate process. 

But each bone has a large oblong body, with a rounded front, and a nearly straight 

hind, margin; this part is thickened into a smooth, rounded mass, whose hind margin 

bristles with retral teeth. 

This toothed lobe projects a little further backwards on the outer, than on the inner, 

edge. 

At first sight it would seem difficult to make out many points of difference between 

this skull and that of the two European species of the typical Frog (Rana), for the 

size is intermediate between the two, and the elements are essentially the same in this 

and in them. 

Nor are the relative proportions of the three regions of the skull different in any 

remarkable degree; nor the proportionate quantity of bone to be found in the endo- 

cranium. 

Carefully compared with the type, this skull is seen to differ in the following 

respects, namely:— 

1. There is a very distinct post-auditory arch. 

2. The parotic wings are of great extent, and give off a long “ pterotic ” process 

postero-externally. 

3. Each lateral mass of bone has lost all signs of division, above. 

4. The mid skull is very flat, has wide tegminal margins, and has one moderate 

fontanelle. 

2 c MDCCCLXXXI. 
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5. Tlie superorbital eave is very large and projecting, and is continued on to the 

lateral ethmoid. 

6. The nasal roof is only half the width of the floor, and the post-narial wall is very 

thick and crescentic. 

7. The inner nostril passages are very large, wide apart, and circular. 

8. The Eustachian openings are still larger, and are circular. 

9. The condyles of the quadrate and of the pedicle are very large, and the quadrate 

is partly ossified. 

10. The annulus is very large, but its horns are wide apart. 

11. The stylo-hyal and supra-stapedial are both confluent, above; the inter-stapedial 

is only segmented by osseous distinction ; and the stapes is lobulate. 

12. The mento-Meckelian is very large, and the coronoid process very low. 

13. There are no hypo-hyal nor lateral basal lobes; there is a distinct basi-branchial 

bone ; and an extra-hyal on each side. 

14. The roof-bones—fronto-parietals and nasals—are very narrow, and cover but a 

small part of the mid and fore skull. 

15. The vomers are extremely large, covering most of the nasal floor, and have a 

very solid dentigerous lobe. 

In this species, and in the next, we see, to the utmost degree, the specialisation that 

is correlated with discoid toes and fingers, and a flat, wide sacral region. 

Second genus. Phyllomedusa. 

54. Phyllomedusa bicolor.—Adult female; 3jy inches long. Santarem, River Amazon, 

lat. 2° 20' S., South America. 

This (Plate 34, figs. 7-11) is a longer skull than the last, the length being to the 

breadth as 13 to 14; this greater length is due to the unusual extent of the nasal 

region, for, if that were normal, it would be a short, broad skull. 

Here the Petromyzine embryo has metamorphosed its skull into that which is 

extremely Raiine,—Raiine, that is to say, in its endocranium, considered as free from 

bony tracts in itself, and from bony investments, outside. It fails, however, in one 

character, viz.: in not possessing a prenasal rostrum, a part well developed in some 

of the “ Hyloids.” Its quadrate condyles are behind those of the occiput. 

This flat, broad skull, with a smallish, single fontanelle and much tegminal growth 

laterally, as well before as behind, from which grows an ethmo-nasal region one-third 

longer than the splieno-occipital, is a curious renewal in Nature of the Skate’s skull. 

The cavity of the skull is scarcely longer than the closed-in tract in front of it; 

and this shallow, boat-like skull is much too large for the enclosed brain. 

The occipital condyles (figs. 7, 8, oc.c.) are posterior, project but little, are rather 

small, and are separated by a straight space equal to one condyle. The occipital ring- 

projects but little, and the arch, above, is rather cut away; the whole region, including 
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the auditory capsules, is continuous bone. Above, the cartilage persists for a small 

extent behind the fontanelle ; and, outside, the tegmen (t.ty.) is unossified. This soft 

tract is less than half the huge parotic wing, which extends beyond the horizontal 

canal (.h.s.c.). The three canals (ci.s.c., h.s.c., p.s.c.) are small, but well marked ; 

beyond them the parotic projects as far again from the middle of the skull, and 

increases in width so as to be equal in size to the hind skull. In this kind the 

tegmen is rounded behind, and sends outwards, and downwards, a, projection in front, 

like the process that appears, behind, in Pelodryas. The whole outline of this two¬ 

winged hind skull is strongly sinuous, behind and before. The fontanelle (fo.) is 

heart-shaped, and is open over a third of the cavity of the skull ; it has a considerable 

tegminal margin. The narrowing in front of the temporal region is followed by a 

continual increase in width up to the superorbital cartilages ; and the skull (figs. 7-9) 

is both wider and shallower than in Pelodryas. 

The prootic bony tract runs round the foramen ovale (pr.o., Y.) up to the optic 

fenestra (II.); this latter opening is very large, as in some of the lesser Australian 

Idylce. A definite margin of cartilage (o.s.) bounds that fenestra in front, and then 

the girdle-bone (eth.) begins; it does reach the edge of the skull-wall, but does not 

occupy the all proper ethmoidal territory either in front, or antero-laterally. Here, as 

in Pelodryas, the ethmoidal region has two pairs of wings, the front pair confluent 

with the nasal region, whilst the hind pair are the projecting superorbital eaves. 

Here we have, as in Alytes, a separate, but smaller, superorbital cartilage (s.ob1.) ; 

it is finger-shaped, and turns downwards (fig. 3). The outspread cranial roof runs 

forwards into the nasal roof, and outwards on to the ethmo-palatine bars (e.pa.). The 

distance from the foramina ovalia (Y.) to the front of the girdle-bone is equalled by the 

cartilage in front of that bone. The trabecular floor (s.n.l.) is immense; the nasal roof 

is only a little smaller; but, from the narrowing of the snout, which is transverse, in 

front, the outer nostrils are only half as wide apart as the inner. These latter (i.n.) are 

as large as the Eustachian openings of Pelodryas; they are oval, and their direction is 

inwards and forwards. The openings for the nasal nerves (inside s.n.l.) are large, far 

backwards, and wide apart, the floor is narrowed between them and the inner nostrils ; 

it is definitely notched at its sudden narrowing. 

The pro-rhinals (p.rh.) are well-developed, near together, and out-turned; but the 

angles of the nasal floor converge in a remarkable manner in front; they are bilobate 

(c.tr., s.n.l.), and the hinder lobes diverge. The septum nasi (s.n.) is moderately thick, 

and is rounded off in front, so that there is no definite rostrum. The nasal roof and 

wall (fig. 9, al.n.) are well developed, especially the latter, which is an unusually large, 

wide, ear-shaped band. The labials (u.ll.uP.) are normal, and are larger than in 

Pelodryas. 

The palato-suspensorial arch diverges outwards to the postorbital region ; it is of 

great breadth throughout, and so are the bones applied to it; these, however, do not 

greatly affect the cartilaginous pith, which is nowhere obliterated. 

2 C 2 
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The palatines (fig. 8, pa.) are wide apart, are sub-falcate, and have a dilated outer 

end, which is notched in front. The pterygoid (pg.) fails, by a third of the length of 

the jugum, to reach the palatine ; it clamps the under side and inner edge of the 

cartilage, arches suddenly round to bind on the pedicle, and turns inwards to bind 

the quadrate, making an elegant sigmoid curve. The pedicle, as in Pelodryas, is very 

large, and its thick condyle is obliquely external to the ear-mass, with which it 

articulates. 

The almost transverse direction of the arch at this part, and the inbinding of the 

quadrate, also contracts the space for the Eustachian passage. The stylo-hyal (st.k.) 

has coalesced, contrary to rule, with the outer angle of the condyle of the pedicle (fig. 8, 

c.pd.), and arising as a hook bent forwards, this boundary bar also helps to lessen the 

passage, which is crescentic, with its convex margin looking forwards and outwards. 

Here, owing to the depth of the retreating quadrate, the pier of the mandible—- 

after the absorption of its dorsal end, half-way across the wide postorbital region—- 

is still equal in length to its pterygoid outgrowth (fig. 9, pg., q ). Above the reniform 

condyle (q.c.), which is less than in the last kind, there is a considerable tract of bone. 

The annulus (a-ty.) is more than equal in size to that of Pelodryas, and its fore horn 

is better developed, for it has formed a lobe above which almost touches the lesser 

horn ; the front of the tegmen, clamped by the squamosal (t.ty., sq.), being thrust out¬ 

wards, has made the position of the annulus very oblique (fig. 9). 

The epi-hyal element (figs. 9 and 10), although specialised for a new function, is well- 

nigh as long, relatively, as in the Teleostei, and much longer than in the Rays. Looking 

at it from a simply morphological point of view, we see in it both the pharyngo-hyal of 

the Chimsera, as well as the epi-byal proper, and also the segmented “symplectic” of 

the Sturgeon and the Paddle-fish. The top of this three-jointed epi-hyal fits into a 

most remarkable periotic piece—the stapes (st.). This part of the paraneural pouch 

is sub-quadrate, bilobate behind, and cupped, antero-externally, with a thick crescentic 

half-rim to the hollowed part. 

The semi-osseous inter-stapedial (i.st.) is bulbous above to fit into this hollow, and 

then narrows to articulate with the slender terete sub-arcuate medio-stapedial (m.st.), 

which has its distal end soft. That unossified knob is nearly cut off from the extra- 

stapedial or “ svmplectic” (e.st.) by a segmenting notch. This distal part is compressed 

into a high supra-stapedial angle which gives rise to a mere ligament (s.st.); then the 

bar flattens in the other direction to form the normal spatulate manubrium. 

Here the apex of the lower element of the hyoid arch (stylo-hyal) has coalesced, 

not, as usual, with the floor of the tympanum, but with the stunted apex of the 

upper element (pedicle) of the arch next in front of it; a very rare state of things.* 

* In my earlier researches into the development of the Batrachian skull (“Frog’s Skull,” Phil. Trans. 

1871, Plate 7, fig. 4, sy.), I supposed that part of the hyoid to have become confluent with the mandibular 
pier; that this never takes place in the Common Frog, Professor Huxley showed me, and I soon found 
the truth of the matter. Here, however, is an instance of this sort of thing, and in the larger and lower 
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This bar is very slender all the way to the basal plate, but it has a small hypo-hyal 

lobe (Plate 15, fig. 9, c.liy., h.hy.); the front open space between the hypo-hyals is less 

than the basal plate, which has no front lateral lobes, has sharp hinder lobes, and 

normal thyro-hyals (t.hy.). 

The mandible (fig. 9) is long, sinuous, and very similar to that of Pelodryas, having 

a large mento-Meckelian and a low coronoid process (m.mk., ar.). 

The investing bones are very similar, on the whole, to those of the last kind; the 

fronto-parietals {/■£>■) scarcely meet behind; they have the same divergence forwards, 

and cover a little more of the fontanelle. 

The nasals (n.) are twice as large; they have a greater surface to cover, and they 

do this better; yet much cartilage is left naked; their form is normal. The pre- 

maxillaries (px.) are almost transversely placed across the narrowed truncated snout; 

both then nasal and palatine processes are normal. The maxillaries are of the 

average strength and size, the ascending facial plate is enlarged and rough under the 

point of the nasal. Under the nostril there is a rough suborbicular septo-maxillary 

(fig. 9, s.mx.); it is notched in front. 

The quadrato-jugal (q.j.) is slender, but it is well united with the quadrate. The 

squamosal (figs. 7, 9, 11, sq.) is a large T~sbaped bone, with its upper bar diverging 

forwards, and scooped outside for the annulus ; its descending or main bar is unusually 

long, and of a good width. The parasphenoid {pa. si) is only two-fifths the length of 

the skull, but its main paid is broad; it is but little convex (fig. 9); its processes are 

all pointed, and the basi-temporals are slender. The vomers (v.) are much less than 

in the last, and yet not small; their form is very peculiar. They are a wide distance 

apart, and diverge rapidly forwards; their main part is a long oblong, and ends behind 

in a transverse toothed part, which has a triangular elevation. There is no post-narial 

spike, but the pre-narial spike is forked, and the proximal part of this external 

process is almost notched off from the body of the bone ; the outer fork is the longer 

of the two. The shorter hind spike would appear to be the homologue of the ordinary 

post-narial process, and the whole bone is evidently dislocated forwards through the 

hypertrophy of the trabecular nasal floor (,s.nd.). 

Long as these vomers are, they are half their own length both from the front of 

the snout and from the fore edge of the girdle-bone. 

The dentary (fig. 9, d.) is slender, and ends in the middle of the ramus. 

Here we have an assemblage of characters which, in the aggregate, put this type far 

away from the “norma,” and yet most of these differences are in reality gentle modifi¬ 

cations of a Ranine skull. 

1. The cranial cavity is both short and shallow. 

2. The auditory capsules are small, but have a huge tegminal parotic growth. 

Urodeles (Menopoma, Siren, Gryptobranchus, &c.) the epi-hyal becomes fused with the quadrate. In 

Proteus it is large, very similar to that of a Shark, and remains free. 
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3. They are ossified thoroughly, and the occiput, with its small condyles, is one 

with them. 

4. There is only one fontanelle. 

5. The ethmo-nasal region is as large as the cranio-auditory. 

6. There are distinct superorbitals, as well as the projecting “eave.” 

7. The palato-suspensorials are very wide and are curiously elbowed behind, have 

very solid condyles (of pedicle and quadrate); the latter is partly ossified. 

8. The annulus is very large, but its lobate front horn does not meet the lesser horn. 

9. The stapes is sub-quadrate and cupped externally. 

tO. The columella is composed of three segments, all sub-equal in length, with no 

supra-stapedial. 

f 1. The stylo-hyal is confluent with the pedicle of the mandibular pier. 

12. The basi-hyo-branchial plate is nearly void of lobes. 

13. The fronto-parietals are arrested, and leave the fontanelle bare. 

14. The vomers are multiradiate, are almost divided into two bones on each side, 

and are displaced forwards. 

These are most of the peculiarities; there are others, namely, the large optic 

fenestras; the dilated palatines ; the converging angles of the nasal floor, &c. ; but I 

have enumerated enough to show that we have here the Hyline type of skull in its 

utmost perfection, and at the greatest degree of divergence from the skull of an 

average typical Ground-frog. 

I. B. a.—Toothless “Anura.” Without digital disks. Oxydactyle Toads. 

First Family. “ Bufonida;.” 

Typical Toads, with parotoids, and processes of the sacral vertebrae dilated. Ear 

perfect; toes webbed ; skull generally strongly roofed ; an open fontanelle, excep¬ 

tionally, in Bufo calamita. 

First genus. Bufo. 

55. Bufo pantherinus.-—Adult female ; 4-j; inches long. Africa. 

The skull of this species (Plate 35, figs. 1-4) may be taken as typical of what is to 

be seen in this sub-division of the Anura; it is short, high, and coarsely strong in 

its bony outworks ; the length is only five-sixths of the breadth, and the zygomatic 

arches are very convex. The occipital condyles (oc.c.) are rather small, postero-inferior, 

and are separated only by a narrow concave tract of cartilage, so that they might 

almost be described as one bilobate condyle. 

The quadrate condyles reach as far back as the hind edge of the fenestrse ovales, and 

the epiotic eminences are half way between the two pairs of hinges. An arcuate line 
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touching all these points of the hind skull would form part of a very large circle, and 

this arc would be sub-equal to that formed by the cheek and jaw bones, right and left. 

The muzzle is very wide, but its arc would form part of a circle only half the size of 

the one just supposed. 

A semi-circle finishing the lateral outline would make the form into an ovoid. 

A rather narrow tract of cartilage divides the right and left bony masses of the 

hind skull, but the prootic is confluent with the ex-occipital (cm., e.o.). This common 

bony mass reaches beyond the horizontal canal, externally, and in front runs up to the 

optic fenestra (II.), enclosing the foramen ovale (V.). Most of the cartilaginous 

tegmen tympani (t.ty.) is covered by the large ear-shaped temporal plate of the 

squamosal (sq.); its rounded hind part, however, is naked. 

The epiotic eminences (ep.) are wide, they are not covered by the roof bones, but 

much of the anterior, and the ampulla of the horizontal, canal, are covered, for the post¬ 

orbital process is broad, and unites by suture with the squamosal. The endocranium 

in the orbital region is much overlapped by the roof slabs ; it is of nearly equal breadth 

before and behind, and is gently narrowed behind the middle. 

The girdle-bone (eth.) takes up three-fifths of this territory, and does not finish its 

own wings; but it sends forwards a short median and a pair of lateral bony growths 

under the nasal region (fig. 2, etli., s.n.l.); its margins are sinuous. The unossified 

wings of the ethmoid are segmented from the ascending process of the palatine 

cartilage (fig. 3, e.pa.); they are very solid, and in front are continuous with the broad 

subnasal laminm (fig. 2, s.n.l.). These laminae end in front in dilated horns ; the inner 

cornua, or pro-rhinals (p.rh.), are conical, and turn inwards. The snout is transverse, 

gently emarginate, and moderately broad ; from its angles a narrowish band of cartilage 

runs backwards on each side, these are confluent, behind, with the wings of the 

ethmoid: they are the arrested nasal roofs (n.r.); between them and the widened 

top of the septum (s.n.) there is a large crescentic fontanelle (or fenestra). 

The first and second labials (u.ll.u.lz.) are well developed; the second nostril-valve 

is very large and solid. The palato-suspensorials are so modified as to form the 

type of a sub-group—the Bufonine, as distinguished from the Ranine. Primarily, as I 

have shown in a former paper (“ Batrachia,” Part II., Plate 54, p. 607), the development 

of these parts takes place as in Rana, but their metamorphosis is much modified. The 

bony plates here use up much of the cartilage, which remains as an ethmo-palatine 

(tig. 3, e.pa.) jointed off from the ethmoid above and free below, exactly, now, like that 

of a Skate or a Salamander. The pterygoid cartilage also (fig. 3, pg.) is now, as in 

those types, quite free from the ethmo-palatine, and is, what we find in Selachians, in 

young Teleosteans, and in Urodeles—merely a symplectic process of the suspensoriurn 

of the lower jaw. 

The palatine bone, also (pa.), is composed of two parts : the normal ectosteal plate, 

and a sub-distinct knife-like crest, which is very sharp and steep; the old remnant, 

undoubtedly, of a dentigerous plate, like the palatine bone of a Urodele. 
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The fore part of the pterygoid bone is a large trowel (fig. 1, pg.), and it has used 

up the fore half of the cartilage which is its endoskeletal correlate. 

The hinder, forked part, whose forks form a right angle, clamps the pedicle and the 

quadrate pier; the former (pd.) is, by it, tied down to the skull, and would be found 

very small and not quite segmented from the basis-cranii. The latter (figs. 1-3, q., q.c.) 

is a strong retreating bar, with a very large trochlea below, and over this some bone 

derived from the qmidrato-jugal (q.j.). 

The annulus (a.ty.) is large, thick, strong in the rim, broad, and complete. 

The mandible (fig. 3) answers to the strength of the upper face, and is quite 

normal. 

The stapes (fig. 4, st.) is a thick, oblique mass of cartilage, projecting externally in a 

boss ; it is hinged to the columella by a round tooth in the middle of its oblique scooped 

fore edge. The columella, without a proximal joint, is unossified at that part, which is 

nearly as long as that in front of the stapes; it is very oblique, is scooped, and has 

three teeth-like projections for its hinge in the stapes, so that these parts fit together 

like the valves of a “ Lamellibranch.” The shaft, altogether (m.st.), is very gnarled 

and irregular, with a gentle arch ; its fore end is unossified and is cut off, by segmenta¬ 

tion, from the extra-stapedial. 

That part (e.st.) is spatulate, with a thin flange; this edge is notched off in front, 

and ends above in a small supra-stapedial (s..sA), that soon becomes a mere ligament. 

The hyoid band is confluent above (fig. 2, st.h.); it is broadish, and widens out 

below before it turns backwards. Both the “notch” and the basal plate (Plate 38, 

fig. 5, I)Ji.br.) are large—both long and wide; it has large ear-shaped front, and small 

styloid hind, lobes; the thyro-hyals (tli.li.) are strong, and well bent, upwards, as they 

embrace the larynx. 

The investing bones are strong and thick, and scabrous externally; the fronto- 

parietals (fp.) are both thick and wide; they have a square postorbital process, 

which articulates with the squamosal (sq.), are very wide behind, and become narrow 

.from before, backwards. Their orbital part overlaps the endocranium, and doubles its 

width behind. The fronto-sagittal suture is perfect, the fronto-nasal suture almost 

transverse. The nasals (n.) have the normal form and the Bufonine solidity; they 

meet along the middle, and only leave the end of the snout, and the ethmoidal wings, 

uncovered. 

The marginal bones (px., rrx., q.j.) are normal in form, but very strong and steep 

(fig. 3); the maxillary (mx.) has a wide palatine plate, which is widest where it arti¬ 

culates with the pterygoid. 

There is a large septo-maxillary (fig. 3, below e.n.) beneath the nostril and inside the 

maxillary. The squamosal (sq.) has a large, rough, ear-shaped supratemporal portion, 

and a long, retreating, descending bar. The parasphenoid (figs. 2, 3, pa.s.) is large and 

well-formed; its fore part is attenuated for some distance, the wings are splintery 

and angular, the hind part broad, and the median part thickened at the cross. 
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The vomers (v.) are rather small and edentulous, but are spiked both before and 

behind the inner nostrils ; their inner lobe is ear-shaped. 

This average Toad’s skull differs from an average Frog’s skull in several particulars : 

1. It is shorter, deeper, stouter, and altogether rougher; the endocranium is more 

solid, but scarcely more ossified, than in the Frog. 

2. The nasal region has the roof deficient, and the pro-rhinals pointed and turned 

inwards. 

3. The cartilaginous palatines are segmented, both from the ethmoidal wings, and 

the pterygoid cartilages. 

4. The palatine bones are cultrate, and the pterygoids are very broad, and bind 

down and fix the joint of the pedicle. 

5. The quadrate is partly ossified. 

6. The columella has an imperfect supra- and no inter-stapedial. 

7. The roof bones meet the squamosals over the temples. 

8. None of the bones bear teeth. 

56. Bufo melanost ictus.—Male, half-grown ; 2-| inches long (old specimens measure 

5 inches). India. 

The skull of this young individual comes very near to that of an adult B. vulgaris, 

and the skulls of old specimens almost rival the very large kind next to be described, 

viz. : B. agua; they are, however, very variable as to the degree in which the bony 

ridges are developed, some having their skulls much more crested than others. 

This is a very short, broad skull (Plate 35, figs. 7, 8), its length is only three- 

fourths of its breadth; the condyles of the quadrate (q.c.) reach as far back as the 

exit of the vagus nerve (X.). The occipital condyles (oc.c.) are large, infero-posterior, 

and are separated by a narrow notch, which is the end of the basi-occipital synchon¬ 

drosis. The prootics and ex-occipitals (pr.o., e.o.) are confluent, and the bone half 

surrounds the optic fenestra (II.). The orbito-sphenoidal region (o.s.) is cartilaginous, 

and occupies two-fiftlis of the orbital region. The auditory capsules are ossified as far 

as to the outside of the horizontal canals; but the tegmen (t.ty.) is cartilaginous, as 

also is the floor of the vestibule (vb.). The girdle-bone (etli.) occupies its own 

(ethmoidal) region very exactly; the nasal territory (n.r., s.n.) is quite free from true 

bone. The form of the various parts is quite like what is seen in B. pantherinus. 

The palatine bones (pa.) are sub-arcuate, and on the left side there are two sub-equal 

bones. 

The pterygoids (pg.) bind down on the pedicle (pd.) ; the quadrate region is soft, 

the annulus (a.ly.) perfect, and the stylo-hyal (st.h.) confluent above. The stapes 

(figs. 9, 10, 11, st.) is oval and plano-convex ; there is a distinct reniform interstapedial 

cartilage (i.st.); the medio-stapedial (m.st.) is a thick bony rod above, and is very 

narrow and decurved below. The cartilage proceeding from it has been almost 

MDCCGLXXXI. 2 D 
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segmented off, and is also very narrow; it soon dilates into a sub-orbicular convex 

extra-stapedial (e.st.), which gives off a supra-stapedial band (s.st.) that is confluent 

above. 

The labials (u.P.u.l2.), septo-maxillaries (s.mx.), and the marginal bones (px., mx., q.j.) 

are all like those of the last kind, but smoother and less solid in this young specimen. 

The ear-shaped top of the squamosal (sq.) does not reach the roof-bones, and is less 

broad in its postorbital region. The roof-bones (f.p.) are already anchylosed to the 

endocranium behind ; the fronto-nasal suture is more triangular. The cerato-hyal 

(Plate 38, fig. 6, c.hy.) is broad in the middle without any sudden enlargement; the 

basal plate (b.h.br.) is narrower than in the last kind; the anterior lobes are broader, 

and the right hind lobe is ear-shaped also. 

The differences here noticed are partly due to age, but some of the modifications 

would be found in the skull of an old individual; it is more Ranine, having a separate 

inter-stapedial piece. 

57. Bufo aqua.— Old female, 6^ inches; young do., 5 inches long. South America. 

This large kind has a skull which is the Bufonine counterpart of that of the Bull¬ 

frog (Rana pipiens); they are the largest of the Order, or have scarcely any rivals, and 

in both the skull has much that is archaic or generalised. In the great Frog the skull 

is smooth and neat, and very narrow in the interorbital region (Plate 8); here the 

roughness and strength, and the breadth of the mid skull, are all exaggerated : the 

one is a caricature, so to speak, of a Frog’s skull, and the other of a Toad’s. 

In this (Plate 36), as in the last, the length is only three-fourths of the breadth ; 

here the condyles of the quadrate go as far back as the root of the occipital condyles, 

but they fall short, very much, of what is seen in the larger Frogs. 

The ossification of the endocranium is much greater than what we have seen in 

the Ethiopian B. pantherinus; and here, with no pretence to the sub-Ganoid condition 

such as is seen in some Frogs, the investing bones are very extensive, solid, and 

coarse. 

There is a great approach here to the triangular form in the general outline ; this 

will be seen still more in the species yet to be described; the hinder margin shows 

all the projections to be almost flush with an imaginary transverse line drawn across 

the skull behind; the occipital condyles project beyond, the quadrate condyles reach, 

and the epiotic eminences just come short of, such a line. The occipital condyles 

(oc.c.) are sub-oval, swpero-posterior, they are of moderate size, and are separated by a 

crescentic notch larger than themselves. The whole hind skull is one mass of hone 

up to the covered tegmen tympani; in a younger individual (fig. 4) this part is 

largely cartilaginous ; the ossification reaches in front to the optic fenestree (II.). Only 

one-fourth of the interorbital region is unossified, and only the front half of the nasal; 

the girdle-bone takes up all its own region and half of the nasal and orbito-sphenoidal. 
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In the orbital region the endocranium forms scarcely more than a third of the 

expanse ; the rest is due to the roof bones (fi-P-); they increase in size from before, 

backwards ; the cranial box, from behind, forwards. Behind, the endocranium is 

exposed very little ; the edge of the occipital ring is bare, and so are the epiotic 

eminences, and the bony ear-capsules for a small space further outwards, and forwards. 

The paroccipital wings, ending in the “ tegmina,” are very much outspread, but they 

are roofed over and hidden by the huge top of the squamosals (sep). 

The endocranium is not wanting in height (fig. 3), its ethmoidal axil he are large 

and shallow (fig. 2, eth.). The snout is very broad, but rounded ; it is unusually steep 

(fig. 3). The winged portion of the girdle-bone is largely hidden, below, by the 

enormous palatine bones (fig. 2, etli., pa.). The subnasal laminae (fig. 2) are wide, 

and are half occupied by the extended ossification of the ethmoid. Above, the nasals 

hide all but the end of the snout (fig. 1, n.); when these are removed it is seen that 

the roof-cartilages (n.r.) merely form a widish ring round each outer nostril (e.n.), and 

perhaps run a little along the side of the septum (fig. l). These rimmed nostrils are 

large and wide apart, and the second labial (u.l'2.) forms a very large valve in front of 

the passage. The first labial (u.l1.) is small and lenticular ; it supports the first, lying- 

inside the rod-shaped vertical nasal process of the premaxillary (fig. 3, n.px.). 

The roof cartilage swells (fig. 1) out on each side of the bevelled end of the septum; 

below (fig. 2, p.rh.), the pro-rhinals are seen as inbent-spikes. The cartilage of the 

palatine and pterygoid regions is broken up into an etlimo-palatine and a pterygoid, 

the bones corresponding to these regions having devoured most of this sub-ocular 

arch. 

The palatine bones (fig. 2, pa.), together, form a strong cross-bar, as thick and 

almost as long as the mandible (fig. 3). They are sigmoid, flattened within, where they 

meet and form a strong suture; they are dilated and convex, and, externally, become 

falcate. A bony ridge, sub-distinct, and half their length, grows from their middle— 

at an equal distance from each end; it is sharply serrated, and the serrce (fig. 7, pa.,pa .) 

might easily be mistaken for teeth ; they are undoubtedly the atavistic marks of teeth. 

The hooked end of the palatine slightly overlaps the corresponding pterygoid (pg.); 

this latter is an extraordinary bone, composed of three nearly equal rays, each of 

which strongly clamps the contiguous parts of the skull. 

A small epipterygoidean rod of cartilage still lingers in the outer part of the front 

ray (fig. 3, pg., up.) ; this runs to a point in the fixed, bony pedicle (pd.) ; below, it 

widens, and then is stopped by the bony growth of the quadrate (q.), borrowed from 

the quadrato-jugal (<]■]■)■ 

A rounded angle, less than a right angle, lies between the jugal part of the ptery¬ 

goid and the bony pedicle (pd.). The former bar becomes a style in front, being 

aborted by the huge maxillary (mx.); it swells outwards against the space for the 

temporal muscle, and then becomes vertical, applying itself to the inner face of the 

quadrate, as it descends, growing also both backwards and outwards. The inner ray 

2 d 2 
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is a very massive and wide liar, it is sigmoid, bending backwards towards the oval 

Eustachian tube (eu.), and then growing directly inwards to articulate with the basi¬ 

temporal bar of the parasphenoid (pa.s.), whose end is, contrary to rule, most extended 

at the hinder angle. These binding bars hide all but the hinder half of the vestibular 

floors below ; they are sub-parallel with the palatine bars. 

The condyle of the quadrate (q.c.) is a trochlea, grooved obliquely ; the bar above it 

is largely ossified (fig. 3, q.); its height, from the otic process, which is covered by the 

squamosal (sq.), is very great for a Batrachian ; this Toad has almost the deepest facev 

of any of its Order. 

The mandible (fig. 3) is normal; none of its processes are large, but it is of con¬ 

siderable thickness, and only moderately ossified; the rod (mk.) is continued forwards 

undiminished from the reniform condyle which lies in the grooved articulare (or.). 

The mento-Meckelian rod (m.mlc.) is rather large, and the dentary (d.) is three-fifths 

the length of the entire ramus. 

The “ annulus ” (fig. 4, a.ty.) is only of a medium size, and narrow ; but it is com¬ 

plete. The stapes (figs. 4, 6, st.) is lozenge shaped, and has a boss for muscular 

attachment ; it is followed by an equally large segment, the distal half of which is 

ossified ; this is the inter-stapedial (i.st.). The next segment is the medio-stapedial 

bone (m.st.); it fits obliquely under the first, is slightly arcuate and slender, and ends 

in a thick spatulate cartilage, the extra-stapedial (e.st.), which sends upwards a supra - 

stapedial band (s.st.), that is confluent above. 

Both the stylo- and hypo-hyal regions are absorbed, (figs. 2 and 5) and the cerato- 

hyal (fig. 5, c.liy.) is a sigmoid band, sharp at both ends. 

The front notch of the basal plate (b.li.br.) is deep and the plate itself rather narrow, 

with an angular projection on each side, behind; the thyro-hyals (t.liy.) are large, 

bent, and divergent. 

The edges of the basal plate are thickened, and run in front into sharp horns ; the 

“ anterior lateral lobes ” are large, distinct cartilages, narrow in front, and dilated 

behind ; the hind lobes are absent. 

The roof is almost as complete as in Calyptocephalus (Plate 21), but it is formed of 

thick rough slabs, the large fronto-parietals, which are thrice the breadth of the top of 

the endocranium. 

Their edges, like the edges of all the surface-bones, are very thick; they reach 

within a short distance of the foramen magnum, and send out on each side a square 

postorbital process to articulate with the corresponding squamosal (sq.). 

The whole dorsal region of the skull is a shallow trough, through the raising of the 

edges; this is divided by the sutural line along the middle, which is complete from end 

to end. More than a third of this suture is nasal, the rest fronto-sagittal ; the fronto- 

parietals project furthest at the middle, and the nasals form almost half the orbital rim. 

Them pre-orbital process (figs. 2, 3, n.) is immense, and an ingrowth there would make 

them correspond to those of the Tortoise. Besides forming a wide foot to rest upon the 
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steep maxillary (figs. 1 and 3, n.,mx.), the bone swells out to finish the front of the orbit; 

these bones are blunt over the wide snout, which lies beyond them; their antero- 

external edge is straight. 

The palatine processes of the premaxillary (fig. 2, px.) grow well inwards near the 

mid-line; on the right side the outer angle forms a separate bone (px'.). 

The nasal processes (fig. 3, px.) are thick “uprights,” propping up the snout, and 

padded with the first labial (u.P.) ; together, these bones occupy a large part of the 

fore face. 

The maxillaries (mx.) are high rough slabs ; their lower margin is gently concave, 

and along it and along the dentary edge of the premaxillaries (fig. 3) there is a row of 

sharp denticles growing from the epidermic sheath ; these atavistic memorials of teeth 

might easily be mistaken for the organs they so closely imitate. The upper margin 

of the maxillary is sinuous ; it rises four times, in front, under the nasal, where the 

pterygoid joins it, and as it binds upon the quadrato-jugal. The palatine margin 

(fig. 2, mx.) is well developed, and of equal breadth up to the fore edge of the cavity 

for the temporal muscle ; the bone then lessens into a sharp curved style, which binds 

the quadrato-jugal up to the hinge—nearly. The latter bone (q.j.) is a flat style, and 

is continuous with the bony half of the quadrate (q.). In front, over the joining of 

the premaxillary and maxillary, there is a semi-circular septo-maxillary (fig. 3, s.mx.) 

obliquely set on to the latter, and raising it nearly to the height of the bone in front 

('n.px.). Behind this part there is a fenestra between the nasal pouch (fig. 3) and the 

concave edge of the maxillary. 

The squamosal (sq.) is quite Batrachian, but it is exorbitantly large ; it is a roughly 

cruciform bone, with a sigmoid stem, and a large over-lying temporal plate, which is 

lozenge-shaped (fig. 1). This oblique plate is thick in front, and unites by suture with 

the postorbital projection of the roof bone (fp.) ; the scooped part lies like a scale on 

the parotic region. The postorbital process of this bone looks downwards, it is blunt 

and short; it only reaches half-way to the jugal crest; the pre-opercular portion is 

long, curved backwards, and carinate inside where it binds upon the quadrate. 

The parasphenoid (figs. 2, 3, pa.s.) is only half as long as the basis cranii; and is 

very peculiar. The fore part, for a fourth of its length, is a narrow style ; then the 

bone widens at once, and is notched on both sides. The hind part is triangular, and 

the side bars are oblong and widest behind, and articulate by a toothed suture to the 

pterygoids (peg.). 

The vomers (fig. 2, v.) stand, behind, against the huge palatines; they are sub- 

crescentic shells of moderate size, and are separated by a space more than equal to their 

own width. There is only a _pre-narial snag ; on the left side this is a distinct bone 

like the distinct palatine ossicle detached from the premaxillary on the right side (px'_.). 

In comparing this type of skull with the “ norma,” a good proportion of the dis¬ 

crepances will be seen to be divergences, also, from the typical Bufonine skull, such as 

that of B. vulgaris, or the larger skull of B. pantherinus. 



20G MR. W. K. PARKER ON THE STRUCTURE AND 

It differs from that of the typical Frog in the following particulars :— 

1. It has no true teeth. 

2. There are horny imitations of the Ranine teeth. 

•3. The whole skull is as massive and rough as the “ norma ” is light and smooth. 

4. The endocranium is much more ossified, and is shorter and broader. 

5. The nasal roofs are imperfect. 

(j. The pro-rhinals are small and inbent. 

7. The palato-suspensorial arch is very large, and the pterygoids bind upon the 

pedicles, and fix them, and articulate with the parasphenoidal wings. 

8. The massive palatines are united by suture at the mid-line and also bear a 

serrated carinate crest ; the core of cartilage is divided. 

9. The quadrate is largely ossified. 

10. The supra-stapedial is confluent above, and the inter-stapedial is largely ossified. 

11. The stylo- and hypo-hyals are absorbed. 

12. The fore lobes of the basal plate are detached. 

13. The premaxillary on the right, and the vomer on the left, side, have a super¬ 

numerary bone. 

14. The whole skull is of great height, as compared with the depressed “ norma.” 

15. The orbits are largely roofed over, and the auditory regions almost hidden, by 

the investing bones. 
O 

58. (A) Bufo chilensis.—Adult male ; 3 inches long. Arequipa, Peru. 

On the whole, the skull of this species is so much like that of B. pantherinus that I 

have not figured it; there are some points, however, in which it differs from it. The 

palatines (Plate 35, fig. G, pa.) are not so much crested as in that kind, but each bony 

tract is composed of two pieces, obliquely overlapping one another. The outer piece 

on the left side is twice as large as the other; the converse of this takes place on the 

right side. 

The stapes (fig. 5, st.) is more oval, and has an equally large boss; the columella is 

shorter, and more regular in form, there is no inter-stapedial segment, proximally, and 

the medio-stapedial is widely emarginate; its two oblique lobes are unossified. 

The extra-stapedial (fig. 5, e.st.) is a broad spatula, and sends up a strong supra- 

stapedial band (s.st.), which is confluent, above. 

58 (continued).—(B) Tadpole of Bufo chilensis.—Total length, f inch; tail, -g inch; 

hind legs, A0- inch. Arequipa, Peru. 

This is the youngest of the “fry” of this large Toad examined by me; the recently 

metamorphosed individuals were no larger than the Common House Fly. 

This skull (Plate 38, figs. 7, 8) is only two thirds the length, but the same breadth, 



DEVELOPMENT OF THE SKULL IN THE BATRACHIA. 207 

as the one next to be described, viz.: the Tadpole of B. lentiginosus, whose legs were 

only a line long, and in which (see Plate 38, figs. 9, 10) the parasphenoid was 

beginning. There is a remarkable want of uniformity in the time as to which certain 

parts appear. 

From the root of the pedicle (pd.) to the quadrate condyle (q.) we have the 

generalised counterpart of the quadrate of the Sauropsida; the metapterygoid and 

quadrate regions (together) of the Osseous Fishes. 

The free mandible (ink.) is only a short, thick, ray, with a notched condyloid tract, 

like that of the “ ulna,” ending in an angular process, like the “ olecranon.” 

Another, much larger, cartilage is articulated to the side plate by a rounded 

condyle ; the hollow for it is under the orbitar process (or.p., hy.f.) : this is the stylo- 

cerato-hyal (c.hy.), it is a flat phalangiform piece, enlarged both proximally and 

distally, and united to its fellow by simple cartilage. 

The succeeding arches (branchial) have all been removed, and will not be described. 

Over the curling, pointed, horns of the trabeculae there is a pair of semi-lunar 

cartilages—notched behind ; these are the upper labials (u. I,) not divided into two 

pairs. 

Below, between the mandibles, there is another pair (l.l.), arranged crescentically ; 

they unite with each other in the middle, and are scooped, above. 

Above, and below, these labials are covered with the serrated horny plates that form 

the primary dental apparatus or “ odontophore ” of the Tadpole, which vanishes away, 

or is moulted off, during metamorphosis. 

This skull is unlike enough to that of the adult Toad, and would be even if no 

investing bones appeared, nor any bony tracts in the endocranium ; the passage of 

the larval into the permanent skull has, however, in this group, already been 

described. I shall now compare this and the next together. 

59. (A) Tadpole of Bufo lentiginosus.—f- inch long ; hind legs, -Lf2- inch long. Penekese 

Island, Mass., U.S. 

The skull of this Tadpole (Plate 38, figs. 9, 10) (which was the same length as 

the last) is nearly a third longer, but very little wider; its breadth is only three- 

fourths of its length, and not nearly equal to it, as in the last kind. 

The difference between this skull and the last, and of both of them from that of 

B. vulgaris, is very remarkable, showing that the variations in the adult do not arise 

out of a uniform larval “ modelthe species, even, begin to vary as soon as they are 

hatched. 

In this specimen the hind legs are apparent, the Tadpole is only f of an inch long, 

and both this and the last are smaller larvae than those of the Common Toad. 

In Pseudis (A), as we have seen, the legs have relatively less development, but the 

skull is largely ossified, and as large as a crown-piece, the whole length of the Tadpole 

being 10^ inches, and its tail 4 inches across (Plate 1, fig. 1). Here, the skull is 
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the size of a mustard-seed, and is no larger directly after it is metamorphosed. I 

mention these things to show how sensitive the Batrachians are to their surroundings; 

how much their transformations are modified by the chances of their life; and also, 

how modifiable these creatures are—Protean in their changeableness. 

The skull at this stage'" (Plate 38, figs. 9, 10) is truly Petromyzine, yet it has a 

modification of the cranial structures not seen in the Lamprey ; viz.: the “ orbitar 

processes.” These parts are free above; but in the Tadpole of Bufo vulgaris (Phil. 

Trans., 1S76; Plate 55, fig. 3, between q. and eth.) they are confluent with the 

ethmoid, as Professor Huxley pointed out to me ; suggesting, at the same time, that 

they might be the liomologues of the anterior crus of the Lamprey’s suspensorium : 

we neither of us hold this view, now. 

The chondrocranium of the larval Bufo chilensis (figs. 7, 8) is almost circular; the 

whole length, including the labials, is but little greater than the breadth across the 

subocular arches (sj).) ; here the skull is oblong. 

The cliondrification is nearly perfect, but the lines of union of the various elements 

are all visible, being made up of younger, more elongated, and crowded, cells. From 

the occipital condyles (oc.e.) to the internal nostrils (i.n.), the basis-cranii is of nearly 

uniform size; it is then lessened by a notch, on each side, half the size of these passages, 

and gains this breadth again, gradually. The hinder part is, as it were, cut away for 

the ovoidal ear-capsules (cm.); the interorbital part is straight-sided in the last and 

pinched in this, and the fore-part is in two diverging bands, with a deep notch 

between them. 

Behind the orbital space, the pedicle of the suspensorium (sp.) passes into the basal 

plate; in front, the ethmo-palatine bands run into it; behind the ear-capsules the 

basal moieties curve round, to enclose the 9th and 10th nerves (IX., X.). From 

the middle of the inter-auditory space, to the great notch in front, there is a spindle- 

shaped space of new cartilage, leaving the thicker, and older, marginal bands of the 

same size as the free bands in front; these latter are curled over, in the frontal wall, 

pointed, externally, in the last, and blunt in this. 

The basal tracts are as follows 

The investing mass.—This reaches to the mindle of the hind skull, and is sepa¬ 

rated by the cranial notochord ('nc.), which is shrinking, and is invested with a thin 

(mesoblastic) layer of long cells, scarcely cartilaginous. The rest of the paired 

cartilages are due to the rapid growth of the trabeculae (tr.), and the free fore parts 

are the “cornua” (c.tr.). The spindle-shaped, thin, new tract along the middle is 

the first part of the “ intertrabecula” (see fig. 8, i.tr.); it is very long and wide. 

A second region of this element is seen from above, in the last (fig. 7), as a short, 

thick wall of cartilage, the rudiment of the perpendicular ethmoid (yp.e.). 

The internasal or fore part of this element is membranous at present in both 

* I have already described the earliest state of the Batrachian chondrocranium (see p. 16) in that of 

Bufo vulgaris. 
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species; it becomes the nasal septum afterwards, the space between the cornua 

becoming filled up, and often a projecting prenasal spike grows forwards from it. 

Over the foramen magnum, the occipital ring is completed by the investing mass 

in the last, but not in this. On each side, save where the ear-balls are intruded, the 

trabeculae have developed a steep wall, with the rudiment of a roof (“tegmen cranii ’); 

the two rudiments run up to the short ethmoidal wall. 

Thus there is left one large fontanelle (fo.), oblong for the most part, semicircular 

behind, and more pointed in front in the last, and unfinished behind in this. The 

nasal capsules are not cartilaginous yet; the eye-balls have been removed; the ear- 

capsules (fig. 9, au.) are fused partially with the chondrocranium ; they are losing the 

simple ovoidal form, and taking a shape in which the curves and swellings of the 

canals (fig. 9, a.s.c., h.s.c., jo.s.c.) are seen. 

Below (fig. 10, fo.), there has been dehiscence of the fruit-like capsule, and the 

spindle-shaped space is the new fenestra ovalis ; its occluding (indifferent) tissue 

will be the stapes. 

On each side of the orbits, in front, an oblique squarish lobe of cartilage grows out 

of the cranial wall; these two processes are the “wings” of the ethmoid (al.e.), and 

answer to the “ antorbital” of Birds and the “pars plana” of Mammals; close to these 

we see the rudiment of the post-palatine (pt.pci.). Under these a band, passes 

outwards—the pterygo-palatine, and in front of the ear-capsules a similar, but longer, 

band passes outwards to join (or become) the large facial bar or suspensorium 

(sj).); this is two-thirds the size of the whole basis cranii. 

This outer plate runs forwards, curving round the inner nostril (i.n.), and ends 

opposite the middle of the cornu trabeculae (o.tr.) ; each band ends in an oblong, 

emarginate, obliquely inturned condyle—the quadrate condyle (q.). 

The hinder conjugating bar curves and twists round the front of the ear-sac; its 

root is the pedicle ; its rounded elbow the “ otic process.” 

Half the upper edge of the side plate is occupied by a large, sessile, decurrent leaf 

of cartilage, which turns inwards and just touches the ethmoidal wing (or.p., al.e.). 

I cannot find that it has, as yet, become fused with it; under it, the conjugational 

band is the pterygo-palatine. 

Here the basal plate shows signs of sub-division ; the apices of the trabeculae (tr.), 

from which the notochord (nc.) is retreating, are obliquely marked off from the newer 

investing mass behind, which has not yet finished the occipital condyles nor even the 

occipital ring. Hence the fontanelle (fo.) reaches from the foramen magnum to the 

ethmoidal region, where the intertrabecular tract is not evidently raised at the 

mid-line. 

The auditory capsules (au.) are longer than in the last, and the interorbital region 

of the skull is narrower in the middle; the cornua trabeculae (c.tr.) are not so 

pointed externally, nor so definitely decurved. 

The part taken by the intertrabecula in the mid skull is not half as great as in the 

MDCCCLXXXI. 2 E 
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last; and this part shows, on its under surface, threads of new membrane-bone— 

the parasphenoid (fig. 10, pa.s.) is appearing. 

The notches for the inner nostrils (i.n.) narrow the skull very much; and in this, 

as in the last, the quadrate cartilage (q.) shows a slight enlargement, which is 

attached by a membranous ligament to the point of the cornu (c.tr.) in front of the 

notch; the projection on the quadrate part of the suspensorium is the rudiment of the 

pre-palatine spike. 

The rudimentary ethmoidal wing (al.e.) is a mere angular projection at present, 

and is much smaller than in the last kind ; the elevation on this band is the rudiment 

of the post-palatine bar (pt.pa.). The mandibles (mk.) are like those of the last, but 

not so massive; the same may be said of the lower labials (/./.). 

But the upper labials (u.la.n.lb.) differ from those of the last Tadpole; they are 

formed as two on each side, at the first, and do not become two by segmentation. The 

two inner pairs, if melted together, as in the larva of Rana pipiens, would answer 

to the anterior dorsal cartilage of the Lamprey ; the styliform outer cartilages answer 

exactly to the external pieces in that Fish. 

Here the orbitar process (or.p.) is still further from the ethmoid than in the last, 

and yet it possibly may unite with it afterwards. 

The hyoid bar (c.hy.) is narrower in its shaft, and dilates into two still more 

projecting angles distally; the hinder of these is the stylo-hyal rudiment, the large 

cells at the lower end form part of the basi-hyal tract. Part of the first “extra- 

branchial” (ex.hrh) is shown in relation. In neither of these instances is there any 

rudiment as yet of an “ epi-hyal ” element. 

A comparison of these crania with those of the larval Frogs, already described, will 

show to what degree the skull may differ in its initial (Petromyzine) stages. I now 

come to the description of the newly metamorphosed skull of this Toad, to be used as a 

standard of comparison in describing the skulls of the small, arrested glandless Toads 

(“ Phryniscidae,” “ Engystomicke”). These small kinds will be found to have skulls 

arrested at various points that correspond with what is seen at the different periods of 

life in the higher and more developed kinds. They also show very instructive 

instances of a sort of relapse into old ichthyic conditions; they resume characters that 

have been suppressed in the more normal and better developed Anara. 

59 (continued).— (B) Skull of Bufo lentiginosus,—Recently metamorphosed; inch long. 

In the skull of the young Toad of the first summer (Plate 39, figs. 7, 8, 9) the length 

and breadth are equal, and the quadrate condyles (q.c.) reach, as yet, no further back 

than the Eustachian openings (eu.). Up to that part the form of the skull is a very 

neat semi-ellipse, and behind the round edges of the tegmen tympani (right and left) 

(t.ty.), the epiotic eminences (p.s.c.), and the occipital condyles (oc.e.), all may be said 
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to project from an arc of a large circle; thus the outline of the whole is like that of a 

short egg. 

The pattern of a Batrachian chondrocranium is here perfect; and this has, already, 

been modified by two pairs of bony centres that are enclosing the 9th and 10th nerves, 

behind (IX., X.), and the 5th and 7tli (V.) in front of the ear-sacs (au.). The occipital 

condyles (oc.c.) are large, sub-reniform, near together, and postero-inferior. 

The foramen magnum (/m.) is very large; each ear-sac projects far outwards as a 

parotic process, whose outer edge is the tegmen tympani (t.ty.). The floor is perfect 

(fig. 8), the roof as complete as in the “ norma,” there being one large, and two small, 

oval fontanelles (fo., fo'.). Infero-laterally, there are the nerve passages, and that 

for the optic nerve (II.) is a large fenestra—not a mere foramen. 

The ethmoidal wings pass as yet right into the antorbital bars (e.pa.), and then, 

again, into the pterygoid fore-growths of the quadrate cartilage. 

The roof of the nose (fig. 7) is not clearly divided off from the septum (s.n.). and the 

floor (fig. 8) is about equal to it. 

The prenasal end of the septum is a small bud, and the pro-rhinals (p.vh.) are very 

small points of cartilage that look inwards ; the angles of the floor are sub-falcate. 

The labials (u.ll.u.l'2.) have their permanent form and relations. The /^shaped pala¬ 

tine is applied to the ethmo-palatine bar, which is dilated in front, externally, as the 

adze-shaped pre-palatine. The post-palatine cartilage is dilated to a less degree and 

ends, regionally, but not by division yet, in front of the great opening for the temporal 

muscle. There the pterygoid region begins, which narrows, somewhat, and then 

dilates to make its forks ; its bony plate (pg.) is already broad and Bufonine. Under 

the main foot of this bone the cartilaginous pedicle (pd.) is dilated, but does not lose 

its continuity (as far as I can find, here, certainly not in B. vulgaris) with the basis 

cranii. 

The quadrate condyle ((pc.) is large and reniform ; the Eustachian passages (eu.) 

are small; the stylo-hyal (st.h.) is uniting with the skull, and passes outwards under 

the projecting, ear-shaped, tegmen tympani. The stapes was not chondrified in the 

larva just described, but that process took place very soon afterwards; now, there is a 

columella (fig. 9, co.). 

This new cartilage, which appears in the beginning of summer, is a thick oblique 

wedge, helping the solid stapes (st.) to fill the fenestra ovalis; it is arched above and 

concave below, and ends in front as a fine thread of long cells.'"' 

The small “ spiracular cartilage,” which had undergone various fortunes in the larval 

state—sometimes fixed at one end and sometimes at the other, and then free—is now 

* This is the state in which this organ was shown to be in young specimens of B. vulgaris by Professor 

Huxley in the early summer of 1874. My own dissection of this stage is shown in my second paper on 

the “ Batrachian Skull ” (Phil. Trans., 1876, Plate 55, fig. 8, co.) ; it is somewhat more advanced then this 

which I am now describing in another species. 

2 E 2 
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a small |J-shaped annulus (a.ty.), over which the subcutaneous stroma is becoming 

arranged radially, and towards which the pointed end of the new columella is growing. 

In Pelobates fuscus (Plate 25) such a rudiment ossifies throughout; it stops 

growth in a form soon to be described, viz.: Rhinodermci (Plate 39, fig. 5, co.), it is 

arrested at this identical stage and does not ossify; whilst in Pseudophryne, some 

kinds of Plivyniscus, and in Bombincitor igneus it never appears ; in these kinds we 

have the counterpart of the newly metamorphosed Common Toad and Frog, and of 

many of the adult “ Urodeles,’’ 

The mandible in this stage (Plate 38, fig. 4) is formed, the mento-Meckelian (■m.mk.) 

is forming, and the whole bar is very similar to what it will be in the adult. 

The investing bones are already well developed, but they are very thin shells at 

present, and do not cover the endocranium nearly as much as they will do; I shall 

refer, again, to these structures in describing the skull of cognate, but pigmy, or 

arrested Toads, of the Families “ Bhinodermatidse,” “ Phryniscidag,” £‘ Engystomidse,” 

and “ Braclrycephalidae.” 

60. Bufo vulgaris.—Adult. England. 

In describing the Bufonine skull I shall have to refer again and again to my pub¬ 

lished description both of that of the adult and larva (see Phil. Trans., 1876, Plates 54 

and 55, pp. 605-625)."" 

The skull of the adult Common Toad is short and wide, the length is only five- 

sixths of the breadth. 

In the degree of its ossification, and in the possession of three fontanelles, it agrees 

with the Common Frog ; but it is shorter and altogether a coarser and stronger skull ; 

and there are no teeth, either on the vomers or the jaw-bones. By referring to my 

published figures the reader will see that, besides these general differences, there are 

several very important morphological modifications in the skull of this species ; these 

are as follows :— 

1. The nasal roof is a narrow, jagged cartilage, confluent with the fore end of the 

septum, in front, and with the ethmoidal wings behind, but separated by a large 

“ olfactory fenestra” from the main part of the septum. 

2. The palatine cartilage is a T-shaped, distinct piece, segmented from the ethmoidal 

wing, above, and from the pterygoid cartilage, behind. 

3. The pterygoid bone ties down the pedicle, which has not lost its dorsal portion, 

and thus has never become free. 

4. The pro-rhinals are very small and turned inwards. 

5. The “annulus ” has a short posterior horn, which does not unite with the anterior 

horn. 

* In the figures the outer labial is lettered u.V-. instead of u.P.; and the deficient nasal roof is lettered 

u.Z2. instead of n.r.; the description of these parts is erroneous, as I have discovered since, for I failed then 

to find the first upper labial, and mistook the nasal roof for the second. 
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6. Both supra-stapeclial and stylo-hyal are confluent. 

7. The medio-stapedial is a very short bone and the inter-stapedial takes up most of 

the rod. 

8. The extra-stapedial is peltate. 

61. Bufo calamita.—Adult female; 2§ inches long. England. 

This skull (Plate 40, figs. 1-5) is, on the whole, about as strong as that of B. vul¬ 

garis, but it differs greatly from it in several things, Dotably in having what is cpiite 

exceptional in the genus, viz.: an open fontanelle {fa.). The length is to the greatest 

breadth as 6 is to 7 ; the condyles for the lower jaw reach very little further back 

than the condyles of the pedicles; the outline of the face is a very exact semi¬ 

oval. There is in every part a remarkable Bufonine coarseness of structure, in spite 

of the arrest of the roof bones : the ossification of the endocranium is normal, as in 

B. vulgaris. 

The occipital condyles (Plate 40, figs. 1, 2, oc.c.) are large, postero-inferior, and sepa¬ 

rated by a shallow notch less than half their own width. I can find no secondary 

fontanelle; the main space (fig. I, fa.) is oval, and is half the length, and more than 

half the width of the roof, most of which is uncovered. The upper and lower synchon¬ 

droses {fan.) are wide, and widen rapidly so as to become large cruciform tracts 

between the prootics and ex-occipitals (pr.o., e.o.). The latter merely form a flange 

to the epiotic eminence, above {cm.); below, they well enclose the double foramen 

for the 9th and 10th nerves (IX., X.). 

The prootics reach to the facet for the pedicle, right and left, and to the optic 

fenestra in front (fig. 2, II.), cpiite enclosing the hole for the trigeminal (V.). 

Above (fig. 1, pr.o.), they reach far over the capsule, nearly up to the squamosal 

{sq.), but the narrow tegmen tympani and the whole of the eminence over the pos¬ 

terior canal are unossified; they are confluent with the temporal wing of the roof- 

bones {far). The mid-skull narrows steadily up to the ethmoidal ake and axil lie ; it is 

half cartilage and half bone, for the girdle-bone (eth.) has its normal development, 

affecting the septum nasi a little, above, not cpiite reaching it below, and only partly 

ossifying the alee. The whole of the nasal territory is cartilaginous ; the floor is wide, 

its angles in front are not large, yet the pro-rhinals (fig. 2, p.rh.) are unusually large, 

but straight, as in most Toads; there is no prenasal rostrum. The roof (fig. 1, n-.r.) is 

very narrow, and I cannot find the band which, at a distance from the septum, runs 

back to the ethmo-palatine in most species of Bufo; here the true nasal ‘■'paraneural” 

cartilage is mainly confined to the fore part of the snout. The oblique external nostrils 

(fig. 1, e.n.) are well defended by the second labial {uBf; the first (u.l1.) is a mere pad 

inside the nasal process of the premaxillary; the internal nostrils {in.) are round, and 

not much wider apart than the outer. 

The palato-suspensorial structures are large and strong, but the vdiole arch is 
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continuous, above, with the ethmoid, and, behind, the dilated post-palatine is not 

segmented from the pterygoid cartilage as it is in other species of this genus. 

The whole of the cartilage of the palatine region is a large |_-shaped band, it 

narrows at its starting from the ethmoidal wing (e.pa.), dilates into the pre-palatine, 

and forms a rounded projection, behind, where it passes into the pterygoid band 

{pg.). The palatine bone [pa., pa'.) is composed of two pieces, imperfectly soldered 

together; the main piece is the ectosteal plate, the normal Anurous bone, it is large 

and falcate. The superficial bone is one-fourth the size of the other ; it is an irregular 

rod, with a distinct suture in front, and lies somewhat obliquely on the middle of the 

fore edge of the main bone. This is the true counterpart of the dentigerous palatine 

“parostosis” of the Urodeles, and belongs to the same category as the vomers. The 

pterygoid bone {pg.) is very large, falcate, and two-membered, behind ; contrary to rule 

it overlaps the pre-palatine, above (fig. 1), where, abnormally, it is more developed 

than below, and throws the remains of the unused cartilage on the ventral aspect, instead 

of the dorsal. Also, unlike the other species, it has a large, free, Ranine pedicle, the 

pterygoid only ossifying the surface of the thick stump of the original pedicle, and not 

binding it down ; hence the joint is free; it is an oblong condyle moving in a shallow 

glenoid cavity. 

Below the confluent otic process, hidden by the squamosal (fig. 1, sq.), the outer 

member of the suspensorium forms the partially retreated quadrate condyle (q.c.); 

this is very oblique, long, reniform, and has the quadrato-jugal a little confluent with 

the cartilage of which it is the base. Between these short thick forks we have the 

large semi-oval Eustachian opening (eu.), the hinder boundary of which is formed by 

the large confluent stylo-hyal {st.h.). 

The “ annulus ” (a.ty.) is three-fourths the average size, and like that of B. vulgaris, 

is widely open above, and not a perfect ring as in most of the species of this genus. 

The stapes (fig. 5, st.) is large, thick, umbonate, and notched in front; the medio- 

stapedial (m.st.) has an upper rounded, and a lower lip-shaped, cartilaginous process, 

but no separate inter-stapedial. The shaft is twisted and carinate in front, and is 

bent outwards to reach the outer edge of the suspensorium ; I do not see here, what 

in old specimens of B. vulgaris can be plainly seen, namely, a partial segmentation of 

the bone at this outward bend. The extra-stapedial {e.st.) is sub-peltate, and the 

supra-stapedial band (s.st.) is perfect and confluent, above. 

The mandible (fig. 3) is normal, but the articular bone (ar.) is feebly developed ; 

the condyle (ar.c.) is long and reniform, and from it the rod {ml:.) is scarcely lessened. 

T1 le dentary {d.) is three-fifths the length of the ramus, and the mento-Meckelian 

{m.niJc.) has only ossified half of the inferior labial. 

The cerato-liyal (fig. 4, c.hy.) is broad, and doubles its width in the lower half; there 

is a small hypo-hyal lobe, and the notch of the basal plate [b.h.br.) is deep. The 

plate itself is of good width and of great length ; the fore lobes are large and ear¬ 

shaped, the hind lobes ligulate and uncinate, inwards, 
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The thyro-hyals are long and straddling, with much cartilage at the end, and on the 

left side there is a round nucleus of cartilage (;t.liy'.) outside the bone, proximally. 

Just behind the front lobes a band of endostosis runs across the plate—a faint attempt 

at the formation of a bony “ 1st basi-branchial.” 

The investing bones are coarse and strong but limited in their superficial extension. 

The fronto-parietals (fig. l,f p.) are roughly radiated, grooved externally, and pitted 

in the hind part, where they very imperfectly cover the hind skull. 

Their oblique temporal groove is inside the combined arches of the anterior and 

posterior canals (fig. 1, cat.), and their ragged expansions are anchylosed to the prootics 

within. They are mere thick bars on each side of the naked fontanelle, and overlap 

the girclle-bone (etli.) in front. The nasals (n.) are large, long-handled below, and do 

not quite meet over the septum-nasi. 

The premaxillaries (px.) are gently arcuate, of great extent, and have well developed 

nasal and palatine regions. 

The maxillaries (mx.) are also well developed, with a considerable palatine edge that 

broadens behind before it gives off its jugal process; there is between these bones a 

small angular septo-maxillary (s.mx.). The quadrato-jugal (qj.) is a short curved 

spike, partly confluent with the quadrate (q.). 

The squamosal (sq.) has a rough, short upper, and a gently expanding lower, limb. 

The parasphenoid (pa.s.) has all its processes well developed, it is quite Bufonine, 

narrowing rapidly in front, and with very extended lateral processes that run to a 

point; the handle is large and notched behind ; and the opposite process, under the bone 

at its basi-temporal part, is an extended oblique toothed ridge. 

The vomers (fig. 2, v.) are small, with a prenarial hook, a hooked fore part, and a 

notched hinder process. 

In this skull the Bufonine characters are arrested and modified : this is especially 

seen in the deficiency of the roof bones, in the continuousness of the palato-suspensorial 

cartilages, and in the perfect freedom of the pedicles. It, therefore, is not so 

different from a Frog’s skull as that of its congeners. 

From the “norma” it differs in—- 

1. The general strength and coarseness of its structure. 

2. There are no secondary fontanelles. 

3. The main fontanelle is uncovered. 

4. There are no dentigerous bones. 

5. There is a superficial (“ parosteal ”) palatine. 

6. The pterygoid is most developed below, and not above, 

7. The mandible is unusually cartilaginous. 

8. There is no inter-stapedial; and the supra-stapedial and stylo-hyal are confluent 

above. 
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G2. Bufo ornatus.—Adult female ; 2-g- inches long. South America. 

This species should be put into the next genus, viz. : Otilophus; the difference 

between the skull of this and of a young 0. margaritifer is very much less than what 

may be seen between several kinds of Bufo. 

The general form of the skull is that of a triangle with the apex off; the length is 

nine-tenths as great as the breadth. 

Some of the characters of B. agua are exaggerated in this ; although its size is only 

a third of that large species. 

That which especially strikes the eye in this skull, and in the exaggerated form seen 

in the next genus, is the projection of the square snout forwards over the marginal 

bones of the face. 

This form of the nasal region occurs amongst the Ganoids in the “ Palseoniscidse ” 

(Traquair, Trans. Palseont. Soc., 1877, plate 1, figs. 1, 2, 11), and is exactly repeated 

in the half-ripe embryo of the Pig (Phil. Trans. 1874, Plate 34, figs. 1, 2, 6). In this, 

as in many other things, the Anura prefigure the Mammalia. 

The occipital condyles (Plate 37, figs. 1-3) are large postero-inferior, and reniform; 

they are separated by a shallow notch less than their own width. The epiotic eminences 

(fig. 1, e.o.; fig. 3, ep.) are almost flush with the occipital condyles; the quadrate 

condyles (q.c.) only reach back to the inter-stapedial, the supra-temporal plate (sq.) 

as far as to the middle of the stapes (stf This top of the squamosal, growing so far 

backwards, gives the squareness and breadth to the outline of the skull, behind. 

Like that of many of the Caducibranchiate Urodeles, the endocranium is almost 

entirely ossified into one continuous bony box : there may be a little cartilage at 

the tegmen tympani; there is a tract in front, for the fore half of the nasal region 

is soft. The parotic parts are large but do not reach out beyond the middle of their 

squamosal roof. The rim of the occipital arch, the superoceipital region, and three- 

fourths of the ear-capsules are naked above. Also a small lozenge of the ethmoid 

(fig. 1, eth.) is seen in front of the frontals, and the cartilaginous snout is bare at its 

fore margin. Through the broad roof (fig. 1, f.p.) the three fontanelles shine: the 

first is large and heart-shaped, the two small spaces are sub-oval, and lie at a moderate 

distance behind the emargination of the main space. 

Below, as in B. agua, the outline of the endocranium is very irregularly sinuous ; 

it is very broad behind, then lessens up to the axillse and aim of the ethmoid (eth.), where 

it expands suddenly; in front, the bone runs up to the points of the palatine processes 

of the premaxillaries (fig. 2, px.). 

The outline of the far overhanging roof is sub-parallel with the edge of the endo¬ 

cranium, being dominated by it. Each ‘:eave!;’ is more than half the width of the 

cranial chamber. Seen from the side (fig. 3), this chamber is extremely shallow-—as in 

other Neotropical Anura—much more so, relatively, than in B. agua. The ethmoidal 

wings are ossified to their proper end, where, in the genus Bufo, the segmentation 
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of the antorbital bar takes place. The passages for tlie emerging nasal nerves are 

large, and lie on each side the square end of the far-extended ethmoid bone. They 

lie close behind the facial edge of the snout, and on their outside the pro-rhinals 

spring ; these are hidden by the premaxillaries, and are small. 

The sinuously-transverse snout overhangs this part obliquely ; the large external 

nostrils (e.n.) are in its sides, and are wide apart. The roof is feebly developed, but 

there is a well-formed pouch in the outer wall (figs. 1, 3, al.n., n.wT) ; in front of the 

nostril there is the large, oval, hollow second labial (u.T.); below it, inside the vertical 

nasal process of the premaxillary, the small, lenticular first labial (Plate 36, fig. 8, u.l1.). 

The palato-suspensorial cartilage is broken up into an adze-shaped ethmo-palatine, to 

the under surface of which the large falcate bone (pa.) is grafted ; whilst the suspen- 

sorium has a remnant of the pterygoid cartilage. 

The pedicle (pd.) is completely covered with bone, and its original apex has been lost 

in the ossifying cartilage close to the foramen ovale (V.). The cartilage breaks out from 

beneath the inner foot-like ray of the pterygoid (pg.), which has used up nearly all 

the front process that was originally continuous with the palatine cartilage (fig. 3, sp.). 

The suspensorium, itself, or quadrate region (q.), is very large, and remains unossified 

(figs. 2, 3). The condyle (q.c.) is oblique, and reniform ; and above it a shell-like 

flange of cartilage grows from its outer edge, clamping the hind margin of the long, 

descending bar of the squamosal ; this crest of cartilage is the old “ orbital’ process,” 

(fig. 3, or.p.) once under the antorbital, and now beneath the auditory, region. The 

stylo-hyal (st.h.), carried back by the retreating suspensorium, but loosened from it, now 

has grown inwards, and caught hold of the tympanic floor of the vestibule (vb.) on which 

it is grafted. The front fork of the pterygoid bone (pg ) is a sharp style ; the hind 

bar is flat and vertical, binding the inner face of the quadrate ; between it and the 

large inner process (pd.) the Eustachian opening (eu.) is seen to be large and circular. 

The articular region of the mandible (fig. 3) is hollowed out for the reniform 

trochlea of the quadrate (mk.) ; the cartilage is but little ossified by the articulare 

(ar.) ; the dentary (d.) is three-fifths the length of the ramus, and the mento-Meckelian 

(m.mk.) is of the normal size. The “ annulus ” (a.ty.) is large and perfect. 

The stapes (Plate 36, fig. 10, st.) is large and sub-oval ; it has an ear-shaped boss 

and some ossified cells; the inter-stapedial (i.st.) is oval and semi-osseous; it fits in 

like a wedge between the stapes and the next segment—the medio-stapedial shaft 

(m.st.). This part is pistol-shaped and large, it is especially thick, proximally ; joined 

on to it is the broadly-spatulate extra-stapedial (e.st.) with its fastened, strap-like 

process, the supra-stapedial (s.st.). 

The hyo-branchial structures (Plate 37, fig. 4) show that this lesser Neotropical 

Toad is approaching its small, “ glandless ” relatives of the same region, viz. : the 

“ Phryniscidse ” (Plates 40 and 41), which of all the Anura have the narrowest basal 

plate. I shall return to this comparison when I come to that genus. Here the 

* The lower u.l2. in fig. 2 should be n.w. 

2 F MDCCCLXXXI. 
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cerato-liyals (fig. 4, c.hy.) gradually enlarge and contract again before they turn back 

into the non-lobate hypo-lryal bands. The anterior lateral lobes of the basal plate 

(Jj.li.br). are but little freed from the main sheet of cartilage ; they end in a blunt point 

far in front of the deep, narrow notch. Then the plate is very narrow, and gives off 

two small hind lobes. The thyro-hyals (t.hy.) are rather short, bent strongly upwards 

to embrace the larynx, diverge at a right angle, and end in a blunt piece of cartilage. 

The investing bones are intermediate between those of B. agua and Otilophus (Plates 

36-38); belonging to a species so much smaller than the former, they are far less solid ; 

their surface is smooth, except at their free sub-cristate edges, which are serrate, but 

not beaded and ornate as in Otilophus; on the whole, this skull is like that of either 

of the two kinds between which I have placed it, and links them together. 

The broad fronto-parietals are (f.p.) more than double the width of the inner skull, 

they are separated by a fronto-sagittal suture, and by an interrupted transverse suture 

from the nasals (n.); they are lobate behind, exposing the superoccipital region, and arti- 

culate largely with the dilated squamosals behind the orbits. A lozenge of the girdle- 

bone (eth.) is seen between the nasals and frontals ; the former (n.) are large, triangular 

shells with a broad facial plate (fig. 3) ; they are jagged and pointed in front, and 

almost reach the end of the snout. As in the embryo of the Pig, the premaxillaries 

(figs. 2, 3, px.) are quite under the snout, and the long nasal processes are tilted 

forwards ; the palatine processes are small and sharp. The maxillaries Jinx.) are deep, 

but then palatine edge is not extended far inwards; they reach nearly to the hinge of 

the jaw, and are overlapped by the small quadrato-jugal styles (q.j.) which keep distinct 

from the quadrate piers. The squamosals (sq.) are almost entirely like those of B. agua, 

but they have sharper and more serrated edges, especially along the temporal region ; 

the descending part is small, long, and sigmoid. In front (Plate 37, fig. 3, and Plate 36, 

fig. 8), old generalised ichthyic characters break out; there is a large, shell-like septo- 

maxillary (s.mx.), and behind this a thin, sub-crescentic “pre-orbital” (p.ob.) ; it is 

perched upon the ascending inner lamina of the maxillary (rnx.). The parasphenoid 

(fig. 2,pa.s.) is more normal than in B. agua, but its fore part is broader; the pterygoid 

does, however, overlap the basi-temporal wing, obliquely ; there is a transverse crest 

between the two wings. The vomers (v.) are thin, toothless shells, semi-circular in 

form, but with post- and pre-narial spikes, and a lobulated fore part; they throw the 

inner nostrils (i.n.) very far apart; the outer (e.n.) are wide apart, but these are at 

nearly twice their distance. 

This is a very instructive skull, looked at in its Bufonine aspects ; as compared with 

the Anurous “ norma” it is very remarkable ; it differs as follows :—■ 

1. In the triangular form of the skull; its breadth above, the height of the face, and 

the shallowness of the cranial cavity; also in the tendency to a crested and sculptured 

condition of the outer bones. 

2. In the intense ossification of the endocranium, blotting out all landmarks, except 

the necessary foramina. 
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3. In the curious porcine form of the snout, broad and overhanging the facial bones. 

4. In having no teeth, either marginal or submarginal. 

5. In the fixity of the pedicle. 

6. In the breaking up of the palato-suspensorial cartilage. 

7. In the fixity of the stylo-hyal and the supra-stapedial, and in distinctness of the 

stapedial “ boss.” 

8. In the narrowness of the basal plate, and the absence of hypo-hyal lobes. 

9. In having a second pre-orbital besides the septo-maxillary. 

Second genus. Otilophus, 

G3. (A) Otilophus margariti/er.—Half-grown female ; 1-J inch long. Venezuela. 

This skull is about one-fourth less than the last; it resembles it very much, but is 

feebly ossified (at present), has a wider roof, and more ornate and crested bones, 

externally. If this skull had been arrested at this stage there would have been no 

reason for the sub-generic distinction Otilophus, as distinct from Bufo. I agree with 

that distinction, but would put B. ornatus into the sub-genus. 

We have here the same triangular broad roof, and high skull (Plate 37, figs. 5-7), 

as in the last, but the occipital region projects more, behind, and the snout is much 

narrower, and more rounded ; moreover the investing bones are very ornate with 

small beads or pearls of clear bone. The figures (Plate 37, figs. 1-4 and 5-10) will 

give a clearer idea of the great likeness and small unlikeness of these two exquisite 

little skulls. The occipital condyles (oc.c.) are large, reniform, and postero-inferior ; 

they are separated by a rounded notch half their own width, and they show, more than 

those of the last kind, that the motions of the head on the atlas are very free, and 

worked by strong muscles. 

The ex-occipitals (e.o.) are less than half the size of their region ; and both above 

and below are separated by wide tracts of cartilage. The floor of the vestibule 

(fig. 6, vb.) is naked cartilage ; the top of the ear-sac is all covered, except the epiotic 

region (ep.), so that the prootics are only seen where they surround the foramina 

ovalia (V.). The prootic region is wide, unossified, and forms a large tegmen (t.ty.) 

under the squamosals (sq.). The large optic fenestrse (II.) are surrounded by carti¬ 

lage which occupies two-thirds of the orbital region (o.s.) ; this part is of almost equal 

width, but widens at both ends ; its depth is very small (fig. 7), but it bulges in the 

middle. The limited girdle-bone (eth.) is complete below (fig. 6), and takes up its 

own proper cartilage ; above (fig. 5), it only appears just where the roof-bones partly 

expose it as a circle of bone reaching the septum nasi in front, and the fontanelle 

behind, but it has much cartilage on each side. The main fontanelle is rather small, 

and elegantly heart-shaped ; the secondary fontanelles are large and oval ; the 

“ tegmen cranii ” is largely developed and the endocranium is rather massive. 

The narrower and more rounded snout is extremely porcine; the outer nostrils are 

very large and not far apart; the large round inner nares (fig. 6, i.n.) are twTice as far 

2 F 2 
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apart, but as the skull narrows in faster than in the last, these passages are nearer 

together than in it. The nasal roof (p.n.) is not large, and appears to be imperfect ; 

the floor {s.n.l.) is very wide ; the pro-rhinals (p.rh.) are small and turned inwards ; 

and the angles of the floor are but little dilated, as the maxillaries (onx.) stop their 

outward growth. The palatine bones are rather short ; they are falcate, and hide 

the small ethmo-palatine cartilage, which cannot be traced into the half-used ptery¬ 

goid cartilage, growing inside the pterygoid bone (fig. 7, pg.), which is part of the 

suspensorium (sp.). The bone (figs. 5-7, pg.) is very small and pointed in front, has 

a large foot lying on and fixing the pedicle {pel.) ; and bending suddenly on the inner 

process, the hind part half encloses the smallish, oval Eustachian opening {eu.), and 

then runs down the inside of the quadrate (q.c.). That part is somewhat ossified by 

the quadrato-jugal (q./.); is very high (fig. 7) and forms more than a right angle with 

the basis cranii, but the condyle (q.c.), which is a large sulcate trochlea, only goes as 

far back as to the setting on of the stylo-hyal. A flange-like out-growth of the 

suspensorium is all that remains of the leafy “ orbitar process” {or.p.), it binds on 

the squamosal (sq.). As in the last, the “ annulus ” {a.ty.) is large and perfect ; the 

stylo-hyal (st.h.) is confluent, above. 

The stapes (figs. 9, 10, st.) is sub-oval, and has a boss ; the mediostapedial {m.st.) 

has a large, cartilaginous lobe, but no free segment ; the extra-stapedial {e.st.) is 

spatulate, and has a membranous supra-stapedial (s.st.). 

The hyo-branchial structures (fig. 8) are similar to those of the last kind, but the 

cerato-hyals (c.hy.) are narrower; the lateral lobes are larger and freer; in the base of 

the hinder pair there is a fenestra ; the thyro-hyals (t.hy.) are much smaller. The 

mandible (fig. 7) is like the last, but the bony tracts are feebler in this young 

individual; the hinge is deep and large. The labials (u.ll.u.l'2.) are similar to those 

of B. ornatus, but the second is smaller. 

The investing bones are like those of a Chameleon ; they are crested and ornate 

with “tears” of bone; these are especially developed over the inter-auditory region; 

the roof bones (fig. 5,f.p.) are very extended and polygonal, and leave a space in front 

where they narrow out and join with the nasals, obliquely. Behind, they and the 

squamosals (sq.) only leave the epiotic region naked, and their temporal is larger than 

their orbital edge; that free edge is elevated and grooved radially ; the temporal 

suture is sinuous. The nasals (n.) are conchoidal, with a sharp retral facial stem ; 

they are especially perlate on their thickest part in the prefrontal region. The feeble 

premaxillaries {px.) stretch in an arcuate manner under the projecting rounded snout, 

and the nasal processes (fig. 7, n.px.) have their axis almost coincident with the axis 

of the long deep maxillaries {mx.). These latter bones are straight up to the hinge, 

whilst they almost completely overlap the small quadrato-j ugals (q.q.). There is a 

rough notched septo-maxillary {s.mx.) under the outer nostril. 

The squamosals (sq.) have a huge supra-temporal plate, four-sided, irregularly, and 

with the largest, or postero-internal, angle sharply notched. The side view (fig. 7) 
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shows a large triradiate upper part, and a long (deep) sinuous preopercular process 

bound by the “orbitar process,” behind. The parasphenoid (fig. 6, pa.s.) is unlike 

that of the last, it is shortened in front and is there made up of spines ; its basi¬ 

temporal wings are very long, and the pterygoids bind over them so as to cut away 

their fore edge, outside; they then run to a point, almost as far as the Eustachian 

openings (eu.). The hind part is a broad triangle, and in front of it the middle of the 

bone is raised into a triangular apophysis, which looks forwards. The vomers (v.) are 

formed of three curved rays, the two hinder rays half surround the inner nostril (i.n.) 

and the front ray curves in the other direction. 

63 (continued).—(B) Otilophus margaritifer.—Adult female ; 2-f inches long (Hyutl’s 

prepn., Mus. Coll. Surg., Eng.). Brazils. 

This skull, kindly lent to me by Professor Flower, shows to what a degree of 

external modification the Bufonine type may undergo without losing any essentially 

Anurous character. 

In the side view (Plate 38, fig. 1) we see that the height of the squamosal, measured 

at right angles to the basis cranii, is equal to the gape; in Rana pipiens and Cystig- 

nathus ocellatus, it is only one-thircl; and that is the normal proportion. 

This is due to two things—to the height of the lateral crest of the squamosal, and 

to the depth of the grooved sigmoid pre-opercular region (figs. 1, 2, sq.); it is the 

upper part which has developed so largely since the creature was half grown (see 

fig. 3, sq.). 

The endocranium is now completely ossified behind (fig. 2); but even now half the 

orbital region is cartilaginous (fig. 1, o.s.); this part is extremely shallow. The sides 

of the skull are raised all along up to the snout, and the nasal, frontal, and squamosal 

crests (n.,f.p., sq.) are all frosted with small bony spikes and knobs ; the latter crest, 

as a large “ ear,” reaching further backwards than the occipital condyle. 

Behind (fig. 2), the parietal part of the roof-bones (fp.) has lost the suture, and 

the whole plate lies flat across the wide audito-occipital region, partly covering the 

epiotic eminences (ep.). Where the squamosals join the roof-bones there is a con¬ 

siderable valley, on each side, in the hind skull. The mid skull and the nasal region 

are concave. 

The orbital part of the squamosal (fig. 1, sq.) projects but little from the shaft, only 

reaches half way to the jugum, and points towards the hind part of the facial plate 

of the nasal (n.). The nasal, frontal, and squamosal form three-fourths of an orbital 

ring, which is finished by membrane, below, far above the edge of the maxillary (mx.); 

all the edges are produced or limbate, and concave. A little more ingrowth of the huge 

nasal would have made it equal to the prefronto-nasal of the Chelonian. The pre¬ 

maxillary is a strong bone like a phalangeal segment, and is nearly all nasal process; 

its top carries the valvular labials (u.ll.u.lz.*) Behind this bone, in an interspace formed 

* In fig. 1 the second labial is lettered u.l}. bj mistake, and the line from u.l~. points to a part of the 

nasal wall, 
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by it, the nasals and the maxillaries (rax.), there is a roughly orbicular, notched septo- 

maxillary (s.mx.). The maxillaries (fig. 1, mx.) are large, deep, sculptured bones, with 

both margins somewhat sigmoid; the quadrato-jugals are unusually long, thick, and 

broad ; they are strongly grafted on to the quadrate (q.). The suspensorium curves 

forwards towards the large sulcate trochlea (q.c.). The inner process of the pterygoid 

(fig. 2, pg.) binds the pedicle, the hinder process binds the inside of the quadrate, and 

the front part, which is very wide, behind, shows a large tract of cartilage (sp.), and 

is strongly bound to the inner face of the maxillary. The mandible (fig. 1) has a large 

and deep articular process, the Meckelian rod (mk) is scarcely affected by the half 

sheath of bone—the articulare ; the dentary (cl.) is only a third the length of the 

ramus ; the mento-Meckelian (m.mk.) is of the average size ; the whole lower jaw is 

rather weak and very flexible, quite unlike the upper jaw. As is shown also in the 

half-grown specimen, the “ annulus ” (ci.ty.) is perfect, and sends a small flange down 

upon the intruding, down-turned columella (e.st.). The medio-stapedial (fig. 2, m.st.) 

is long; the stapes and the intermediate inter-stapedial lobe are partly ossified. 

As compared with P. ornatus this type is, as it were, the same exaggerated ; it is less 

ossified by far, even in the adult, in its endocranium, but this is made up by the enor¬ 

mous development of its investing bones. It comes nearer the skull of the Common 

Frog in the retention of large tracts of cartilage, but is less like that “pattern” in 

having no inter-stapedial. I find no second preorbited besides the septo-maxillary, and 

in this it is more normal; the fenestrse in the basal plate are quite peculiar. 

One thing to be noticed is this, namely, that this Chamcdeonoid skull has not been 

specialised at the expense of any essential Batrachian character ; the skull of the 

Chameleon is a much greater modification of the Lacertilian type of skull, as I have 

shown in a monograph on the cranium of that Family elsewhere (Trans. Zool. Soc., 1881). 

In the small Toads that form the Families most related to the typical kinds, we shall 

find, with far less change of outer form, skulls that are much fuller of exceptional 

characters than that of this species, whose abnormality lies mainly in outward form, 

the deeper characters being on the whole true to the “ norma.” 

In the next Family of Toads, “ Rhinodermatidae,” the parotoids are absent, and the 

ear is less perfect than in the “ Bufonidee.” 

Second Family. “ Rhinodermatid^e.” 

First genus. Rhinoderma. 

64. Rhinoderma Darwinii.—Adult male; 1 inch long. Chili. 

The skull of this species (Plate 39, figs. 1-6) is peculiarly Ranine, both in form and 

in strength; it is sub-triangular; but the skull of newly metamorphosed Toads 

(“ Bufonidae”) show this, also, more or less (figs. 7-9). 
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As in the immature skull lately described (pp. 210-212), the length and breadth 

are equal, but the quadrate condyles (q.c.) reach further back, viz.: up to the fore end 

of the stapes (st.)] a position soon attained in the young Toad. 

The occipital condyles (oc.c.) are large, moderately wide apart, and postero-inferior, 

and the foramen magnum is large, as in the last (fig. 7). The auditory capsules are 

also, relatively, large, and have a small, oblique tegmen (t.ty.), the whole parotic region 

being limited to an ear-shaped process of cartilage projecting beyond the horizontal 

canal (h.s.c.), and nearly covered by the squamosal (sq.). The canals project consider¬ 

ably ; in the epiotic and prootic regions (p.s.c., a.s.c.) equally. 

Below (fig. 2), scarcely any cartilage is left in the ear-capsules, except at the sides 

(fig. 3); hut there is a distinct tract for the facet on which the pedicle (fig. 2, pd.) 

glides. Above (fig. 1), the oblique, bevelled, outer margin is soft, and, in its defi¬ 

ciency, shows the stapes (st.) and mouth of the vestibule (au.) from that aspect. A 

wide and rapidly widening space of cartilage remains both in the basi- and supra- 

occipital regions (figs. 1, 2), but the bony tracts are thoroughly continuous, right and 

left; this is a generalised character. 

The prootic region of the bone (pr.o.) reaches half way between the 5th and optic 

nerves (V., II.), and, above (fig. 1), the bony matter only leaves a cartilaginous selvage 

round the large, elliptical, single fontanelle (fo.), which reaches, behind, to the middle 

of the anterior canal (a.s.c.), and in front ends nearly opposite the ethmoidal wings. 

The mid skull is widish, almost oblong, widening before and behind, and slightly 

bulging in the middle ; it is of moderate depth (fig. 3) and very long; for the skull is 

long, and the bulk of the nasal region short. 

The girdle-bone (eth.) is less than the cartilaginous part behind it (o.s.), in which is 

seen a very large optic fenestra (II.); as in many of the arrested types, the wall of the 

mid skull opens, as it were, to the setting of the eye-balls, as the hind skull does for 

the ear-balls. 

The ethmoidal wings are only partly ossified, right and left; below (fig. 2), the 

ethmoidal region is ossified to its end; above (fig. 1), the bony growth creeps along a 

third of the true nasal region. 

The tegmen cranii is very limited before, behind, and at the sides, so that the 

fontanelle is very large and long. 

The nasal roof (n.r.) is relatively very wide, as in most young Anura; the floor is 

about three-fourths as wide (figs. 2 and 4, n.f.). The roof overhangs the fore face, as 

in many of the edentulous types, and here there is a very generalised and very Ravine 

prenasal rostrum (p.n.), which has, evidently, shrunk from the cavity of a (once) long 

dermal beak, noiv an oval leaf of skin projecting from the nose.'"' 

The pro-rhinals (p.rh.) are small; the valves (u.V-.uR.) large; the whole region, 

stripped of the investing bones (fig. 4), is seen to be very much like that of the Skate ; 

* I believe that this type has become dwarfed, and its rostrum shrunken as a correlative of the new 

bony tracts that have appeared in and on the chondrocranium. 
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the palato-suspensorial arch is rather feeble; the pre-palatine (fig. 4) is blunt; the 

pedicle (pd.) is short, and the quadrate region (fig. 3, q.o.) of the average length; it is 

partly ossified. The pedicle glides on a disk, which has a thick rim ; the part of the 

pterygoid (pg.) which invests it is at right angles with the main part. The palatine 

bone (pa.) is a feebly falciform lamina lying loose under the cartilage; the condyle for 

the jaw (q.c.) is large and reniform. 

The “annulus” (figs. 3 and 5, a.ty.) is one-third less than the average size, and is an 

oblique, open crescent; the stapes (st.) is a very regular ellipse, of medium size and 

slightly calcified. In front of the stapes, and passing a little inside its antero-superior 

edge, there is another ovoidal cartilage (co.), from the outside of which there grows a 

thick, short spike, also unossified; this ends in a fibrous thread which passes over the 

hind limb of the annulus and under the facial nerve (VII.). This “columella” is an 

accurate counterpart of that of the young Toad (fig. 9); the inter-stapedial region is 

here, with a rudiment of the medio-stapedial. The stylo-hyal (st.h.) is small above, 

and only partially confluent; the cerato-hyal band (fig. 6, c.hy.) is narrow and uni¬ 

form; the hypo-hyals have a lobe, growing forwards, and are straight and long, 

bounding the very deep, semi-elliptic notch. The basal plate is long and wide, the 

anterior and posterior lobes are part of the same expansion, and the front part has a 

larger outer and a smaller inner projection; the thyro-hyals (t.liy.) are long, straight, 

and but little divergent. The Eustachian openings (eu.) are of moderate size and 

circular. The investing bones are very much like those of the young Toad (figs. 7, 8); 

the fronto-parietals (f.p.) leave the superoccipital region bare, behind, and do not cover 

all the fontanelle, and but little of the girdle-bone in front. The nasals (n.) are wide 

apart, they do not overlap much of the nasal region, and cover but little of the 

roof; they are small sub-crescentic shells. The premaxillaries (px.) are well under the 

snout, and are tilted forwards, above; the maxillaries, quadrato-jugals, and squamosals 

(mx., q.j., sq.) are normal, but feeble; I find no septo-maxillaries; the parasphenoid 

and vomers are like those of a young Toad. The mandible (fig. 3) is normal, but 

rather feeble ; the dentary (d.) is more than half the length of the ramus. 

As compared with the “ norma,” this skull has the following modifications:— 

1. Its general shape is rather triangular than semi-elliptical; and its prenasal is 

very large and projects in front, like that of an “ Elasmobranch.” 

2. It has only one fontanelle. 

3. Its hind skull has only one ossification on each side. 

4. The whole nasal region is very generalised and Raiine. 

5. The annulus is small and very open. 

6. The columella is only a cartilaginous rudiment. 

7. The lateral lobes of the basal plate are confluent, and give off three spurs on each 

side. 

8. There are no dentigerous bones. 

9. The investing bones generally are very feeble and arrested. 
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10. Those of the fore face are thrown quite beneath the snout. 

11. There are no septo-maxillaries. 

With regard to the classification of the lesser Toads, without parotoids, I incline to 

something intermediate between Dr. Gunther’s system (“Bat. Sal.”) and Professor 

Mivart’s (Proc. Zool. Soc., 1869, p. 280). 

The latter has put several of Dr. Gunther’s Families together to make up his 

“ Engystomidse” (see p. 289); and in the “ Batrachia Salientia” the genus Diplopelma 

is put with Rliinoderma, Atelopus, and Uperodon, to form the “ Bhinodermatidse.” 

Again, Professor Mivart (p. 287) puts Pseudophryne and Micrhyla with Phryniscus, 

to form his “ Phry nisei dm.” 

But the skull of Pseudophryne comes much nearer to that of Diplopelma than to 

that of Phryniscus, and the cranial characters of Engystoma and Diplopelma are 

almost the same; these two genera are very closely related. 

The form of skull just described—Rliinoderma—is very unlike any of them, and I 

have examined none, as yet, with which it can be put; it may stand at the head of 

a Family, with Diplopelma, or the latter might be introduced (by a modification of the 

language used by Dr. Gunther in his group-characters) among the “ Engystomidae.” 

I shall, for the present, keep Pseudophryne where that author puts it (“ Bat. Sal.,” 

p. 45), viz. : among the “ Brachycephalidseunfortunately, I have not worked out 

the skull either of Brachycephalus or Hemisus. 

I am doubtful of the propriety of bundling up Callula (Hylcedactylus) with the 

“ Engystomidae.” 

But the whole subject bristles with difficulties; in passing from species to species, 

in the same genus, some new and unexpected variation is always turning up. 

Second genus. Diplopelma. 

65. Diplopelma ornatum, vel rubrum.—Adult male ; 11 lines long. India. 

This, like the last, was a male; it was less than an inch in length ; the skull (Plate 

42, figs. 8 and 9), also, has its length and greatest width equal ; but this skull agrees 

much more closely with that of Pseudophryne (Plate 42, figs. 1, 2), than that of the 

different species of the same genus that could be given in many instances. 

Like that of Pseudophryne this is a very arrested skull, and shows some curious 

analyses of the Batrachian cranial elements. On the whole, the ossification is about 

equal in both ; but, notwithstanding their close kinship, these two small Toads have 

several instructive cranial differences. 

The hind skull is less massive, and is altogether proportionately less (figs. 8, 9 ; 

and 1, 2) ; and as the quadrate condyles reach nearly to the stapes, the facial outline 

is longer, and becomes arcuate in its hinder third ; two-thirds of it are very straight, 

and the rather broad snout projects more in the middle, for the prenasal rostrum 

MDCCCLXX XI 2 G 
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(p.n.) is more definite than in that type. The occipital ring projects less ; the condyles 

are separated by their own width only, and they are large and not posterior, hut 

postero-inferior. The synchondroses above and below (s.o., b.o.) are equal in both, 

and have an endosteal deposit. The roof is less wide behind, shows only the large 

fontanelle, and the tegminal growth is altogether less, so that the fontanelle takes 

up more than three-fourths of the roof. The sides of the occipital ring and the 

auditory capsules, with their convex canals, are all continuous in their bony invest¬ 

ment, right and left (e.o., to V.) ; and there is the same small headland unossified 

at the very limited tegminal edge (t.ty.). There is cartilage also where the pedicle 

fits on, and where the stylo-hyal unites beneath, with the skull (pel., st.h.) ; also in 

front, below, the large optic fenestra (II.) is surrounded by cartilage, and the foramen 

ovale (Y.) by bone. 

The gradually narrowing orbital region is more overlapped by the roof-bones (fig. 9, 

f.p), and three-fifths of the wall is unossified, and nearly all the floor. The lateral 

rudiments of the girdle-bone (eth.) are less, and run into their own alse partially; yet 

an endosteal deposit, with scarcely any perichondrial bone (ectosteal palatine), runs 

up to the cheek. These ethmoidal wall-bones reach the roof externally (fig. 8), but are 

separated by their own width below (fig. 9). Here we have a much more perfect 

median bone than in Pseudophryne (Plate 42, fig. 2), for the intertrabecular bar 

is ossified for the fore half of its extent. In front, the base of the septum nasi (s.n.) 

is ossified almost up to the rostrum (p.n.), and between the lateral ethmoidal centres 

(etli) the bony deposit is continued for some distance in two tracts (p.e.). Here we 

have the continuous “ mesethmoid ” of the Ostrich Family foreshadowed, in which the 

bony deposit also takes place right and left of the cartilaginous wall. 

The unossified roof and floor (below n., and above s.n.l.) are moderately wide ; the pro- 

rhinals (fig. 9,p.rh.) are small and sharp ; the prenasal (p.n.) is rather large, the front is 

sinuously transverse and of medium width, and the sub-tubular nostrils are defended 

by well-developed valves (u.P-.u.l2). The ethmo-palatine (e.pci.) is slender, and the 

external part adze-shaped ; the bone (fig. 9, a) is mainly endosteal, and the post-palatine 

tract is either separated from the pterygoid cartilage, or united by a very fine thread. 

The pterygoid (pg.) is typical, and partly ossifies a free pedicle (pd). The quadrate 

is unossified ; the condyles (q.c.) reniform and oblique; and the Eustachian openings 

(eu.) are only half the average size. The same may be said of the annulus (a.ty), 

whose horns are not united. 

The stapes (figs. 9 and 10, st.) is not so large as in Pseudophryne, and only 

half as convex; its margin is cartilaginous, the rest is thin bone; its oval form is 

modified by a slight emargination before and behind. The columella (fig. 10) is almost 

of the average size; the whole rod is continuous; there is a semi-osseous enlarge¬ 

ment of the medio-stapedial (m.st., i.st.) behind, but no joint, and the bone is arched 

and geniculate; the extra-stapedial (e.st.) is a small oval shield, with a free supra - 

stapedial spike. 
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The mandibles (Plate 43, fig. 6) are normal, the mento-Meckelian (m.mJc.) of good 

size, and the coronoid crest (cm) large. 

The stylo-hyal (Plate 42, fig. 9, st.h.) is thick and confluent, but not so thick as in 

Engystoma; the cerato-hyal (Plate 43, fig. 6, c.liy.) is broad, and in bending back 

has no lobe, but it has a distinct and large extra-hyal (ex.hy.) as in some other kinds. 

The rest of these growths are very similar in the two kinds of Diplopelma (figs. 4 

and 6), but the notch is less, the lateral lobes larger, the thyro-hyals (t.hy.) diverge 

more, and in the space between these roots there is a larger and more solid basi- 

branchial bone (b.brh); the heel in front of it is more or less calcified. 

The investing bones are more developed above and below than in the next, and the 

roof bones are complete along the inner margin. The fronto-parietals (fp.) are slightly 

convex, and fairly overlap the hind skull ; they also overhang the walls in the orbital 

region; altogether they are more normal than in the other species. They scarcely 

meet in front, and this interspace becomes wider between the nasals (n.) which are, 

however, large conchoidal plates of the normal form. The .marginal bones (px., mx., q.j.) 

correspond with those of the smaller species of Bufo, but the squamosal (sq.) is very 

feebly developed. The parasphenoid (fig. 9, pa.s.) is much more normal than in the 

next instance ; its main bars are sub-equal, and its hind part triangular. The vomers 

(v.) are Bufonine, and not very small; they are crescentic shells, notched both before 

and behind. There are no septo-maxillaries. This type of skull differs from the 

“ norma ” on the whole as much as that of Pseudopliryne: in some things more, as in 

the larger mesethmoidal bone ; in other things less, as in the greater retreat of the 

condyles of the quadrate, and the more normal form of the parasphenoid. These two 

species may be said to belong to the same group, and to lie on the same morphological 

and zoological level, and they might, with a little cutting and contriving, be put into 

the same genus. 

66. Diplopelma Berdmorei (?).'”'—Adult female; 1 inch 1 line long. Moulmin, 

Tenasserim. 

This skull is of the same length as the last, but its greatest breadth was the same, 

in this it is much greater than the length. The main figures (Plate 43, figs. 1, 2) are 

only magnified three-fourths as much as those of the skull of Engystoma (figs. 7, 8); 

thus the greatest breadth of these figures is the same, or nearly; the smaller, more 

magnified figures (figs. 7, 8) have both measurements equal as in the last, whilst those 

of this species (figs. 1, 2) show the length to be only nine-tenths of the breadth. 

This small skull has been metamorphosed very unequally ; in some things it only 

* This specimen, the gift of Jas. Wood-Mason, Esq., had lost its colour in the spirits; Dr. Gunther 

considers it to be most probably I). berdmorei; if not, to be a closely allied species ; it is larger than any of 

my specimens of D. ornatum vel rubrum, and differs much more from it in the structure of the skull than 

that species does from Engijstoma carolinense. 

2 G 2 
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equals that of a typical Batrachian whose tail is rapidly shortening; in others it nearly 

equals the skull of the adult in those high kinds; the ossification especially is 

defective here, as in some of the dwarfed kinds of Frogs. The foramen magnum is 

large, and the roof covers it well; the occipital condyles (oc.c.) project scarcely at all, 

and are postero-inferior. The roof runs half way to the ethmoidal region, and has no 

secondary fontanelles; the great space (fo.) is as long as the hinder “tegmen,” and is 

very elegant in shape, like the cordate leaf of Nymphosa alba. 

The tegmen cranii is no wider in front than at the sides, where it is unusually well 

developed. The ovoidal auditory capsules are well turned outwards, and are large; 

beyond them the tegmen tympani (t.ty.) is a small squarish lobe, as in the last two 

kinds. There is a little calcification above (fig. 1) but more below (fig. 2, b.o.), and that 

tract is wide, and rapidly widens forwards, for the ex-occipitals (e.o.) are only large 

reniform patches that enclose their own nerves (IX., X.); they creep up between the 

arch and the capsule so as to show a little above (fig. 1). The prootic also (pr.o.) is 

a curved band just margining the foramen ovale (V.), and creeping along the capsules 

for some distance above and below (figs. 1, 2).* 

The mid skull is broad, lessening gently forwards, and bulging; it is moderately 

high, and is wholly unossified, as is also the fore skull and nasal region; this is equal 

to the hind skull in axial extent; the mid skull is one-third longer. The large 

baggy nasal roofs lying back over the eth mo-palatine bar (fig. 1), and the wide trabe¬ 

cular floor (fig. 2, on each side of s.n.) are quite juvenile in character; the nostrils 

(e.n.) are sub-tubular and projecting ; they are wide apart, and protected by the normal 

valves (u.V-.u.l2.). The rostrum (p.n.) is also in its first stage, a mere decurved lip of 

cartilage; the pro-rhinals (p.rh.) are small and rudimentary. 

The palato-suspensorial arch is delicate, and continues to the pedicle and quadrate 

(pd., q.), the pre-palatine is sharp, the post-palatine (pt.pa.) marked off from the ptery¬ 

goid by a sharp lobe (a juvenile character), and the eth mo-palatine has a fine thread 

of ossifying perichondrium under it (e.pa., pa.). 

The delicate bifurcate pterygoid (pg.) runs along inside the post-palatine bar, gives 

off a pedate fork for the short pedicle (pd.), and binds itself to the suspensorium (q.) 

behind ; in its fork we see the small, round Eustachian opening (eu.). 

The quadrate condyle (q.c.) is a perfectly normal trochlea, oblique, with the front 

elevation small; above it the “orbitar process” (or.p.) is retained, as an ear-like lobe, 

which is nearer the condyle (q.c.) than the otic process (fig. 1, above or.p.) ; this is a 

rare character. The annulus (a.ty.) is large (quite of the typical size), and is very 

perfect above, as a ring. The mandible (fig. 3) is long and very perfect in all its parts. 

The stapes (fig. 5, st.) is thick, oval, with an oblique, antero-superior, grooved emar- 

gination for articulation with the columella; it is also umbonate. The columella 

(fig. 5) only wants segmentation of the large cartilaginous proximal lobe (m.st.) to 

* The continuous bony tract right and left, in the last, is due, as this skull shows, to coalescence of 

the two normal centres. 
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make it normal; it is large, well developed, and has a spatulate extra- and a lignlate, 

fixed, supra-stapedial (e.st., s.st.), 

The stylo-hyal (st.h.) is confluent; it is not enlarged above, as in the other kind ; 

the rest of the bar (fig. 4, c.hy., h.hy.) is narrow, without a lobe. 

The lateral lobes of the basal plate (b.h.br.) are well developed, the notch in front 

and the main plate are of the average size, and the thyro-liyals (t.liy.) are long, and 

moderately divergent. Between them there is a thick, ossified mass, with a free 

rounded fore margin ; this is the last basi-brancliial (b.br.) ; its hinder margin is grooved. 

In front of this bony ridge the plate is keeled, below, and this keel expands behind 

the front notch into a triangular mass, the first basi-brancliial; the whole keel is more 

or less calcified. 

The three characteristic hyo-branchial plates of this and the two other kinds 

(Plate 43, figs. 4, 6, and 10,—Engystoma) evidently belong to three closely related 

species. 

In the main skull (Plate 43, figs. 1, 2) the investing bones are as feeble as the 

centres in the chondrocranium. The fronto-parietals (fig. \,f.p.), thin shells pointed 

in front, dilated postero-externally, and nowhere meeting at the mid-line, exactly 

correspond to their counterparts in metamorphosing Common Tadpoles. So also 

the broadly-crescentic nasals (n.) with their facial handle, and the frail marginal 

bones (px., nix., qfi), and, running along the suspensorium, the squamosal (sq.). The 

parasphenoid (fig. 2, pa.s.) has its basi-temporal wings larger than it cochleariform 

rostrum ; the hind part is a large triangle. 

The small ragged vomers (v.) have all the four normal processes, in size and develop¬ 

ment they come between those of this and the next kind; they protect the inner edge 

of the rather small, round, inner nostrils (i.n.), which like the outer (e.n.) are extremely 

wide apart. 

In some things this skull comes nearer the “ norma ” than the two last, viz.: in its 

perfect annulus, well-developed columella, and distinct prootics and ex-occipitals. It 

is farther from it in the extreme feebleness of all the bony tracts in the main skull, 

and in the total absence of the girdle-bone ; also in the retention of the “ orbitar 

processthe clear regional mark between the post-palatine and pterygoid cartilaginous 

tract; in the more perfect development of the thick, bony, uncinate last basi-brancliial ; 

and especially in having a rudiment of both a supra- and a basioccipital. 

These minute forms are well worthy of study in their irregular, and as it were, 

halting metamorphosis ; and this is to be noted, namely, that generic groups may be 

made according to the taste of each individual Zoologist; no two species agree in all 

things, and in some existing genera each species might be put by itself, and have its 

own generic, as well as specific, name. 
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Third Family. “ Brachyceph altd/E. ” 

Ear very imperfect; no parotoids ; sacrum dilated. 

Genus Pseudophryne. 

67. Pseudophryne Bibronii.—Adult female, 1 inch long ; and adult male, § inch long’. 

New South Wales. 

The skull of this Bombinator Toad is another example of arrested metamorphosis 

combined with relapse, so to speak, into general vertebrate characters that are, 

normally, suppressed in the Anura. 

Whether what we see in skulls like this is due to relapse, or the retention of more or 

less unchanged, old, ichthyic, pro-Batrachian characters, the interest of the matter is 

equal, for the transforming power which has wrought so mightily in the higher kinds 

to set them on high above the fishy tribes, generally, has in these southern dwarfs 

found some check, or has never, as yet, come into full play. 

The length and the breadth of this little skull are equal (Plate 42, figs. 1, 2), and 

up to the hinges of the mandible the outline is a neat semi-ellipse; but these hinges 

are only opposite the scarcely open Eustachian cleft (eu.). Instead of getting some 

distance behind the small occipital condyles, as in some types, the condyles of the 

quadrate (pc.) only reach along two-thirds of the length of the skull. The arrest, 

generally, corresponds with what has been done in typical kinds by the time the tail 

is uTell absorbed, or at most up to the first summer. 

The three regions of the skull are about equal in length, and the auditory capsules 

are relatively very large, obliquely oval, with prominent canals (a.s.c., h.s.c., p.s.c.); 

and the parotic outgrowth is nothing but the small unossified selvedge which forms the 

tegmen (t.ty.). The occipital ring is very distinct and protruding, but the foramen 

magnum (fig. 1) is very oblique, and open above. The ossification on each side is 

generalised, for there is no distinction of prootic and ex-occipital (au., vb., e.o.), and yet 

it is very complete, except at the edge and the middle, above and below. There we 

see the cartilage is wide and widening; above (fig. 1), it runs forwards to the fore-third 

of the hind skull, and ends in a peak which converts the large, single fontanelle into 

a heart-shaped space. 

Below (figs. 2 and VII., b.o., nc.), the permanent cephalic notochord is covered 

with bone (a “ cephalostyle ”), and this bony matter has run into the investing mass, 

right and left, so that here we have a true, but arrested, “ basi-occipital ” bone. 

The broad, short mid skull lessens quickly up to the ethmoidal alee; it is rounded, 

or swelling as in young Anura. The bone scarcely reaches the foramina ovalia (V.), 

which are large, and two-thirds of the orbital wall remains unossified. Nearly half 

that space is occupied by the large oval fenestra optica (II.), through the back part of 

which the optic nerve escapes. At the fore edge of this space we have a bony tract 



DEVELOPMENT OF THE SKULL IN THE BATRACHIA. 231 

on each side; these are the lateral rudiments of the girdle-bone (eth.). These cochleate 

tracts reach the top of the cranial wall for a small extent, and also run into the 

ethmoidal alse, but they are far apart, above and below. These are the true “ lateral 

ethmoids,” but between them the “ perpendicular plate ” is in rudiment; this is a 

triangular tract of imperfect bone at the middle of the floor, just over the front 

of the parasphenoid (fig. 2, pa.s.). The fore part of the chondrocranium is well 

developed, but quite unossified; the subnasal laminae (s.n.l.) are broad, with large 

falcate angles, and well formed pro-rhinals (p.rh.); the roof (n.r.) is well developed, and 

has a distinct ring of cartilage round the outer nostril (e.n., n.w.); these passages are 

at a moderate distance, and are well protected by the labials (udd.u.l3.). The palato- 

suspensorials are largely developed in front, for the ethmo-palatine bar (fig. 2) expands 

into a large adze-shaped plate, the pre-palatine part of which (fig. 4, e.pa., pr.pa.) 

almost reaches the angle of the nasal floor. There is just a thread of bone answering 

to the palatine ectostosis (figs. 2 and 4, pa.). 

The partially retreated hinder part of this arch is still continuous with the basis 

cranii by the unabsorbecl pedicle (pel.); the joint-cavity is there, but is not complete— 

as in the species of Bufo and other types, where the strong pterygoid binds this part 

down. Here, however, that is not the cause of the unfinish of the joint, for this bone 

(pg.) is very feeble as in young Toads and Frogs. 

The condyle of the quadrate (q.c.) is a large bilobate trochlea; the body of the 

suspensorium (fig. 6, sp.) is not ossified. There is a small ligulate sub-crescentic 

“annulus tympanicus” (figs. 5 and 6, a.ty.), but no columella. 

The stapes (figs. 5, 6, st.) is large, oval, and apiculate, behind;, the stylo-hyal (st.h.) 

is loosely attached to the capsule. 

The rest of the band is wider (fig. 3, c.hy.) and is definitely dilated before it turns 

back as the hypo-hyal (h.hy.). 

The notch in front of the basal plate (b.h.br.) is shallow, the plate itself short, the 

fore side lobes large and stalked, the hind side lobes very short, and the thyro-hyals 

(t.hy.) large and moderately divergent. 

The mandibles (fig. 3) are quite normal, but the ossified labials (m.mk.) are very 

large, and so are the articular condyles (ar.c.) ; the articular bone (ar.) rises directly in 

front of the condyles, but very little in the coronoid region; the dentary (d.) is small 

and feeble, and the rod of cartilage (ink.) is not much affected by the bone, outside. 

The investing bones are all in a quasi-juvenile condition; the fronto-parietals (f.p.) 

remain distinct, right and left; they more than cover the large fontanelle, and overlap 

the auditory capsules and super-occipitals moderately. 

The nasals (n.) are thin shells of bone, imperfectly covering their own region ; the 

premaxillaries, maxillaries, quadrato-jugals, and squamosals (px., rnx., q.j., sq.) have 

all the same feeble arrested character. 

So, also, the parasphenoid (pa.s.); it has all its processes but is only two-fifths the 

length of the skull, and is less developed than that of the Tadpoles of many kinds. 
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The vomers (v.) are very small shells, bihd behind, and protecting the circular inner 

nostrils (i.n.), which are wide apart. 

Very much of what is peculiar in this skull may be summed up in the word 

“arrested;” but to this general character must be added such things as are not often 

seen even in young specimens of higher kinds :— 

1. There is a small basioccipital, and a persistent cranial notochord. 

2. The prootics and ex-occipitals are continuous on the same side. 

3. There are no secondary fontanelles. 

4. The optic fenestra is very large. 

5. The girdle-bone is arrested, and there are three rudiments answering to the 

lateral and perpendicular ethmoids. 

6. The palato-suspensorial arch goes no further back than the postorbital region. 

7. The pedicle is not absorbed above. 

8. The palatine bone is a mere thread. 

9. The Eustachian opening is nearly closed. 

10. There is only a ligulate, imperfect annulus. 

11. There is no columella, 

12. The mento-Meckelian rods and the condyles of the mandible are very large. 

13. The hyo-branchial plate has its processes feebly developed, as in a young 

Common Frog1 or Toad. 

I shall take the liberty to modify Dr. Gunther’s classification, somewhat; but I see 

no advantage in bundling together several of these groups—as Professor Mivart has 

done (Proc. Zool. Soc., 1869, p. 289). 

Diplopelma might go with Engystoma and help to form the “ Engystomidoo.” 

Dr. Gunther himself (“Bat. Sal.,” p. 50) says that in Diplopelma the toes are only 

“ one-third webbed,” and in Engystoma free (p. 51). Moreover, the columella is well 

developed in both these genera, whereas in Rhinoclerma it is a mere rudiment. The 

author says of another member of his “ Ith in o dermati d se, ” viz. : Atelopus, “ I have 

never seen the animal” (note to p. 48), and of another genus—Uperodon—that “the 

tympanum is hidden;” and his description of the skull (p. 49), although short, is 

enough to show that it is very similar to that of Hylaplesia, and extremely unlike 

that of either Rliinoderma, or of the species of Diplopelma, or that of Engystoma, 

soon to be described. 

By their skulls these small species must be judged, not keeping out of sight other 

characters, especially the suppression of the clavicula (“pro-coracoid”), and of the 

manubrium sterni (“ omosternum ”).* 

I shall follow Dr. Gunther’s example and limit the next group to the one genus 

Phryniscus (see “Bat. Sal.,” p. 42). 

* These pro-coracoids and omosternums are absent in Engystoma, Gallula, and Diplopelma (Mivart, 

Proc. Zool. Soc., 1869, p. 289). 
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Fourth Family. “ Phrynischle.” 

Toes webbed; sacrum broad; no parotoids; ear generally very imperfect. 

Genus Phryniscus. 

68. Phryniscus cruciger.—Adult male; 1} inch long. Interior of Brazils. 

The small skull of this species (Plate 41, figs. 1-5) has its breadth one-thirtieth 

greater than its length; its outline, up to the hinges for the lower jaws, is nearly 

triangular, but the extreme end of each hinge (q.c.) is opposite the centre of the Eusta¬ 

chian opening (eu,), so that much of the skull—all the hind skull—lies behind the 

facial margin, as in newly metamorphosed Anura of a high type. 
The whole skull has the appearance of an abortively developed Bufonine structure, 

with an abnormal amount of ossification; it is like a badly developed skull of such 

a form as Bufo ornatus, or of the half-grown Otilophus (Plate 37) ; moreover, it is 

asymmetrical to a degree very seldom seen in the group ; more so than that of Siredon 

among the Urodeles. The foramen magnum (frn.) is large and obliquely superior; 

the occipital condyles (oc.c.) are large, sub-pedunculate, and directly posterior. Out¬ 

side them, the epiotic and tegminal projections (p.s.c., t.ty.) are a little and a little 

further forwards, and yet, on the whole, the large hind skull is a broad transverse 

tract, the “canals” standing out of it well, and the wide tegmina, bounded by the 

squamosals (sq.), enlarging gently, forwards. Two-thirds of the tract beyond the 

horizontal canal (h.s.c.), on each side, is cartilaginous; from the hind margin of the 

optic fenestra (II.) to a distance twice the extent of that space there is cartilage; and 

the snout (p.n.) in front of the nasals (n.) is also soft. 

The rest of the cranium proper is bony, and in some parts these extensive ossifica¬ 
tions are anchylosed to the investing bones. 

Measured along the axis, the three regions are sub-equal; they are all very broad; 

and, taking in the face, the outline becomes just less than a right angle; for the 

proper cranial margins run inwards rapidly from behind, forwards. The temporal 

region is of great breadth; the orbital edge is concave; the main fontanelle (fig. 1), 

contrary to wont, is widest across—like a Tortoise’s heart; near it, behind, the other 
two spaces are large and circular; the larger space is not quite covered. 

The girdle-bone (eth.) leaves only a small orbito-sphenoidal tract (o.s.), behind, and in 

front runs to the fore edge of the nasals (n.) above (fig. 1), and to the premaxillaries 
below (fig. 2, px.); it takes in the “ wings,” above, and the palatine flap, also, below ; 

moreover the palatines are anchylosed with it (figs. 1, 2, ep.a., pa,), the bony “alee” 
touching the pterygoids (pg.) ; the vomers (r.), also, are confluent with the large 
girdle-bone. 

The nasal roof and septum (figs. 1-3) are formed into an over-hanging decurved beak, 

with a sinuous outline ; this pre-nasal {p.n.) is a mere thickening of the middle part, in 

front, as in the embryos of many Yertebrata at an early stage ; this arrested (or gene- 

mdccclxxxi. 2 ir 
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ralised) condition of a beaked snout is found in this genus Xenophrys (Plate 23, figs. 

5-7), among the toothed Anura. From the snout to the ethmoidal region the ossified 

subnasal laminae (fig. 2, p.n., eth.) form a concave plate, in front of which the nerve 

passages (n.n.) are seen wide apart, and outside of them, the small pro-rhinals grow 

out, and are imbedded in the premaxillaries (px). The nasal roof (fig. 1, p.n.) is 

moderately convex; the skull is very shallow at this part (fig. 3), which condition is 

increased by the hollow form of the fore-palate. 

The subocular spaces are an almost perfect oval, and the bars surrounding them are 

strong. The nostrils {e.n.) are wide apart, their valves {u.d.u.l'2.) are normal. The fore 

skull is formed of the combined ethmo-nasal cartilages and bones, which are continuous 

with the palatines. The pre- and post-palatine regions of the latter are adze-shaped; 

there is some cartilage left above, in this part (fig. 1, e.pci.), and also along the whole 

palato-suspensorial bar, into the quadrate {q.c.) and pedicle {pel.), which has a free joint 

on the skull; the quadrate is but little affected by the cjuadrato-jugal. The forks of 

the pterygoid bone (pg.), which enclose the small oblique Eustachian pouch (eu.), run 

backward to the same transverse line, for the quadrate hinge is arrested in its retreat. 

Its condyle {q.c.) is long-reniform, and its front edge is opposite the exit of the optic 

nerve (II.), an extremely forward position in an adult Anuran; also the left is not in 

symmetry with the right, and is not nearly so far back. 

Considering that the pedicles {pd.) once were continuous with the basis cranii 

under the outgoing trigeminals (V.), their present position speaks of a large amount of 

metamorphosis, after all; they are very wide apart now, and far from the skull-base. 

In the obtuse angle formed by the suspensorium and its splint (fig. 3, sq.) there 

is a very small semi-lunar annulus {a.ty.), and in its inner rim the fore part of 

the columella {e.st.) fits. The stapes (figs. 1 and 5, st.) is an oblique half oval; it is 

convexo-concave, and umbonate. 

The columella has no proximal joint, but the medio-stapedial {m.st.) is very thick, 

above, and the most solid part is oblique, emarginate, and unossified; it wedges itself 

within the oblique part of the stapes. The shaft is bent on the clubbed end, and 

ceasing to be bony, below, soon dilates into the broad trowel-shaped extra-stapedial 

{e.st.), which has no ascending ray. 

The narrow stylo-hyal {st.h.) is uniting with the tympanic floor, and does not 

enlarge in the cerato-hyal region (fig. 4, c.hy.) until near to the hypo-hyal loop. 

The basal plate has three rounded notches in front; the median space is deep and 

narrow between the hypo-hyal bands ; there is, right and left, a small ear-shaped 

front “ lateral lobe.” There is no hind lobe, and the basal plate is very long (narrow 

beyond all precedent in this group, the “ Anura ”), and ends in two strong, upbent, 

widely diverging thyro-hyals {t.hy.). The mandible (fig. 4) is normal, the dentary {d.) 

is half as long as the ramus, the articular surface is large and obliquely reniform; the 

articulare (an) has not ossified the rod {ink.) appreciably, and the mento-Meckelians 

{m.mk.) are large. 
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The want of symmetry mentioned above is best seen in the roof-bones (fig. l,f.p., n.). 

Large as are the fronto-parietals, they barely cover the two lesser fontanelles, behind, 

and there is an open chink in front. In their hind third they are anchylosed; their 

angular postorbital projections are not opposite, the left is in front of the right, and 

their jagged fore part shows the same asymmetry ; tlieh' orbital edge is sharp and 

separated from the rest by a sub-marginal fossa; there is a good space between these 

bones and the nasals, leaving the girdle-bone naked : the orbital plate (fig. 3, fp-) is 

definite, but narrow, less than a third the depth of the shallow skull-basin. The left 

nasal (n.) does not go so far back or so far inwards as the right; it is only three-fourths 

the size of the latter; contrary to rule, the nasal, broadening outside, lies right down 

on the top of the maxillary (fig. 3, n., mx.), leaving only a little chink in front. The 

nasals are (relatively) thick, convex shells; they are not entirely free from the 

subjacent endoskeletal bone (etli.). They are round in front, a good space apart, and 

leave the Anatine snout uncovered. 

The premaxillaries (px.) run across under the snout, and meet at a large angle ; 

they have pointed palatine processes (fig. 2), and short, tilted nasal processes (fig. 3). 

The maxillaries (mx.) are of the average size, and only become pointed near their 

end; their sharp edge has a narrow palatine plate growing from it (fig. 2). 

The quadrato-jugals (q.j.) are small, short, curved bones, slightly connected with 

the suspensorium (q.), and only touching the end of the maxillary. The squamosals 

(sq.) are in this species very instructive ; they might be described as “ preoperculars,” 

bent the wrong way: a thing not impossible, for the outer bony plates are brought 

under the power of the endocranium to a very remarkable extent, and “ without 

hands,” are moulded upon it, cunningly. 

In this species the supratemporal part of the bone is very narrow, and only clamps 

the edge of the unossified “tegmen,” (t.ty.); Moreover, the axis of the supratemporal 

region is coincident with that of the stunted postorbital; the short descending part 

bends itself backwards at a very obtuse angle; this is the rounded space against, and 

partly on which, the small “annulus” (a.ty.) lies. 

The parasphenoid (fig. 2, pa.s.) is a very remarkable bone, it is almost all “ wings; ” 

measured to the mid-line they are larger than the scoop-like fore part; they are also 

broader, and are obliquely truncate outside. Between these wings there is a fore¬ 

looking, triangular spur, as large as the hinder projection of the bone. The bone falls 

far short of the middle part of the ethmoid, in front. 

The latter bone (eth.), in its subnasal extension, shows two sigmoid crests that 

bound the widely severed internal nostrils (i.n.); these are the anchylosed vomers (v.); 

the right is much larger than the left. 

I shall compare the skull of the three species of this genus with that of the “ norma,” 

together; they differ remarkably inter se; but agree with each other in being almost 

the most abnormal of all the tongue-bearing Anura. 

2 h 2 
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69. Pliryniscus varivs.—Adult female ; If inch long. Costa Rica. 

The last species had the average relation of length to greatest breadth ; in this we 

have, suddenly, one of the longest skulls in the group, the breadth being little more 

than three-quarters of the length ; the general outline is that of a parabola (Plate 41, 

figs. 6-9). In some things the asymmetry is like that of the last kind, in others 

the largest bone of a pair is on the opposite side. The ossification is more intense and 

Salamandrian than in P. cruciger. The skull is still more depressed, and the deve¬ 

lopment of some parts has suffered severer arrests. The fitting on of the head to the 

spine is different, in that there was an almost directly 'posterior aspect of the occipital 

condyles ; here (figs. 6-8, oc.c.) they are postero-irferior; the foramen magnum {fra.) is 

still more oblique (superior in aspect) than in the last kind. Recently metamorphosed 

young of normal Anura show nearly as great an extension of the parotic region 

as this species; for here the horizontal canal runs into the substance of the thick 

unossifiecl “tegmen” (t.ty.). That selvedge, a band above the huge optic fenestra 

(II.), the rim of the duck-billed snout, and the edge of the fenestra ovalis, are 

unossified ; very little else of the cranium proper remains soft. Measured along the 

axis, there is but little difference in the relative extent of the fore, middle, and hind 

skull; the fore skull is somewhat longer than the rest, on account of the projection 

of the snout. 

The semicircular canals project well from the bony hind skull; the supraoccipital 

region is short, the two oval and the large heart-shaped fontanelles (/>., fo'.) are very 

large; there is just an overlapping margin as a rudiment of the tegmen cranii running 

along the sides, and enclosing the fontanelles. The mid skull is wide, making it look 

short; the temporo-postorbital region is very wide. The mid skull bulges in the 

middle (fig. 8), but shrinks in front; the floor of the nasal region is like a highly 

arched “ hard palate ” in a human skull. The optic fenestire (II.) occupy nearly a 

third of the orbital tract, and are almost as large as their counterparts for the setting 

in of the auditory capsules ; the “ serial homology ” of these spaces can be well seen 

in such a skull as this. The girdle-bone extends from this space to nearly the verge 

of the snout, and thus occupies three cranial regions, besides taking in the etlnno- 

palatines {e.pci.), and uniting with the palatine ectostosis {pa.). The pro-rhinals 

(Plate 40, fig. 10, p.rh.) are small, and the fore palate is narrower than in the last. 

There is a narrow tract of cartilage on the edge of the upper surface of the pterygoid 

(fig. 6, pgf and the facet of the pedicle {pd.) and most of the quadrate {q.) are unossified. 

The condyles (q.c.) are reniform, long, and very oblique, the left more than the right. 

The mandibles (fig. 9) show a long condyle also, and very large mento-Meckelians 

{m.mk.) ; the dentary {cl.) is very long, and the articulare {ar.) a mere trough for the 

cartilage {mk.). This is neither annulus tympanicus, nor columella ; the stapes (figs. 7 

and 8, st.) is large, oval, and umbonate. 

The stylo-hyal (figs. 7-9, st.h.) is adherent ; it is a narrow band, very slightly 
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enlarging in the cerato-hyal region (c.hy.), and then becoming narrow again, without 

a lobe, as the retral hypo-hyal (h.Jiy.). The basal plate is very similar to that of the 

last kind, but the thyro-hyals (t.hy.) are still longer, and more divergent ; they are 

strongly curved upwards and outwards. The investing bones, also, are very similar in 

the two species, allowance being made for the difference of outline of the skull. The 

fronto-parietals (fp.) are better developed in the occipital and temporal regions, and 

as in the last, the parietal territory is anchylosed, and even somewhat adherent, to the 

bone below. They end in the frontal region so as to leave an emargination which 

slightly exposes the fontanelle (/o.); the right frontal is the longest, and yet it only 

touches the nasal of that side, the shorter left bone overlaps the nasal in front of it. 

These latter bones (n.) are very unsymmetrical; they are half their own width apart 

at the nearest point, and leave a large narrow-waisted bony tract bare, between them. 

Each bone has a thick rib, or boss, over its descending or facial process (figs. 6, 8, n.), 

and the whole facial edge (fig. 8) lies well down on the top of the maxillary fix.) ; 

it is gently concave there, and notched further forwards for the nasal aperture (e.n.). 

Of these convex, rounded bones, the left is one-fourth larger than the right, and is 

altogether further back. The premaxillaries (px.) lie completely under the cochleate 

snout; they form a more definite angle at this juncture than in the last kind; the 

nasal process is longer, and the labials (u.V-.u.l2.) are larger. The maxillary (fig. 8, 

rnx.) is deeper, the short, unciform quadrate-jugal (q.j.) is a little more attached to 

the end of the maxillary ; it is but little united with the quadrate. The squamosal 

(sq.) is more normal, and the shaft is bent on the upper part at a right angle ; at that 

part the temporal region (fig. 6) is a large lozenge of bone, lying over the tegmen 

and horizontal canal; it is three times as wide as in the last kind. The postorbital 

process is very small. The rostral part of the parasphenoid (fig. 7, pa.s.) is larger 

relatively to the wide wings; there is a definite hinder, triangular process, and a 

triangular apophysis looking in the other direction between the fore part of the wings. 

The whole bone, instead of being nearly as long as the skull, as in Dactylethm, is only 

two-fiftlis its length. Here, the left vomer (v.) is larger than the right; the two pro¬ 

tect the widely separated inner nostrils (i.n.); and the nasal palate is extremely like 

the “hard palate” of Man ; all its elements are confluent. 

70. Phryniscus Icevis.—Adult female; If- inch long. Ecuador. 

This species, as far as my specimens show, is the largest of the three. 

This is a slightly longer skull than that of P. cruciger, the breadth and the length 

of it being equal. On the whole, it is as asymmetrical as the other two; it has a 

broader snout, and is less ossified; it agrees in several things with P. cruciger more 

than with P. varius, but like the latter species it has no columella, and no “ annulus 

its less intense ossification makes it a key to the difficulties in the other two. In one 

respect it is the most generalised of all the skulls of the Phaneroglossal types 

examined by me as yet, e.g.. the jugal arch is incomplete, as in the Aglossa. 
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The foramen magnum (Plate 40, fig. 6, f.m.) is large and obliquely superior; the 

occipital condyles (oc.c.) are large and posterior. Measured along the axis, the orbital 

region is longest, the nasal next, and the auditory the shortest; this part, however, 

is very wide, and the inner canals are very large and prominent; the posterior (p.s.c.) 

has, over it, a spiny epiotic prominence (fig. 8, ep.). There is a narrow synchondrosis 

both above and below, dividing the continuous lateral bony tracts (pr.o., e.o.). 

The large, square parotic tracts are unossified at the tegminal edge (t.ty.), and this 

is barely covered by the squamosal (sq.). There is a large cordiform, and two smaller, 

oval, fontanelles and the dividing tracts are unossified over the middle part, the bone 

retreating, laterally, in the prootic region. The lateral roof-edge of the endocranium is 

moderately wide, and the main fontanelle is nearly covered by the roof bones (fp•)• 

The prootic encloses the preauditory nerves (III., V.) up to the moderate optic 

fenestra (II.) ; there the cartilage (o.s.) is as extensive as the orbital part of the girdle- 

bone (etli.) ; that bone, however, runs far into the true nasal region, ossifying two-thirds 

of it; the broad overhanging snout is unossified in its front third. The girdle-bone runs 

well into its own wings, but it has not become anchylosed either with the palatines 

or vomers (fig. 7, pa., v.), as it does in the other species. The outer nostrils (e.n.) are 

very wide apart, the inner (i.n.) are scarcely more so, the whole fore face being so very 

broad. The outer angles of the largely ossified subnasal laminae (fig. 7) are but little 

more projecting than their general margin; the pro-rhinals (p.rli.) are slender and 

uncinate. 

As in the other species, the etlnno-palatine cartilage is rounded oft in front, so that 

there is but little pre-palatine; the cartilage is much diminished in size, but it can be 

seen outside the palatines and pterygoids (fig. 7, ptpa., pa., pg.), where they meet, 

and it becomes large as it approaches the pedicle and quadrate (fig. 8). 

The two bony bars [pa., pg.) have the average Bufonine development, the first is 

falcate, and the second is arcuate and forked; it becomes very wide behind, but the 

part covering the pedicle, and ossifying it, is short. The part inside the quadrate 

reaches no further backwards, for the hinge for the jaw (q.c.) goes scarcely further 

back than the pedicle on the left side, but has retreated twice as far on the right; this 

arrest of the metamorphosis is a correlate of the unfinished form of the pre-palatine. 

The condyles (q.c.) are large, reniform, and oblique, the left is least transverse of the 

two. The height of the suspensorium (fig. 8) is great, although it forms but little 

more than a right angle, in front, with the axis of the skull. The part of the ptery¬ 

goid which passes inside the quadrate is pressed against the inner fork, and here there 

is a small crescentic aperture (blind), with its convexity inwards—a rudiment of the 

Eustachian passage (eu.). 

There is, as in P. varius, neither annulus nor columella; the stapes (figs. 7, 8, st.) is 

very large, oval, hollow, umbonate, and unossified. The stylo-hyal end of the hyoid 

(st.h.) is confluent, the whole bar (fig. 9, c.liy.) is narrow, and here is what I failed to 

find in the other two kinds, viz. : a projecting corner to the hypo-hyal. The notch 
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in front of the basal plate is deep and round; the plate itself is very long’, has only 

anterior lateral lobes, which are small and auriform ; the long, very narrow cartilage 

(b.h.br.) is subcarinate, hollow above, and ends, behind, in two long, curved, highly 

divaricated thyro-hyals (t.hy.). 

The investing bones are freer from the less ossified endocranium in this species; the 

fronto-parietals (fp.) are separate, throughout, and show but little want of symmetry; 

their temporal angle is but little produced, and their fore ends are narrowed a little 

and oblique, they scarcely cover the fontanelle. The orbital edge is sharp, and the 

descending lamina thick (fig. 8), especially behind. The left nasal (n.) is the larger 

of the two, and projects further forwards; these bones are ovoidal, very convex, and 

show something of the ornamentation seen in Bufo ornatus and Otilophus mar- 

garitifer. 

The feeble prem axil lories (px.) run far across as a sub-arcuate band under the snout, 

and their nasal processes are tilted forwards; these carry the inner labials (u.lh), to 

which are attached the outer valves (u.l2.). 

As in the other two, there is no septo-maxillary; the maxillaries (mx.) are high, 

roughly rounded in front, and gradually end in a blunt point, which is free. Their 

sides are sculptured, considerably, like the lateral part of the large, hollow nasals on 

which they rest (fig. 8). The left is considerably shorter than the right, and all 

that side of the face is drawn forwards. On the left side the jugal arch is unfinished 

for an extent equal to one-fifteenth part of the length of the skull; on the right side 

only half as far. The small tooth-like quadrato-jugals (qj) have their broad base 

grafted on the quadrate (q.); the left is the smaller bone. 

The squamosals (sq.) are intermediate between those of the other two kinds; the 

supratemporal part is narrow, as in P. cruciger (Plate 41, fig. 1), but this large bone 

is bent on itself—almost as much as in P. varius (Plate 41, fig. 8). 

The parasphenoid (pa.s.) is similar to that of the other two, but the cochleate 

median part is wider than the extended wings; where they are given off the bone is 

elevated on each side into a crescentic ridge, but there is no median apophysis imita¬ 

ting the triangular hinder part; the whole bone is considerably less than half the 

length of the skull. 

The vomers (v.) are instructively separate in this species, explaining the ridges that 

defend the inside of the inner nostrils in the other two kinds. 

They lie inside these small passages (i.n.), which like the outer openings are very 

wide apart; their shape is normal, they are cochleate, have a pre- and a post-narial 

spur, and an anterior lobe bent outwards upon the main part; they are very accurately 

formed of a thin layer of dense bone, and are merely deficient in size, and in being 

edentulous—as in other Toads. 

These three species have skulls that differ from one another more than whole 

Families of genera would be seen to do in highly specialised groups of Vertebrata, 

such as the Teleostean “ Acanthoptera,” or many groups of Carinate Birds. They come 
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closest to the Neotropical Toads, with ornate skulls, but lie down below them, being 

more generalised, and they are evidently abortively developed. 

These skulls form a great contrast to the Ranine “ normathe main differences are 

as follows:—- 

1. The skull is below the average size, bears no teeth, and its ossification is 

excessive, and generalised. 

2. There is much asymmetry in both the suspensoria, and the investing bones. 

3. These latter are in several cases anchylosed to the endocranium ; and in two 

species the palatines and vomers also. 

4. The snout is very wide, and has a generalised rostrum. 

5. The lower jaw is hinged to the head in front of the hind skull. 

6. The tympano-Eustachian cleft is merely a small blind slit. 

7. There is no “ columella ” nor “ annulus,” in two out of the three kinds, and in 

the third they are very small and arrested. 

8. There are no septo-maxillaries, and the maxillaries either only touch the very 

small quadrato-jugal, or run short of it by a considerable space—as in the Aglossa. 

9. The basal plate is very long and narrow, and has no hinder lateral lobes. 

10. The left maxillary and nasal are less than the right (and sometimes the right 

nasal is the larger bone), and the parasphenoid is less than half the length of the skull. 

Altogether, these may be said to lie at the very outside of their own sub-division, 

from the higher types of which they differ almost as much as the Aglossa; their place 

is between the ornate Toads and Hylaplesia. 

Fifth Family. “ Engystomid^e.” 

Ear rather imperfect; sacral apophyses dilated ; toes free ; no parotoids. 

Genus Engystoma, 

71. Engystoma carolinense.—Adult male; 11 lines long. Florida, 

This is another very instructive instance of a small arrested skull (Plate 43, 

figs. 7, 8), the length and greatest breadth of which are equal, and of the hinge of the 

jaw being in front of the foramen ovale (V). Here the face forms a triangle, truncated 

in front, the moderately broad snout being transverse. This form makes the relative 

size of the hind skull very large, and yet the parotic processes are small; the occipital 

ring, and the auditory capsules are unusually wide—more than in the newly meta¬ 

morphosed young of typical kinds. The occipital condyles (oc.c.) are large and 

posterior, they are separated by a space one half larger than their own breadth. The 

synchondrosis is rather wide, above and below, and there is an endosteal rudiment of 

both basi- and supraoccipital (b.o., s.o.). 



DEVELOPMENT OF THE SKULL IN THE BATRACHIA. 241 

The roof runs on for a third the length of the cranial cavity, but it has two lesser 

fontanelles (fig. 7) in it; the main fontanelle is very large and heart-shaped, the 

front and side growths of the tegmen cranii being slight. The generalised occipito- 

auditory bones leave the very limited and rounded tegmen tympani (t.ty.) soft; in 

front, the bony matter forms a good margin in front of the foramen ovale (fig. 8, V.). 

Then more than half of the orbital walls are cartilaginous (o.s.), and in the middle of 

each space is the rather small optic fenestra (II.). 

The girdle-bone (fig. 8) is in rudiments right and left, and there is no mesethmoidal 

bone. Each bony tract is composed of a large cochleate cranial part, separated by half 

its width from its fellow, and perforated by the orbito-nasal nerve. To this part there 

is a handle growing out at more than a right angle, and ending in an adze-shaped 

dilatation (fig. 8, pa,). 

The fact is that the arrest of the bone towards the middle—above and below—is 

accompanied with an overgrowth beyond the proper alse of this region, and the whole 

palatine tract, which has no ectostosis of its own, has become ossified from the ecto- 

ethmoidal, so that its three regions, ethmo-, pre-, and joo.st-palatine, are all used up to 

form the handle to this curious “ lateral ethmoid.” The well-developed roof and floor 

of the nasal region (figs. 7 and 8) are entirely unossified ; there is a short prenasal (p.n.), 

the nostrils (e.n.) are almost tubular, and are defended by the normal valves (u.V-.u.V1.). 

Below, the internal nostrils (i.n.) are very wide apart, because of the breadth of the sub¬ 

nasal laminse (fig. 8); these end in broad ear-shaped angles, outside, and near the 

middle have small apiculate pro-rhinals (p.rh.). 

The pterygo-quadrate region is feeble, and the well-shaped, and distinctly-jointed 

pedicles (pel.), are a long distance apart. The pterygoid-bone (y>p.) has not ossified 

all the cartilaginous band (fig. 7); its forks are very short. The quadrate is partly 

ossified by the quadrato-jugal, and the condyles (q.c.) are oblique, and well-formed, 

with the hinder lobe of the trochlea much the larger. The Eustachian passage (eu.) 

is oval, and half the normal size. The annulus (fig. 11, a.ty.) is normal; its horns do 

not meet. 

The stapes (figs. 7, 8, 11, and 11a, s£.) is, relatively, the largest known to me, and it is 

also the hollowest, being like an oval Limpet-shell; on its top is an oblong boss, and its 

substance is sub-osseous, except in front for a small space : the calcification is passing 

into true ossification over most of it. The columella is in one piece; a considerable 

cartilaginous lobe passes within the stapes,- and then it forms an arched rod, the medio- 

stapedial (m.st.); the extra-stapedial (e.st.) is peltate, and has a small rudiment of the 

supra-stapedial band. The lower hyoid bar has not quite lost its larval solidity; the 

stylo-hyal end (fig. 8, st.h.), is massive, and is only partially confluent above. The 

rest of the bar (fig. 10, c.hy.) is narrow, and only dilates a little in returning to the 

basal plate ; over the bend, an “ extra-hyal ” band is separated (ex.liy.). The notch of 

the basal plate is large, the form wide, the lobes only moderately free : a thick crest 

occupies the middle of its lower face, this expands in front, and is calcified; behind, 

MDCCCLXXXI. 2 I 
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there is a small bony basi-branchial (b.br1.). The thyro-hyals (t.hy.) are normal, they 

are long, straight, and moderately divergent. 

The mandible (fig. 9) is normal, but there is some endosteal deposit in the hinge. 

The investing bones are very thin, but are dense, smooth laminae; the fronto-parietals 

(fp.) are separate ; the two form a roughly pentagonal tract, they cover the hind skull 

largely, partly overlapping the canals, and well overlie the wide roof-space ; their nasal 

suture is nearly transverse. The nasals (n.) are broad elegant shells of bone, showing 

the vascular rate through their thin clear substance; they meet along the middle, 

and send a curved horn over the sub-tubular nasal passage, in front, and another 

downwards, behind, to join the maxillary. 

The premaxillaries, maxillaries, and quadrato-jugals (px., mx., q.j.), are narrow, and, 

relatively, feeble bones; the squamosal (sq.) is very small, has an uncinate postorbital 

process, and binds merely on the anterior part of the small tegmen tympani (t.ty.). 

The only other Batrachian known to me with a parasphenoicl equal to this is Pipa; 

it is more like that of the “ Urodeles ” (Phil. Trans., 1877, Plates 24-26). It stretches 

from near the foramen magnum, to opposite the ethmoidal axillae, and the width is 

such as nearly to reach the foramina ovalia (V.) ; it then expands in lozenge-shaped 

processes under the ear-capsules; the narrowing of the fore part takes place gently, 

and there the bone is like a (relatively) large spoon. The vomers (fig. 8, v.), on the 

contrary, are mere crescentic films of bone, bounding the inner edge of the internal 

nostrils (i.n.). 

As compared with the “ norma,” this skull is— 

1. Very small and arrested, the face being feeble, and the cranial cavity very large, 

relatively. 

2. There are endosteal rudiments of the keystone and threshold bones—basi- and 

supraoccipitals. 

3. The bones of the hind skull are generalised, or continuous on the same side. 

4. The moieties of the girdle-bone are wide apart, and run into the palatine region, 

ossifying the cartilage, and suppressing the normal bony plate. 

5. There is a distinct prenasal rostrum. 

6. The parts of the middle ear are only feebly developed, and the stapes is a hollow 

semi-osseous shell. 

7. The hyo-branchial apparatus is solid at its attachment, has an extra-hyal 

cartilage, is sub-crescentic, and possesses a distinct basi-branchial bone. 

8. The roof- and floor-bones are very wide, the marginal bones narrow, and the 

vomers extremely minute ; there are no septo-maxillaries. 
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B. b. Toads with digital disks. 

First Family. “ Hyl/EDACTYLId^.” 

Ear perfect; toes webbed ; sacral apophyses dilated ; and no parotoids. 

Genus Callula. 

72. Callula pulchra.—Adult female ; 2f inches long. Pegu. 

This is one of the shortest of the Batrachian skulls; the longest of which are short 

compared with those of other groups. The length, including the projecting occipital 

condyles, is scarcely more than three-fourths the breadth, but measured along the base, 

less than three-fourths (Plate 44, figs. 8, 9). The condyles of the quadrate end a little 

behind the fore edge of the parasphenoidal wings. If the outline of the face and 

cheeks were produced into a whole ellipse, the short diameter of that ellipse would 

bear, to the long, the proportion of 9 to 10. 

The retreat of the hinge of the jaw is about equal to that of an average skull in 

the “Urodeles,” and to what is seen in the type form at the time of transformation. 

So far as to form; as to texture and substance, this skull is like that of any ordinary 

“ Caducibranch ” among the tailed Amphibia ; and quite unlike the normal Anurous 

type of skull, for the bony tracts run past all the normal landmarks. 

As to proportion of the parts, in detail, I may instance the usually small size of 

the “ epi-hyal ” element—transformed into the columella—which makes it seem, in 

most kinds, so poor a representative of the hyomandibular of Fishes; that is not a 

difficulty here (Plate 44, fig. 10, m.st. e.st.), for with its new form and functions it 

keeps its old size and proportions. The skull is well roofed, but much in the manner 

of the Oriental Anura, generally; the outer bony tracts are moderately thick, and 

keep their sutures well. 

The occipital condyles (oc.c.) are large, bold, oval, and postero-inferior in position; 

they are separated by a gently emarginate tract two-thirds their own width. 

The foramen magnum (fig. 8) is oblique, and looks upwards; the floor, behind, is 

quite ossified (fig. 9, b.o.); the roof has an exposed pentagonal tract of cartilage 

(fig. 8, s.o.), one side of which borders the foramen magnum ; the passage for the 9th 

and 10th nerves is not divided. The auditory capsules show their canals strongly 

outside (fig. 8, a.s.c., p.s.c., li.s.c.), but the upper face is very much narrower than the 

lower, so that the stapedial series is well seen from above (fig. 8, m.st.), and when these 

are removed, the floor of the tympanum and the fenestra ovalis are seen. Beyond 

the horizontal canal the prootic region of bone projects like a handle, and this narrow 

prootic tract ends in a short and narrow unossified tegrnen tympani (t.ty.), which is 

hooked in front, and from this hook, inwards, the face of the capsule is obliquely 

bevelled. Below (fig. 9), there is one continuous occipito-otic tract of bone from side 

to side, cartilage only remaining {of basal origin) to form a subconcave facet for the 

pedicle {pdf and just where, behind this part, the stylo-hyal {st.h.) is confluent. 

2 i 2 
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In this lower aspect we see the bone reaching round the foramen ovale (V.), right 

and left; and there, inside the bony bar that divides that passage from the large optic 

fenestra (II.) a little cartilage remains. 

The orbital part of the skull is almost square, but it is wider in front than in the 

temporal region, which is pinched and bevelled. In front, the endocranium widens up 

to the ethmo-palatine wings, but the roof-bones are scant, externally (fig. 8). 

The single fontanelle is heart-shaped, and occupies the middle third of the roof, or 

thereabouts; the hinder tegmen is longer than the tract in front of the fontanelle. 

The girdle-bone (eth.) is half the size of the cranial “barge,” for it is of great width, 

through the widening forwards of the skull, and it reaches from the optic fenestra to 

the verge of the nasal roofs (al.n.), above; only a small selvedge is left there, but the 

foremost third of the subnasal tract (s.n.) is unossified below; behind and above, the 

girdle-bone and prootics are confluent. 

Both under and over views (figs. 8 and 9) give the idea of a fiat skull; but the side 

view (fig. 10). corrects this error. Indeed, it is a very remarkable skull for a Batracliian, 

and more like that of a young Lizard with its high swelling brain, for the temporal 

region is very convex, and all along the height is considerable, and in remarkable con¬ 

trast to the skulls of some of the large Tree-frogs (e.g., Rhacophorus, Phyllomedusa) 

whose skulls are as flat as those of the Ray tribe. The orbital rim is developed along 

the fore half of the orbit, but not like a distinct flap ; it is emarginate rather than 

lobate. 

The nasal region is broad, and emarginate in front, there being no prenasal projec¬ 

tion, and the bulging of the down-turned nasal roofs (al.n.) gives a somewhat bilobate 

form to the broad snout. Yet the snout is not wider than in the larger Oriental 

“ Polypedatidse,” and not so broad as in Rhacophorus. 

The nasals (n.) above, and the vomers (v.) below, leave the snout bare up to the 

rather small premaxillaries (px.), between whose processes the narrow pro-rhinals 

(fig. 9, p.rh.) are impacted. The subnasal laminae (s.n.) do not go far into the 

maxiflaries (mx.), and these diverge rapidly from the nasal floor. 

Nevertheless, the ethmo-palatines have the edge of their adze-shaped pre-palatine 

blades (pr.pa.) set between the wall and floor of these bones, and where the post¬ 

palatines end, there the cheeks are becoming very wide. The osseous counterparts of 

these tracts (pa.) are double on each side; the inner is the larger, and is not far from 

its fellow of the opposite side, and these two internal palatines are thin lanceolate, 

sharply crested bones. These sharp crests look as if they had once (in a secular sense) 

carried teeth ; the saw-like crest on the same bones in Bufo agua suggest the same 

thing. The left outer bone is three times the size of the right, which is a little oval 

scale; these bones are inverted in the figure (fig. 9). 

The well curved falcate fore region of the pterygoid (fig, 8, pg.) reaches half way- 

over the prepalatine blade ; one of its forks (fig. 9, pd.) is very short. 

The core of the palato-suspensorial arch is persistent throughout, and can be seen, 
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above (fig. 8), in the groove on tire outer edge of the pterygoid. Also it forms a large 

oval condyle which fits on a shallow facet on the front of the ear-capsule (fig. 9, pel.) 

The outer fork, or quadrate “pier,” reaches but little further back (fig. 9), but is of 

great length when seen from the side (fig. 10); its condyle (figs. 9 and 10, q.c.) are 

large, convexo-concave, and reniform. 

In descending, the quadrate pier is curved like a half-bent knee; its splint, the 

squamosal (sq.) fits to this bend; the hinder (inner) lobe of the condyle is higher than 

the other. The pedicle (pel.) grows inwards exactly half as far as it did in the Tadpole; 

the fixed band, from the foramen ovale to the enlarged part which becomes the condyle, 

has all been absorbed. 

The quadrate (fig. 9) above the condyle is only slightly ossified by the quadrato-jugal. 

The annulus (ct.ty.) is an open crescent; it is broad, and its front horn is higher 

than the other ; its size is normal. The Eustachian (eu.) tube is small—half the normal 

size, and circular; the cavity altogether is very limited. The stapes (figs. 8, 10, 12) 

is very large, long-oval, with two anterior emarginations, and but little bossed. The 

columella, altogether, is relatively as large as its morphological counterpart in the 

Skate, viz.: the “hyomandibular.” 

The inter-stapedial (fig. 12, i.st.) is a short sub-oval segment of cartilage; the 

medio-stapedial (m.st.) is a long rod of bone, thick and clubbed, proximally ; the 

supra-stapedial (s.st.) is a bud of cartilage growing from the upper edge of the short- 

stalked, peltate extra-stapedial (e.st.). 

The mandible (fig. 10) is curved more than usual; its mento-Meckelian element 

(m.mk.) is unusually large, showing that metamorphosis did not lessen the actual size 

of the lower labials. 

The stylo-hyal (fig. 9, st.h.) is continuous with the small tract of unossified cartilage 

at the outer part of the auditory region. The cerato-hyal (fig. 11, c.liy.) is rather 

broad, and turning back, as ahypo-hyal (h.hy.), without a lobe, it partly splits into two 

bands, a hyoid and “ extra-hyal,” as in some other kinds. 

The notch of the basal plate is deep and the plate itself (Ij.h.br.) rather shorter than 

usual, and swollen. The fore lateral lobe is very large, and crenate in front; the hind lobe 

is normal, but outstanding. The thryo-hyals (t.hy.) are long and rather flat; between 

these roots there is a thick pentagonal wedge of bone—a “ basi-branchial ” (b.br1.). 

The investing bones are similar, as to thickness and strength, to those of the 

larger “ Ilankke ” and “ Polypedatidse of the same region. 

The fronto-parietals (figs. 8, 10, f.p.) are very short and broad ; their interorbital 

region forms, together, a square, with a small projection on each side, near the front; 

they are bevelled behind, as they pass into the expanded temporal region. Here, and 

over the fore half of the hind skull, they are modelled most accurately on to the endo- 

cranium, have rounded ends, and also are wrought into a rounded, low, transverse 

crest on each side. 

In front these bones are scant where the ethmoidal wings grow out ; they touch the 
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nasals by their broad front edge, and the four bones, where they approach, leave a 

lozenge-shaped tract of the girdle-bone uncovered. 

The nasals (figs. 8, 10, n.) are very large, very convex, and cover nearly as much 

ground as in the Chelonia. They are wide over the short facial process (fig. 10), meet 

at the middle, and leave, at their round, serrate, fore margin, the external nostrils, 

and front of the muzzle, bare. Notwithstanding the breadth of the muzzle, the 

premaxi 11 aries (px.) are not large in the transverse direction, nor are the maxillaries 

(mx.) over large and high ; the jugal process is curved downwards to meet the small 

quadrato-jugal (qf), which is slightly grafted on to the quadrate. 

The squamosal (sq.) is but a modified “ preopercular,” with two short “ horns,” 

above, a postorbital, and a supra-temporal, spur ; most of the bone is the descending- 

bent splint to the suspensorium or quadrate; under the nostril, and its protecting 

labials (fig. 10, e.n., u.ll.u.l'2.) there is a noticeable septo-maxillary (s.mx.). 

The parasphenoid (figs. 9, 10, pa.s.) is very large and broad, and a good depth 

under the optic nerves (II.) ; it has the outline, on a smaller scale, of the whole 

cranial “ boat,” of which it forms the outer coating, save that it does not dilate in 

front; it is, however, very broad to the end, and is strongly clamped by four bones, 

viz.: the two inner palatines and the two vomers. These latter bones (v.) are flat, 

falcate, notched, in front, where they turn outwards, and touch the maxillaries ; they 

are some distance apart; have no thick hind lobe, for they bear no teeth. They are 

quite as much in front of, as inside, the internal nostrils (i.n.), which are transverse, 

and reniform with the “ hilus ” behind. 

The more important modifications of this skull, as compared with the type, are as 

follows :—- 

1. The general form, which is very short, wide, and deep. 

2. A single, not large, fontanelle. 

3. The more extensive ossification of the endocranium, the occipito-otics being 

continuous, and the right and left masses anchylosed, below; also the great extent of 

the girdle-bone. 

4. The extent and narrowness of the “ parotic wings.” 

5. The great breadth of the muzzle and the wide space between both outer and 

inner nares. 

6. The absence of the almost universal dividing bar across the passage for the 

' 9th and 10th nerves which arise, in this “ Order,” from a single ganglion. 

7. The short pedicle, and long, but little retreated, quadrate region. 

8. The double palatine bones. 

9. The obliquity of the annulus tympanicus, and the very small cavity and 

opening. 

10. The large stapes. 

11. The great length of the columella, and its orbicular extra-stapedial. 

12. The longitudinal subdivision of the lower part of the hyoid bar. 
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13. The solid basi-branchial bone. 

14. The variation in some of the investing bones— 

a. Breadth of fronto-parietals. 

b. Great size of nasals. 

c. Feeble upper part of the long squamosals. 

cl. The great breadth of the parasphenoid. 

e. The thin, shell-like, toothless vomers. 

All these things seem to prove that Callula is far removed from the typical 

Batrachian. 

Second Family. Hylaplesid^e. 

Ear perfect; toes free ; sacral apophyses cylindrical; no parotoids. 

Genus Hylaplesia. 

73. Hylaplesia tinctoria.—Adult female ; inch long. South America. 

This is a long skull (Plate 44, figs. 1-7), the breadth being, contrary to rule, less 

than the length, or as 8 to 9. Its cheeks are very feeble, slightly bowed, but the 

cranium itself is very broad, and altogether forms an irregular oblong. 

The quadrate condyles have only got as far back as the space between the Eustachian 

openings and the stylo-hyals (figs. 2 and 3, q.c., eu., st.h.). The breadth across the 

ethmo-palatines is three-fourths that across the quadrate hinges. The breadth across 

the ethmoidal wings, excluding the ethmo-palatines proper, is but little less than the 

breadth of the roof at the temporal angles ; the roof is lessened very little, forwards ; 

its orbital edge is gently sigmoid, as it narrows from the temples, then widens, and 

narrows again in front. The muzzle is by far the broadest I have seen; yet the 

nasal region is of normal length—or antero-posterior extent; but the breadth is just 

twice as great, so that the terms should be reversed. As in several of the “ Caduci- 

branchiate Urodeles,” the endocranium is one continuous bony trough, for cartilage 

only remains as the occipital condyles (oc.c.); as the tegmen tympani (fig. 1, t.ty.); the 

facet for the pedicle (pd.); as a circle round the very small optic fenestra (II.); and in 

the fore and under parts of the transverse muzzle (px., s.n.). The strength of the 

cranium is in great contrast witli the weakness of the face ; in the former, anchylosis 

has obliterated most of the landmarks, yet the fronto-sagittal suture is only lost behind 

(fig. l,fp*). 

I can only do justice to this abnormal skull by comparing it with those of the two 

“ Aglossal” types, Pipa and Dactylethra (see Phil. Trans., 1876, Plates 56-62). 

As to the skull, there is no type amongst the tongue-bearing Frogs and Toads equal 

to this for softening down the hard distinction between them and the two tongueless 

“ waifs ” that make up the sub-order “ Aglossa.” 

* This suture is too strongly marked, behind, in the figure, and so also is the slight ridge along the 

ethmoid. 
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The occipital condyles (oc.c.) are small and postero-external; not so much outside as 

in Pipa, but very much more than usual. They look as much upwards as downwards. 

The space between them is equal to the width of both, and is almost straight; the 

arch over the foramen magnum lies some way forwards, is very wide and somewhat 

angular. The condyles, and the projection backwards, first by the posterior and then by 

the horizontal canals (fig. 1, ep. by mistake), form a series of three irregular rounded 

steps on each side, the outer steps passing, point by point, further forwards ; the 

outermost are a little in front of the superoccipital margin. 

The auditory capsules are of the normal size, but they are very far apart, owing to 

the great width of the hind skull, which is altogether bony, not only by the thorough 

ossification of the cartilage right and left, above and below, but also by anchylosis 

of the inner with the outer elements, viz.: the fronto-parietals and parasphenoid 

{Jp., pa.s.). 

The tegmen tympani (fig. 1, t.ty.) is broad in front and narrow behind, it is unossified ; 

but the “ canals ” are all enclosed in bone. Below (fig. 2) there is the cartilaginous facet 

for the small, very external “pedicle” (pd.), and this tract just serves for union with 

the stylo-hyal (st.h.). But the fenestra ovalis (fig. 3, vb.) is well rimmed with bone; 

and the floor of the hind skull is sinuously flat, with very little scooping in the ex- 

occipital region, right and left; the 9th and 10th nerves (IX., X.) have each their own 

passage, and this twin-hole is behind, rather than beneath, the arch. The facial and 

trifacial nerves (fig. 2, pr.o., V.) also pass through a twin passage; from that point to 

the optic opening (II.) and its cartilaginous ring the skull is pinched. From the optic 

hole, forwards, the skull widens steadily up to the “axils” of the ethmoid, where the 

bone is gently scooped. Above, the inner bone can be seen there, in front of the 

fronto-parietals, and behind and between the nasals (n.), whose outlines can just be 

traced. The naked ethmo-septal bone is less than a third of the width of the roof; it 

projects in front a little, at the middle, and then the fore part, for about a third of the 

true nasal region, is unossified. 

Below (figs. 2 and 5), the bone reaches as far forwards, but it is triangular with ragged 

sides; the right and left angles pass into the palatines, which are thrown across, 

inwards and backwards, as strong buttresses from the skull to the cheek (eth., mx.). 

The broad hatchet-shaped palatine (pet.) has ossified all its own overlying cartilage, the 

arcuate blade of which passes outside, in the maxillary, along the edge of the internal 

nostril (i.n.) ; this passage is large, oval, and looks forwards and inwards. The broad 

muzzle is hollow at the end of the septum nasi, and swells, sinuously, to the outside. 

The bones of the upper jaw (px., mx., q.j.) form a most elegant semi-oval—a bent bow 

—which at its arch lies under the two-leaved tract of subnasal cartilage (s.n.l.), and then 

binds upon the endocranial bars at three places on each side, namely, on the palatines, 

pterygoids, and quadrates (pa., pg., q.c.). 

The outer nostrils (e.n.) are on the sides of the wide muzzle, and are twice the 

normal distance apart; they are well protected by the nasal roof (ctl.n.) above, by the 
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first upper labial in front (u.lk), ancl by the second upper labial (u.l3.) outside (see 

figs. 1, 2, 3, 5 and 6). 

A little way outside the septum nasi the holes for the branches of the orbito-nasal 

nerves (fig. 5, n.n.) are very large and round; outside and in front of these outlets is 

the place for the “ pro-rhinals,” which are, at most, extremely feeble.* 

The palatines (pa.) are confluent with the ethmoid ; the pterygoids (pg.) are in 

great contrast with them, they are very feeble, the smallest, relatively, even with their 

cartilaginous model, that I have, as yet, seen. 

Each bone is a gently curved needle, with a groove in which the cartilage lies 

outside and above, the point nearly touches the palatine, the “ eye ” is not finished by 

bone, it is the small, oval, outwardly-turned Eustachian opening (eu.). There the bone 

becomes forked, and the inner fork is a small foot, with a sub-convex cartilaginous 

sole—the pedicle (pel.). The outer fork is large, it is the unossified quadrate (fig. 7, sp.) 

which passes downwards and a little backwards, and ends in the large reniform condyle 

whose direction is unusually transverse, the fore lobe being but little in advance of 

the other. 

The annulus (fig. 3, a.ty.) is of the normal diameter, its breadth moderate, its horns 

sharp and open, so that the whole is but three-fifths of a circle. This very open 

crescent is always a correlate of a small tympano-Eustachian cavity; and these 

may be combined, as they are here, with a very large columella; for an over large 

columella is ichthyic; when the metamorphosis is most complete the “ epi-hyal ” element 

is arrested whilst very small, and wrought into the elegant tympanic “ key.” 

The stapes (figs. 3 and 7, st.) is large and oval, but with a concave deficiency in its 

antero-superior margin ; it has no boss. 

The columella is as large, proximally, and larger, distally, than the stapes; the 

inter-stapedial segment (i.st.) is as long as the stapes but has a concavity below; its 

distal third is ossified and united by suture with the obliquely clubbed upper end of the 

medio-stapedial (m.st.); the staff is no longer than the knob, and becoming cartilaginous 

obliquely, it passes into the orbicular extra-stapedial (e.st.). This part is evenly cir¬ 

cular, and its diameter is equal to the length of the stapes ; it has a supra-stapeclial 

bud (s.st.), which is short, thick, and mammillate. 

The mandible (fig. 4) is stronger than the cheek, its mento-Meckelians (m.mJc.) are 

large, its coronoid region low, and its condyle long and cylindroidal; the dentary (cl.) 

is short, and neither it nor the articular (ar.) hides more than half the pith (rnk.). 

* This little skull was worked out two or three years ago, and became accidentally dried when my work 

was nearly finished, so that I could not trace the pro-rhinals into the premaxillaries. I have no doubt of 

their existence ; in skulls most akin to this, such as the species of Pliryniscus, they arise outside and in 

front of the nerve-passage, and lie on each side as a very fine thread of hyaline cartilage between the 

laminae of each premaxillary, in a mass of connective tissue, with the point inwards as in most of the 

toothless types. When so small as this, they always come away with the bone when it is detached in 

search for them; and it has to be stained and mounted for high powers—j inch object glass—before the 

pro-rhinals can be demonstrated. 
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The stylo-hyals are articulated (or partly confluent) with the ear-mass ; they are 

narrow, but the cerato-hyal (fig. 4, c.hy.) broadens up to the base, and the hypo-lryal 

(h.hy.) has its lobe behind, and not in front, as is the rule. 

The basal plate is relatively rather small and long, the front lobe smallish and 

rounded, the hind lobe normal; the thyrodiyals (t.hy.) are large, and not so divergent 

as in most kinds. 

The investing bones are as remarkable as the endoskeletal, and the two kinds are 

largely anchylosed together. The fronto-parietals (f.p.) form, together, an oblong 

tract, largely confluent with the underlying bone, and not anchylosed together, except 

behind, the fronto-sagittal suture being straight and nearly perfect. The two bones 

are longest at the middle ; they form, in front, a low-angled projection ; they largely 

overlap the endocraniiun, especially over the optic passages, where they are unusually 

thick (fig. 3). The moderate temporal angle is ribbed, and where it rides over the 

ear-mass, and coalesces with it, it is crenate, along a concave edge. 

From one double canal-arch to the other (fig. 1, f.p.) the posterior parietal edge is 

straight; over the posterior canal the outlines are lost. I suspect that this part does 

not cover any secondary fontanelles. 

The large, broad, conchoidal nasals (n.) are wide apart, and send down a short, blunt 

facial process (fig. S, f.p. by mistake) ; they cover a third of the cartilaginous snout; 

as seen laterally, their edge is twice crescentically emarginate. 

The twin bones that finish the inferior and external facial arch (px.) are wider than 

the rest of the arch, the maxillaries (mx.) soon narrowing in ; and the small quadrato- 

jugals (q.j.), which simply articulate with the quadrate, are narrower still; there are 

no teeth in the jaws. 

Both the nasal and palatine processes, as well as the body, of the premaxillaries, are 

small and feeble; the contiguous part of the maxillary, on each side, is rather high 

but does not reach the nasal at any point. The external nostrils, thrust out to the 

sides of the wide muzzle, are, however, well protected (figs. 3 and G). The inner, 

upper labial (u.lh) is larger than the premaxillary; it is semi-oval, with a dilated base; 

it partly rests on the maxillary. The outer labial (u.l2.) is pedate below and rounded 

above ; it lies outside and below the nostril, and equals in size the projecting part of 

the roof (al.n.). 

Between the two labials there is a lozenge-shaped septo-maxillary (fig. 6, s.mx.), and 

inside the outer labial there is a second larger bone—a pre-orbital (p.ob.). This bone 

is two-thirds the size of the cartilage it is attached to, and of the same shape, but 

reversed; it has its counterpart in Pipci (Phil. Trans., 1876, Plate 62). 

The squamosal (figs. 1, 3, and 7, sq.) is better developed than in Callula; it is 

narrow, sigmoid above (fig. 1); is bent upon itself at less than a right angle; and the 

postorbital region of the upper part is hollowed out for the annulus and extra- 

stapedial. and helps to increase the size of the tympanic cavity. 

This structure, which exists in some degree in most Anura, comes in this case very 
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near the remarkable modifications seen in Pipa (ibid., Plate 62, figs. 2 and 9, sq.); in 

that strange type the outer and middle ear meet in, and cover, a curious spoon-shaped 

process of the squamosal. 

The parasphenoid (fig. 2, pens.) is evidently large, but its boundaries are very indis¬ 

tinct through anchylosis; it has between its three main rays a rather rare “ apophysis;” 

this is a transverse, rounded projection, looking forwards, and downwards; it has a 

hollow in front of it, and a mammillate elevation behind. 

There is not a trace of the right and left vomer ; in this, again, we see a character 

in which this type agrees with Pipa. 

But Hylaplesia agrees in some important characters with the other Aglossal type, 

viz. : Dactyletlira (Phil. Trans., 1876, Plate 59). This similarity is to be seen in the 

Salamandrian extension of bone in the endocranium ; in the superior aspect of the 

occipital condyles—not to the same extent, but as much seen above as below; in the 

huge size of the “middle ear,” and especially its inter- and extra-stapedial elements. 

I look upon these similarities rather as an expression of the generalised nature of both 

kinds than as suggesting genetic relationships. 

With the adopted and natural “ norma” the skull of Hylaplesia presents remarkable 

contrasts ; they may be summed up as follows :— 

1. The general form of the skull is as much longer than what is typical, as that 

of Callula is shorter. 

2. The great breadth and strength of the cranium as compared with the feebleness 

of the face. 

3. The arrested retreat of the quadrates and their condyles. 

4. The extreme breadth of the muzzle. 

5. The intense ossification of the endocranium, and the anchylosis with it of the 

investing bones. 

6. The absence of vomers. 

7. The apophysis on the parasphenoid. 

8. The superior as well as inferior aspect of the occipital condyles. 

9. The small size of the tympano-Eustachian cavity, and the increase of room in 

that “ cleft” by the hollowing out of the squamosal, above. 

10. The very open annulus and large stapes. 

11. The huge size, relatively, of the columella, and especially of its proximal and 

distal elements. 

12. The large size of the three pairs of labials—the lower as mento-Meckelians. 

13. The presence of a considerable pre-orbital besides the septo-maxillary. 

14. The reversed position of the hypo-hyal lobe, the smallness of the basal plate, 

and large size of the thyro-hyals. 

These are some of the more outstanding peculiarities of this strong little skull, whose 

generalised nature is shown, also, in its unlooked-for agreement with the archaic and 

non-typical skulls of the “ Aglossa.” 

2 k 2 
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This archaic, generalised skull helps us to see how severe, “ in number, weight, and 

measure/’ the morphological law is, that has, at last, reduced the Anurous type of skull 

to the elected simplicity of that of the Common Frog.'"' 

SUMMARY. 

A.—Primitive form of chondrocranium. 

In a Common Frog or Toad, soon after hatching, whilst the true outer (or cutaneous) 

gills are present, cartilage appears in the cephalic region. 

This first endoskeletal framework consists of three sub-parallel bands on each side, 

that converge a little forwards, are some distance apart, and are almost entirely in 

front of the notochord (Phil. Trans., 1876, Plate 55, figs. 1, 2). 

Other cartilages form about the same time, immediately under the skin, as labials in 

front, and as branchial pouches behind ; but these I shall not now describe ; only the 

true endocranial elements. 

The innermost pair of bands, together, form a lyriform structure ; they are the 

largest; by their hind part they embrace the notochord at its apex ; they diverge 

suddenly, enclose a large pyriform space under the fore-brain, converge nearly to 

touching, and then diverge again, as short, broad, decurved horns. 

These are the “trabeculae craniithey are para-chordal, behind, and the rest of 

each bar is pro-chordal: there is no other parachordal cartilage, as yet; the huge 

notochord, which only gradually lessens to its rounded end, has, right and left, two 

pairs of “ muscle-plates ” enclosing it in the cranial region. 

Where the trabeculae are most bent, behind and in front of the eye-ball, there the 

second band is continuous with the trabeculae; by this double conjugation it encloses 

an oval (sub-ocular) space. 

In front, each of these outer bands turns inwards towards the horns of the trabeculae, 

and develops an oval, short, segment, which also turns inwards. This twice-conjugated, 

second bar, is the “ suspensorium ” of the mandible ; the short segment is the mandible 

itself, or the articulo-Meckelian rod. The hinder conjugating part is the “pedicle,” and 

the fore band is the pterygo-palatine rudiment. 

A little behind that rudiment, on its under face, the suspensorium has a broad 

lozenge-shaped cartilage articulated with it—the third band; this is only half as long, 

but twice as broad as the second, and is the lower half of the hyoid arch—the cerato- 

hyal : the upper half, or “epi-hyal,” is not developed until two or three months after 

the transformation of the Tadpole. Opposite the junction of each first and second 

muscle-plate, there is a hollow ball of cartilage, unfinished (membranous) above; these 

* For the description of the skulls of the “ Aglossa”—Nos. 74 and 75—the reader is referred to my 

former paper (Phil. Trans., 1876, Plates 56-62, pp. 625-665) ; and “Summary,” infra, p. 255. 
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are the auditory capsules ; large masses of cells, the rudiments of the ganglia of the 

5th and 7th nerves, separate these globes from the pedicles of the suspensoria. 

The eye-balls are not taken into account; the nasal sacs are entirely membranous, 

at present. 

The parts displayed in the dissected head, and in sections through all the parts of 

the head, lend colour to the suggestion that all the three pairs of cartilages are 

serially homologous : I believe this to be quite opposed to the true interpretation 

of the parts; that the inner bands (trabeculae) are prematurely developed, paired, 

axial parts, growing beyond the notochord, but parachordal in their hinder part: 

moreover, in other types, as the “ Urodeles ” and “ Marsipobranchs,” the part embracing 

the notochord is, from the first, much larger than in the “ Anura.” 

B. a.—Perfect chondrocranium:—before the formation of bony centres—in the 

“ Phaneroglossa.” 

The simple cartilaginous bars that were seen at first are soon developed into a 

perfect chondrocranium of the Petromyzine type. 

The cranial notochord, besides its own mesoblastic sheath, which is now and then 

chondrified even in the “ Anura,” becomes enclosed, right and left, between two solid 

bars of cartilage—-the extension, backwards, of the apices of the trabeculae (and not 

as separate plates, as in the “ Urodeles ”); and these two basal plates are fused 

together, for a short distance, in front of the notochord (see Phil. Trans., 1876, Plate 

55, and the figures of larval skulls in the present paper). 

In the nasal region the trabeculae coalesce, and then send their elongated horns 

forwards, and downwards ; in the interorbital region, each bar sends upwards a crest, 

which becomes thick and bulbous near the coalesced part: here we have the beginning 

of the cranial walls, and of the ethmoidal region, or closing-in part of the skull. 

After a while, behind the ear-capsules, a wall, and then a roof, is formed—the occipital 

arch. 

The large, bowed, twice-conjugated suspensoria develop a crest along their outer 

edge, and this grows into a large leafy plate in the ethmoidal region—the “ orbitar 

process,” which may (exceptionally), as in Bufo vulgaris, coalesce with the ethmoid. 

The free mandibles grow larger, form a condyle and an “olecranon,” and carry the 

(suctorial) lower labials between them, as the cornua trabecula carry the upper or 

overlapping labials. 

The third bar (hyoid—second visceral arch) grows more perfect in form, as well as 

gets larger in size, but retains its primitive place under the antorbital region. 

The auditory (parachordal), orbital, and nasal regions are nearly equal in length, 

and the auditory sacs become gradually completely invested with their own cartila¬ 

ginous coat, which takes the form of the swelling and arching cavities within. 
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The azygous tubular tract of skeletal tissue surrounding the notochord—membranous 

or cartilaginous, as the case may be—is stopped in front by the coalescence of the 

basal plates : they, then diverging, leave a large pituitary space—for some days 

membranous. In two places an “ inter-trabecular ” tract of cartilage appears ; behind, 

filling in this large inter-orbital pituitary space, flat and thin; and in front, over the 

coalesced parts, as a rising wall between the nasal sacs: this is the first rudiment of 

the perpendicular ethmoid and septum nasi. 

Afterwards, but not in larval life, a third inter-trabecular tract fills in the re-entering 

angle between the cornua trabeculae. 

The upgrowing wall turns over above, and forms more or less roof; this is deficient 

along the middle of the interorbital part of the skull, also often, in one, or mostly 

two, places, between the exit of the 5th nerves—these are the main and secondary 

“ fontanelles.” 

The ear-sacs get, now, a secondary floor from the basal plate; parachordal tracts 

reach to the cleft now forming in their fundus, which is becoming the fenestra ovalis, 

right and left, the membrane closing which chondrifies as the stapes. 

The nasal sacs now acquire a distinct roof of cartilage, which soon coalesces with 

the middle wall or perpendicular plate ; the ethmoidal end of the skull, also, besides 

closing in the skull-cavity, grows out as wings (“ aliethmoids ”), behind and round the 

nasal sacs. 

The quadrate end of the suspensorium sends in a spike towards the cornu trabeculae 

in front of the inner nasal opening; this is generally attached by a ligament, but some¬ 

times touches the cornu ; this is the rudiment of the pre-palatine. A ridge appears 

on the pterygo-palatine conjugation, which often grows into the orbital fenestra as a 

flap ; this is the post-palatine rudiment. 

One or two pairs of cartilaginous plates are now well-formed on the upper lip and 

answer to the anterior dorsal plate and angulo-labials of the Lamprey: and the thick 

divided, semiluminar mass of cartilage, between the free mandibles, forms the sucking 

disk (or inferior labials). 

The four subcutaneous cartilages margining the three branchial clefts have grown, 

the first and fourth into thin, baggy pouches, and the second and third into broad 

bars. These are covered with a free growth of branchial tufts, that break out between 

the clefts, but are hidden under the great membranous operculum—closed entirely on 

the right side. 

The hyo-branchial cleft is still open, but the mandibulo-hyoid never opens outside; 

over it the opercular membrane becomes cartilaginous, the cartilage growing down¬ 

wards and forwards from the upper edge of the auditory sac, or from the elbow of the 

suspensorium ; it becomes an independent spiracular cartilage. 

The massive cerato-hyals are conjugated by simple cartilage—the basi-hyal; behind 

it a pear-shaped plate appears, its base foremost; it represents two basi-branchials; 

embracing this, and running backwards there is a pair of broad, flat, hypo-branchials, 
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and each of these gives off four rudimentary true, or intra-branchial, cartilages—small 

“ cerato-branchials ”—with, as is the case in the hyoid, at present, no upper element. 

This inferior, arrested, intra-branchial framework is covered with a “ lower velum,” 

and the projection of the four pairs of rudimentary cerato-branchials makes it have a 

crenate margin (Plate 1, fig. 4); it is the broad rudiment of the membrane which 

runs under the pharynx in the Lamprey at the entrance of the “branchial canal;” 

the copious growths of gill-tufts on each side, divided by the three clefts, lie under it, 

partially covered. 

All these larval structures may exist in the chondrocranium before the Petromyzine 

skull is modified either by outer or inner bones, and the skull of the larva explains, 

and is explained by, the skull of Petromyzon and its congeners. 

To the Morphologist there is, here, a pause ; but, in fact, in the growth of the 

Tadpole’s skull, there is none ; changes begin soon, and the work of transformation 

then goes on steadily. 

B. b.—Perfect chondrocranium—before the formation of bony centres—in 

the “ Aglossa.” 

The chondrocranium of the larval Dactyletlira (Phil. Trans., 1876, Plate 56) is 

extremely flat and outspread ; it has all the essential parts of a Batrachian larval skull, 

nevertheless. Its form is almost triangular, with the base in front; and although the 

condyles of the cpradrate are carried forwards almost as far as the trabecular horns, they 

are a great distance apart. Even behind, the skull is greatly widened by lateral out¬ 

growths of cartilage, a wide “ tegmen tympani ” already growing from each auditory 

capsule ; and from this, and confluent with it, a very large ear-shaped “ spiracular ” 

cartilage, which spreads wider than, and almost touches the base of, the small orbitar 

process, and the hinge for the cerato-hyal. The suspensoria, also, are wide bands 

running, without an outbend, forwards and gently outwards, to the front of the orbitar 

process. They then bend inwards and are confluent by a very wide band with the 

trabeculae, each band being pterygo-palatine and pre-palatine all in one plate. As in 

Skates, the trabeculae are enormous ; they are separated from the suspensoria by a very 

narrow subocular fenestra, and rise as convexo-concave shells, converging at the hinder 

third of the interorbital region to finish the cranial cavity. As in Skates, however, 

there is a long hollow from it into the nasal trough, which soon widens again. The 

cornua trabeculae are stretched out, as wide arms, in front, and their free end is 

confluent with the pre-palatine spur. They are narrowish bands, and curve round 

the front of nasal passages which are near the frontal margin, but very wide apart. 

Their fore margin shows no notch, for they are completely fused together by a large, 

but indistinct, inter-trabecular tract. The continuous cartilaginous labial, in front of 

the cornua, is partly confluent with them, and runs wider out ; it is the same as the 

“anterior dorsal cartilage” of the Lamprey; the “angular cartilage ” of that Fish is 
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represented by the suddenly narrowed part of this band, which runs back as the pith 

of the long oval palpus, right and left—a “ feeler” or barbel which reaches to the end 

of the abdomen. The lower labials are small, rounded rods, placed across the space 

between the long, slender mandibles, and not arranged as a semicircle to support a 

sucking disk. The hyoids are very massive; and the branchial pouches are all fused 

together into a case, with mere slits outside—through which the branchial tufts clo not 

protrude ; and with wider openings inside. 

The larval chondrocranium of Pipci is similar to that of Dactylethra, but differs in 

several particulars (ibid., Plates 60, 61). The auditory capsules and cranial notochord 

reach almost half way to the frontal wall. The trabeculae are completely fused up to 

their retral cornua. The “sub-ocular fenestra” is a mere crescentic slit with its 

convexity outwards. The pterygo-palatine band is narrow and very small in front of 

that slit, and the pre-palatine projects forwards under the dilated end of each hook¬ 

shaped trabecular cornu. The nasal openings are nearer together; the quadrate condyles 

are wide apart but not so far forwards in position ; the pedicle is merely the inner and 

posterior horn of a four-winged, dilated, suspensorium ; the otic process is, already, 

nearly as wide as the pedicle, and longer. 

The condyle for the cerato-hyal is a large outwardly-projecting, oblique, pyriform 

process; over it there is a small orbitar process. The labials are scarcely chondrified 

as yet, and there are no palpi; as in Man, and the Pig, the Meckelian rods meet and 

coalesce, directly ; and I find no inferior labials. The cerato-hyals are large, oblong, 

square above, and with a hinder submesial process; they are entirely absorbed before 

hatching. 

Scarcely a trace of branchiae appear ; the intra-branchial arches are merely repre¬ 

sented by a basi-hypobranchiai band which, at the mid line, unites the extra-branchials. 

These are continuous above and below, and form a flat plate on each side with three 

lanceolate slits in it, and a dentated upper margin : this growth has its upper part 

largely absorbed on either side before hatching ; at which time a very remarkable hypo- 

basibranchial tract has developed, which in the early larva was merely a conj ugational 

band uniting the extra-branchials/* 

C.—Order of appearance of parts in the skull during metamorphosis in the 

“ Phaneroglossa.” 

The first splint-bone to appear in the Tadpole’s skull is the first we find in the 

gradation of the types, viz. : the parasphenoid, first seen, outside the merely “Cartila¬ 

ginous” Fishes, in the Acipenseridse and the Dipnoi. 

The former have no ex-occipital, but the latter have; this endoskeletal bone comes 

* For the transformation of these two extraordinary types of larval crania, I mnst refer to the former 

paper (Part II.); I still have to show how the adult skulls of the Aglossa differ from those of typical 

Phaneroglossa. 
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next in the Tadpole, after it the prootic, right and left. Later on the fronto-parietals, 

and after them the premax diaries appear ; much later the maxillaries, nasals and 

quadrato-jugals, and later still, as a rule, the squamosals : last of all the generalised 

annular ethmoid or “ girdle-bone ; ” it is mostly contemporary with the shaft of the 

columella. 

But the appearance of the bony tracts, outer or inner, is but a small part of the 

matter; the changes in the fundamental chondrocranium are the most marvellous. 

The organic concussion of the metamorphosis, so to speak, causes the removal of 

some things that are disturbed by it, and the transformation of others, which, in new 

forms, are put to new uses. 

Whilst the large upper labials are still at their highest development two new small 

pairs appear, fitting, the inner to the end of the nasal process of each premaxillary, and 

the outer round each outer nostril, as a valve ; this is at the time that the opercular 

(or “ spiracular ”) cartilage becomes free. 

The band from the junction of the pedicle with the skull in front of the ear to the 

end of the suspensorium with its condyle for the mandible, is, in the larva, a long- 

arcuate tract two-thirds the length of the head : the cross band uniting this with the 

ethmoid, on the contrary, is very short. These relative lengths are, during meta¬ 

morphosis, entirely reversed ; the suspensorium becomes short and the pterygo-palatine 

band two-thirds the length of the skull. The pedicle, and the longitudinal part of the 

suspensorium (without the orbitar process), together, answering to the suborbital band 

of the Lamprey ; the upper and outer regions are absorbed. 

As to position, also, the condyle for the short mandible gets, in many cases, to the 

end of, or even behind, the skull, whereas it did reach nearly to the front; and 

then carries a long mandible which passes to the front. The outer or hyoid bar is 

carried with this pier, and gets under the fore part of the ear-capsules instead of, as 

once, in front of the eye-ball. Thus a small terminal suctorial, is exchanged for a 

widely-gaping inferior, mouth; a mouth like that of a Lamprey is exchanged for one 

like that of a Crocodile. 

The cornua trabeculae become merely the angulated subnasal tract or floor, united in 

front and above by the intertrabecular tract. Each cornu near its inner edge, below, 

develops a small hook-shaped secondary cornu, the “ pro-rhinal,” which is imbedded 

between the laminae of the premaxillary. 

Whilst the pterygo-palatines are becoming, from a short band, a long arch, the 

palatine bones appear in front, transversely, and the pterygoid bones, behind, as a 

forked tract—forked to invest the lower face of the new and short pedicle and the 

inner face of the quadrate region. 

In some forms—species of Rana— the pedicle has its own tract of bone—a distinct, 

“metapterygoid.” Whilst the bones are appearing the sub-apical part of the suspen¬ 

sorium grows into a large leaf of cartilage, ready to become pedate, with a terminal, 

sub-convex, oval condyle. This condyle, so far from its original root, articulates with 

2 L MDCOCLXXXI. 
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the sub-audUo^y wing of the basal plate, so also does the upper hyoid bar (columella), 

and the stylodiyal end of the lower bar, except, when, as in Phyllomedusa, bicolor and 

Acns Pickeringii, it fuses with the hinder edge of the pedicle. 

L>.—What larval structures are retained (in a modified form), and what 'parts are 

moulted or absorbed.. 

Some of the structures are but little changed, but the new things of the permanent 

creature are rapidly forming; we can see what is cast off, what is kept, and what 

things are superadded. 

As to several of the larval structures, the morphological force makes clean work of 

them; some are shed, completely, or moulted off, as the horny jaws, dentated rugae, 

and papillose oral appendages. Whilst the huge upper labials are absorbed, the lower 

labials are used for making the “chin” of the adult; the spiracular cartilage—coming 

in slowly—is kept to form the annulus tympanicus, but the four pairs of “ extra- 

branchials” are absorbed, and remnants only of them and of the true inner visceral 

arches are retained. A summer Bee-hive is not a more lively place than a Tadpole’s 

organism at this stage ; every cell is busy, every element is moving, working, and 

changing; the size, shape, and direction of organs and parts are all being lessened, 

or made larger; moulded into new shapes, and turned fore or aft, outwards or in¬ 

wards, as the governing force listeth. As the result of all this working towards a 

new zoological end, that which began life as a Fish but little higher than a Lamprey, 

fulfills its after-life as a Reptile but little lower than a Turtle. 

After the horny jaws and dentated horny rugse have been moulted, before the upper 

labials have been absorbed, a new pair appear on each side, attached to the nasal 

processes of the premaxi 11aries and to the outer nostrils. The lower labials become 

relatively less, get into a line continuous with that of the mandible of the same side, 

coalesce with those bars and become ossified by the grafting of the dentaries upon them. 

The “ orbitar processes,” after their transportation to a post-oral position, become, 

in most cases, quite absorbed; so also, in most cases, does the upper part of the 

pedicle; it is retained in some, as in Bufo vulgaris, where the pterygoid bone binds 

down upon the “ lobe,” or the sub-apical, enlarged part of the pedicle. 

The “spiracular cartilage” may chondrify continuously, either with the “elbow” of 

the pedicle (otic process), or with the tegmen tympani. It may become lessened in 

size, considerably, before it takes on its adult form, as the annulus tympanicus. 

As I have said, the four other outer cartilages belonging to the 3rd, 4th, 5th, and 

6th arches, viz.: the extra-branchials, become almost entirely absorbed ; in some cases 

the proper hyoid bar does, also. 

I believe that I am right in calling the larval rudiment of the “ annulus tympanicus” 

the spiracular cartilage; I put it into the category of the “ inter-branchial rays”—as in 

the Sharks; the “tegmen tympani” is the “ extra-visceral” tract from which it grows, 

as a rule. 
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Certainly, in many of the Anura, more or less cartilage appears in the outer edge of 

the hyoid bar, but quite distinct from it, corresponding exactly to the basal part of 

the pectinated inter-branchials of the hyoid, bar in the Shark and. Chimcera. 

The hyoid, bars, the soft bqsi-hyal, the rudimentary cerate - branch ia Is, the paired 

hypo-branchials, and the median basi-branchial all fuse together to become the hyo- 

branchial apparatus of the adult. The narrowed and ossified hypo-branchials are true 

“ thyro hyals,” like those of the Mammal. 

Among the newly appearing parts are the stapes {early), and the columella (late). 

The stapes appears about the time of the first bony tracts; but the columella, as a rule, 

not until some months after metamorphosis. It appears whilst the tail is still large in 

Pseudis; and long before hatching in Pipa; in Dactylethra it is as late as in the 

ordinary “ Phaneroglossa.” 

E.—The normal (or Ranine) adult skull compared with sub-typical and aberrant forms 

in the “ Anura,” generally, 'where larval structures are in some degree retained, or 

where generalised (ichthyic) characters turn up; lastly, the residuum of characters 

which are universal. 

The prootics (or spheno-prootics) and ex-occipitals are not separately ossified, as 

in the “ norma,” in Pseudis, Dactylethra, and others. In some kinds, as Acns, Pseudo- 

phryne, Diplopelma, there is a small basioccipital; in some of these small kinds there 

is an evident endosteal super-occipital. 

The girdle-bone is absent in some dwarf kinds, as in some small West African Ranee, 

in Gomphobates, and in some species of Diplopelmai. 

The girdle-bone is in two pieces in Diplopelma ornatum, in Engystoma, and in 

Pseudophryne; there is a large X-shaped, persistent membrane bone over the eth¬ 

moidal region in Dactylethra, a crescentic bar in Rappia bicolor, and a similar bone, 

not persistent, in Rana temporaria. 

As a rule, there are two lesser fontanelles over the hind skull besides the main 

space, but in many kinds there is only the large one; in Alytes there is one lesser, 

hinder fontanelle. 

In some of the Frogs (Rana, sp.), still better in the Hylidse, there is a superorbital 

“ eave ” of cartilage; in Phyllomedusa bicolor, Hyla rubra, and especially in Alytes 

obstetricans, there is a separate superorbital cartilage, besides. 

The nasal region is often largely ossified from the girdle-bone; this tract may be a 

true “ sphenethmoid,” as in Dactylethra, where it does not finish the ethmoidal region 

in front, but runs back to the auditory capsules. 

The nasal roofs are only partially covered by their own proper cartilage in the genus 

Bufo, in Dactylethra, and in some others ; the pro-rhinals are distinct in Rana esculenta 

and in Dactylethra; the two nasal fenestrse of Bufo answer to the series of slits in 

Myxine. 

In Bufo vulgaris and some other species of that genus (not in B. ca.lamita) the 

2 L 2 
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ethmo-palatine becomes segmented from the ethmoid, in front, and from the pterygoid 

cartilage, behind ; in B. vulgaris, also, the pedicle does not lose its apes. 

In Bufo ornatus and in Otilophus margaritifer, as also in a Rappia from Lagos, and 

in Diplopehna berdmorei, the “ orbitar process ” is permanent, but small. 

In many kinds the quadrato-jugal bone sets up ossification in the quadrate region, 

often to a considerable extent. In Dactylethra, Pelodytes, and Bombinator there is 

no palatine bone; it is often subdivided into two, often has a sharp crest, and is 

composed of several bones in Rana pipiens, and may be entirely endosteal as in some 

kinds of Diplopelma. There is a mesopterygoid bone in Rana pipiens, and a meta¬ 

pterygoid in several Ranee. 

Except, probably, in some arrested forms, the “ mento-Meckelian” bone is always 

formed in the “ Phaneroglossa,” but is not distinct in the “ Aglossa;” in these latter 

types the endosteal and ectosteal “ articulare ” are completely fused, and ossify the 

articulo-Meckelian cartilage very largely; this takes place, to a less extent, in many 

of the “ Phaneroojossa.” 
© 

The upper hyoid clement or columella is absent in Pseudophryne Bibronii, Phryniscus 

Icevis, Phryniscus varius, and Bombinator igneus; there is a small bony rudiment in 

Pelobates fuscus, and a small unossified rudiment in Rhinoderma Darwinii. 

1 find no trace of an annulus tympanicus in Pelobates, Bombinator, nor in two out of 

three of the species of Phryniscus, viz.: P. Icevis and P. varius; it exists without a 

columella in Pseudophryne Bibronii, and with a rudiment in Rhinoderma. 

In several high kinds, viz.: Rana halecina, R. palustris, Phyllomedusa bicolor, &c\, 

the proximal part of the columella (shaft or “ medio-stapedial”) becomes segmented off 

from the distal (“extra-stapedial”). This is not in conformity with the segmentation 

of a normal branchial arch, or even of the hyoid of Chimcera, where there is a wTell- 

formed “ pharyngo-hyal ” above the “ epi-hyal.” 

In the Sturgeon this kind of division does take place; the parts are termed in it 

“ hyo-mandibular ” and “ symplectic.” 

But in the last-mentioned type the pliaryngo-branchials themselves are in two 

segments.* 

I find that in about half of the Anura the upper hyoid element is subdivided as 

in a normal branchial arch: here the terms for the segments are “ inter-stapedial ” for 

the upper, and “ medio-stapedial ” for the lower, hyal piece. 

The lower band of the hyoid, which wras coeval in development with the mandible, 

and antorbital in position, becomes, as a rule, confluent with the floor of the tympanum 

—a growth from the basal plate or “ parachordal.” 

It may articulate with that part as in the Common Frog, or be suspended by a 

longish ligament as in Dactylethra, or the bar may be partially absorbed (often on one 

side) as in Rana hexadactyla, or the middle part may become fibrous as in Rana 

tigrina, or the proximal and distal parts, as in Bufo agua, or the whole may vanish as 

* As pointed out to me by Mr. Howes. 
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in Xenophrys monticola and in Pipa, or its apex may coalesce with the pedicle, as 

in Phyllomedusa and Acris; but as a rule it is confluent above. 

In Callula, Diplopelma, and Engystoma, the basi-hvobranehial plate is sub-carinate 

below, and a basi-branchial bone appears between the thyro-hyals ; in Alytes and 

Pelodytes, a V" shaped splint is applied to this part below. 

In the genus Phryniscus the basal plate is almost as narrow as in Fishes; its 

postero-lateral processes are ossified in Bombinator, and the cerato-hyals have two 

small centres in them on each side, in Pelobates; in the two last, and in some of the 

“ Hylidse,” the front notch is so large as to make the basal plate like two parts 

united by a conjugational band, behind. 

In Hyla rubra and II. Ewingii the basal plate extends, behind, as the rudiment of 

an additional basi-branchial piece. 

The “ investing bones ” show some curious variations in this group. The para- 

sphenoid has a distinct centre, in front, in Rana pipiens and in R. halecina. 

The vomers are absent in Pipa and Hylaplesia; single in Dactylelhra; and confluent 

with the ossified nasal floor in some Phrynisei (e.g., P. cruciger and P. varius): they 

remain distinct in P. Icevis. 

The fronto-parietals are found right and left, as symmetrical bones, and may divide 

into frontal and parietal for a time; these soon coalesce again, and in many cases the 

median suture is lost; in some cases (Camariolius tasmaniensis, Acris Pickeringii, and 

Rappia bicolor) they are extremely small. 

The nasals are always present; they are extremely feeble in Dactylethra. 

The septo-maxillaries are very inconstant; in some kinds, as Pipa, Hylaplesia, 

Bufo ornatus, and Rana pipiens, there is a second prse-orbital behind on each side of 

them; in the latter a “ lacrymal ” is also present: in Rana pipiens there is no proper 

septo-maxillary, but several irregular palato-maxillaries. 

The premaxillaries are always double, and the maxillaries nearly always articulate 

with the q-uadrato-jugal to form a perfect cheek bar ; this bar is deficient in the 

“Aglossa” and in Phryniscus Icevis; in Phryniscus the investing bones are very 

unequal, right and left; and in P. varius and P. cruciger the cheek is scarcely 

finished ; the quadrato-jugal is suppressed in Pipa. 

The squamosal is remarkably modified in the Aglossa, being hollowed out to help to 

form the drum-cavity in Pipa and having its lower part aborted in Dactylethra. The 

hollowing out of the squamosal under the “ annulus,” is seen again in Hylaplesia, and 

more or less in many kinds. Its postorbital process is, at times, very short, in others 

very long. 

In Dactylethra, only, have I found any rudiment of the bony “annulus tympanicus,” 

it has two ossicles of this nature on each side; and it only has a single vomer. 

The dentary in the “ Phaneroglossa ” constantly grafts itself on the inferior labial 

after that has become fused with the distal end of the Meckelian rod. 
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In Rcma pipiens there are two or three splint bones ('inter-suspensorials) between 

the quadrate cartilage and the hind crus of the pterygoid bone. 

In some types (e.g., Ceratophrys, Calyptocephalus, Pelobates, and Nototrema) the 

surface of the investing bones is ornate, and almost Ganoich 

The following endoskeletal and exoskeletal bones are constant throughout the 

“ Anura ” in the adult skull 

1. The ex-occipitals.* 

2. The prootics. 

3. The pterygoids. 

4. The articulars. 

5. The thyro-hyals. 

6. The parasphenoid. 

7. The nasals. 

8. The fronto-parietals. 

9. The premaxillaries. 

10. The maxillaries. 

11. The squamosals. 

12. The dentaries. 

The skull is always finished with cartilage, below (contrary to the Urodeles), and 

never finished with cartilage, above (as in the Sharks). 

The occipital condyles are always double, and quite distinct, often wide apart; but 

the occipital arch is not always restricted to a right and left bone; there may be a 

rudiment, above and below, of a median centre. 

The skull is always closed in front by the ethmoid (cartilage or bone) : it is at 

times very unfinished and membranous in the orbital region (e.g., Rappia bicolor, 

Camariolius tasmaniensis, and Acris Pickering ii). 

The whole (true) ethmoidal region is formed by the trabecuke and intertrabecula ; 

the nasal roofs are distinct cartilages at first (like the eye-balls and auditory capsules); 

their floor is formed by the trabeculae. 

F.—On the likeness and unlikeness of the skulls of the “ Urodela” and “Anura.” 

The difference between the skull of a Tadpole and that of a larval Urodele is very 

great from the first (see Phil. Trans., 1877, Plates 22-24). In the latter the tra¬ 

beculae largely embrace the huge cranial notochord, and are some time before they 

close in in front of the membranous space below the fore brain. They finish their 

cornua, in the internasal region, afterwards, and they do not finish the occipital floor; 

distinct parachordals appear there. 

The suspensorium is in them, at first, quite distinct from the trabecula, when it does 

coalesce it unites, first, with the wall of the skull, above the orbito-nasal nerve; in the 

Tadpole it is from the first continuous, as cartilage, below that nerve. Their ethmo- 

* Tlie prootics and ex-occipitals do not always arise from independent centres. 
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palatine is always a distinct cartilage and rather late in appearance ; the pterygoid 

cartilage is in the Urodele an outgrowth from the suspensorium—a little later in 

appearing; the post-palatine is a separate cartilage, also. 

The hinge for the jaw is in them, at first, just where it gets to be in the trans¬ 

forming Tadpole, when the tail is nearly absorbed ; the ceratodiyal has in that stage 

the same position it has, at first, in the embryo of the Urodele. There are no labials, 

no extra-branchials, and no spiracular cartilage in the Urodeles,* and they develop 

three or four true intra-branchial arches. 

The floor is never finished with cartilage any more than the roof; the former is 

often divided into two compartments by the persistence, for a long period, of the 

apices of the trabeculae, which keep separate from the posterior parachordal tracts. 

In one species (viz.: Ranodon sibiricus; see Wiedersheim, “ Das Kopfskelet der 

Urodelen,” plate 5, figs. 69, 70), the palato-quadrate arch becomes continuous; an 

exception similar to that of Bufo vulgaris, where it becomes segmented. 

The frontals and parietals are always long narrow bones ; the paraspheuoid is a 

broad generalised plate ; the vomers and palatines are both dentigerous ; the latter 

become strangely transposed, during metamorphosis, in the “ Caducibranchiata.” 

The quadrate ossifies of itself, and there is neither a quadrato-jugal nor a jugal; the 

bony arch of the cheek is always (as in the Anura Aglossa and Teleostei) unfinished. 

The squamosal has no postorbital process, but it lias, at times, a very distinct lower 

supratemporal process. The premaxillaries are generally double ; and sometimes there 

is only one. The maxillaries are large in the higher, but small, or even suppressed, 

in the lower, types. 

Besides the cerato-hyal, and its lower hypo-hyal segment or segments, united by 

a distinct basi-hyal, there is in the larger and some of the smaller kinds, an epi-hyal 

element, not infrequently subdivided, so as to show a “ pharyngo-hyal ” also. This 

last is found in the “ suspensorio-stapedial ” ligament, and the former in the “ liyo- 

suspensorialthe upper piece answers to the pharyngo-hyal of the Chimcera, and to 

the inter-stapedial of the Frog; the lower piece to the epi-hyal of the one, and to 

the medio-stapedial of the other.f 

Even this very imperfect comparison of the skull of the Urodeles, with what we 

have just seen in the Anura, shows how far these groups are apart, notwithstanding 

their many points of similarity ; a thorough comparison of the larval skull of the latter, 

with that of the Lamprey, will be given in my next communication, which will treat 

of the cranio-facial skeleton of that Fish. 

* In my paper on. the Urodeles (Phil. Trans., 1877, p. 587) I expressed an opinion, now found to be 

wrong, viz.: that the cartilage which in some Urodeles passes from the suspensorium to the stapes was 

the same as the “ spiracular cartilage ” of the Tadpole. 

f In Bana halecina and B. palustris (Plate 5, figs. 5 and 10) I have shown the Acipenserine 

subdivision of the Prog’s columella; of course the “inter-stapedial” is due to the normal subdivision of 

the proximal piece. 
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List of Abbreviations. 

The Roman figures indicate nerves or their foramina. 

a. Articulation. 

ale. Aliethmoid. 

al.n. Alinasal. 

al.sp. Alisphenoid. 

al.s. Aliseptal. 

ar. Articulare. 

ar.c. Articular condyle. 

a.s.c. Anterior semicircular canal. 

a.ty. Annulus tympanicus. 

au. Auditory capsule. 

a.v. Anterior velum. 

b.br. Basi-branchial. 

b.br.l. Basi-branchial lobe. 

Kh.br. Basi-hyobranchial. 

b.hy. Basi-hyal. 

b.o. Basioccipital. 

br.p. Branchial pouch. 

br.r. Branchial rays. 

c.br. Ce rato - branch ial. 

c.liy. Cerato-hyal. 

cl Visceral cleft. 

CO. Columella. 

c.pd. Condyle of the pedicle. 

c.tr. Cornu trabeculae. 

d. Dentary. 

ediy. Epi-hyal. 

e.n. External nostril. 

e.o. Ex-occipital. 

ep. Epiotic. 

e.pa. Ethmo-palatine. 

e.st. Extra-stapedial. 

eth. Ethmoid. 

eu. Eustachian pouch. 

ex.br. Extra-branchial. 

ex.Ivy. Extra-hyal. 

f Frontal. 

fm. Foramen magnum. 

A Fontanelle. 

fo. Fenestra ovalis. 

fp- Fronto-parietal: 

fty- Floor of tympanum. 

h. Heart. 

h.br. Hyo-branchial. 

b.hy. Hypo-hyal. 

h.s.c. Horizontal semicircular canal. 

h.s.l. Hyo-suspensorial ligament. 

hy.c. Hyoid condyle. 

hyf Facet for hyoid. 

i.n. Internal nostril. 

i.sp. Inter-suspensorial. 

i.st. Inter-stapedial. 

i. tr. Intertrabecula. 

iv. Investing mass. 

1. Lacrymal. 

1,1. Lower labial. 

If- Labial fontanelle. 

l.v. Lower velum. 

lx. Larynx. 

mk. Meckel’s cartilage. 

m.mk. Mento-Meckelian. 

ms.pg. Mesopterygoid. 

m.st. Mesostapedial. 

mt.pg. Metapterygoid. 

m.ty. Membrana tympani. 

mx. Maxillary. 

n. Nasal. 

na. Nasal capsule. 

nc. N otochord. 

n.f. Nasal floor. 

n.n. Nasal nerve. 

n.p. Nasal passage. 

n.px. Nasal process of premaxillary. 

n. r. Nasal roof. 

n.w. Nasal wall. 
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OG.C. Occipital condyle. px. 

o.fo. Orbital fontanelle. py- 
O.p. Oral papillae. (b 
o.r. Oval rugae. q.C. 

or.p. Orbitar process. q.j. 

o.s. Orbito-sphenoid. s.mx. 

o.s.f. Orbito-splienoidal fontanelle. s.n. 

ot.p. Otic process. s.n.l. 

p. Parietal. s.o. 
pa. Palatine. s.ob. 

pa.s. Parasplienoid. s.of 

pd. Pedicle. sp. 

pdf Facet for pedicle. sp.c. 

pd.m. Meniscus of pedicle. sq. 

p.e. Perpendicular ethmoid. s.st. 

P9- Pterygoid. st. 

pg.c. Pterygoid cartilage. st.h. 

p.mx. Palatine portion of maxillary. t.cr. 

p.n. Prenasal. tg. 

p.ob. Preorbital. t.hy. 
p.p. Palatine papilla. Ir. 
p.pcj. Palato-pterygoid. t.tij. 

pr.o. Prootic. tyf 
pr.pa. Pre-palatine. U.l1' 3 

p.rh. Pro-rhinal. U.la' b. 

p.s.c. Posterior semicircular canal. V. 

pt.o. Pterotic. vb. 

pt.pa. Post-palatine. vs. 

p.v. Posterior velum. 

MDCCCLXXXI. 2 M 

Premaxillary. 

Pituitary region. 

Quadrate. 

Quadrate condyle. 

Quadrato -j ugal. 

Septo-maxillary. 

Septum nasi. 

Subnasal lamina. 

Supraoccipital. 

Superorbital. 

Suborbital fenestra. 

Suspensorium. 

Spiracular cartilage. 

Squamosal. 

Supra-stapedi al. 

Stapes. 

Stylo-liyal. 

Tegmen cranii. 

Tongue. 

Thyro-hyal. 

Trabecula. 

Tegmen tympani. 

Tympanic floor. 

Permanent upper labials. 

Temporary upper labials. 

Vomer. 

Vestibule. 

Blood vessel. 
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PLATE 1. 

Figures. 

Humber of 

times 
magnified. 

1 (p. (19) Youngest Tadpole of Pseudis paradoxa (A).—First larva; 

length, 10 g’ inches; head and body, 3^- inches; tail, 

7 inches; greatest width of ditto, 4 inches; depth of 

* 

body, 2f inches; hind legs, inch. South America . Nat. size. 

2 Mouth of same.. 2 

3 (p. 22) Panel pipiens (A).—Youngest larva; length, 5 inches; 

tail, 3 inches; hind legs, ^ inch. North America. 

(Undissected palate) .. Q3. 
d4, 

4 The same. Floor of mouth undissected ...... 64> 
5 The same. Section of head (vertical) with brain removed Q3 

64> 
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PLATE 2. 

Number of 
Figures. times 

magnified. 

I (p. 69) Skull of Tadpole of Pseudis pavadoxa (A).—Upper view 2f 
2 The same. Lower view. 2| 

3 The same. End view .. 2 

4 Section of occipital arch, below. 8 

5 (p. 19) Skull of Tadpole of Rana clamata (A).—First larva; 

length, 3^ inches; tail, 2 inches; hind legs, 5 lines. 

Cambridge, Mass., U.S. Upper view. 5 

6 The same. Lower view .. 5 

7 The same. Part of lower arches. 5 

8 (p. 22) Hyoid and branchial arches of larva of Rana pipiens (B). 

—Length, 3-f inches; tail, 2^ inches; hind legs, f inch. 

Upper view. 5 
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PLATE 3. 

Figures. 
Number of 

times 
magnified. 

1 (p. 22) Skull of Tadpole of Rana pipiens (B).—Second larva. 

Upper view. Si. 
°4 

2 The same. Lower view. J4 

3 The same. Side view. rl 
'>4 

4 (p. 30) Skull of Tadpole of Rana pipiens (C).—Third larva; all 

the legs free, and tail lessening rapidly. Upper view . 4l 
^2 

5 The same. Lower view.. . 4L 
^2 

6 The same. Side view. 4L 
^2 

7 1st of a series of transversely vertical sections of the same 9 

8 2nd section.. 9 

9 3rd section. 9 

10 4th section... 9 

11 5 th section. 9 

12 6th section.. . 9 

13 7th section. 9 
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PLATE 4. 

Figures. 

Number of 

time3 
magnified. 

1 (p. 29) Skull of Rana clamata (B).—Second larva; 3 inches 5 

lines long; tail, 2f inches; hind legs, ly inch; fore legs 

hidden. Upper view. 5 

2 The same. Lower view. 5 

3 Hyo-branchials of the same. Upper view. 5 

4 The same; showing junction of 1st extra- with 1st intra- 

branchial. 10 

5 (p. 33) Skull of Rana clamata (C).—Third larva; length, 3f 

inches; tail, inch; all the legs free. Upper view . 5 

6 The same. Lower view ... . 5 

7 The same. Lower jaws and lower labials. Upper view . 5 

8 (p. 34) Skull of larva of Bull-frog (? species).—Body with clouded, 

ornate patches; entire length, If inch; tail, f inch; all 

the legs large and free. India. Upper view.... 5 

9 The same. Lower view. 5 

10 Lower arches of same. Upper view. 5 
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MR. W. K. PARKER ON THE SKULL IN THE BATRACHIA. 

PLATE 5. 

Figures. 
Number of 

times 
magnified. 

1 (p. 37) Skull of Rana halecina.— Immature male; length If inch. 

North America. Upper view, with investing bones 

removed from right side. 5 

2 The same. Lower view. 5 

3 Mandible of same. Side view. 5 

4 Half of hyo-branchial plate of same. 5 

5 The same. Columella and stapes. Outer view.... 10 

6 (p. 35) Skull of Ranapolustris, Cambridge, Mass., U.S.—Newly 

metamorphosed; 11 lines long. Upper view, with 

investing bones removed from right side. 71 

7 The same. Lower view. 71 
' 2 

8 The same. Mandible. Side view. 71 
' 2 

9 The same. Hyo-branchials. Upper view. 7JL 

10 The same. Columella and stapes. Outer view. 15 

11 (p. 43) Skull of Rana pygmcea.—Adult male; f inch long. Ana- 

mallays Mountains, Malabar, S.W. India. Upper view. 10 

12 The same. Lower view. 10 

13 The same. Mandible. Outer view. 10 

14 The same. Hyo-branchials (half). 10 

15 The same. Columella and stapes. Outer view.... 20 
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MR, W. K. PARKER OK THE SKULL IN THE BATRACHIA. 

PLATE 6. 

Figures. 
Number of 

times 
magnified. 

1 (p. 45) Skull of Rana tigrina.—Adult female; 5^ inches long. 

Ceylon. Upper view. 2 

2 The same. Lower view. 2 

3 The same. Side view. 2 

4 The same. Hyo-branchials. Upper view. 2 

5 The same. Stapes and columella. Outer view .... 4 

6 (p. 40) Skull of Rana gracilis.—Adult male; 1^ inch long. 

Ceylon. Upper view. 6f 

7 The same. Lower view. 6f 

8 The same. Mandible. Outer view. Ai 
°3 

9 The same. Hyo-branchials (half). °3 

10 The same. Stapes and columella. Outer view.... 20 

11 (p. 41) Mandible of Rana cyanophlyctis (adult, see Plate 10). 

Outer view.. 0— °3 

12 The same. Stapes and columella. 20 
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MR. W. K. PARKER ON THE SKULL IN THE BATRACHIA. 

PLATE 7. 

Number of 
Figures. times 

magnified. 

1 (p. 48) Skull of Rana hexadactyla.—Adult female; 5^- inches 

long. Ceylon. Upper view. 2 

2 The same. Lower view. 2 

3 The same. Side view. 2 

4 The same. Hyo-branchials. Upper view. 2 

5 The same. Stapes and columella. Outer view .... 4 

6 (p. 50) Skull of Rana Kuhli.—Almost adult male; 2^ inches 

long. Ceylon. Upper view. 4 

7 The same. Lower view. 4 

8 The same. Side view. 4 

9 The same. Hyo-branchials (half). 4 

10 The same. Stapes, columella, and annulus tymjpanicus. 

Outer view. 8 
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MR. W. K. PARKER ON THE SKULL IN THE BATRACHIA. 

PLATE 8. 

Figures. 
Number of 

times 
magnified. 

1 (p. 53) Skull of Rana pipiens.—Adult; 6 inches long. North 

America. Upper view. 2 

2 The same. Lower view.. 2 

3 The same. Side view. 2 

4 The same. End view. 2 

5 The same. Hyo-branchials (part). 2 
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MR. W. K. PARKER ON THE SKULL IN' THE BATRACHIA. 

PLATE 9. 

Figures. 
Number of 

times 
magnified. 

1 (p. 30) Skull of Tadpole of Rana pipiens (C).—Third larva (con- 

tinued from Plate 3). Lower view. ^2 
2 Part of same object. 4l ^2 
3 Part of “ extra-brancliial ” cartilages of the same . 41 ^2 
4 8 th section of same stage of skull (continued from 

Plate 3) . 9 
5 9th section. 9 
6 10th section. 9 

7 (p. 53) Skull of adult Rctna pipiens (continued from Plate 8).— 
Part of lower view. 

8 The same. Auditory region. Side view. 3 
9 The same. Stapes and columella. Outer view .... 3 

10 The same object. Inner view. 3 
11 The same skull. Front view of auditory region .... 3 

12 The same. Suspensorium. Lower view. 3 
13 The same object. Obliquely upper view. 3 
14 Paid of same object. Inner view. 3 
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MR. W. K. PARKER OK THE SKULL IK THE BATRACHIA. 

PLATE 10. 

Figures. 
Humber of 

times 
magnified. 

1 (p. 83) Skull of Pseudis paradoxa (E).—Old male ; 2* inches long. 

Surinam. (Hyrtl’s prepn. inMus. Coll. Surg., England) 

Upper view. 4 

2 The same. Lower view. 4 

3 The same. Side view. 4 

4 The same. Stapes and columella. Outer view .... 8 

5 (p. 69) Skull of Pseudis paradoxa (A).—First larva. Side view 2 

6 Hyo-branchial arches of the same (half). Upper view . 2 

7 (p. 41) Skull of Puna cyanophlyctis.—Adult male ; If inch long. 

Ceylon. Upper view. 6f 

8 The same. Lower view. 6f 

9 The same. Hyo-branchials (half). 6f 

10 The same. Columella and stapes. 13* 
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MR. W. K. PARKER ON THE SKULL IN THE BATRACHIA. 

PLATE ll. 

Number of 
Figures. times 

magnified. 

1 (p. 73) Skull of Pseudis paradoxa (B).—Second larva; 7 inches 

long ; tail, 4f inches ; greatest width of tail, 2 inches ; 

hind legs, 3 inches ; fore legs hidden. Upper view . 3 

2 The same. Lower view. 3 

3 The same. Side view.. 3 

4 The same. Hyoid, and part of branchial arches. Upper 

view. 3 

5 Upper part of branchial pouches of the same. Q o 

6 (p. 75) Skull of Pseudisparadoxa (C). ■—Third larva; tail, 5 inches 

long ; greatest width of tail, l\ inch ; all the legs large 

and free. Upper view . . 6 

7 The same. Lower view. 6 

8 Slice of auditory region of the same. Outer view . 12 

9 The same object. Inner view. 12 
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ME. W. K. PAEKEE ON THE SKULL IN THE BATEACLIIA. 

PLATE 12. 

Figures. 
Number of 

times 
magnified. 

1 (p. 75) Skull of the Pseudis paradoxa (C).—Third stage. Side 

view. 6 

2 (p. 78) Skull of Pseudis paradoxa (D).—Fourth larva; tail, 

3 inches long; greatest width of tail, 7 lines; all the 

legs large and free. Upper view. 6 

3 The same. Lower view. 6 

4 The same. Side view. 6 

5 Hyo-branchials of the same skull. Upper view 6 

6 Slice from auditory region of the same skull. Outer view 12 

7 The same object. Inner view. 12 
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MR, W. K. PARKER OK THE SKULL IN THE BATRACHIA. 

PLATE 13. 

Figures. 
Number of 

times 

magnified. 

1 (p. 86) Skull—with investing bones only partially drawn—of 

Gomphobates - ? sp.—Adult (?); 10 lines long. 

Paver Plate. Upper view. 9 

2 The same. Lower view. 9 

3 Mandible of same. Lower view. 9 

4 Hyo-branchials (half) of the same. 9 

5 Slice from auditory region of the same. Outer view . 15 

6 The same object. Inner view. 15 

7 (p. 60) Skull of Rana - ? sp.—Adult female; 1 inch long. 

Lagos. Upper view. 8 

8 The same. Lower view. 8 

9 The same. Mandible. Lower view. 8 

10 The same. Hyo-branchials (half). 8 

11 The same. Stapes and columella. Outer view .... 16 

12 The same. Premaxillaries and permanent upper labials. 

Inner view. 16 
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MR. W. K. PARKER OK THE SKULL IK THE BATRACHIA. 

PLATE 14. 

Humber of 
Figures. times 

magnified. 

1 (p. 66) Skull of Pyxicephalus rufescens.—Adult male; 1 inch 

5 lines long. India. Upper view. 6f 

2 The same. Lower view. 61 

3 Inferior arches of' the same. 61 

4 Annulus, columella, and stapes of the same. 

5 (p. 62) Skull of Tomopterna breviceps (A).—Female; half-grown; 

1^ inch long. South India. Upper view. 61 

6 The same. Lower view .. 61 

7 Lower jaw of same. Upper view. 61 

8 Hyo-branchial plate (half). 61 

9 Fore part of skull of the same. Lower view. 15 

10 Part of auditory capsule of the same, with stylo-hyal, 

columella, and stapes. 131 
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MR. W. K. PARKER OK THE SKULL IN THE BATRACHIA. 

PLATE 15. 

Figures. 
Number of 

times 
magnified. 

1 (p. 63) Skull of Tomopterna breviceps (B). —Adult female; 2 inches 

long. Ceylon. Upper view. 4 
o The same. Lower view. 4f 
3 The same. Side view'"'. 4f 
4 Hyo-branclrials of the same. 4f 
5 Fore part of skull of Pyxiceplialus rufescens. Lower view 8 

6 (p. 105) Skidl of Tadpole of Camariolius tci-wianiensis (?) (B).— 

Tadpole ; f inch long; legs, of an inch. Australia. 

Upper view. 991 ^2 
7 The same. Lower view. 221 

8 (p. 190) Hyo-branchials of Pelodryas cerulceus (see Plate 34) . 4 

9 (p. 194) Hyo-branchials of Pliyllomedusa bicolor (see Plate 34) H 

* Meckel’s cartilage is lettered cl, by mistake, in this figure. 
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MR. W. K. PARKER ON THE SKULL IN THE BATRACHIA. 

PLATE 16. 

Number of 
Figures. times 

magnified. 

1 (p. 93) Skull of Cystignathus ocellatus (var) (C).—Adult male; 

5-g- inches long. Dominica. Upper view. 2 

2 The same. Lower view. 2 

3 The same. Side view. 2 

4 The same. Hyo-branchials. 2 

5 The same. Stapes and columella. 4 

6 (p. 95) Skull of Cystignathus typhonius.—Adult female; It? inch 

long. Porto Pico, West Indies. Upper view . 51 
J3 

! 7 The same. Lower view. J3 

8 The same. Lower jaw. fjl 
J3 

9 The same. Hyo-branchials. 5* 
10 The same. Stapes and columella. 10f 
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MR. W. K. PARKER OK THE SKULL IN THE BATRACHIA. 

PLATE 17. 

Number of 

Figures. times 
magnified. 

1 (p. 89) Skull of Tadpole of Cystignathus ocellatus (?) (A).—2-g- 

inches long ; tail, ] J- inch ; hind legs not visible. Podsio 

—a tributary of Bio dos Macacos—above the Falls, 

Brazils, May, 1865. (A. Agassiz.) Upper view . 8 
2 The same. Lower view .. 8 
3 Mandibles and lower labials of the same. Upper view . 8 

4 Hyo-branchials of the same. Upper view. 8 

5 (p. 91) Skull of larger larva of the same gathering (B); 3^ inches 

long ; tail, 2^ inches; hind legs 1 line. Upper view . 6 

6 The same. Lower view .. 6 

7 Mandibles and lower labials of the same. 6 

8 (p. 92) Skull of Tadpole of Cystignathus.-? sp.—Length, 

1 inch; tail, f- inch ; hind legs, 1 line. Lake Jannarg, 

Manaoo, Brazils. Upper view. 12 

9 The same. Lower view. 12 
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MR. W. K. PARKER ON THE SKULL IN THE B ATRAC HI A. 

PLATE 18. 

Eigures. 

Number of 
times 

magnified. 

1 (p. 97) Skull of Pleurodema Bibronii—Adult female; If inch 

long. Chili. Upper view. ft A 
°3 

2 The same. Lower view.. 6f 
3 The same. Mandible and hyo-branchials- (half). Upper 

view ... 6f 
4 The same. Columella and stapes. Outer view .... 13f 

5 (p. 99) Skull of Lymnodynastes tasmaniensis.—Adult female; 

if inch long. Tasmania. Upper view. 6f 
6 The same. Lower view.. 6| 
7 The same. Mandible and hyo-branchials (half). Upper 

view. ft 2 
°3 

8 Auditory region of the same, with stapes and columella. 

Outer view. 13f 
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MR. W. K. PARKER OK THE SKULL IK THE BATRACHIA. 

PLATE 19. 

Kumber of 
Figures. times 

magnified. 

1 (p. 102) Skull of Camariolius tasmaniensis (?) (A).—Adult female : 

f inch long. Australia. Upper view. 10 

2 The same. Lower view. 10 

3 The same. Mandible. Upper view. 10 

4 The same. Hyo-branchials (half). 10 

5 The same. Stapes and columella. Outer view .... 20 

6 (p. 158) Skull of Rappia bicolor.—Adult female ; f inch long. 

Dog-trap Road, Paramatta, Australia. Upper view 8 

7 The same. Lower view. 8 

8 Hyo-branchials of same (half). 8 

9 The same. Fore part of chondrocranium. Lower view . 16 

10 The same. Stapes and columella. Inner view .... 24 

11 (p. 182) Skull of Litoria marmorata.—Adult male ; inch long. 

Australia. Upper view. 5J 

12 The same. Lower view. KI 

13 The same. Mandible. Upper view. 5i J3 

14 The same. Hyo-branchials. Tipper view. 51 

15 The same. Stapes and columella. Outer view .... 10f 

16 Part of same object. Side view. iof 
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MR. W. K. PARKER OK THE SKULL IK THE BATRACHIA. 

PLATE 20. 

Figures. 
Kumber of 

times 
magnified. 

1 (p. 107) Skull of Oyclorliamphus marmoratus.—Adult female ; if 

inch long. Yinco Caya, Peruvian Andes, 16,000 feet 

high. Upper view. 4f 
2 The same. Lower view.. 4f 
O 
O The same. Side view. 4 
4 The same. Hyo-branchials. Upper view. 4f 

5 The same. Pedicle and part of skull; left side. Upper 

view. qi 
y 3 

5a Part of same object—ossified meniscus. H 
6 The same skull. Stapes, columella, and annulus. Outer 

view. H 
7 (p. 112) Skull of Discoglossus pictus.—Adult male; 2f inches 

long. South Europe. Upper view. 4* 

8 The same. Lower view. 4| 

9 The same. Mandible. Outer view. 4f 

10 The same. Hyo-branchials (half). 41 

11 The same. Stapes and columella. Outer view .... 14 
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MR. W. K. PARKER ON THE SKULL IN THE BATRACH1A. 

PLATE 21. 

Figures. 

Number of 
times 

magnified. 

1 (p. 122) Skull of Calyptocephalus Gayi (A). — Adult female; 

5-^ inches long. Chili. Upper view ...... 2 

2 The same. Lower view .. 2 

3 The same. End view. 2 

4 The same. Hyo-branchials. Upper view. 2 

5 The same. Stapes and columella. Outer view .... 4 

6 Part of columella. Side view.. 4 



Ph il, . Trans. 1881. Plate* 21 

PS.C 

o.c.c 

S.Tl'u 

'PoU uLnab. £.1VesfiJT U6fv 
WestlfewrrixiTi- &C? imp. 







MR. W. K. PARKER OK THE SKULL IK THE BATRACHIA. 

PLATE 22. 

Figures, 
Humber of 

times 
magnified. 

1 (p. 122) Skull of adult Calyptocephalus Gayi (A).—End view . 2 

2 (p. 127) Skull of Tadpole of the same species (B).—4f indies long; 
tail, 2| inches; hind legs, inch. Upper vdew . 5 

O o The same. Lower view. 5 

4 The same. Mandible and lower labials. Lower view . 5 

5 The same. Hyo-branchials of left side. Upper view . 5 

G (p. 110) Skull of Tadpole of Cyclorhamphus culms.—3^ inches 
long; tail, 2 inches; hind legs, 7 lines. Puno, Lake 
Titacaca, Peru. Upper view. 5 

7 The same. Lower view. 5 

8 The same. Mandibles and lower labials. Lower views . 5 

9 The same. Hyo-branchials of left side. Upper view. 5 
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ME. W. K. PARKER OK THE SKULL IK THE BATRACHIA. 

PLATE 23. 

Humber of 

Figures. times 
magnified. 

1 (p. 114) Skull of Pelodytes punctatus.—Adult male; Ik inch long. 

Europe. Upper view .. 6f 

2 The same. Lower view .. 6f 

3 The same. Mandibles and hyo-branchials. Lower view . 6f 

4 The same. Stapes and columella. Outer view .... 13* 
5 (P-117) Skull of Xenophrys monticola.—Adult male ; 3 inches long; 

length of hind leg, 4| inches. Darjeeling. Upper view 3* 
6 The same. Lower view .. 3* 
7 The same. Side view. 3* 
8 The same. Hyo-branchials (half) . .. H 
9 The same. Fore part of chondrocranium. Lower view . H 

10 The same. Stapes and columella. Outer view .... 6f 
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MR. W. K. PARKER OK THE SKTJLL IN THE BATRACHIA. 

PLATE 24. 

1 

Figures. 

Number of 

times 
magnified. 

1 (p. 131) Skull of Alytes obstetriccins.—Adult female ; 1 inch 10 lines 

long. Europe. Upper view ......... 4l 
^2 

2 The same. Lower view.. 41 

3 The same. Mandible. Outer view. 41 

4 The same. Hyo-branchials. Lower view. ..... 41 
^2 

5 The same. Stapes and columella. Outer view .... 9 

6 (p. 134) Skull of Ilyperolius marmoratus.—Adult female ; 1|- inch 

long. Paramatta, Australia. Upper view. 71 

7 The same. Lower view.. 71 

8 The same. Side view. 71 

9 The same. Hyo-branchials (half) ........ 71 

10 The same. Stapes and columella. Outer view .... 15 
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MR. W. K. PARKER ON THE SKULL IN THE BATRACHIA. 

PLATE 25. 

Figures. 
Number of 

times 
magnified. 

i (p. 136) Skull of Bombinator igneus.—Adult female ; If inch long. 

Europe. Upper view. 6 

2 The same. Lower view. 6 

3 The same. Mandibles and hyo-branchials. Upper view . 6 

4 The same. Auditory region. Outer view. 12 

5 (p. 139) Skull of Pelobates fuscus.—Adult male ; 2 inches 5 lines 

long. Europe. Upper view. 4' 

6 The same. Lower view. 4 

7 The same. Side view. 4 

8 The same. End view. 4 

9 The same. Hyo-branchials. Upper view. 4 

10 The same. Mandible. Outer view. 4 

11 The same. Auditory region. Outer view. 6 
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MR. W. K. PARKER ON THE SKULL IN THE BATRACHIA. 

PLATE 26. 

Figures. 

1 (p. 144) 

5 (p. 147) 

6 

7 

Skull of Polypedates chloronotus.—Adult male; 2 inches 

long. India. Upper view. 

The same. Lower view. 

The same. Mandible. Upper view. 

The same. Hyo-branchials (half). Tipper view . 

Skull of Rhacopdiorus maximus.—Adult male; 3^ inches 

long. North India, Upper view. 

The same. Lower view. 

The same. Side view. 

The same. Hyo-branchials. Upper view. 

The same. Stapes and columella. Outer view.... 

Number of 

times 
magnified. 

5- 

J3 

J3 

H 
H 
n 
H 

61 
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MR. W. K. PARKER ON THE SKULL IN THE BATRACHIA. 

PLATE 27. 

Figures. 
Number of 

times 
magnified. 

1 (p. 145) Skull of Polypedates maculatus.—Adult male; 2 inches 

1 line long. India. Upper view. 

2 The same. Lower view. H 
3 The same. Mandibles and hyo-branchials. Upper view. H 
4 The same. Stapes and columella. Outer view .... 10* 

5 (p. 149) Skull of Ixalus variabilis.—Adult female; 1 inch 1 line 

long. Ceylon. Upper view. °3 

6 The same. Lower view. (U °3 

7 The same. Mandibles and hyo-branchials. Upper view. °3 









MR, W, K. PARKER ON THE SKULL IN THE BATRACHIA. 

PLATE 28. 

Figures. 
Number of 

times 
magnified. 

1 (p. 150) Skull of Hylarana malabarica.—Young; § inch. long. 
India. 10 

2 The same. Lower view. 10 
3 The same. Mandibles and hyo-branchials. Upper view . 10 
4 The same. Stapes and columella. Outer view .... 20 
5 Hind part of fig. 1.. . 20 

6 (p. 155) Skull of Rappia -'l sp.—Adult female; -f inch long. 
Lagos. Upper view. 10 

7 The same. Lower view.. 10 

8 The same. Mandibles and hyo-branchials. Tipper view . 10 
9 The same skull. Fore part of chondrocranium. Upper 

view. 20 

10 The same skull. Stapes and columella. Outer view . 20 
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MR. W. K. PARKER OK THE SKULL IK THE BATRACHJA. 

PLATE 29. 

Figures. 
Humber of 

times 
magnified. 

1 (p. 152) Skull of Hylarana temporalis.—Adult male; 2 3- inches 

long. Ceylon. Upper view. 4 

2 The same. Lower view. 4 

3 The same. Mandible. Outer view. 4 

4 The same. Hyo-branchials. Upper view. 4 

0 The same. Stapes and columella. Outer view .... 8 

6 (p. 149) Ixalus variabilis. Stapes and columella. Outer view 8 

7 (p. 160) Skull of Hylodes martinicensis.—Adult female ; 1\ inch 

long. Martinique. Upper view. 6 

8 The same. Lower view. 6 

9 The same. Mandible. Outer view. 6 

10 The same. Hyo-branchials. Upper view. 6 

11 The same. Stapes, columella, and annulus. Outer view. 
. 

12 
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MR. W. K. PARKER ON THE SKULL IN THE BATRACHIA. 

PLATE 30. 

Figures. 
Number of 

times 
magnified. 

1 (p. 164) Skull of Acris PicJceringii (A).—Adult female ; 10 lines 

long. Cambridge, Mass., U.S. Upper view 10 

2 The same. Lower view. 10 

3 The same. Lower jaw .. 10 

4 The same. Hyo-branchials. 10 

5 The same. Stapes and columella. 20 

6 (p. 167) Skull of Acris PicJceringii (B).—Larva, 1 inch 2 lines 

long; tail, § inch ; hind legs, ^ inch. Same locality. 

Upper view. 10 

7 The same. Lower view. 10 

8 (p. 180) Skull of Tadpole of Hyla-? sp.—1 inch long ; hind 

legs, 5 lines. Pdo Janeiro. Upper view. 15 

9 The same. Lower view. 15 

10 (p. 188) Skull of Tadpole of Nototrema marsv/piatum (B).—Larva, 

2■§• inches long ; tail, 1^ inch ; hind legs, 13 lines. South 

America. Upper view. 71 

11 The same. Lower view. 71 

12 The same. Mandibles and lower labials. 71 

13 The same. Hyoid bar. 71 
' 2 
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MR, W. K. PARKER OK THE SKULL IK THE BATRACHIA. 

PLATE 31. 

Figures. 
Humber of 

times 
magnified. 

1 (p. 169) Skull of Hyla Ewingii.—Adult female ; id inch long. Van 

Diemen’s Land. Upper view. 6 

2 The same. Lower view. 6 

3 The same. Mandibles and hyo-branchials. Upper view . 6 

4 The same. Front part of chondrocranium. Upper view. 12 

5 The same. Stapes, columella, and annulus. Outer view. 12 

6 (p. 171) Skull of Hyla phyllochroa.—Adult female ; 1 inch 5 lines 

long. Cape York, Australia. Upper view .... 6 

7 The same. Lower view. 6 

8 The same. Mandibles and hyo-branchials. Upper view. 6 

9 The same. Stapes, columella, and stylo-hyal. Inner view 12 
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ME. W. K. PARKER OK THE SKULL IK THE BATRACHIA. 

PLATE 32. 

Figures. 
Humber of 

times 
magnified. 

Up. 173) Skull of Ilyla arborea.—Adult male; 1^- inch long. 

South Europe. Upper view.. 7- 

2 The same. Lower view. 7A 
' 5 

3 The same. Mandibles, and hyo-branchial arches. Upper 

view.. H 

4 The same. Anterior part of chondrocranium. Lower 

view .. 14f 

5 The same. Stapes and columella. Outer view .... 14f 

6 (p. 175) Skull of Ilyla albomarginata.—Adult female ; 2^ niches 

long. Brazils. Upper view. 

7 The same. Lower view. 

8 The same. Mandibles, and hyo-branchial arches. Upper 

view.. 

9 The same. Stapes and columella. Outer view (inverted) CO
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MR. W. K. PARKER OK THE SKULL IK THE BATRACHIA. 

PLATE 33. 

Figures. 
Humber of 

times 
magnified. 

1 (p. 184) Skull of Nototrema marsupiatum (A).—Adult male; 

if- inch long. South America. Upper view .... °3 
2 The same. Lower view.. °3 

3 The same. Side view .. J3 
4 The same. Hyo-brancliials. Upper view ..... J3 

5 The same. Stapes and columella. Outer view .... 16 

6 (p; 178) Skull of Hyla rubra.—Adult male; 1 inch 11 lines long. 

South America. Upper view .. J 3 

7 The same. Lower view.. J3 

8 The same. Mandible. Outer view. °3 

9 The same. Hyo-branchials. Tipper view. J3 

1° The same. Stapes and columella. Outer view .... 16 

11 The same objects. Inner view .. 16 
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MR. W. K. PARKER OK THE SKULL IN THE BATRACHIA. 

PLATE 34. 

Eigures. 
Number of 

times 
magnified. 

1 (p. 190) Skull of Pelodryas cerulceus.—Adult male; 3 inches long. 

New South Wales. Upper view. 3f 
2 The same. Lower view............ 3f 
•3 The same. Side view .. 3f 
4 The same. End view (more than half) ...... 3f 
5 The same. Stapes and columella. Outer view .... n 
6 The same objects. Inner view.. 7— 

7 (p. 194) Skull of Phyllomedusa bicolor.—Adult female; 3-| inches 

long. Santarem, Paver Amazon, South America. 

Upper view... 3 

8 The same. Lower view. 3 

9 The same. Side view.. 3 

10 The same. Stapes and columella. Outer view .... 6 

11 

1 - 

The same. Suspensorium and squamosal. Side view . 3 
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MR. W. K. PARKER OK THE SKULL IK THE BATRACHIA. 

PLATE 35. 

Figures. 

Humber of 
times 

magnified. 

1 (p. 198) Skull of Bufo pantherinus.—Adult female; 4^ inches long. 

Africa. Upper view .. 2| 

2 The same. Lower view. 2f 

3 The same. Side view. 
2 

4 The same. Stapes and columella. Outer view .... J3 

5 Stapes and columella of Bufo chilensis (A).—Adult male; 

3 inches long. Arequipa, Peru. Outer view •H 

6 The same. Ethmoidal region. Lower view. 2f 

7 (p. 201) Skull of Bufo melanostictus.—Half-grown male; 2^ inches 

long. India. Upper view. 4 

8 The same. Lower vi ew. 4 

9 The same. Side view. 4 

10 The same. Stapes and columella. Outer view .... 8 

11 The same objects. Inner view. 8 
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MR. W. K. PARKER OK THE SKULL IN THE BATRACHIA. 

PLATE 36. 

Number of 

Figures. times 
magnified. 

1 (p. 202) Skull of Bufo agua.—Old female; 6-t inches long. South 

America. Upper view.. 2 

2 The same. Lower view. 2 

3 
1 

4 

The same. Side vieAv.. 

Auditory region and suspensorium of a younger female; 

O 
xj 

5 inches long. Back view .......... 9 2 
“ 3 

5 Hyo-branchials of same species. Upper view .... 2 

6 The same. Stapes and columella. Outer view .... 6 

7 Part of skull of old specimen ; antorbital region. Hind 

view (oblique)... 4 

8 (p. 216) Anterior facial bones and cartilages of Bufo ornatus.— 

Adult female ; 2^ inches long. South America. Inner 

view. 14 

9 The same object [part). Outer view. 14 

10 The same skull. Stapes and columella. Outer view . 14 
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MR. W. K. PARKER ON THE SKULL IN THE BATRACHIA. 

PLATE 37. 

Figures. 

1 
Number of 

times 
magnified. 

1 (p. 21G) Skull of Bufo ornatus (same as in Plate 36).—Upper view 4f 
2 The same. Lower view. 

3 The same. Side view. 4f 
4 The same. Hyo-branehials. Upper view. A O 

4f 

5 (p. 219) Skull of Otilophus margaritifer (A).—Half-grown female ; 

1^ inch. Venezuela. Upper view. 

6 The same. Lower view .. 

7 The same. Side view .. H 
8 The same. Hyo-branchials. Upper view. ..... 

9 The same. Stapes and columella. Outer view .... lot 

10 The same objects. Inner view. 101 
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MR. W. K. PARKER ON THE SKULL IN THE BATRACHIA. 

PLATE 38. 

Ntflnber of 

Figures. times 
magnified. 

1 (p. 221) Skull of Oiiloplius margciritifer (B).—Adult female; 

2§ inches long (Hyktl’s prepn., Mus. Coll. Surg., Eng¬ 

land). Brazils. Side view.. 4 

2 The same. End view. 4 

3 The same species ; half-grown (same as in Plate 37). End 

view of skull .. J3 

4 (p. 210) Lower jaw of Bufo lentiginosus.—Young (same as in 

Plate 39). Upper view. 10 

5 (p. 198) Hyo-branchials of Bufo pantherinus (same as in Plate 35). 

Upper view. 2— z3 

6 (p. 201) Hyo-branchials of Bufo melanostictus (same as in Plate 35). 

Upper view. 4 

7 (p. 206) Skull of Tadpole of Bufo chilensis (B).—Total length, 

f inch; tail, inch; hind legs, inch. Arequipa, 

Peru. Upper view. 15 

8 The same. Lower view. 15 

9 (p. 207) Skull of Tadpole of Bufo lentiginosus (A).—| inch long; 

hind legs, yU inch long. Penekese Island, Mass., U.S. 

LTpper view. ]0 

10 The same. Lower view. 10 
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MR. W. K. PARKER ON THE SKULL IN THE BATRACHIA. 

PLATE 39. 

Figures. 

■ 

Number of 
times 

magnified. 

1 (p. 222) Skull of Rhino derma Darwinii.—Adult male ; 1 inch long. 

Chili. Upper view. 8 

2 The same. Lower view. 8 

3 The same. Side view. 8 

4 The same. Fore part of endocranium. Lower view . 16 

5 The same. Auditory region and suspensorium. Outer 

view. 16 

6 The same. Hyo-branchials. 8 

7 (p. 210) Skull of Bufo lentiginosus (B).—Young male; inch 

long; Penekese Island, Mass., U.S. Upper view . 10 

8 The same. Lower view. 8 

9 The same. Auditory region and suspensorium. Outer 

view. 
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MR. W. K. PARKER OK THE SKULL IN THE BATRACHIA. 

PLATE 40. 

Number of 
Figures. times 

magnified. 

1 (p. 213) Skull of Bufo calamita.-—Adult female; 2§ inches long. 

England. Upper view .. 4 

2 The same. Lower view ........... 4 

3 The same. Mandible. Outer view.. 4 

4 The same. Hyo-branchials. Upper view. 4 

5 The same. Columella and stapes. Outer view .... 8 

6 (p. 237) Skull of Phyrniscus Icevis.—Adult female ; 1-f inch long. 

Ecuador. Upper view.. 6 

7 The same. Lower view. 6 

8 The same. Side view. 6 

9 The same. Hyo-branchials. Lower view. 6 

10 Phryniscus varius (same as in Plate 41).—Part of fore 

face, showing pro-rhinals, &c. Inner view. 20 
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MR. W. K. PARKER ON THE SKULL IN THE BATRACHIA. 

PLATE 41. 

Figures. 
Number of 

times 
magnified. 

1 (p. 233) Skull of Phryniscus cruciger.—Adult male ; If inch long. 

Interior of Brazils. Upper view. 8 

2 The same. Lower view. 8 

3 The same. Side view. 8 

4 The same. Mandibles and hyo-branchials. Upper view . 8 

5 The same. Stapes and columella. Outer view .... 16 

6 (p. 236) Skull of Phryniscus varius.—Adult female ; If inch long. 

Costa Rica. Upper view. 6f 
7 The same. Lower view. 6f 

8 The same. Side view . . 6f 

9 The same. Mandibles and hyo-branchials. Upper view. 6.! 
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MR. W. K. PARKER ON THE SKULL IN THE BATRACHIA. 

PLATE 42. 

Figures. 

Number of 

times 
magnified. 

1 (p. 230) Skull of Pseudopliryne Bibronii.—Adult female; 1 inch 

long. New South Wales. Upper view. 9 

2 The same. Lower view . . 9 

3 The same. Mandibles and hyo-branchials. Upper view. 9 

4 The same. Part of palate. 18 

5 The same. Auditory region and suspensorium of a male ; 

§ of an inch long. Outer view. 18 

6 The same object. Inner view. 18 

7 Hinder part of base of skull of female. Upper view . 18 

8 (p. 225) Skull of Diplopelma ornatum, vel rubrum.—Adult male ; 

11 lines long. India. Upper view. 9 

9 The same. Lower view. 9' 

10 The same. Stapes and columella. Outer view .... 18 
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MR. W. K. PARKER OK THE SKULL IN THE BATRACHIA. 

PLATE 43. 

Figures. 
Number of 

times 
magnified. 

1 (p. 227) Skull of Diplopelma Berdmorei ( ().—Adult female ; 1 inch 

1 line long. Moulmin, Tenasserim. Upper view . 9 

2 The same. Lower view. 9 

3 The same. Mandible. Outer view. 9 

4 The same. Hyo-branchials. Lower view. 9 

5 The same. Stapes and columella. Outer view .... 18 

6 Mandibles and hyo-branchials of Diplopelma ornatum, 

vel rubrum (same as in Plate 42). Lower view . 9 

7 (p. 240) Skull of Engystoma carolinense.—Adult male; 11 lines 

long. Florida. Upper view. 12 

8 The same. Lower view. 12 

9 The same. Mandible. Outer view. 12 

10 The same. Hyo-branchials. Lower view. 12 

11 The same. Suspensorium, annulus, columella, and stapes. 

Outer view.. 24 

11a The same. Sectional views of stapes. 24 
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MR. W. K. PARKER OK THE SKULL IX THE BATRACHIA. 

PLATE 44. 

, Humber of 
Figures. times 

magnified. 

1 (p. 247) Skull of Hylaplesia tinctorici.—Adult female; 1^ inch 

long. South America. Upper view. 7l 
' 2 

2 The same. Lower view. 71 
' 2 

3 The same. Side view. n 
4 The same. Mandibles and hyo-branchials. Upper view . H 
5 The same. Fore part of endocranium. Lower view . 74- 

G Part of nasal region of the same. Inner view .... 15 

7 The same. Suspensoriuin, columella, and stapes. Outer 

view. 15 

8 (p. 243) Skull of Callula pulchra.—Adult female ; 2-f inches long. 

Pegu. Upper view. 4 

9 The same. Lower view. 4 

10 
The same. Side view. 4 

11 The same. Hyo-branchials. Lower view. 4 

12 The same. Columella and stapes. Outer view .... 8 
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[Plates 45, 46.] 

In the course of my researches into the structure of the cochleae of various Mammals 

and Birds, I have been frequently struck with the marked dissimilarities displayed in 

these two forms of the organ. For this reason I naturally became anxious to examine 

it in a Monotreme, and to find, if possible, some links in structure between these two 

cochleae. 

I therefore made inquiries for specimens of the Ornithorhynchus platypus among my 

Australian friends, and, after a year or two’s patience, succeeded in obtaining several 

skulls of that animal in an excellent state of preservation. These have enabled me to 

make some researches into the morphological and microscopical structure of this cochlea, 

the results of which I trust will be deemed worthy of the consideration of the Ptoya.l 

Society. 

Morphology. 

That part of the bony labyrinth which constitutes the cochlea of this animal consists 

of a somewhat curved tube, about 5 inch (6'3 millims.) in length and -2^ inch 

(1*26 millim.) in diameter, projecting from the cavity of the vestibule and embedded 

in the substance of the petrous bone near its anterior extremity (see Plate 45, fig. 1). 

This tube is directed almost horizontally forwards and is slightly curved outwards, 

its apex forming a little projection on the outer border of the petrous bone close to its 

pointed end. 

In section this tube is of an oblong form at its commencement, vestibular end, with 

its greatest measurement inch or 2 millims.) from top to bottom (see Plate 45, 

fig. 3). A little further forwards it becomes triangular, but soon it assumes its general 

oval-shape with its greatest diameter inch or 1T5 millim.) from side to side 

(see Plate 45, fig. 2). The tube terminates in a slightly enlarged rounded extremity, 

which, however, is not spherical but flattened from top to bottom. Its greatest diameter 

(from side to side) is fr inch or P7 millim. This enlargement is due to the partial 
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270 DR, U. PRITCHARD OH THE COCHLEA 

The lower surface of the lamina slopes upwards and inwards from the floor of the 

tube, curving round so as to become almost parallel to the upper surface. It also 

terminates in a sharp edge the lower lip of the marginal sulcus ; this lower lip projects 

much further inwards than the upper. 

The free margin of the lamina is deeply grooved, forming the sulcus just alluded to. 

The lamina ossea does not extend to the apex of the cochlea, but terminates before¬ 

hand in a curved border, which forms part of the boundary of the oval communication 

between the scala vestibuli and tympani. As the lamina approaches its anterior 

termination it gradually loses its wedge-shape and ceases to be attached to the outer 

wall of the tube ; so that at- last it simply consists of a plate springing from the floor 

and curving- round so as to become horizontal at the limbus. 
o 

The substance of this lamina ossea is modified bone, like the lamina spiralis ossea of 

typical Mammals. It is not so dense as ordinary bone, and chiefly consists of what 

may be called ossified stellate fibrous tissue. It is well supplied with blood vessels, 

which have a tendency to become tortuous. The substance of the limbus is again 

modified, being more homogeneous in structure and not unlike the matrix of hyaline 

cartilage ; moreover, its surface is deeply grooved transversely, giving it a dentate 

appearance, the free edges of the teeth forming the sharp upper lip of the marginal 

sulcus. 

Through the lamina, close to its lower surface, run the bundles of nerve fibres on 

their way to the organ of Corti ; these will be described further on. 

From this brief description it will be seen that the lamina ossea agrees entirely in 

structure and position with the lamina spiralis ossea of the ordinary Mammal. 

The Scala Media or Ductus Cochlece.—This constitutes the membranous labyrinth of 

the cochlea. Taken as a whole it is a triangular tube rather more than ^ inch in 

length which is coiled round at the apex of the cochlea, and is connected posteriorly 

with the saccule of the vestibule by means of a circular tube with very delicate 

membranous walls, in a manner that I have not completely made out. As already 

mentioned, it is triangular in section. The floor or base of the triangle is formed by 

the limbus of the osseous lamina and by the membrana basilaris, which stretches from 

the lower lip of the marginal sulcus to the ligament of the cochlea. This ligament is 

a large cushion of connective tissue adherent to the inner wall of the cochlea, and 

forms the inner boundary of the scala media. The third and upper side of the triangle 

is formed by the delicate membrane of Reissner, which stretches from the upper part 

of the ligament to the upper surface of the osseous lamina, being attached just where 

the elevation of the limbus commences. 

The whole of the inner surface of the scala is lined with epithelium, which is vari 

ously modified according to its position,—that part of this epithelium which lies on 

the central portion of the floor being developed into that complex form of nerve 

epithelium known as the organ of Corti. 

The membrana basilaris is a strong membrane made up of three layers. The lower 
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consists of fibres running lengthways, in the direction of the scala ; these fibres have 

spindle-shaped nuclei, which present a rounded appearance like the nuclei of epithelium 

when seen in transverse sections of the cochlea. The next layer, the thickest, is 

more homogeneous in appearance, its component fibres run transversely from the lower 

lip of the marginal sulcus to the ligamentum cochleae with which they blend. The 

upper layer is simply composed of one layer of fine fibres covering the inner part of 

the second layer; these are continuous with the rods of Corti, to be described later. 

The ligamentum cochleae is a large cushion of connective tissue, somewhat triangular 

in section; its inner surface is closely adherent to the wall of the cochlea, and its 

outer one is raised up into two horizontal ridges one above the other. The lower is 

pointed and situated opposite the lower lip of the sulcus; to this ridge the membrana 

basilaris is attached : the upper is rounded off, corresponds and is opposite to the 

upper lip of the sulcus. The grove between may be called the secondary sulcus. 

The connective tissue of the ligament is made up chiefly of fine interlacing fibres, 

but those composing the lower ridge are much coarser and transparent, they radiate 

from the point of attachment of the membrana basilaris. The whole substance of the 

ligament is very vascular. 

The membrane of Reissner is composed of a very delicate basement membrane, 

which is exceedingly difficult to demonstrate, and a layer of cells on each side—those 

on the outer or upper side being the endothelial cells of the scala vestibuli, and those 

on the inner or under side the epithelial cells lining the scala media. These epithelial 

cells are hexagonal in form and arranged in a single layer; they are much thicker than 

the endothelial cells, and have larger nuclei. 

Here and there on the upper surface of the membrane of Reissner are found blood¬ 

vessels, which pass across from the lamina to the ligament, and in certain spots a 

blood-vessel becomes convoluted so as to form an elevated knot (see Plate 46, fig. 7). 

The epithelium lining the Scala Media.—That portion which lines the membrane of 

Reissner has just been described, and if the cells of this layer be traced downwards 

on to the limbus they will be seen to become more rounded in form. At first they 

cover the surface of the limbus, but presently they are seen dipping down into 

the grooves between the teeth of the limbus, getting deeper and deeper, and thus 

entering the marginal sulcus without covering the teeth at all. The cells lining the 

sulcus and outer part of its lower lip are still rounded, but before arriving at the 

point of the lower lip the cells become entirely altered so as to form the organ 

of Corti, which will be described later. On the other side of the organ of Corti the 

epithelium is cuboid, and in this form it lines the inner part of the membrana basilaris 

and the surface of the ligamentum cochleae to a little beyond the upper ridge. From 

this point to the attachment of the membrane of Reissner the epithelium is 

peculiarly modified, and is traversed by numerous blood-vessels which chiefly run 

longitudinally (to the cochlea) ; this is the stria vascularis. 

The shape of these epithelial cells is irregular, somewhat resembling transitional 
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epithelium but packed closer together. Numerous blood-vessels traverse the layer 

but never appear quite on the free surface. As the form of epithelium, which 

is modified so as to receive the terminations of special nerves, is called “nerve 

epithelium/’ that of the stria vascularis might, I think, be very appropriately called 

“ vascular epithelium.” 

The epithelial lining has now been traced back to the membrane of Reissner, 

and thus right round the tube, with the exception of the organ of Cortt, which 

has now to be described. 

As the organ of Corti of the Ornithorynchus (see Plate 46, fig. 6) closely resembles 

that of the ordinary Mammal, which I described in a paper read before this Society in 

1876,* I propose to give merely a brief sketch of its structure, and later on to note 

how it differs from the typical Mammal. 

The organ of Corti consists of two rows of rods separated from each other below, 

and united at their upper extremities, thus forming with the membrana basilaris, on 

which they stand, a triangular tunnel. 

Each of the rods have enlarged upper and lower extremities ; the latter are similar 

in both rods, being simply enlarged feet. But the form of the upper extremity differs 

in the two rows ; in the rods of the outer one it is oblong, with a delicate process pro¬ 

jecting inwards from its upper part. The upper extremity of the inner rods is more 

rounded and fits into a shallow concavity of the head of the outer rod. From 

the upper part of these inner rods there is also a delicate process projecting inwards 

and lying below that of the outer rod. The shafts of both rows of rods are cylindrical 

and of equal size. 

On each side of the rods are arranged rows of cells, there being a greater number on 

the inner side (the side next to the ligamentum cochleae). The most important 

of these are the hair or bristle cells which are arranged in four rows ;t one row to the 

outer side of the outer rods, and three rows to the inner side of the inner rods. 

These bristle cells are elongated with flattened upper extremities and rounded lower 

ones; their outline is well defined, and they contain a well-marked rounded nucleus ; 

from their summit projects a row of four or five bristles. 

* ‘ Proc. Roy. Soc.,’ vol. xxiv., p. 346. See also— 

U. P., “ Structure and Function of the Rods of the Cochlea,” ‘Monthly Micros. Journ.,’ 1873. 

U. P., “ Development of the Organ of Corti,” ‘Journ. of Anat. and Phys.,’ vol. xiii. 

Waldeyer, “ The Cochlea,” Stricker’s ‘Histology,’ vol. iii. 

Lavdowsky, “ Untersuch. ii. d. Akustichen Endapparat. d. Saugeth.,” ‘Archiv. Micros. Anat.,’ p. 497, 

Bd. xiii., 1877. 

Bietxcher, “ Ueber Entwick. u. Bau des Gehorlaby. u. Untersuch. a. Saugeth.,” Nova Acta, Leopold. 

Acad., Bd. xxxv. 

Gottstein, “ U. d. fein. Bau u. d. Entwick. d. Gehorschnecke d. gaugeth.,” ‘Archiv. f. Micros. Anat.,’ 

Bd. viii., p. 145. 

Winiwarter, “Untersuch. ii. d. Gehorschn. d. Saugeth.,” ‘Wien. Akad. Sitzber.,’ Bd. lxi., 1 Abth., 

p. 683, 1870. 

f See postscript for the account of an additional row. 
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A reticulate membrane covers and is closely adherent to the upper surface of the 

rod heads, and extends outwards and inwards over the summits of the bristle cells—- 

the bristles passing through rounded meshes of the membrane. This membrana 

reticularis is made up of one row of circular meshes (annulse) to the outer side of the 

rods, and on the inner side three alternating rows of annulse with elongated meshes 

(phalanges) between. 

Passing downwards from the inner portion of the membrana reticularis to the 

membrana basilaris we find three or four rows of fibres (trabeculae), which run almost 

parallel to the inner rods, and are attached to the latter membrane by enlarged feet 

very like those of the rods. Between these trabeculae and below the level of the 

bristle cells are three or four rows of nuclear cells—that is to say, cells with well- 

marked nuclei, but apparently no cell-walls; these are the cells of Deiters. 

In each of the lower angles of the triangular tunnel is situated a row of nuclear 

cells similar to the cells of Deiters, and to the outer side of the outer rods are a 

number of these nuclear cells lying on the under lip of the sulcus. 

The inner and outer boundary of the organ is formed of irregular columnar cells 

(the supporting cells), which are the transitional link between the ordinary epithelial 

layer and the nerve epithelium proper. 

The nerve filaments which come through a row of holes on the upper surface of the 

lower lip of the sulcus (habenula perforata), pass into the organ of Corti, and no 

doubt terminate in the nuclear cells and bristle cells ; but this point I have not been 

able to demonstrate in the Ornithorhynchus. 

To complete the description of the ductus cochlese there only remain its commence¬ 

ment and termination to be considered. The former I have not yet been able to trace 

out, but with the latter I have been more fortunate. 

The organ of Corti and the rest of the lamina membranacea is not continued further 

forwards than the end of the lamina ossea; but the ductus does not terminate here, 

for it is continued round the circumference of the spheroidal extremity of the bony 

tube, and ends in an enlarged cul-de-sac close to the base of the lamina ossea. Thus 

the ductus makes a turn of about three-quarters of a complete circle at the apex of 

the cochlea tube. This will be better understood by referring to the drawing (Plate 

45, fig. 1), where it will be seen that the ductus almost completely surrounds the oval 

communication (helicotrema) between the scalse tympani and vestibuli. 

At the end of the lamina ossea, where the ductus commences to curve round, a 

complete change takes place in the shape and walls of the membranous labyrinth. It 

first becomes contracted into a circular tube, and after passing the extreme apex of the 

cochlea it enlarges again into an ovoid chamber—the lagena (see Plates 45, 46, figs. 4, 5). 

The walls of this chamber are formed by a thick layer of dense connective tissue, 

lined internally by a single layer of epithelium. The cells of this epithelial layer are 

for the most part cuboid, but near the further end of the lagena a patch of nerve 
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epithelium is found ; this patch extends round the chamber, but is broader on its 

inner wall. 

This nerve epithelium is very similar to that of the maculae acusticae of the saccule 

and utricle'"'; thus it consists of a deep layer of small rounded cells connected with a 

superficial layer of ciliated ones—thorn cells and bristle cells. These are covered by a 

perforated cuticular membrane, through which the bristles and thorns pass ; the whole 

is surmounted by a loose mucoid mass, into which the thorns and bristles project, and 

which no doubt contain otoliths in the fresh stated 

The last bundles of the cochlear nerve pass forwards to supply this acoustic spot, 

and terminate in the nerve epithelium in the same manner as in the saccule and 

utricle of the vestibule. 

The course of the cochlear branch of the auditory nerve.—This passes through the 

substance of the bone a little to the outer side of the cochlea tube, and just above the 

level of the floor. As it proceeds forwards it gives off lateral bundles of fibres to the 

lamina ossea, its terminal bundles going to the lagena in the manner just described. 

Tracing these lateral bundles they soon enter and pass out of a ganglion, which 

consists of bi-polar nerve-cells, and is situated in the broad base of the osseous lamina 

at its commencement, but further and further inwards as it is traced forwards to its 

anterior end. The fibres from the ganglion collect again into bundles which divide 

and subdivide, uniting and reuniting so as to form a plexus; in this manner they 

pass through the lower portion of the lamina until the lower lip of the sulcus is 

reached. This is pierced with a single row of holes (habenula perforata), so that the 

nerve filaments may pass into the organ of Corti. At this point the fibres lose their 

myeloid sheaths, the axis cylinder alone entering the nerve epithelium. 

Comparison of interior of the cochlea of the Duckbill with that of the 

typical Mammal. 

As regards the scabe vestibuli and tympani the following differences are to be 

noted. In the ordinary Mammal there is not so much difference in size between the 

scala vestibuli and scala tympani, except at the base of the cochlea, where the latter is 

the larger. Again, the size of both seal® diminishes from base to apex of the cochlea 

in conformity with the general diminishing spiral. 

In the Duckbill the scala vestibuli is throughout larger than the scala tympani; 

and whereas the former diminishes its size, and alters its shape from the com¬ 

mencement to the end of the cochlea, the latter is throughout of the same size and 

shape. 

The Scala Media.—The scala media or ductus cochleae in the typical Mammal is a 

triangular tube, almost equilateral at its commencement at the base of the cochlea. 

* ‘ Quarterly Journal of Microscopical Science,’ p. 397, 1876. 

f In my specimens tlie acid decalcifying fluid lias dissolved out the otoliths. 
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But on proceeding up the spiral, the floor becomes broader and the height lessened, so 

that the acute angle formed by the membrane of Reissuer and the lamina spiralis 

becomes more and more acute. These changes in form are not nearly so marked in 

the Ornithorhynchus; the membrana basilaris does get broader and broader, but not 

nearly in the same degree as in the typical Mammal. As regards the peculiar changes 

in the organ of Corti, such as the lengthening of the rods, &c., which are so marked in 

the spiral cochlea, they are the same, but less marked in the Ornithorhynchus so far 

as I have been able to trace them out. 

In the membrane of Reissner of this Monotreme the epithelial cells are thicker 

than in the typical cochlea; but the great feature of difference is the presence of 

blood-vessels running across the membrane from lamina to ligament, forming here and 

there convoluted knots. These I have never found in any other Mammal, nor have 

they been described in this situation as far as I am aware. 

The ligamentum cochleae of the Duckbill, both as regards its shape and structure, 

scarcely differs at all from that of the typical Mammal; and the same may be said of 

the stria vascularis and its other epithelial lining. 

The lamina spiralis ossea, with its limbus and sulcus, present no special points of 

difference. The same may be said of the membrana basilaris, with this slight 

exception—that whereas in the ordinary Mammal one large blood-vessel (the vas 

spirale) runs through its lower stratum just below the rods of Corti, in the Duckbill 

two small vessels are generally to be found (see Plate 46, fig. 6)—one in the usual posi¬ 

tion, and the other a little further inwards (towards the ligament). 

The organ of Corti itself differs very slightly from that of the ordinary cochlea. 

There are the same number of rows of bristle cells as are found in the lower Mammals,* 

namely, one on the outer side of the rods and three on the inner. The trabeculae are 

thicker, and their feet larger than usual; so much so, that the lower part of the first 

trabeculum may be easily mistaken for the foot of the inner rod. 

The rods of Corti are somewhat different; they stand more upright, so that the 

tunnel is not so wide ; the extremities are not so well developed, the feet being smaller 

and the heads not so broad. I have not been aide to make even an approximate 

calculation of the number of rods or bristle cells, but there must be a much fewer 

number of these in the Duckbill’s cochlea than in that of the ordinary Mammal. 

The course taken by the cochlear nerve and its branches differ in no essential points 

from those of the typical Mammal. There is in the former a ganglion very similar in 

relative position and component cells to the ganglion spirale. The only differences are 

that, whereas in the spiral cochlea the nerve trunk necessarily runs at right angles to 

the lamina spiralis, in this cochlea it runs parallel to the corresponding lamina; and 

that in the Duckbill the terminal branches pass to supply a lagena, an organ not found 

in the ordinary Mammal. 

* In the primates there are five and six rows of bristle cells in the upper part of the spiral, as pointed 

out in my paper above cited. 

MDCCCLXXXI. 2 O 
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The last and most important difference is the presence of this lagena at the end of 

the membranous labyrinth (ductus) of the Monotreme’s cochlea. Nothing approaching 

it has ever been found in the spiral Mammalian cochlea, although a very similar con¬ 

dition is found at the apex of the Bird’s, as will be described later on. This little 

addition in the Duckbill forms another of the many links between the Mammal and 

Bird found in this peculiar animal. 

A brief sketch of the Bird's cochleawill now be necessary before any satisfactory 

comparison can be made, and it must be borne in mind that the cochlea of the Amphibia 

and Beptilia is similar in type, though less highly developed, to that of the Bird. 

As already stated, the bony labyrinth of the Bird’s cochlea is a slightly curved 

tube with an enlarged anterior extremity; within this is contained another more or 

less complete framework of dense connective tissue, cartilaginous in consistence, and 

very similar in structure to the so-called cartilage of the eyelid. 

At the vestibular extremity of the tube this cartilaginous framework consists of two 

pieces, one on each side of the tube, named, from their shape, the quadrilateral and 

triangular cartilages (see Plate 46, fig. 8). 

Stretching across the cochlea and joining these two is a strong membrane (membrana 

basilaris), and thus the tube is divided into two, which for convenience of description 

and clearness of comparison may be called the scala tympani and the ductus cochleae. 

These are not of equal size in any part of the cochlea tube; the upper or ductus 

cochleae being the larger even at the commencement, and the lower or scala tympani 

becoming smaller and smaller until it quite disappears by ending in a cul-de-sac before 

the enlarged anterior extremity, the lagena, is reached. 

On tracing the two cartilages forwards their triangular and quadrilateral forms 

become, first, more marked and then they increase in size. Not only do they enlarge 

generally, but their upper and lower margins extend further and further round the 

circumference of the tube until they meet both above and below; thus forming a 

complete cartilaginous tube, which is somewhat loosely adherent to the bony wall by 

means of connective tissue. 

As this cartilaginous tube is being completed, the scala tympani is gradually 

encroached upon, until it is entirely filled up by the cartilage, which at length also 

displaces the membrana basilaris ; thus there is only a single scala at the anterior end 

of the cochlea. Before the disappearance of the scala tympani the quadrilateral and 

triangular plates begin to diminish in thickness and gradually lose their characteristic 

forms, until in the lagena the cartilaginous tube becomes of equal thickness all round. 

The roof of the ductus is membranous; and this membranous roof is not a simple 

arch, but is re-duplicated into a number of longitudinal (to the tube) folds of some 

thickness, which in many Birds fill up the greater part of the interior of the ductus 

* This description has been taken from my own observations, which confirm most of the statements of 

Hasse and Meter. 
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(see Plate 46, fig. 8). This is called the tegmentum; it is a very vascular membrane, 

lined with large, rounded, granular, pigmented, epithelial cells, intermixed with some 

very transparent ones. 

Tracing the epithelial layer down to the triangular cartilage on one side, and the 

quadrilateral cartilage on the other, the cells change their character. Those lining 

the upper surface of the triangular cartilage and the adjacent portion of the membrana 

basilaris become transitional or cuboid in shape, with well marked nuclei. Those 

covering the upper surface of the quadrilateral cartilage are columnar, and of these 

there are two kinds. The contents of those nearer to the tegmentum are peculiar, 

resembling in appearance the matrix of ordinary cartilage, and this is readily coloured 

by staining agents. Further onwards, where the surface of the cartilage curves 

downwards to come to the level of the membrana basilaris, these cells are replaced by 

other columnar cells, the contents of which are very transparent. These are again 

succeeded by the mass of nerve epithelium, which may be termed the organ of Cortt. 

The organ of Corti is a broad band of nerve epithelium, resting partly on the upper 

surface of the quadrilateral cartilage and partly on the adjacent portion of the 

membrana basilaris. 

This organ of Corti consists chiefly of two layers of cells. One set is composed of 

nuclear cells (as described in the Mammalian organ of Corti) which lie on the 

membrana basilaris and surface of the quadrilateral cartilage. The other layer is 

situated at the surface of the organ ; the cells of this layer have distinct outlines, are 

rounded or elongated, have distinct nuclei, and they each bear on their summit a 

short thorn. These thorns are formed of several short bristles united together, and 

they project through holes in a membrane which limits the organ, and which is very 

similar to the membrana reticularis of the maculte acusticse and serving the same 

purpose. 

From this membrana reticularis . pass down numerous fibres or trabeculae to the 

membrana basilaris, binding the two membranes together. 

Covering the whole organ and also some of the columnar cells of the quadrilateral 

cartilage is a thick mucoid layer into which the thorns project; this mucoid layer is 

the membrana tectoria. 

The cochlear branch of the auditory nerve runs along the tube, first in the scala 

tympani and then in the substance of the quadrilateral cartilage. It gives off fibres 

all the way up, which immediately enter ganglionic cells, and then pass upwards 

towards that part of the upper surface of the cartilage on which the organ of Corti 

lies. 

Here the fibres pierce and enter the organ, not by a single row of perforations but 

by numerous apertures throughout the whole width of this portion of the quadrilateral 

cartilage. From these perforations nerve filaments pass in a radiating manner to the 

upper row of cells (hair cells), and possibly also to the lower cells, but their exact 

distribution has not been made out. 

2 o 2 
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At the enlarged extremity (lagena) of the cochlea tube, which is entirely occupied 

by the membranous labyrinth, the lining is considerably modified, and a large patch of 

nerve epithelium is found, quite distinct in character and separate from the organ of 

Corti. This nerve epithelium is made up of cells exactly like those found in the 

macula acustica of the vestibule of Mammals* and Birds, i.e., with the alternating 

long bristles and thorns which project from the surface into a mucoid mass containing 

otoliths. The terminal branches of the cochlear nerve pass forwards to this patch of 

nerve epithelium, and terminate in the same manner as in the macula acustica of the 

vestibule. 

The interior of the cochlea of the Ornithorhynchus compared with that of the Bird. 

The differences between these two are so great that it will be well first to notice 
© 

the homologous and analogous parts in each, and then to consider the similarities and 

dissimilarities. 

In examining the drawings Nos. 2 and 8, it will be at once evident that the lamina 

ossea of the Ornithorhynchus (and other Mammals) corresponds to the quadrilateral 

cartilage of the Bird, and that the Mammalian ligamentum cochleae is represented in 

the Bird by the triangular cartilage. Also, that whereas the lower division or scala 

tympani of each corresponds, the ductus cochleae of the Bird occupies the whole of the 

upper division, and therefore corresponds to the scala vestibuli and scala media (or 

ductus cochleae) of the Mammal. On more minute examination, the peculiar folded 

tegmentum of the Bird will be found to take the place of the stria vascularis and 

membrane of Reissner of the Mammal; and by carrying the examination into the 

foetal condition, the peculiar hyaline columnar cells of the quadrilateral cartilage will 

be found homologous with the teeth of the Mammalian limbus, which is represented 

in the early foetus by very similar cells. 

Dissimilarities in the Bird's cochlea:— 

The absence of the scala vestibuli and membrane of Reissner. 

The gradual tapering and final termination in a cul-de-sac of the scala tympani. 

The cartilaginous condition of the structure corresponding to the Mammalian 

ligament. 

The cartilaginous condition of the structure which corresponds to the lamina ossea. 

The cartilaginous tubular formation towards the apex of the cochlea. 

The tegmentum, with its folds and peculiar pigmento-granular cells. 

The absence of the marginal sulcus. 

The absence of the rods of Corti. 

The large number of rows of hair cells. 

The matting together of the hairs into a sort of spine. 

The numerous perforations for the passage of nerve filaments into the organ of 

Corti. 
* ‘ Quarterly Journal of Microscopical Society,’ October, 1876. 
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Lastly, the ductus cochleae is almost straight in the Bird, whereas in the typical 

Mammal it is spiral, and even in the Ornithorhynchus it is coiled round at the apex. 

Similarities:— 

The membrana basilaris and membrana tectoria are very much alike in both types of 

cochlea. Also the mode of distribution of the nerves, including the ganglionic mass. 

But more important than these is the presence of a lagena with its vestibular-like 

nerve epithelium, which is found at the apex of the cochlea both in the Ornitho- 

rhynchus and the Bird, but not in that of the typical Mammal. 

General resume. 

1. That although the general form of the cochlea tube of the Ornithorhychus is like 

that of the Bird (as it is almost straight and of equal size throughout, instead of 

being a tapering spiral), yet its internal arrangement and microscopical structure is 

unmistakably Mammalian in type. 

2. That the acoustic apparatus of the organ of Corti is not nearly so extensive as 

in typical Mammals, nor do the various minute structures forming it appear to be so 

well developed. 

3. That the cochlea of the Ornithorhynchus possesses an addition (the lagena) to 

its membranous labyrinth which is also found in the Bird, but which is not found in 

the ordinary Mammal. And thus the presence of this lagena may be looked upon as 

another of the many links between the Bird'"' and Mammal which are found in this 

Monotreme. 

Mode of preparation adopted in this research. 

For obtaining thin sections of this cochlea I made use of the same mode of 

procedure as described in my paper on the organ of Corti in Mammals, read before 

this Society in 1876, which is briefly as follows :— 

The tissues were hardened in an alcoholic solution of chromic acid; the bone 

decalcified in a dilute (f per cent.) solution of nitric acid aided by almost constant 

movement of the tissue, by means of an ordinary meat roasting-jack. 

Saturated with gum-water, then dehydrated in alcohol, imbedded in parafin, cut by 

a razor in a Stirling’s machine. Variously stained and mounted. 

In order to obtain a correct idea of the relation of the parts, I mounted the sections 

of certain cochleae in their proper order throughout; this I did with sections cut 

transversely and longitudinally, in the former case cutting the cochlea into about 120 

sections, and in the latter making about 10 thicker ones. By this means, aided by 

* Bat it must be borne in mind, as already stated, that the Bird’s cochlea is similar to that of Reptiles 

and Amphibians ; and therefore this lagena is really a link between the cochlea of the higher and lower 

vertebrates, and not merely between that of the Mammal and Bird. 
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unsoftened preparations filed down, I was able to get a very clear demonstration of the 

relative position of the parts. 

But all these methods, and in fact the whole research, would have failed had it not 

been for the very prompt and careful manner in which the skulls were prepared and 

preserved before they were sent over to England, and for which kindness I desire here 

to offer to my Australian friends my sincere and heartfelt thanks. 

Description of Plates. 

Fig. 1. Longitudinal section through Duckbill’s cochlea. X barely 20 diameters. 

1. Opening into vestibule. 

2. Apex, or anterior extremity of cochlea. 

3. Helicotrema, the communication between the scake tympani and 

vestibuli. 

4. Cavity of lagena ; (-*—tube connecting it with ductus c-ochlese. 

5. Upper surface of lamina ossea. 

6. Upper surface of organ of Corti, (a) membrane of Beissner covering 

organ of Corti, &c., (a') ditto turned back. 

7. Ligamentum cochleae cut through. 

Fig. 2. Transverse section through Duckbill’s cochlea (middle), from No. 27 of series. 

X 75 diameters. 

1. Scala tympani. 

2. Scala vestibuli. 

3. Scala media or ductus cochleae. 

4. Lamina ossea, (a) nerve with ganglion. 

5. Ligamentum cochleae, (c) blood-vessels, (b) stria. 

6. Membrane of Beissner. 

7. Organ of Corti, (cl) membrana tectoria, (e) membrana basilaris, (f) 

marginal sulcus. 

Fig. 3. Transverse section through Duckbill’s cochlea (vestibular end), from No. 38 of 

series. X 22 diameters. 

1. Scala tympani. 

2. Scala vestibuli. 

3. Scala media or ductus cochleae. 

4. Lamina ossea. 

5. Ligamentum cochleae. 

6. Membrane of Beissner. 

7. Membrana basilaris. 
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Fig. 4. Transverse section through Duckbill’s cochlea (apex), from No. 13 of series. 

X 22 diameters. 

1. Scala tympani. 

2. Scala vestibuli. 

3. Scala media or ductus cochleae. 

4. Lamina ossea, (a) ganglion. 

5. Ligamentum cochleae, (b) stria vascularis. 

6. Membrane of Reissner. 

7. Membrana basilaris. 

8. Cavity of lagena. 

Fig. 5. Transverse section through lagena of Duckbill’s cochlea, from No. 13 of series. 

X 100 diameters. 

1. Cavity of lagena. 

2. Scala vestibuli. 

3. Nerve epithelium. 

4. Nerve fibres. 

5. Mucoid mass. 

Fig. 6. Transverse section of organ of Corti of Duckbill, built up from several 

specimens. X 400 diameters. 

1. Scala tympani. 

2 Scala media or ductus cochleae. 

3. Lamina ossea, (a) nerve. 

4. Membrana basilaris, (6) blood-vessels, corresponding to vas spirale. 

5. Triangular tunnel. 

6. Marginal sulcus. * 

7. Outer rod of Corti. 

8. Inner rod, (c) trabeculae. 

9. Inner hair cells. 

10. Outer hair cell. 

11. Cells of Deiters. 

12. Extra row of hair cells. 

Fig. 7. Transverse section of lamina ossea (Duckbill) showing a blood-vessel passing 

up on to the membrane of Reissner. X 150 diameters. 

1. Limbus of lamina ossea. 

2. Membrane of Reissner. 

3. Blood-vessel. 

4. Blood-vessel forming a knot. 

Fig. 8. Transverse section through middle of the Magpie’s cochlea. X 75 diameters. 

1. Scala tympani. 

2. Ductus cochleae. 

3. Quadrilateral cartilage, (a) blood-vessels. 
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4. Triangular cartilage. 

5. Nerve, (b) ganglionic cells, (c) fibres passing through cartilage. 

6. Tegmentum, (e) folds. 

7. Organ of Corti, (f ) membrana basilaris, (g) membrana tectoria, (d) 

bone. 

Postscript. 

(Added January 26, 1881.) 

To prevent misunderstanding, it may be as well to state that the object of this 

memoir being the description of the cochlea of the Ornithorhynchus and its comparison 

with that organ in the ordinary Mammal and Bird, I have purposely omitted the 

description of these last, except where necessary for such comparison. 

Very complete descriptions of these will be found in Quain’s ‘ Elements of Anatomy,’ 

8th edition, vol. ii., for the Mammal; and in Paul Meyer’s ‘ Labyrinthe Mem- 

braneux du Limagon chez les Reptiles et les Oiseaux, 1876’ (published by 

J. B. Bailliere et Fils, Paris), for the Bird and lower vertebrates. 

Since presenting this memoir I have discovered a second row of hair cells to the 

outer side (corresponding to inner side of ordinary Mammals) of the rods of Corti 

(see Plate 46, 12, fig. 6, ^). 

This is the only animal in which I have seen an additional row of hair cells in this 

position; nor, indeed, am I aware of such a peculiarity having been noticed by other 

observers in any form of cochlea. 
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[Plates 47-54.] 

In his recently-published memoir entitled “ Structure Comparee de quelques tiges 

de la Flore Carbonifere” (‘ Nouvelles Archives du Museum, 1879!), M. Penault says 

(loc. cit., p. 246) :—“ Si les Sigillaires ne sont cpie letat plus age de certains Lepido- 

dendrons, comme le pense M. Williamson, plusieurs consequences decouleront de 

cette identite. 

“ 1°- Toute Sigillaire etant representee dans son tres jeune age par un axe unique- 

rnent Lepidodendroide, nous devrons naturellement rencontrer de jeunes Lepidodendrons 

construits sur autant de types que nous aurons d’axes internes different de Sigillaires. 

En effet, en admettant le Sigillaria vascularis de M. Binney comme type de Sigillaire, 

nous aurions trois structures differentes pour les axes des jeunes Lepidodendrons 

correspondants. 

“a. Cylindre ligneux, represente par un circle continu de vaisseaux scalariformes, 

renfermant une moel le centrale parcourue par de nombreux faisceaux vasculaires egale- 

ment scalariformes. (Etat jeune du Sigil. vascularis.) 

“b. Cylindre ligneux, forme par un cercle continu de vaisseanx scalariformes, en- 

tourant une moelle n’offrant aucune trace de vaisseaux. (Etat jeune des Diploxylon.) 

D’apres M. Williamson, le A. FLawcourtii serait le representant de ce type. 

“ c. Cylindre ligneux, forme par une couronne discontinue de faisceaux vasculaires, 

scalariformes, circonscrivant une moelle depourvue de faisceaux vasculaires. (Etat 

jeune des Sigillaires des genres Favularia, Leioderma, et probablement Rhytidolepis.) 

Jusqu’a present, le second de ces types Lepidendroides seul aurait ete recontre. ” 

Having thus defined what he regards as the three distinct types of Sigillaria for 

which corresponding Lepidodendroid branches ought to be found, M. Benault 

proceeds to show what Lepidodendroid types exist according to his views. These are 

again three in number, all of which he considers to be modifications of the type of 

L. Harcourt.ii :—- 

“ 1°. Lepidodendron Rhodumnensc. 

“ 2°. „ llarcourtii. 

“ 3°. ,, Jutieri. 

2 p MUCCCLXX X I. 
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“ Dans le premier type, les rameaux et la tige sont pourvus d’un axe ligneux, forme 

de larges vaisseaux rayes sans aueune trace de tissu cellulaire interpose, les plus gros 

vaisseaux sont an centre, les plus petits a l’exterieur. 

“ Les cordons foliaires partent toujours de faisceaux vasculaires places a la peripherie 

de l’axe ligneux. En delrors on rencontre une ecorce formee d’une couche parenchy- 

mateuse, puis d’une zone de cellules prosenchyme, qui, dans les vieilles tiges, peut 

prendre un accroissement considerable, enfin d’une couche cellulaire due en grand 

partie aux coussinets des cicatrices foliaires. 

“ Dans le second type, les rameaux et la tige renferment un cylindre vasculaire 

continu entourant une moelle ; du cote de cette derniere, les vaisseaux rayes qui le 

constituent sont larges, et deviennent plus petits vers le peripherie. 

‘'Les faisceaux vasculaires, qui envoient des cordons aux feuilles sont e'galement 

places a la peripherie du cylindre ligneux ; ce cyhndre est entoure d’un tissu paren- 

chymateux assez solide, suivi d’un parenchyme corticale un peu plus lache, enfin d’un 

zone de cellules etroites plus allongees, disposees en series regulieres.” 

M. Renault’s third type, not yet described in detail, will be noticed later. I 

cannot accept these definitions as in accordance with known facts. I am prepared to 

demonstrate that we have found the Lepidodendroid representatives of his Sigillarian 

types a and b, and that, unless I much mistake, his Lepidodendron Jutieri represents 

c. I think that the young growths of the Arran Lepidodendron recorded in my last 

memoir (Memoir X., Plate 1, figs. 1, 2) correspond with M. Renault’s Lepidodendron 

Rhodumnense ; in a more advanced stage it represents his L. Harcourtii; and in its 

matured condition it becomes a Diploxyloid tree. 

In addition, M. Renault has omitted from his list of Lepidodendroid forms that 

which Binney has named L. vasculare, and which, as the following pages will demon¬ 

strate, is the Lepidodendroid representative of M. Renault’s Sigillarian group a. 

I may further notice another observation, in which M. Renault says : “ Si certains 

Lepidodendrons se transforment en Sigillaires par le fait seifi de l’age, c’est a dire par 

l’apparition plus ou moins tardive d’un bois exogene en dehors de l’axe lepidoden- 

droide, on doit admettre que 1’addition de couches ligneuses ne modifie pas la structure 

primitive, propre de cet axe, que les faisceaux vasculaires qui ont emis des cordons 

foliaires ont du conserver leur disposition particuliere et leur structure generale primi¬ 

tive. Les cordons foliaires eux-memes deja formes, et parcourant les feuilles, n’ont pas 

du changer de constitution pendant l’accroissement exogene de la tige ” {loo. cit., 

P 24")- 
I have already shown in my description of the Arran plant, as well as in some measure 

in that of the Burntisland one (Memoir III., Plate 41, figs. 1, 2, and 3 ; and Plate 42, 

fig. 9), that such changes do occur ; and I shall now have to advance evidence demon¬ 

strating not only that the vasculo-medullary elements, both cellular and vascular, do 

increase in size and number after they have been surrounded by the exogenous zone, 

but that, in like manner, the foliar vascular bundles are lengthened as the exogenous 
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zone increases in thickness, enabling them still to maintain their connexion with the 

bases of the leaves that remain attached to the growing stem, 

M. Renault represents the first of his Sigillarian types by the Sigillana vascularis 

of Mr. Binney, but which is really a state of the common Lepidodendron selagmoides. 

When M. Renault denies that a Lepidodendroid state of this supposed Sigillarian 

plant exists, he overlooks the fact that Mr. Binney long ago described and figured a 

partially decorticated specimen in this condition under the name of Lepidodendron 

vasculare.* In that memoir Mr. Binney correctly points out that the plant only 

differs from his Sigillana vascularis in the absence from the former of an exogenous 

zone. 

Fig. 1 represents a transverse section of a branch of this plant, enlarged about 

13 diameters, its actual diameter in the longer direction being nearly ‘8. In its 

centre is the vasculo-medullary axis, a, the periphery of which consists of a continuous 

zone, sharply defined externally, composed of numerous barred vessels. More intern¬ 

ally, cellular elements are interposed between these clusters of vessels, until, in the 

central portion of the axis, the vessels are either isolated or combined in very small 

groups. The medullary cells are of two kinds, as pointed out in my memoir, Part II., 

Plate 24, fig. 3. The barred or reticulate character of many of these cells affords an 

infallible guide to the identification of this plant. 

Fig. 2 represents a segment of the only specimen I have seen in which all the cortical 

tissues are preserved; for this specimen I am indebted to Mr. Cash, of Halifax. At 

a we have the periphery of the vascidar zone. At b is the innermost cortex, separable 

into three parts—an internal zone, 6, consisting of very minute cells ; a middle area, 

b', in which the cells are of larger size ; and an outer one, b", in which they exhibit a 

tendency towards a cyclical arrangement. In this zone the foliar vascular bundles, c, 

are invariably intersected, in these transverse sections, at right angles to them vertical 

course. Enclosing this endophloem we have a middle cortical layer, d, which is very 

rarely preserved, its jfface being usually vacant, as in fig. 1, d. This zone consists of 

very delicate parenchyma, the cells of which at its inner margin, d', exhibit a disposi¬ 

tion towards a radial arrangement. The vascular bundles pass through this zone in 

an oblique direction. The yet more external zone, e, is almost invariably preserved in 

these young branches. It consists of strongly-defined thick-walled cells, which 

diminish in size from within outwards—the compressed aspect of those shown at 

fig. 2, e', being obviously accidental. The smaller peripheral cells gradually pass into 

crescentic clusters of radially disposed prosenchymatous cells, f Fig. 1 demonstrates 

that these prosenchymatous or bast tissues are first developed in the convex outward 

extensions of this portion of the bark which underlie the several leaves. The latter 

organs, composed of coarse parenchyma, are seen at g, g'. At g' is the single foliar 

bundle; in each of the three leaves of fig. 1 in which this bundle appears there are 

‘ Quarterly Journal of tlie Geological Society of London,’ May, 1862, p. 110, plate 6. 

2 p 2 
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peculiar condensations, g', of the cellular tissue of the leaf. In fig. 2, g", we find a 

similar condensation of the peripheral part of the leaf through which the bundle g' 

originally passed. 

Whilst the specimens described are Lepidodendroid branches identical with the 

type a of M. Renault’s three Lepidodendroid groups, they soon acquire an exogenous 

vascular zone, fie., assume a Sigillarian organization. I am indebted to Mr. Cash, 

Mr. Spencer, and Mr. Binns, of Halifax, and to Mr. J. Aitken, of Urmston, near 

Manchester, for numerous specimens illustrating this portion of the subject. 

Fig. 3 is the vasculo-medullary axis of a specimen like figs. 1 and 2, but with the 

beginnings of an exogenous zone, h. This exogenous growth commenced at a single 

point at the circumference of the vasculo-medullary axis, from which point it extended 

laterally in opposite directions, as well as radially, until it enclosed the vasculo- 

medullary axis in a complete cylinder, composed of vascular wedges separated by 

numerous medullary rays. In the specimen fig. 3 this growth has begun opposite to 

the point x, and has extended round little more than one-thircl of the circumference of 

the medullary axis. Whilst the transverse sections of the vertical portions of the 

foliar bundles are grouped closely round the axis at c, they are separated from it at c 

by the interposition of the exogenous zone, h. Their normal position is in the innermost 

cortical layer, which is necessarily pushed outwards by the growing exogenous zone. 

Fig. 4 is a segment of another section, enlarged 12 diameters, in which a further 

exogenous development has taken place ; and fig. 5 represents the vasculo-medullary 

axis and inner bark of another section from the same specimen, enlarged 28 diameters. 

In these specimens the exogenous zone has enclosed fully two-thirds of the circum¬ 

ference of the vasculo-medullary axis. As in fig. 3, the characteristic barred cells 

of the medulla are conspicuously numerous. The details of the structure of the bark 

seen in fig. 1 reappear in fig. 4, with the one exception, that the prosenchymatous or bast 

layer, f} instead of filling small detached crescentic areas at the base of each leaf, has 

now become a thick and continuous zone. The regular continuity of its peripheral 

border, f, makes it clear that the additions to its thickness have been made to that 

periphery, and not to its inner margin where it becomes merged in the outer paren¬ 

chyma, e. In more than one of my previous memoirs I have expressed my conviction 

that this has been the case, and the examples now described appear to confirm those 

conclusions. It further appears clear that this increase in the thickness of this bast 

layer is, like the development of the exogenous zone, an indication of a corresponding 

advance in the age of the stem. The leaf g, with its single vascular bundle g', exhibits 

a similar appearance to what we see in fig. 1, g'. 

Fig. 6 represents the central axis of another stem, in which the exogenous zone has 

completely encircled the primary vasculo-medullary axis. A considerable portion of 

tire latter structure has been destroyed, I presume before mineralisation. With these 

two exceptions, this section is a repetition of fig. 5. The innermost bark, b, is now 

more or less detached from the primary vasculo-medullary axis, and encloses the 
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numerous transverse sections of tlie foliar vascular bundles, c , their more internal 

portions, c, passing almost horizontally through the exogenous zone.* 

When my memoir, Part II., was written, I was unacquainted with any further 

advance in the exogenous development of this stem than is seen in the specimens just 

described ; but it is otherwise now. The cabinets of Mr. Aitken and Mr. Cash have 

furnished me with several specimens displaying the same stem in various stages of 

further Diploxyloid growth. Fig. 7 represents one for which I am indebted to 

Mr. Aitken, enlarged nearly six diameters. The central vasculo-cellular medullary 

axis has a mean diameter of about '25.+ In another specimen in Mr. Aitken’s cabinet 

the diameter of this axis is fully '4, which is also the diameter of the same structure 

in a similar section for which I am indebted to Mr. Cash. In a series of specimens in 

my cabinet, the entire stems of which exhibit a gradual increase in size, I find that in 

the youngest, in which there is no exogenous growth, the diameter of the vasculo- 

medullary axis is '02. In the next, in which the exogenous zone has completed two- 

thirds of the circle, it is '05. In another, in which the exogenous zone has completed 

its circle, it is -1. In fig. 7 it is '25, whilst in Mr. Aitken’s and Mr. Cash’s specimens 

it has attained to '4. We thus find that this central axis steadily increases in magni¬ 

tude with the general growth and age of the branch; and an examination of the 

specimens shows further that this increase is not due to a mere enlargement of the 

cells and vessels of which this vasculo-medullary axis is primarily composed, but to an 

enormous, though gradual, increase in their number. It thus becomes evident that, 

contrary to the views of M. PlENAULT, the cells of the axis retained their genetic 

activity long after the exogenous zone was developed, and consequently the latter 

must have been capable of such interstitial changes as allowed it to expand and 

accommodate itself to the increasing diameter of the structure which it enclosed. 

The exogenous zone, h, of fig. 7 is composed of very regular, narrow, radiating wedges, 

undistinguishable, on a casual glance at the transverse section, from the similar struc¬ 

ture in a Gymnospermous branch. The medullary rays, Tc, are numerous and large, 

and nearly all of them contain more or less numerous barred cells that are elongated in 

the direction of the ray. The comparatively narrow cortical zone e is the same as the 

zone e of fig. 1, whilst the prosenchymatous zone f is now the dominant one, having 

more than four times the diameter of <?, as well as being four times thicker in propor¬ 

tion than the same zone is even in fig. 4. I have frequently had occasion to point out 

the remarkable tendency displayed, both by the Calamitean and Lepidodendroid plants 

of the Coal-measures, to the extension of this prosenchymatous zone of the bark, which 

has here played the part of a periderm. 1 

* In illustration of these peculiarities of direction, see figs. 33 and 34 of my Memoir IX. The vertical 

direction which they follow, close to the exterior of the vascular medullary axis in the non-exogenous 

state, is equally transferred to the exterior of the exogenous cylinder when that structure first makes its 

appearance and when, by age, it has attained to large dimensions. 

t These measurements are in fractional parts of an inch. 

X This portion of the bark in fig. 7 is not devoid of further interest- 1 long ago ascertained that 
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Ill my memoir, Part III., Plate 43, fig. 19, I represented a section of a young 

dichotomising branch of the Burntisland Lepidodendron, in its young state, in which 

the vascular cylinder had divided into two horseshoe-shaped portions, and in fig. 20 of 

the same plate is shown a similar subdivision of the same plant in the more advanced 

Diploxyloid stage of growth. Fig. 8 represents a young branch of Lepidodendron 

selaginoides dividing in a similar manner. Each of the two halves of the vascular 

axis exhibits the usual horseshoe-shaped contour, the innermost cortical cells, b", 

intervening between the two becoming contiguous to and intermingled with the 

medullary ones. The whole of the cortical elements and foliar-vascular bundles seen 

in this specimen are identical with those represented in figs. 5 and 6 ; but whilst at 

the upper side of the half, A, of the vascular axis we have the crescentic beginnings 

of an exogenous zone, h, no trace of such a zone is seen in the half B. Thus the latter 

is Lepidodendroid and the former Sigillarian according to the Brongniartian hypothesis. 

Immediately surrounding the lower half of each axis, especially of B, we find some cells, 

b , arranged in radiating lines, but no trace of vessels. This disposition of cells, occupy¬ 

ing the position of a cambium layer, so to arrange themselves is not unimportant. 

Having thus traced the history of an example of M. Renault's group a, from its 

Lepidodendroid to its Sigillarian state, I will now deal with his group b. 

The specimen of Lepidodendron Harcourtii described by Witham and Brong- 

niart was made the foundation of a restored figure by the latter botanist in his 

‘Vegetaux Fossiles.’* The imperfection of the specimen necessarily led to imper¬ 

fections in the details of the restoration. 

M. Renault, speaking of Lepidodendron Harcourtii as the typical representative 

of his second group, says,-—-“On peut s’etonner qu’avec un developpement semblable 

aucune trace de production ligneuse exogene ne se soit pas encore manifestee en dehors 

du cercle de faisceaux vasculaires (Toil partent les cordons foliaires.” And again, “ On 

peut done legitimement conclure que la difference dans le diametre des rameaux de 

Lepidodendron n’apporte pas de changements dans la disposition generale des tissus 

que Ton trouve dans ces plantes.” On both these points I shall offer evidence that 

our English specimens exhibit the conditions of which M. Penault denies the 

existence. 

Fig. 9 represents a section of a superb example of the young state of Lepidodendron 

Harcourtii, for which I am indebted to Mr. Aitken. On comparing it with the 

similar section of L. selaginoides it is seen to differ from that plant in two points : 

first, in the absence of all vessels from the area occupied by the medullary cells, causing 

the inner boundary of the vascular medullary zone (“ etui medullaire” of Brongniart) 

to be sharply defined ; and, second, in the much greater uniformity in the size and 

the mineral charcoal, so abundant in almost every British coal of Carboniferous age, is largely composed of 

small cubical fragments of prosenchymatous bark. Fig. 7, f, illustrates the strong tendency of this 

tissue to be broken up into similar fragments. 

* Plate 21, fig. 4. 
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structure of the smaller cells composing the various layers of the bark. The foliar- 

vascular bundles also much more frequently retain their barred vessels undestroyed. 

They appear in the sections as dark, dense bands, instead of being represented by 

vacant spaces. 

No example of L. Harcourtii in which all tissues of the stem are preserved has 

hitherto been described. The mean diameter of the branch figured is about lij? inches. 

The cellular medidla, a, is invested by the vascular medullary zone a, which, in turn, 

is enclosed within a dense layer of inner bark b, the innermost portion of which 

is crowded with foliar bundles. Surrounding this is the middle bark cl, composed of 

small cells. This layer, which is so rarely preserved in L. selaginoides, is as 

rarely absent from L. Harcourtii. The cells of the innermost portion, e, of the outer 

bark are, as is usual in the Lepiclodendra, somewhat larger, and have thicker walls, 

than those of the inner bark, whilst the prosenchymatous zone, f appears as a conti-' 

nuous, wavy, but very narrow zone, curving slightly outwards opposite to the base of 

each leaf, and projected outwards as a sharply defined funnel-shaped prolongation, 

wherever one of the numerous foliar bundles, c, passes through it. The leaves, g, 

differ in no material respect from those of L. selaginoides. 

Fig. 10 represents part of a transverse section of a branch of rather larger size and 

somewhat more developed growth.'" It exhibits the usual structure of the vascular 

and cellular portions of the medullary axis as well as of the inner bark. The central 

portion of the cellular medulla, a, has been accidentally destroyed. The vascular 

medullary cylinder, a, is composed of barred vessels which diminish in size from 

within outwards. Its peripheral margin presents numerous radiating points, c', which 

are the bases of as many foliar-vascular bundles. These bend upwards immediately 

after their orientation, as in L. selaginoides; hence they are intersected transversely 

at c, c, where they severally occupy the numerous crescentic areas intervening between 

the projecting points c. The cells of the parenchyma of the innermost portion, b, of the 

inner bark are very minute, usually forming a dense sheath surrounding each foliar 

bundle c. In the middle portion of this inner bark is an irregular layer of cells, b'. of 

somewhat larger size; but its outer zone again consists of smaller cells, b". In this 

outer zone a narrow band of these small cells appear arranged in radiating lines, b"'. 

This radiating zone bears an important relation to some features to be described. At 

cl we have the thick middle bark with its dense foliar bundles, c", c". 

Even in this typical Lepidodendron, when the branches are sufficiently advanced in 

growth, there appears a rudimentary zone composed of true radiating, exogenously 

developed, vascular wedges. Fig. 11 represents a segment of a transverse section of a 

portion of the zone corresponding to b", b"' of fig. 10, enlarged 27 diameters. At b'" 

are the radiating lines of cells already referred to, and at b" the outermost part of the 

* It will be observed tbat before it begins to develop its exogenous zone this plant attains to much 

larger dimensions than tbe L. selaginoides does. In this respect it corresponds closely with the Arran 

plant. 
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zone. At c", c" we find two foliar-vascular bundles, belonging: to an outer series corre- 

sponding to c" of fig. 10, whilst in the curved line between these two bundles we have 

a portion of the exogenous zone, composed of numerous radiating wedges, li, of barred 

vessels. At h', h', where these wedges are deflected somewhat from their direct course, 

their true vascular character is demonstrated. I find this exogenous zone in so many 

specimens that have attained the right stage of growth as to leave no doubt whatever 

as to its being a normal feature of the plant. Whether or not we shall hereafter 

discover it developed into the more perfect Diploxyloid condition seen in other 

Lepidodendroids remains to be seen. We were long before we found L. selaginoides 

so developed ; meanwhile its presence in L. Uarcourtii, even in this rudimentary form, 

directly links that plant with the Diploxyloid or Sigillarian group of stems. In many 

of my specimens some large isolated cells, fig. 11,6, appear in the zone b". In the speci- 

*men from which fig. 11 was taken these are larger and more conspicuous than usual. 

In fig. 9, a", a considerable segment of the vascular medullary cylinder is detached 

from the rest, leaving a hiatus in the cylinder, and carrying along with it a semi¬ 

circular loop of the innermost bark, b', with its associated foliar vascular bundles. 

In my memoir, Part II., p. 224, I called attention to the fact that the large vascular 

bundles separated from the main cylinder to supply the tubercles of the Halonice were 

given off in the same way, and the bundle a" has doubtless had some similar destina¬ 

tion. Such a division of the primary vascular cylinder differs only in amount from 

the dichotomous subdivision of a branch illustrated in fig. 9. In another branch 

of the same stem, contained in the nodule in which the example fig. 9 occurred, 

I found a similar bundle, of which a representation is given in fig. 12, enlarged 

21 diameters. In the branch bundle of fig. 9, the central vasculo-cellular mass, a", 

retains the concavo-convex form belonging to it as a small segment of a circle, and the 

remark applies also to the dark-coloured layer of inner bark, b', which surrounds its 

convex peripheral border ; but in fig. 12, the bundle a has assumed a more cylindrical 

contour; the dark inner bark, b', now completely invests the bundle in the form of a 

six-sided cylinder, whilst the contiguous cells, cl, of the middle bark have re-arranged 

themselves in almost concentric lines around the developing axis. On further exami¬ 

ning the central bundle we find that what in fig. 9, a', was merely a small concavo- 

convex segment of a large circle, having some cells in the concavity of its inner border, 

has also changed its form. The extremities of the vascular segment have been bent 

inwards, convening the segment into a circular cylinder, ft', which has enclosed the 

cells, a, that primarily only lay on one side of it.* I am able to demonstrate that 

this branch, fig. 12, is merely a further development of a structure like fig. 9, a", b'. 

Mr. A it ken kindly allowed me to make a vertical section through the specimen from 

which the transverse section, fig. 12, was taken. This not only enabled me to trace the 

bundle downwards into the condition represented in fig. 9, but to a yet lower position 

* The gap left in the vascular cylinder of the parent root stem closes in the same way by the conver¬ 

gence of the separated extremities of the broken circle. 
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where, instead of being detached from the medullary vascular cylinder, the boundary 

between the two was only indicated in the transverse section by two slight lateral 

constructions in the otherwise unbroken circle of vessels. Other sections of the 

same specimen in Mr. Aitken’s cabinet exhibit similar conditions. We have here 

a clear proof that, contrary to the conclusions of M. Renault, age does bring about 

very important changes in the form and arrangement of the tissues in the branches of 

these plants. Other examples of stems in a very much younger state, for which 

I am indebted to Mr. Aitken and Mr. Cash, exhibit corresponding phenomena. 

My most recent researches have brought to light another very remarkable series of 

facts indicating the Lycopodiaceous character of the Lepidodendroid and Sigillarian 

stems. Whatever else may be doubtful, there is no doubt that Stigmciria jicoides, 

with its peculiar rootlets, is the root alike of Lepidodendron and of Sigillaria. I had 

long noticed the circumstance that the vascular bundle in each of these rootlets was 

rarely in the centre of the small innermost circle of cortical cells by which it is usually 

surrounded ; but such structures are so often pushed out of their normal position in 

these fossil plants that I regarded this eccentric position of the rootlet bundle as 

accidental. The perusal of a very important paper by M. Ph. Van Tieghem,* first 

called my attention to a peculiarity in the structure of the true roots of the Lycopods, 

especially of the Selaginellece, and led me to re-examine the rootlets of Stigmaria 

with the results to be described. M. Van Tieghem has shown that when a rootlet 

belonging to any class of plants is first formed its primitive vascular elements commence 

by developing a small vascular bundle at each of two or more points on the periphery 

of a central cellular circle, from which points each bundle grows by the centripetal 

additions to the number of the vessels composing it, until the several bundles approach 

each other centripetally, and thus constitute a symmetrical group of vessels. These 

primary rootlet bundles are never less than two in number, with the exception of the 

ultimate rootlets of the Lycopodiacece and the Opliioglossece. Each terminal rootlet in 

these classes of plants contains but one triangular vascular bundle. This bundle first 

appears as one or two very minute vessels attached to one side of the small cellular 

cylinder within which it is located. New and larger vessels are subsequently added 

centripetally to these primary ones, but the bundle always remains eccentric in 

reference to the cellular sheath within which it is enclosed. The remainder of the 

cavity within the sheath is occupied by some large thin-walled cells, which M. Van 

Tieghem regards as the equivalents of the liber of other plants. Fig. 13 represents 

the central portion of a rootlet of Selaginella Martensii, in which a indicates the first 

formed vessels of the vascular bundle, and a the later, centripetally developed and 

larger ones. The large cells, l>, are those which M. Van Tieghem identifies with the 

liber, whilst c indicates the next inneimost zone of the cortex. 

Figs. 14 to 20 exhibit sections of rootlets of Stigmaria Jicoides in various stages of 

* “ Recherches sur la symmetric de structure des plantes vasculaires.” Par M. Ph. Yan Tieghem. 

Annales des Sciences Natnrelles.’ Cinquieme serie—Botanique, tome 13, 1870-71. 

2 Q MDCCC’LXXX I. 



292 PROFESSOR W. C. WILLIAMSON ON THE ORGANIZATION 

development. The general relations of the tissues composing these rootlets to their 

larger exogenous roots were shown in my memoir, Part II., Plate 31, fig. 52. I now only 

call attention to their relationship to the rootlets of the living Selaginellce. Fig. 14 

represents the transverse section of one of these Stigmarian rootlets in the condition 

in which they most commonly occur. At a is a vascular bundle composed of barred 

vessels enclosed eccentrically within a small cylinder composed of the cells of the 

innermost cortex c. At d we have only the outer cortical layer, the intermediate 

tissues being rarely preserved; but these missing elements have resisted decay in 

fig. 15, in which example we have the space between the outer cortex d and the inner 

one c, occupied by a very delicate cellular tissue e, the three layers seen in this 

specimen apparently corresponding with the three cortical layers b, d, and e, of the 

branch, fig. 2. The line of demarcation between the outer and middle layers is 

very sharply defined. Fig. 16 represents a very small rootlet in an early stage 

of growth ; its entire diameter not being more than '025. Its vascular bundle, a, only 

consists of four very small vessels attached eccentrically to one point of the inner side 

of the ring of inner cortex, c, whilst all that remains of the middle and outer bark is a 

small band of the former, e, and a very thin ring of the latter, d. The narrow band of 

middle bark, e, connecting the cylinder of inner-bark cells with the outer cortical zone 

is of common occurrence in this form. In the specimen figured, some of the cells of 

the outer zone have become partially detached from the outer ring. It will be 

observed that the diameter of the entire young rootlet is less than that of the central 

inner bark cylinder of a matured rootlet represented in fig. 18. 

I fortunately possess proof that these small rootlets belonged to very young roots. 

The enormous thickness to which the exogenous Stigmarian roots were capable of 

attaining is well known, and since these thick roots often appear to terminate abruptly 

like the end of a cucumber, it has been thought by some that they never were of small 

dimensions. This, however, is an error. The youngest plants can have had no true 

Stigmarian exogenous root but only rootlets, and the stage of growth at which the 

exogenous structures first made their appearance has yet to be discovered. It however 

appears certain that the latter were primarily of very small size, and furnished with 

proportionally minute rootlets, each of which had but a correspondingly small number of 

vessels. I have before me a section of the bark of a very small Stigmarian root, from 

Mr. Aitken’s cabinet, the entire diameter of which does not exceed ‘2, and which is 

giving off several rootlets whose average diameter is about '04. No vascular bundle 

in the rootlets of this specimen possesses more than from three to five very small 

vessels. The same cabinet contains a beautiful little section of the exogenous vascular 
O 

axis of a Stigmarici, whose maximum diameter is '6. This has, of course, been the 

centre of a larger root than that just described. It gives off numerous root-bundles 

proceeding towards the periphery of the bark, each of which possesses from ten to 

fourteen vessels. These two specimens are the smallest examples of Stigmaria that I 

have yet met with. On the other hand, in two large Stigmarian exogenous cylinders 
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in my cabinet, each of which has a diameter of fully an inch and a half, I found each 

of the numerous root-bundles consisting of an average of about forty vessels. These 

facts show that as the diameter of the exogenously developed root increases with 

age, this growth is accompanied by a corresponding increase both in the dimensions 

of each rootlet and in the number and magnitude of the vessels constituting its vascular 

bundle. 

Fig. 17 represents the inner cylinder, c, with the vascular bundle, a, of a rootlet of 

the same size as fig. 16, but enlarged 270 diameters. The vascular bundle, a, consists 

of but three small eccentrically placed vessels. The space b, occupied in the living 

Selaginellct by the large, delicate cells regarded by M. Van Tieghem as liber-cells, 

(fig. 13, b), is here empty. We rarely find a specimen in which this is not the case ; 

even in transverse sections of recent Lycopodiaceous roots these cells frequently become 

ruptured, and their almost constant absence from the fossil ones is a proof that in the 

latter these structures were similarly delicate. I find them preserved in a few 

specimens—as in fig. 15—where they prove to be of much smaller size relatively to 

the vessels than in the living plants. 

Fig. 15 represents a yet larger rootlet, enlarged 37 diameters, in which all the 

tissues are preserved. The vascular bundle, a, has increased to six vessels of larger 

dimensions, and, as already stated, the ring of inner cortex, c, encloses the representa¬ 

tives, b, of the.“ cellules liberiennes ” of M. Van Tieghem. The outermost cells, c , of 

the inner cortex exhibit a somewhat defined transition from those of the middle bark, 

suggesting an homology with the “membrane protectrice ” of the French botanist. 

The cells of the middle bark, e, are here well preserved and consist of parenchymatous 

tissue, very much more delicate and thin-walled than those of either the inner, c, or 

the outer cortex, d. 

Fig. 14 is a section of a rootlet of the most usual size and aspect. It is enlarged 

21 diameters, its actual breadth being about '2. The vascular bundles, a, and their 

surrounding cylinders of inner bark c of two similar rootlets are further enlarged in 

figs. 18 and 19. We now find that the vessels of fig. 18 have increased to 18, and 

in fig. 19 to 22 in number. But even this is not the final increase, since I have 

two rootlets in my cabinet each of which has a diameter of fully '4. The central 

portion of one of these is represented in fig. 20, in which the vessels composing the 

bundle have increased to 38 in number, the last formed ones, a\ being much smaller in 

size than those which immediately preceded them. The first formed ones, a, have, in 

this instance, become accidentally detached from the inner bark cylinder, which is a 

rather unusual occurrence. 

The illustrations I have given will, I think, demonstrate the fact that we have in each 

of these rootlets a single vascular bundle that commences its development eccentrically 

in relation to the centre of the rootlet to which it belongs, and that, proceeding from 

this one pole, it is developed cen tripet ally, the extent of that development, including 

the number of its constituent vessels, bearing a general relation to the age of the 
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rootlet so far as is indicated by its size. Excepting in the magnitude of its liber-cells, 

the resemblance to the corresponding organs in the Selaginellece is complete. Seeing 

that this peculiar structure only exists in the recent Lycopods and Opliioglossece, and 

that no other resemblance exists between the fossil Lepidodendra and Sigillarice and 

the Opliioglossece, we must fall back upon the Lycopods as the plants with which this 

form of rootlet indicates true affinities. On forwarding characteristic specimens of 

these rootlets to M. Van Tieghem he at once replied, expressing his conviction that 

they belonged to a Lycopodiaceous plant.* 

It is nowr fully established that Stigmaria ficoides, to which these rootlets belong, is 

the root of Sigillaria, as well as of Lepiclodendron. The structure of these rootlets 

therefore adds an additional link to the long chain of evidence, indicating the close 

affinity of the Sigillarice with the Lycopods. 

But there is yet another feature in these exogenous Lepidodendroid stems which 

may prove to have some bearing upon the problem of evolution : this is, the presence 

of numerous barred cells in the medullary rays, to which fact T have already made a 

slight reference. In my memoir. Part II. (Plate 27, fig. 23, a, p. 236), I called atten¬ 

tion to the existence of such cells in the triangular spaces that appear to project out¬ 

wards from the medullary sheath, and are intercalated between the inner extremities 

of the vascular wedges of the exogenous zone ; and in the same memoir (p. 238) I 

further pointed out that such cells entered into the composition of the medullary rays. 

This is not only the case with the Arran plant described in my last memoir, but I now 

discover them to be abundant in the various exogenous states of Lepidodendron 

selaginoides, and to be especially conspicuous in the peripheral layers of the more 

matured branches. Fig. 21, h, represents peripheral portions of two medullary rays of 

fig. 7, enclosing between them a single wedge of the barred vessels. Fig. 22 represents 

a portion of another, but similar, section, taken from the point where the exogenous 

zone, h, joins the medullary sheath, a. A number of small vessels, x, x, appear in all 

sections similar to the latter one, respecting which it is difficult to determine whether 

they are to be regarded as belonging to the medullary cylinder or to the exogenous 

zone. Where the medullary rays originate amongst these small vessels, oblong barred 

cells enter conspicuously into their composition, apparently associated with cells that 

are not barred. The increase in the number of these barred cells as we follow the 

course of the ray centrifugally is accompanied by a corresponding increase in its 

diameter as seen in such transverse sections as fig. 7. 

CoRDA found similar cells in the medullary rays of his Diploxylon cycadeoideum, 

as pointed out in my memoir, Part II. ; but he did not distinguish these rays from 

foliar bundles, which he believed them all to be. Tangential sections, however, show 

* “ Par la structure du cylindre central, et par la division dichotomique qu’on y observe en plusieurs 

endroits, vos racines appartiennent bien certainement a une Lycopodiacee de lafamille des Selaginellees.” 

In liter a, Oct. 30, 1879. 
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clearly that this is a mistake, as is obvious from the fact that even in transverse 

sections these rays are seen to be very much more numerous than the foliar bundles. 

What gives an interest to this frequent occurrence of barred cells in the medullary 

rays of these exogenous Lycopods is the fact pointed out by De Bary (‘Vergleichende 

Anatomic/ p. 505), that amongst living plants such cells are chiefly confined to the 

medullary rays of Gymnosperms and especially to the Abietince. 

General Conclusions respecting the Carboniferous Lycopods. 

I think I am justified in expressing my conviction that the present memoir confirms 

the views I have so long advanced, viz. : that at least many of the Lepidodendroid 

plants acquire, through advancing age, those characteristics that have hitherto been 

relied upon to distinguish the Sigillarian from the Lepidodendroid forms. In his 

latest memoir, already quoted, M. Renault combines his fossil Gymnospermous 

Phanerogams in one group, to which he gives the common name of “Diploxylees,” 

and in a foot-note (loc. cit., p. 260) he says : “ Sous ce nom je reunis toutes les plantes 

qui, dans le faisceau libero-ligneux de la tige ou des feuilles, presentent un double 

accroissement, lun centripete, l’autre centrifuge.” My friend here reasserts the old 

Brongniartian hypothesis in all its definiteness. If the evidence produced in the pre¬ 

ceding pages is not sufficient to demonstrate the erroneousness of this hypothesis, I 

am wholly unable to conceive what kind or number of facts would accomplish that end. 

The enormous number of Lepidodendroid and allied plants that have now been 

described by M. Renault and myself seem to me to justify an attempt to ascertain 

what bearing our discoveries may have upon the problem of Evolution. In making this 

attempt we must not forget that, whilst our researches have been confined to carboni¬ 

ferous plants, the discoveries of Dr. Dawson have shown that the differentiation of 

the Gymnospermous Dadoxylons from the Cryptogamic Lycopods was as definite in 

the Devonian age as in that which succeeded it. Nevertheless, it seems to have been 

during the later portion of the Palaeozoic epoch that the great changes were effected 

which caused the arborescent Lycopods to be replaced by the oolitic Gymnosperms ; 

and it fortunately happens that the plants which have furnished so rich a morpho¬ 

logical harvest belong to that important period of transition. 

In endeavouring to ascertain possible genetic relationships between plants, Geologists 

have to consider: 1st, external form; 2nd, the successive appearances of different 

types of elementary tissue : 3rd, the arrangement of those tissues in the several 

vegetative organs ; 4th, the reproductive structures. 

The study of external forms has occupied, and still occupies, so many observers that 

I shall not now dwell upon this subject. Outward resemblances, taken alone, are very 

unsafe guides, though they are too often the only ones that we can obtain. I would 

make but two observations in reference to them : So far as external appearances are 

concerned, I am wholly unable to draw a line between Lepidodendron and Sigillaria, 
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either as regards bark, leaves, or roots. I would further call attention to the fact that, 

so far as externals are concerned, the fine Lycopodium ulicifolium recently imported 

from Ivhasia Hills in northern India in a living state, only requires to be raised upon 

an arborescent stem to furnish an exact copy of the ancient Lepidodendra. Its thick, 

succulent, dependent branches, devoid of all adventitious roots; its oblong, flat, 

spirally-arranged leaflets, which leave, when they fall, a distinct Lepidodendroid 

cicatrix ; and its huge, often dichotomous, strobili, usually six inches in length, remind 

us most vividly of the dependent branches of the Palaeozoic Lycopods. 

The successive developments of the various vegetable elementary tissues is not 

unimportant. The modification of spiral tissue known as the “ barred” vessel—the 

“ vaisseau raye ” of the French Palseo-botanists, and which approximates closely to 

the modern “ scalariform ” tissue—has long been known to be the prevalent vascular 

element amongst Palaeozoic plants. Either in its ordinary shape, or in its “ reticu¬ 

lated ” modification, it is common to the Catamites, the Sphenophyllums, the Astc.ro- 

phyllites, and the Lyginodendra. Amongst our British Lepidodendra we have as yet 

found only the simple barred form ; and this statement applies not only to the plants 

recognised by my opponents as Lycopodiaceous, but also to those Diploxyloid ones for 

which they claim Gymnospermous rank. 

It is a fact of some importance that I have failed to detect in any one of our 

British fossil Lepidodendroids (including Sigillarice) a trace of those fibres with 

areolated “ margined pits ” which exist abundantly in all living Cyoads, in which 

latter, as I showed long ago,'”' modifications of the spiral and the pitted states can 

be discovered in the same individual vessel.t 

But M. It ex ault has discovered in France an important group of carboniferous 

plants which undoubtedly possess the barred and areolated tissues in the same 

stems, to which group he has given the name of Poroxylees; as he points out, these 

Poroxylons appear to connect the Sigillarice. on the one hand with the Gymnospermous 

Cordaites on the other.]; This very important discovery, the reality of which there 

is apparently no reason to doubt, unquestionably links the Palaeozoic Lycopodiacece to 

the Gymnosperms of the same age, so far as elementary structures are concerned, as 

completely as any Evolutionist need desire. The arrangement of these elementary 

tissues into vegetative organs leads us to the same conclusion. The ample develop¬ 

ment of an exogenous vascular zone in true Cryptogams is demonstrated in the preceding 

pages as well as in my previous memoirs. In the young Lepidodendron the centri¬ 

petal representative of the vascular medullary sheath, which even Brongniart 

recognized as an “ etui medullaire,” is not only enormously large, but it is the sole 

* “ On the Structure and Affinities of some Exogenous Stems from the Coal-measures,” ‘ Monthly 

Microscopical Journal,’ Aug. 1, 1869. 

f It must not be forgotten that Dr. Dawson considers that he has discovered this tissue associated with 

barred vessels in some of the Canadian Sigillarice. 

J Loc. cit., p. 273. 



OF THE FOSSIL PLANTS OF THE COAL-MEASURES. 297 

direct link between the roots and the leaves. In a large number of plants the 

exogenous zone is merely a superadded structure. In the first instance, as in Lepido- 

dendron Havcourtii, this latter zone is but feebly represented. Nevertheless this is 

a first term in a succession which ends in the same zone assuming: dimensions that 

dwarf the relatively narrow, but still cylindrical medullary, sheath of the plants in 

which the enlarged exogenous growth occurs. In such plants as Sigillaria spinulosa 

and elegans the medullary sheath is no longer an unbroken cylinder. It appears as a 

circle of detached vascular bundles. The exogenous zone now grew more vigorously 

than the medullary sheath, hence the latter was broken up into separated wedges, 

leaving intervening spaces through which a direct cellular communication was esta¬ 

blished between the medulla and the medullary rays of the exogenous zone. Nothing 

of the kind existed in the lower Lepidodendroid forms. In them the medullary 

sheath cut off all such direct communication. These changes bring us very near to 

the narrow medullary sheath, composed, as in living Gymnosperms, of spiral vessels, 

seen in the British Dcidoxylons and in the St. Etienne Cordaites; and, considering how 

many “ missing links ” have been discovered during the last five years, I have little 

doubt but that our continued researches will supply yet further transitional forms, 

and thus establish the unbroken unity of this chain of vegetable structures. 

Hence, though once holding a different view, I am now convinced that so far as we 

are acquainted with the organisation of the plants of the Coal-measures, such facts as I 

have briefly referred to are in thorough conformity with the doctrine of Evolution, 

and that these most characteristic plants can no longer be quoted in opposition to 

that doctrine. 

Our knowledge of the fourth point, viz.: of the organs of reproduction amongst the 

carboniferous plants, is as yet too imperfect to admit of our employing them as wit¬ 

nesses. They teach most definitely the doctrine of the persistence of types. But the 

lack of information respecting alike their autogeny and their phylogeny is amply com¬ 

pensated by what we learn from similar organs amongst their living representatives. 

I would only add, in conclusion, that whilst I believe I have now demonstrated the 

transition from the young Lepidodendroid states of M. Benault’s two groups a and b 

(see page l) up to their matured Sigillarian conditions, there yet remains his third 

type of Sigillarian stem c, of which no Lepidodendroid state has in his opinion 

yet been discovered. He says that such a Sigillaria would require, according to 

my views, a Lepidodendroid representative having the following characteristics 

“ c. Cylindre ligneux forme par une couronne discontinue de faisceaux vasculaires, 

scalariform.es, circonscrivant une moelle depourvue de faisceaux vasculaires ” (loc. cit., 

p. 247); but such a Lepidodendron M. Benault tells us has not yet been found. 

Yet he announces on page 249 of the same volume that he has found a new 

Lepidodendron of which he has not yet obtained sufficient knowledge to enable him 

to say much about it; but he already sees that he can define its broad features as 

follows :—“Le cylindre ligneux ne serait represente que par une couronne de faisceaux 
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vasculaires isoles entourant la moelle et choir partiraient les cordons foliaires. Dans 

ce type on ne troaverait ni l’axe completement vasculaire du L. Rhodumnense ni le 

cylindre ligneux continu du L. Harcourtii.” Surely this plant fulfils the chief require¬ 

ments of M. Renault’s third type c, his definition of which I have just quoted. 

But even were it otherwise, the example of the Lyginodendron Oldhamium described 

in my memoir, Part IV., shows that a medullary sheath may be continuous in a young 

state (see Memoir IV., Plate 22, fig. 2) and yet be broken up into widely separated 

vascular bundles (idem, fig. 3) through advancing age and growth. In these respects 

the structure of the medullary cylinder in Sigillaria elegcms and spinulosa presents 

almost a fac-simile of the conditions seen in the larger stems of my Lyginodendron 

Oldhamium. 

Calamostachys B inn eyana. 

Much as has been already accomplished in the investigation of this interesting 

fruit, we are far from knowing its entire history. I am now able however to fill 

up two lacunae in that history. We have hitherto been ignorant of the nature and 

position of the organic union of the sporangia to the sporangiophores; but I found in 

the cabinet of Mr. Cash, of Halifax, a transverse section that gives the required infor¬ 

mation. A portion of this section is shown in fig. 23, k being a part of the outer cortex 

of the strobilus. At v, v, are two sporangiophores, one of which retains its peripheral, 

expanded disk at v, and a marginal portion of the other is seen at v". The disk con¬ 

sists of a mass of parenchyma, amongst the cells of which an extension of the bundle of 

spiral cells that passes along the peduncle of the sporangiophore, is seen prolonged to¬ 

wards the margin of the disk; as the bundle approaches this margin its cells multiply 

as is the case with the similar structures in the sporangiophores of the recent Equiseta, 

as well as in other very different structures—e.g., the terminations of the hair-like 

emergences of the Droserce. The peripheral surface of the disk appears to have 

been composed of a layer of oblong cells, which are planted perpendicularly to it. 

At v" and v" we see that each sporangium is not connected with the peltate end of 

the sporangiophore by the entire base of the former, as is the case with the living 

Equiseta, but by a very narrow neck of cellular tissue attached to a point a little 

within the extreme overhanging margin of the sporangiophore; the remainder of the 

base of the sporangium being entirely free, as is seen at u. 

My second discovery is a still more important one. All the examples of this 

Calamostachys hitherto described, possess but one kind of spore. But some years ago 

I found a fragment, still in my cabinet, in which the sporangia were filled with spores 

of about three times the diameter of those with which I was familiar. My immediate 

conviction was that these were macrospores—but the specimen being so fragmentary, 

and there being no microspores connected with it, I durst not rely upon its apparent 

indications since it was possible that it might only represent some transitional state 

of the common form of spore. The correctness of my surmise is however established 
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by the specimen from the Halifax beds represented in fig. 24, and for which I am 

indebted to Mr. J. Aitken. It is a slightly oblique and longitudinal section. Hence 

the sporangia of the upper part have been cut through, almost tangentially, on one 

side of the vascular axis, whilst the lower ones have been similarly intersected on the 

other. 

Nothing further need be said of the general organization of the plant than that the 

barren disks with their bracts are seen at t, t', whilst the sporangiophores of the fertile 

verticils are variously intersected at v. The importance of the specimen resides in its 

spores. All the sporangia of the uppermost of the three fertile verticils, as well as 

those to the right of the middle one, v, are filled with the small spores which have 

now been so often figured and described. The three to the left of the middle verticil, 

and all the four of the lowermost one, u, contain macrospores. The relative sizes of 

these two classes of spores are shown in figs. 25 and 26, which are enlarged 220 

diameters. The microspores are about '0031, and macrospores occur as large as '01, 

most of them equalling '0093. The latter exhibit an outer sporangial wall, a, as well 

as an inner one, b, whilst a dark-coloured mass, c, exists in the centre of most of the 

examples. The outer wall of fig. 26 has not been intersected on both its surfaces on 

the plane of its maximum diameter ; hence it appears thicker in the figure than it is 

in reality. 

It is scarcely necessary to say that this discovery of macrospores and miscrospores in 

Calamostachys Binneyana supplies another link connecting this strobilus with the Lyco- 

podicicece in the same measure that it separates the fruit from the Equisetacece. That 

no plant belonging to the latter order ever possessed both macrospores and microspores 

is more than we can venture to affirm; but that no living representative of the group 

is known to do so is an unquestionable fact—hence to include an heterosporous 

Calamostachys in the Equisetaceous order will involve so large an alteration in the 

definition of the characteristics of this order as would practically involve the creation 

of a new one. On the other hand, this discovery strengthens my old conviction that 

the true affinities of this strobilus are with the Lycopodiacece. The verticillate arrange¬ 

ments of the fruit, and of what I believe to be the leaves of this plant (Asterophyllites 

or Sphenophyllum) constitute no difficulty preventing us from accepting this con¬ 

clusion. Brongniart long ago pointed out how commonly a verticillate foliage 

occurred amongst living Lycopocls.* Fig. 27 represents the best specimen 1 have seen 

of a section which has passed tangentially through the margins of three of the 

horizontal barren disks, t, and revealed the form of the bracts, t', which ascend from 

each of these margins. The specimen is in Mr. Aitken’s cabinet. 

Some years ago Mr. Carruthers found a fossil Fungus in a fragment of a Lepido- 

dendron from the lower Coal-measures of West Yorkshire, of which he gave a brief 

account in his annual address to the Geologists’ Association for 1876. Mr. 

Butterworth, of Oldham, found a second example, which was described and 

* ‘ Histoire des Yegetairs fossiles,’ Part 2, pp. 9, 10, plate 7, figs. 1, 7, ancl 9. 

MDCCCLXXXI. 2 R 
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figured by Mr. Worthington Smith in the ‘Gardeners’ Chronicle’ for October 20, 

1877, under the name of P eronosporites antiquarius. Mr. Smith figures and describes 

the hyphse of the Fungus as having septse, and its supposed oogonia as containing 

zoospores. The existence of these zoospores was denied by Mr. Murray, of the British 

Museum, in the ‘ Academy ’ for November 17,1877. Still more recently another example 

of the plant has been met with at Halifax in the cabinet of Mr. Spencer. Fragments 

of Lepidodendroid bark, the cells of which are filled with fragmentary hyphse, but 

with few traces of oogonia, also from Halifax, are in the cabinet of Mr. Cash. I 

have had the opportunity of examining all these specimens with the exception of 

that in Mr. Carruthers’ cabinet, which example he informs me is a very imperfect 

one compared with those more recently discovered. 

I have failed to find any traces of septa in the hyphse of this plant, and I quite 

agree with Mr. Murray in his opinion that no zoospores exist in any one of them. 

Some of the oogonia (fig. 33) contain black coaly matter such as is frequently found 

in the ordinary cellular tissues of carboniferous plants; but I believe this to be the 

result of infiltration, since I find it extended into the hollow tubes of some of 

the hyphse (as in fig. 33, a), and is not confined to the oogonia themselves. Having 

examined the actual specimen described and figured by Mr. Smith with the aid of a 

Zeiss oil-immersion lens, I have had no hesitation in arriving at the same conclusion 

as Mr. Murray has done, viz. : that its oogonia contain no zoospores. The plant has 

been an unicellular branching mycelium with numerous dilatations on the branching 

hypliae, which dilatations seem to have been oogonia. No septal division separates the 

cavities of these oogonia from the hollow hyphse prolonged from them. 

Fig. 28 is a siaecimen from Mr. Spencer’s cabinet. The fungus is here inclosed 

within the cells, c, of a fragment of Lepidodendroid bark. At a is a branching 

mycelium, whilst numerous extremely thin-walled capsules, b, are seen either 

detached or, as at V, connected laterally in a sessile manner with the hypha. Some 

of the capsules are round, others pyriform and with short hyphoid necks. In this 

specimen the hyphse display no traces of septa, neither are there the slightest indi¬ 

cations of spores within the capsules. 

Fig. 36 represents a portion of the specimen already figured by Mr. Smith, for the 

loan of which I am indebted to Mr. Young, F.C.S. Figs. 37 and 37a represent 

fragments of plants from Mr. Spencer’s Halifax specimen. Figs. 29 to 33 represent 

various forms observed in Mr. Butterworth’s section, and which correspond very 

closely with the Halifax one. In fig. 29 we have the branching hypha, the branch 

bearing the base of an oogonium, a. In fig. 30 an oogonium, a, gives off three hyphoid 

branches, one of which is not only connected with a second oogonium at b, but displays 

a swelling at c, which appears to be the commencement of a third one. In fig. 31, a, 

we have three oogonia connected by two hyphse ; at c is the free base of a large 

oogonium, and at d is another, but of smaller size. Fig. 32 again exhibits two 

oogonia connected by a single hypha, but each oogonium again gives off another hypha 
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from its free extremity. Most of these modifications find their counterparts in the 

figs. 36, 37, and 37a. 

Mr. Cash’s cabinet contains several sections of a fragment of cellular bark, most of 

the cells of which contain broken fungoid liyphse (figs. 34, 35, and 38), of smaller size 

than those just described. One of the most perfect of these is represented in fig. 34, a. 

Numerous as are these fragments, indisputable reproductive structures are extremely 

rare among them ; but fig. 34, b and c, are examples which closely resemble in all but 

size some of the larger objects already described; and I met with two similar ones, 

fig. 38, quite equal in their dimensions to those seen in fig. 28. The exceedingly 

small diameter of the hyphae in this example, compared with those in figs. 28, 29, and 

30, suggest a distinction of species; but we know too little of the effect of changed 

surroundings upon these simple organisms to make a multiplication of names desirable. 

This latter form has been described and figured by Mr. Cash in a paper, “ On the 

Fossil Fungi from the lower Coal-measures of Halifax,” read before the Yorkshire 

Geological and Polytechnic in 1879. The specimen was discovered, along with others, 

by Mr. Binns, of Halifax. 

Mr. Smith came to the conclusion that since the fossil Fungi which he described 

possessed, as he believed, septate hyphae and oogonia containing oospores, they must 

be ranked with the Peronosporece. I confess that I cannot confirm the alleged facts nor 

accept the inference drawn from them. That the plant is a Fungus seems most pro¬ 

bable : equally so that its relations are with the Saprolegniece. The discovery of its 

reproductive organs in a more perfect state will alone enable us to arrive at a perfectly 

satisfactory conclusion on this point. 

Along with the examples described are numerous single spheres about '0012 in 

diameter. It was long doubtful whether or not these belonged to the supposed 

Peronosporites, but I have now no doubt as to their doing so. Their diameter is about 

the same as that of the oogonia of the branching specimens, and I found one in a small 

cluster of these objects which had developed into the state corresponding to that 

represented by fig. 37. 

I have occasionally found long branching hyphae without any dilatations, and which, 

being associated with the branching ones, I presume belong to the same plant, since 

they differ in no respect from the shorter hyphae of the latter. From these facts it 

would appear that this organism began as a single spore-like cell within the cells and 

vessels of other plants. This cell threw out from one to three short hyphae, each of 

which developed a capsule like an oogonium at its extremity, which, in turn, repeated 

the same process until a complex branching structure was produced. But under some 

other circumstances longer branching hyphae, either devoid of oogonia or only bearing 

them at much longer intervals, were produced. 

In conclusion I have again to thank Mr. Cash and Mr. Spencer, of Halifax, and 

Mr. John Aitken, of Urmston, near Manchester, for the free access they have given 

me to their cabinets, and to Mr. Butterworth, Mr. Young, F.G.S. of London, and 

2 r 2 
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Mr. Thomas Brittain, of Manchester, for sections of the specimen discovered by 

Mr. Butte rwortii. 

Index to the Plates. 

PLATE 47. 

Lepidoclendron setaginoides. 

Fig. 1. Transverse section of a young twig of Lepidodendron selaginoides, enlarged 

13 diameters, a. Vasculo-medullary axis. b. Innermost cortex, d. Zone 

from which the middle bark has disappeared, e. Parenchymatous portion 

of the outer bark, passing into the bast-layer f g. Leaves. 

PLATE 51. 

Fig. 2. Segment of a similar section to fig. 1. Preference letters as in that figure. 
O O O O 

Enlarged 27 diameters. 

• PLATE 48. 

Transverse section of the centre of a twig in which an exogenous vascular zone, 

h, starting from opposite the point x, has extended both radially and laterally. 

c, c', foliar vascular bundles in the innermost bark. Enlarged 36 diameters. 

Segment of a similar section with the exogenous zone further advanced. 

Enlarged 12 diameters, i, i. Accidental fissures in the bark. 

PLATE 49. 

Fig. 5. Vasculo-medullary axis and exogenous zone of a section similar to fig. 4. 

Enlarged 28 diameters. 

PLATE 50. 

Fig. 6. Central axis of a more advanced twig in which the exogenous growth, h, has 

completely enclosed the vasculo-medullary axis. Enlarged 27 diameters. 

Fig. 7. Transverse section of a branch of Lepidodendron selaginoides of larger size, 

and which has reached a perfectly Diploxyloid stage of growth, e. Pa¬ 

renchymatous zone of outer bark, f Bast layer of outer bark. Enlarged 

nearly 6 diameters. 

Fig. 3. 

Fig. 4. 
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PLATE 49. 

Fig. 8. Transverse section of the central portion of a young twig preparing for 

dichotomous branching. A. One portion of the divided vasculo-medullary 

axis, with an incipient exogenous zone at h. B. The other portion of the 

axis, without an exogenous zone, as in figs. 1 and 2. a. Medullary cells. 

b. Cells of inner bai’k. c. Foliar vascular bundles. Enlarged 18 diameters. 

PLATE 52. 

Lep idode i idron Harcourtii. 

Fig. 9. Transverse section of a young branch \\ inches in diameter. a. Cellular 

medulla, a'. Vasculo-medullary cylinder. a". A segment of a with its 

surrounding inner cortex, b', becoming separated to supply a lateral branch. 

b. Inner bark. c. Foliar vascular bundles, d. Middle bark. e. Parenchy¬ 

matous layer of outer bark. f. Prosenchymatous, or bast-layer of the 

same. g. Leaves. 

PLATE 51. 

Fig. 10. Vasculo-medullary axis with the inner and middle bark of a more developed 

specimen. Enlarged 9 diameters. Pteferences as in fig. 9. 

PLATE 49. 

Fig. 11. Segment of a transverse section of the inner bark of a more matured branch, 

showing a rudimentary exogenous zone. b. Large cells, c". Foliar vascular 

bundles, h. Transversely divided exogenous vascular wedges, li. Deflected 

vessels of obliquely intersected wedges. Enlarged 27 diameters. 

PLATE 51. 

Fig. 12. A branch-bundle, similar to fig. 9, a”, b', but from nearer to the periphery 

of a section, and in a more advanced stage of development, a, a. Vasculo- 

medullary axis. b. Inner bark. c. Foliar vascular bundles, d. Middle bark. 

Enlarged 21 diameters. 

PLATE 53. 

Stigmarian Rootlets. 

Fig. 13. Central portion of a rootlet of the recent Selciginella Martensii. a, a. Xylem 
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portion of the root bundle, b. Phloem portion of the same (Liber-cells of 

Van Tieghem). c. Inner cortical cylinder. Enlarged 270 diameters. 

Fig. 14. Usual aspect of the transverse section of a matured rootlet of Stigmaria 

ficoides. a. Vascular bundle, c. Inner cortex, d. Outermost cortex. The 

middle bark is wanting. Enlarged 30 diameters. 

Fig. 15. Transverse section of a matured rootlet in which all the tissues are pre¬ 

served. a. Vascular bundle, b. Small cells in the position of the Liber- 

cells of fig. 13. c. Cylinder of inner bark. d. Outermost bark. e. Middle 

bark. Enlarged 55 diameters. 

Fig. 16. Transverse section of a very young rootlet enlarged 80 diameters, a. First 

formed vessels of the vascular bundle, b. Space left vacant by the dis¬ 

appearance of the Phloem, c. Cylinder of inner bark. d. Outermost cells 

of the outer bark. e. Remnant of the middle bark. 

Fig. 17. Transverse section of the inner cortex, c, and the vascular bundle, «, of 

a similar rootlet to fig. 16. Enlarged 270 diameters. 

Fig. 18. Vascular bundle and inner bark-cylinder of a rootlet like fig. 14. Enlarged 

66 diameters. 

Fig. 19. Similar object to fig. 18. Enlarged 140 diameters. 

Fig. 20. Similar section of the centre of a yet larger rootlet, a. First-formed vessels 

accidentally detached from the bark-cylinder c. a. Newest formed centri¬ 

petal ones. 

Medullary rays of Lepidodendron selaginoides. 

Fig. 21. Part of fig. 7. Enlarged 200 diameters. li. Three vascular wedges. 

Jc, Jc. Two medullary rays containing barred cells. 

PLATE 54. 

Fig. 22. Part of a similar section to fig. 7, but taken from the junction of the 

exogenous zone, h, h, with the vasculo-medullary cylinder a, and exhibiting 

barred cells at the medullary extremities of the medullary rays Jc, k. x. Zone 

of small vessels uniting the vasculo-medullary cylinder with the exogenous 

wedges Ji, h. Enlarged 200 diameters. 

Co. lamostachys Bin neyana. 

Fig. 23. Part of a transverse section of a strobilus of Calamostachys Binneyana in the 

plane of a fertile verticil, enlarged 46 diameters. Jc. Outer cortex of the 

axis of the strobilus. u. Sporangia filled with spores, v. Sporangiophores. 

v", v". Narrow points near the margins of the peltate peripheral extremities 
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of the sporangiophores, v, at which they are organically united to the 

sporangia. Enlarged 36 diameters. 

Fig. 24. Oblique longitudinal section through a strobilus exhibiting both macrospores 

and microspores. Enlarged 18 diameters, k. Central axis. t. Barren 

bractigerous disks. t'. Bracts of t. v. Sporangiophores of the fertile 

verticils, u. Sporangia with microspores, u . Sporangia with macrospores. 

Fig. 25. A microspore of fig. 24, u, enlarged 165 diameters. 

Fig. 26. A macrospore of fig. 24, u, enlarged 165 diameters, a. Exosporium. b. En- 

dosporium. c. Central mass of carbonised matter. 

Fig. 27. Portions of the margins of three barren disks, t, showing the ascending 

marginal bracts t'. Enlarged 15 diameters. 

Carboniferous Fungi. 

Fig. 28. Peronosporites antiquarius from Halifax, a. Hyphse. b. Oogonia. c. Cells 

of a fragment of bark. Enlarged 375 diameters. 

Figs. 29, 30, 31, 32, 33. Various fragments of the same from a specimen from Oldham. 

Enlarged 500 diameters. 

Fig. 34. Fragments of a Fungus with smaller liyphse from Halifax. Enlarged 675 

diameters. 

PLATE 48. 

Fig. 35. Fragments of a Fungus with smaller hyphen from Halifax. Enlarged 675 

diameters. 

Fig. 36. Peronosporites antiquarius, Oldham specimen. Enlarged 320 diameters. 

Figs. 37, 38. Peronosporites antiquarius, Halifax specimens. Enlarged 320 diameters. 

During the progress of the investigations recorded in my eleven memoirs I have 

experienced some difficulties which would not have been felt if I could have examined 

the originals of the figures and descriptions left by my predecessors in this study. 

Those who may follow me in these enquiries may be preserved from similar difficulties 

by knowing that most of the specimens which I have described will find their perma¬ 

nent resting-place in the Geological Museum of the Owens College, Manchester, where 

they will be accessible to all who may require to consult them. 

Manchester, Jan. 23, 1881. w. c. w. 
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Introduction. 

§ 1. In Vol. XX. (1872) of the Proceedings of the Royal Society (pp. 160-168) is 

a beautiful paper by the late Professor Clerk Maxwell giving an investigation of 

the induction of currents in an infinite plane sheet of uniform conductivity. For the 

purposes of the investigation the sheet is supposed infinitely thin ; and when it is at 

rest and influenced by a varying external magnetic system, the effect of the currents 

induced in it is found to be equivalent to an infinite train of images, at the sheet, of 

the external system, which, after being formed, move off to infinity with uniform 

velocity. When the external system revolves uniformly round an axis normal to the 

sheet, the effect is shown to be the same as if the sheet itself revolved round the axis 

and the magnetic system remained fixed. The images will then lie in a spiral trail 

in the form of a helix whose axis is perpendicular to the sheet. This theory was 

afterwards reproduced in his £ Treatise on Electricity and Magnetism,’ and the latter 

part proved directly from the equations. The analysis there given is somewhat 

difficult to follow, though it is doubtless possible to present it in a more logically 

exact form. 

The problem of the induction of currents has also been treated by Felici 

(Tertolini’s ‘ Annali,’ 1853-54) and by Jochmann (Crelle, 1864, and Pogg. Ann., 

1864). Jochmann has solved the case of a sphere which rotates uniformly in a 

magnetic field symmetrical about the axis of revolution and finds that no currents 

will be generated in it, but that there will be a .certain distribution of free electricity 

throughout its interior and over its surface. He has also handled the case of an 

infinite plate of finite thickness, which revolves uniformly round a normal, by 

neglecting the inductive action of the currents on themselves, and shows that the 

conditions of the problem may then be satisfied by a system of currents parallel to 

the faces of the plate ; he has also traced the forms of the current and equipotential 

lines in some simple cases. The solution, however, as Maxwell has shown in the 

case of a thin copper disc, can be true only for very small values of the angular 

velocity. 

2 s MDCCCLXXXI. 
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Helmholtz, in an elaborate memoir on the “ Equations of Motion of Electricity,” 

in Crelle’s Journal (vols. 72, 78), has given an exhaustive analysis of the conditions 

which have to be satisfied in any problem regarding the movement of electricity, and 

has proved very clearly that the solution of any problem is unique; but he has not 

dealt with any special case of the problem of induced currents. 

Maxwell’s investigation remains up to the present, so far as I am aware, the only 

case in which the complete solution of any case of induction has been published. 

German writers on current electricity have usually adopted some form of the theory 

of action at a distance between the elements of different currents, and the free elec¬ 

tricity is conceived as a scalar quantity distributed with a certain density throughout 

the interior and over the surface of conductors. Maxwell’s theory, which is adopted 

in the present paper, though it leads generally to similar equations, differs notably 

from the other in both these respects. The energy is supposed to be seated every¬ 

where in the surrounding medium, and the free electricity is the convergence of 

a vector quantity termed the electric displacement. The total current, to which 

electro-magnetic phenomena are due, is compounded of the current of conduction and 

the time-variations of the electric displacement. Owing to this peculiarity of the 

theory, the conditions to be satisfied at the surface of separation of two substances 

will differ from those given by Helmholtz. I have therefore analysed them some¬ 

what fully : taking first, for the sake of generality and the simplicity which it gives, 

the most general case of two substances in which both the conductivity and specific 

inductive capacity are to be retained. We can then deduce the conditions at the 

common surface of two conductors, or of a conductor and a dielectric, which is the 

case with which we have to do. 

One special result of these conditions is that when the vector potential, at the 

surface, due to all the currents or magnets in the field is at each point perpendicular 

to the surface of the conductor, the electric potential will vanish everywhere, and 

there will be no free electricity present either in the conductor or on its surface. 

This happens in the case of an infinite plane plate of any thickness. The vector 

potential (or electro-magnetic momentum) is then everywhere parallel to the surface 

of the plate, and is derived by vector differentiation from a function P ; the current 

in it is also everywhere parallel to the surface and is derived from a single current 

function <t>. It- also appears that P is the potential of imaginary matter distributed 

with density <£> ; and, during the decay of the currents, P satisfies an equation of the 

same form as that which regulates the diffusion of heat throughout a solid. 

When the plate is infinitely thick there will be no reaction in the inducing system; 

but when it is very thin, the effect will be that given by Maxwell as already 

explained. The general formulae in this case reproduce his results. 

For a solid sphere or shell bounded by two concentric spherical surfaces, the vector 

potential and current are everywhere at right angles to the radius vector to the 

common centre, and their values may be derived from two functions, P and d>, which 
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are related to each other as in a plane plate ; during its decay also, P follows the 

same law as in that case. 

When the shell is infinitely thin, the effect, on an external point, of the currents 

excited in it may be represented by the following system of images, which constitute 

a generalisation of those of Maxwell. Divide the time into an infinite number of 

equal intervals, and at the commencement of any of these let a positive image of the 

system be formed in the place occupied by its electric image at the surface. Let the 

parts of this image move towards the centre in straight lines so that the logarithmic 

It 
decrement of their distances from the centre is constant and equal to -— (It being; 

1 2?ra v & 

the resistance of the shell and a its radius), and let the intensity of the image increase 

Ii 
at each point with a constant logarithmic rate —At the end of the interval let an 

exactly equal but negative image be formed in the place of the former and move 

towards the centre in the same manner, and let these operations be repeated at the 

commencement and end of every interval during which the external system is varying ; 

the action of the sheet on external points will be that due to the above train of 

images. The action on a point within the sheet may be represented in a somewhat 

similar manner. 

When the shell possesses a finite thickness, or is a solid sphere, it is not possible to 

express its effect so simply. The variations in the external system produce continually 

new systems of currents, the law of whose decay may be exhibited by expressing P in 

a series of terms containing each the product of a tesseral harmonic, a “ spherical ” 

function of the radius, and an exponential the coefficients of which are to be 

found by known methods. 

When the shell degrades into an infinite plate, the “ spherical” function becomes 

an exponential or circular function, and the tesseral harmonic becomes the product of 

a factor cos m<f> or sin mcf) by a Bessel’s function Jm(i<p). The coefficients might then 

be found by means of Neumann’s theorem for expanding./(sc, y) in Bessel’s functions ; 

but their deduction from the corresponding problem of spherical harmonic analysis 

throws an interesting light upon Neumann’s expansion, and especially on the meaning 

of the symbol co in the limits of integration. 

When a symmetrical conductor revolves uniformly about its axis of symmetry for 

a sufficient length of time, the currents and electric distribution become steady, and 

the total currents are then identical with the currents of conduction. In the case of 

a plate or spherical shell, the vector potential and currents are expressible in the same 

manner as before in terms of two functions P and <f>, which are still related to each 

other as formerly. The equation which now determines P is ~ V 2P = &/ 

The general results of calculation verify Maxwell’s theorem of the spiral trail of 

images due to an infinitely thin plate. The theorem is also extended to a spherical 

2 s 2 
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current sheet; the trail here becomes conical, the locus of points in it, which corre¬ 

spond to a given point of the influencing system, forming a curve which would 

become portions of an equiangular spiral, if the cone on which it lies were developed 

on a plane. 

The determination of the coefficients in the problems having reference to a sphere 

or spherical shell depends on the elementary formulae of reduction of the spherical 

functions. By adopting a particular mode of constructing the theory of these 

expressions, it is possible to obtain the necessary properties almost immediately from 

the definitions : a short sketch of the subject is therefore given, confined, however, to 

the results which are necessary for the subsequent analysis. 

General equations. 

§ 2. The general equations of the field in Maxwell’s theory are expressed in 

terms of 

The electro-magnetic momentum at a point, F, G, H 

The magnetic induction a, b, c 

The magnetic force a, (3, y 
The total electric current u, v, w 

The current of conduction p, q, r 

The electric displacement f g, h 

The electromotive force P, Q, R 

The velocity of a point x, y, z 

We have also the following scalar quantities, 

The electric potential \)j, 

The magnetic potential fi, 

The conductivity for electric currents C, 

The resistance to conduction, cr=y, 

The dielectric inductive capacity K, 

The free electricity at any point in the substance of the conductor e 

per unit of volume, on the surface e per unit of area. 

Since the dielectric surrounding the conductors is air, we may treat the magnetic 

induction and magnetic force as identical, and we may put 

dy dz ’ 
&c. (1) 
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The total electric current u, v, iv is connected with the magnetic force by equations 

of the form, 

4 , See. 
dy dz (2) 

and satisfies the equation of continuity 

If we put 

dx'dy dz 

U=p + 
df 

dt* ' ' 

df dg dh 

dx'dy ' dz ’ 

dp dq dr de 
= 0 (3) 

expressing that the loss of electricity by conduction through the faces of an element 

is equal to the loss of free electricity in the element, a result which may be taken as 

self evident. 

If we put, with Maxwell, y>.= CP,/= — ‘P, &c., this equation may be written 

If e0 be the initial value of e, 

, < K de n 

' £+Sr m~°- 

= e„e_4"G 

showing that any initial electrification will rapidly disappear in a conductor for which 

k is small compared to C. When the substance does not conduct we shall have 

e=e(J; so that if we suppose air and other non-conductors initially uncharged, they 

cannot acquire any charge. 

The equations which determine the vector potential or electro-magnetic momentum 

in terms of the current are 

F — [-w/a7dydz!, &c.f 

where r=\/(x-x')'2-{-(y—y')~Jr(z—z')'2, and the integrations are to be extended over 

all space where there are currents, whether these be currents due to conduction, or 

time-variations of the electric displacement. F, G, H are thus the potentials of 

distributions of imaginary matter of finite density ; and, therefore, in crossing the 

surface which divides two substances in the field, we shall have 
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F = F', G = G', II =H' 

d^_dT clG _cK¥ dR _dW >■ 
f/N—f/N5 d¥~ dN ’ 

(4) 

F', G', H' being the components of the electro-magnetic momentum in the second 

substance, and e/N an element of the normal drawn from the first into the second. 

The other boundary conditions are more difficult to recognise. Let us first confine 

our attention to the common surface of separation of two substances at rest. In the 

first the equations of electromotive force are 

11=- 

dt dx 

dG_df 

dt dy 

(7H ddr 

dt dz 

V 
I (5) 

with similar equations for the second. Let l, m, n be the direction cosines of the 

normal (N) at any point, and let ^f = /F-|-mG-j-; then, since 

M=(C+?J)P’&0" 

h + mv + nw- 

and, for the second substance, 

lu -\-mv -\-nw’ 

The condition of “ continuity” at the surface requires that 

(6) 

lu -f- mv nw = lu'+mv -\-n w', 

and therefore 

C-C' + 
K-K' 

47r / dt] dt 47r dt) cZN 47r dt dN 

(C , K d\d$_ [CJ-K . 
\ Utt dt) dt V "r47T dt) tfN ’ 

/ . K' d\ d§_(rAJ^_ <£\ &¥_ 

\ "1"4tt dt) dt \ "^tt dt) fQT 

The free electricity e at the surface is given by 
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(a.) When both the substances are good conductors, we may take K=K'=0 ; the 

equations then become 

(c-0?+c|-d|=» 
dt ' d N 

e'=0 

(?) 

(b.) When the first substance is a conductor and the second a non-conductor (air), 

we shall have K = 0, C'= 0 ; the equations are then, electro-magnetic measurements 

being still employed, 

/ Iv' d\d£ rd±_V dmdT 

V 47rdt) dt~*~ dN krrdt dN 

4W=-K'C(C-~| 
/d\Jr 

V*n‘ 
cW\ 

'dN ) 

(8) 

But K' is infinitely small compared to C; and therefore, if we write (d) for the 

electrostatic measure of e, we shall have 

dt "W/N 
= 0 

47r(e/) 
dip' d\]r 

dN~dN 

1 

l 
r 
I 

J 

(9) 

We may derive an important corollary from these results. 

If $ is always =0 at the surface of the conductors (as will be the case in the 

following problems), we shall have 

(10) 

But from equations (5), remembering that e=0, we derive 

vV=0, Where .00 

within the conductor, therefore, ip is everywhere zero; and since xp' always satisfies the 

equation v~xp' = 0 outside the surface and is zero at every point of it, it follows that ip' 

is also everywhere zero, and there is no free electricity either within or upon the 

conductor. 

Let us now collect the results of the above discussion, so far as it relates to a 

conductor disturbed by the introduction or variation of a magnetic system in a space 

surrounded by air ; putting K = 0, and writing a for —, 
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(1.) Within the conductor 

c OT_, (IF d\Ir 
V ~T : --— 

47r dt dx 

dCr 
dt 

di]r 

~dy 

a 

47T 

6=0, V~l//=0. 

ddf 

dz 

(2.) Outside the conductor C'=0, and K' may be neglected ; therefore 

V 2F' = 0, v 2G'=0, V 2H' = 0, 

e// = 0, V2xJj'=0, 

(e" = electric density outside). 

(3.) At the surface of the conductor 

dF dF' 
F —F' n 

’ dN~dFr ®c* 

d-£+Z=0’ ^=ZF+mG+«H, ^=f 

47r(e/) 
_dj/ 

dN 

d-yfr 

dN' 

(4.) When £=0, v//=0, xfj'= 0, e'=0, and the currents are confined to the 

conductor. 

When the conducting substance is moving in any manner, the equations of electro¬ 

motive force are (Maxwell, Yol. II., Art. 598) 

P=w-*-f 
Q=“-^- f 
B,=0x—ay—-^ 

dyjr 

dx 

d-yfr 

dy 

dyfr 

dh 

If we differentiate these with respect to x, y, z and add, putting for 

its electrostatic value 477(e), we find 

dF rfQ rfK 
dx' dy dz 

4i7T 
(ux+vy -f mb) + 2 (aw, + ^cuj+y<u3) — V 2i/( (12) 
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where <y1; au, w3 are the angular velocities of the element at x, y, z. We cannot, 

therefore, look upon i// as the potential of free electricity; in fact it is easy to see that 

there will be no free electricity inside it, just as when it was at rest. If the conductor 

be symmetrical about an axis, and revolve about it sufficiently long for the currents to 

become steady, the total current will become identical with the conduction current, and 

there will be no flow across the surface. We may then take at every point of the 

surface 
lu-\-mv-\-nw— 0. 

The triple integrals in the expressions for F, G, H are then to be taken only 

dF 
throughout the conductor, and we shall have as before F and , &c., continuous in 

& dN 

passing across the surface; and outside, F, G, H satisfy the equations 

V 2F=0, v 2G=0, v 2H=0. 

The special problems which are solved in the present paper depend for their solution 

on certain properties of the vector potential; and it will therefore not be out of place 

to devote a little space to their preliminary discussion. We shall thereby gain a 

clearer insight into the subsequent analysis. 

The vector potential. 

§ 3. (A.) We shall first examine the nature of the vector potential inside a space 

due to magnets or currents outside that space. It is connected with the magnetic 

potential fl by the equations. 

(a.) dH dG_ d/2^ 

dy clz dx 

dF dll cUl 1 ** 
1 ^

 

1 

in
 II 

dy 

dG dF dn 
dx 

1 I#
 

1 

~ dz 

(13) 

and it is clear that, if we can find one set of values F, G, H satisfying the equations 

when fl is supposed given, the complete values will be 

F+S> g+A h+ 
dy 

(lX 
dz’ 

where y is an arbitrary function of x, y, z. It is therefore necessary for our purpose to 

find one solution only. 

MDCCCLXXXI. 2 T 
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If we can express O in the form 

fl = (4+B|+c£)P. 

where P satisfies the equation v2P=0, the equations are satisfied by 

and, in particular, if 

(14) 

(15) 

(16) 

These expressions (15) may be easily verified by actual differentiation, taking account 

of v2P=0, and may be looked upon as a generalisation of the equations given by 

Maxwell (‘Electricity,’ Art. 405). They give additional interest to his expression for 

a solid negative harmonic 

<+K+< ■ (A"<fe+B4+G*s)v; 

and in forming F, G, H any one of the n factors may be chosen to furnish A, B, C ; 

the results obtained by taking two different factors differing by quantities of the form 

dy dy dy _ . 
7 > yw as I have verified. When fl is a solid harmonic of positive degree, it is 

CtoC CL If CCZ 

more convenient to use the simplified form (16), and in the case of a tesseral solid 

harmonic, the results of differentiation give rise to a series of very interesting 

theorems, which, however, do not interest us at present. 

It will be observed that the expressions given for F, G, IT satisfy the equation of no 

convergence 

dFd_G 

dx dy 
= 0. 

(b.) When we use semipolar coordinates p, (p, z, given by 

x=p cos (p, y—p sin (p (17) 
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the equations (13) transform into 

dH d.pG dfl 

pdcf) pdz ~TP 
dF dH dn 
dz ~ dp pdcf) 

d.pG dF dn 
pdp 

1 

C
L

 

1 

dz 

(18) 

Here F, G, H are now the resolved components of F, G, H in the p —, (f)—, z— 

directions, and the equations are obtained by resolving the two sides of equations (13) 

in these directions. The expressions on the left hand sides of the above equations 

are most readily recognised by observing that, when they vanish, we must have 

[ F c lx+Gcly+Hdk=] Fdp+Gpdcf)+ H dz 

an exact differential. The equations themselves are satisfied by 

V3P=0, 

ldP dP 

'pdfi J~ +dp’ 

> 

H = 0 

and the condition of no convergence 
o 

(19) 

1 d.pF , dG dH . . , 
-=0, is satisfied. 
p dp pdcf) dz 

(■c.) If we employ jiolar coordinates r, 6, (f> 

\Fdx-\-Qdy-\-Hdz]=~Fdr-\-Qrd9-\-H.r sin 0d(f) 

and the results of transforming the coordinates are obviously 

__1_(d.r sin dH_d.rG\ 

r2 sin 6 \ d9 d<j) ) 

1 /dF d.r sin 0H\ 

r sin 6 \d<fr dr ) 

1 Id.rG dF\ 

r \ dr d6 ) 

These equations are satisfied by 

2 T 2 

dll 

dr 

m 

rd9 

dVL 

r sin 0dcp 

. . . (20) 



318 PROFESSOR C. NIVEN ON THE INDUCTION OF ELECTRIC 

H=~(rP), V 2P=0 

F=o, G= 
dP _TT , dV 

sin 9d(f> ' dd . 

. ■ ■ (31) 

and may be readily verified by substitution and actual differentiation, as in the former 

cases, observing that v2P=0. They coincide with the expressions given by Maxwell 

(Pol. II., Art. 671), and before him by Jochmann ; they likewise satisfy the condition 

of no convergence, which in this case is 

1 d.FA 1 d. sin 9G dH 

r3 dr r sin 9 d9 r sin 9dxf> 

(B.) The vector components of the electro-magnetic momentum give rise to the 

vector potential of the magnetic force in the space in which the currents themselves 

exist: we shall therefore enquire what distribution of currents must be assigned that 

the vector potentials due to them may be respectively of the foregoing types. 

(«.) Rectangular coordinates. 

The equations to be satisfied are 

If we take 

4 TTU = 
dy 

dy 

d/3 

dz’ ’ ' ‘ 

dG 

' dz3 

dP dP 

dif ^~dx’ 
H = 0 (22,) 

we find that the above equations are satisfied by 

where 

d3 P d3P d2P d2P 

dxdz’ 'J~~ddjdd V-dx* + df 

dO 
v=-. , w— 0 

dx 

— V 2P. 

(22s) 

is here the current function, and V ~P is not now supposed to be equal to zero ; 

in fact, nothing is at present supposed to be known about it. 

(b.) Semi/polar coordinates. 

The x— and y— directions are variable and are supposed to be in the directions of 
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clp and dcf> respectively, the directed quantities, as above, preserving their former 

designations. 

Our equations are 

1/dy d p/3\ da dy 1 (d p/3 da. 

47T/'~pV^> dz)’ 7TV=lz~Jp 7T'C=d\Jp~d^ 

i/dn_dPG\ of 
11 /IJL rU ’ P 

r/F r/H 

p\d<f> dz )’ 

and we may satisfy these by 

dz dp’ Vz 
1 (dpG dF 

p\ dp dcf) 

and 

F = —1 G='y, H = 0 
p d<p dp 

dr P _ 1 d3P Id / dF\ , 1 d3P- 
» P=—ZJFTr 7=~tApT-I+~2 dpd. p def>dz’ ' p dp\ dp) p“ dfi2 

1 d<E> 
u=-v=~, w= 0 

p d(p dp 

(23x) 

• • • (23*) 

here 

4tt(P= — V ~P ; 

d 1 d2 d2 

p dp Pdp p3 dcf>3 dz3 

(c.) Polar coordinates. 

The equations in this case are, resolving along dr, rdd, r sin ddef), 

1 [dy sin 6 d/3\ . 1 (da dry sin d \ 1 fd.rB da 
4ttu = ——[—--, 47ry=—^ tt—-;- , 4tt^= 

r sm d\ dd ref)) r sin 0\d<f> dr ) 

1 /dH sin 6 dG\ 

r\ dr d6 

CL — 
r sin 6\ dd d<f>)’ 

and we may put in these 

F=0, G=- 
1_ dP TT_^> 

sin 6 deft’ dd 
(24i) 

a— -f- 
r 

‘ 1 d . „dP 

yin d dd ' 8111 dd 1 sin3 0 d<p2_ 

U-=z 0, V — 

1 d3P 

d<f> 

’ P 7- drdd ’ 7 

d<3> 

sin dd6’ W dd 

where 

1 d3(Pr) 

r sin d drdcf) y • (24*) 

j 

4tt<P= — V ~P. 
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General problem of induction. 

§ 4. The problems to which we shall chiefly devote our attention in what follows are 

the induction of currents in a plate (i.) of finite and (ii.) of infinitesimal thickness, 

either at rest or revolving uniformly about an axis normal to its faces, and in a sphere 

or spherical shell either of finite or infinitesimal thickness under the same conditions. 

We may observe however, preliminarily, that any solution of any problem of induc¬ 

tion which satisfies all the conditions of the question is the only solution that can exist. 

For all the equations being linear the difference between the functions which express 

two solutions would also satisfy all the differential equations, and would correspond to 

the case in which the conductor is under no external inducing forces, and therefore no 

currents can be set up in it. 

This observation has been made by Maxwell and has been established more in 

detail by Helmholtz in his memoir. From the linearity of the equations we may also 

conclude that the effect of different systems acting either simultaneously or in succes¬ 

sion may be found by adding the effects due to each separately. 

In particular, when the conductor is at rest, its state at any time t may be considered 

as the aggregate effect produced by a continuous series of impulses during its 

previous history. The effect of each of these impulses, after being received, decays 

according to a certain law, and each contributes a certain amount to the total result at 

any time. The characteristic equation in these investigations is 

Sv2p=l<p+p«).00 

where P0 is due to the direct action of the external electro-magnets. 

Let an impulsive change take place in this external system, by which P0 suddenly 

rises from 0 to P'0, and let P increase at the same time from 0 to P'; then, integrating 

the above equation during the impulse, we obtain 

F+P'o=0 (26) 

The impulse having been administered, P decays according to a law peculiar to each 

system, and satisfies during its decay the equation 

a dl3 
V J P = 

4tt dt 
(27) 

Let P0(i) be the value of P0 at any time t : this value may be supposed to have 

been accumulated by impulses during the previous history of the system, and, if r be 

the time measured backwards from t, we may express this fact by the equation 

-n(' T)dr. 
dr 
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Let x^Po) represent the law of decay of a system which was initially represented by 

P0; then, combining equations 26 and 27, we see that the complete value of P at any 

time for the system is given by 

To complete the solution, therefore, we have only to determine the nature of xT- 

Case of an infinite plate of finite thickness. 

§ 5. Let us now take up the case of an infinitely extended plane plate of thickness 

2b, and suppose the origin somewhere midway between the two faces of the plate so 

that its faces are determined by 

The scalar and vector potentials of external magnets or currents may be denoted by 

o F 0 C IT -o 
ds‘‘ L dy\ ' dx' 11(1 

. . . (2!)) 

The equations of the currents in the plate will have for them type 

(Til- 
d(F + F0) dF 

dx dt 
(30) 

and we shall prove that all the conditions of the problem may be satisfied by taking 

dP „ d P TT 

*=°- f=-f g=*/ h=0 

d<f> 

U=~ly’ V=~d%’ W=0 
. (31) 

47r 
<h= — v2P J 

The equations of electromotive force are now reduced to the single characteristic 

equation 
rc rl 

.(32) iUsp=l<p+L) 

Since there is no free electricity anywhere present, the currents in the plate are 

closed currents, and therefore F, G, H and their differential coefficients are all con¬ 

tinuous in passing across the boundary of the conductor. All these conditions will be 

satisfied by having 
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> —P 
outside inside 

dP\ /rfpN 
dz outside dz ■*/ inside 

(33) 

when z—-±b\ and it must be remembered that, outside the plate, the vector potential 

is determined by 

r/P dV 
F= —~r, G= ; , H=0, V2P=0.(34) 

dy dx v ' 

If we employ semipolar coordinates the equation in P in the substance of the plate 

may be written 

<r /d~P 1 dP 1 <PP <P?\ dP 

47r\dp2 p dp p2 dcf)2 dz2) dt 

To satisfy it, put 

P= cos m(f)Jm(i<p)(A cos nz-j-B sin nz)e~M.(35) 

where J,*(/cp) is Bessel’s function of the degree satisfying the equation 

and 

d*J 1 dJ 

dp2 p dp 
(36) 

*=£(**+»*) (37) 

We observe also that k is a constant, which the problem does not enable us to 

determine : it must therefore be supposed to have all values from 0 to oo ; m is 

necessarily a positive integer. 

Outside the plate P is given by v2P=0, and is satisfied by 

P = e kf cos m<f)Jm(Kp).Ce % 

P = e~w cos m(f)Jm(Kp).T)e+Kg, 

positive 

: negative 

it being observed that P must vanish when z = cc . 

To determine n, we have, by equations (33), 

(1) when z=-\-b. 

A cos nb-\-B sin nb =Ce~Kb 

— n(A sin nb — B cos nb) — —kC€~k,j, 

(2) when z— —b 

A cos nb—B sin nb =De~Ki 

+ n(A sin nb-\-B cos nb) = /cDe“A 

(38) 
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Eliminating C and D, 

A(k cos nb—n sin nb)-\-B(i< sin nb-\-n cos nb) =0 

A(«r cos nb—n sin nb) — B(/< sin nb-\- n cos nb) = 0. 

From these we find 

(1) 

(2) 

B = 0, n sin nb — k cos nb— 0, C=AeKb cos nb=D 

A = 0, k sin nb-\-n cos nb—0, C=Bck/"cos nb——D 
(39) 

Putting all these together we obtain 

inside the plate P = £(3) 

outside, z-f-ve, P=S(3> 

outside, z — ve, P=S<3) 

cos m<f>Jm(Kp)(A cos nze A/+B sin nze v/) 

-(-similar terms in sin m<j> 

cos m(f)Jm(Kp)(A cos nbe~Kt-\-B sin n'be~y/)e~K(::~b)-\- . . 

cos m(f)Jm(Kp)(A cos nbe~k/—B sin n'be~Kl/)eK{l!+i)-\- . . 

) (40) 

J 

where 

n sin nb — Kcosnb = 0, (k24-A2) 
47T 

n cos n'b-\-K sin n’b—0, (k°n':) 
47rx 

The summations are to be extended, first over all the values of n and n corre¬ 

sponding to the roots of the above equations, then over all values of k from 0 to co , 

and finally over all integral values of m from 0 to oo ; the summation with respect 

to k will be of the nature of an integral, as will presently appear. 

§ 6. The investigation of the values of the coefficients is attended with some difficulty 

owing to the difficulty of interpreting the values of Jm for infinite values of the 

argument. I have therefore sought to evade these difficulties by conceiving the plate 

as the limit of a spherical shell of finite thickness but of infinite radius, and keeping 

in view the general course which the solution for a spherical shell takes. It is 

possible to obtain the solution for any spherical shell, and it might seem therefore easy 

at once to adapt that solution to the present case: but unfortunately the adaptation is 

also beset with difficulties of a peculiar kind, and therefore we can do no more than 

take the steps of that investigation as guides in the present problem. The main light 

which the case of the spherical shell gives us is that we have to regard cos m</>J,„(fcp) 

as a degraded form of the spherical surface-harmonic cos ■jh^P^cos 6), obtained by 

putting 

sin 6=-, 7i= kb, 
cl 

(A)) 

MDCCCLXXXI. 2 u 
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a being the mean radius of the shell (sensibly constant), k a finite quantity : 

the passage clear we know that, if s—sin 9, P,/ satisfies the equation 

„9,\(py , t-2^2 dy 
w+— -.+ ds 

!)■ 
77 V 

'7 
y—0 

(see Heine, ‘ Kugelfunctionen,’ p. 216, 2nd ed.) ; which we may satisfy by 

y = C;/(s'"+A1S“+3 + AsS*+4+ . . . ) 

where 

A1{(w+2)2—m2} +n(n +1) — to. (to+ 1) = 0 

A3{(w+4)2—m2} +[n(n-f-1) — (to+2)(to+3)]A:=0 

A3{ (to+6)3—to2} 1) — (to+ 4)(to+ 5)] A2= 0, &c. 

If we now put n (infinitely great) = «:a, s= we find 
cl 

C w P » 
a™ r 

o o 

K'P Kipi K(ip6 

4. m +1 4.8.to + 1.to + 2 4.8.12.to+1.to + 2.to + 3 

2 “m! 
Km2jn 

Cmn.J m(Kp) 

the value of the constant C,/ being obtained from considering the value 

when 5=0 ; in fact we have (Heine, 2nd ed., p. 207), 

CL"=2 
n\(n + m)! i—m \ ' 
m! (2n)! 

This constant we shall keep, for the present, unreduced. 

From the theorem PA-PA' sin 9d9= 0, we derive at once 
Jo 

I Jm(Kp)Jm(Kp)pdp—0 
-10 

We have moreover (see Heine, pp. 327 and 253), 

f (PA)2 sin 6d6 
J n 

2 (n + to)! (n — m)! 

2w + l*(1.3.5... 27-Tv2 

and, correspondingly, 

pyy—7  /c2'"la2m+2 2 (% + to) ! (%—to) 1 

Jo P1 P— (Cm»)s"2w+ l’(1.3.5 ... 27i-l)2‘23»(TO !)3 

to make 

• (A,) 

• (A3) 

Pn • TO • 

• (A*) 

• (A6) 

• (A6) 
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If we take into account that n is infinitely great compared to m, we see that 

(n—m)\=n\-r-nm and (nJrm)\ = n\ Xnm ; also 

1 ,1.3.5... (2n—l) 
—=2mm !---> 
C ” n! 

whence 

( Jm(Kp)fpdp= 
K*™a?m+* 1 

(A7) 

But n = K& and the successive values of n correspond to the successive integers 

. \ 8k=-; hence the above integral becomes 

jy„MI iPdp=^x .(a8) 

We are now in a position to find the values of the coefficients (A), (B) in the 

expressions (40) : for it may be easily shown that, if n1} n2 be two different values of 

n, n\, two different values of n from equations (39), then 

r+$ r+b r+b 
j cos npz cos n2zdz=0, J cos nz sin nzdz— 0, j sin n\z sin n\zdz=0 

1 

[+b „ , 2nb+sm.2nb [+b . 0 , 7 2nb—sm2nb 
cosz nzciz—---, sir n 

J -h 2n J 

!> • (41) 

2v! 

From these results we may separate the different values of A, B: for since when 

<=0, p=-p0. 

We have in fact 

1 
A= — 

2 n 

7r 2nb + sin 2nb 

r2rr r00 r + b 
k8k . cos \ pJm(Kp)dp \ P0 cos nzdz . . (42) 

Jo Jo* J —h 

B may be found in a similar manner, and likewise also the terms depending on sin m<£. 

Collecting all these results for the value of P (</>, p, z) at an external point on the 

positive side of the plate, we have (z positive) 

-j r2n r°° r00 
P=—tm\ cos m{(f)—(f)')d(f)' Ke~K(z~b)Jm(Kp)dK p'Jm(Kp)dpt 

TT J o Jo Jo* 

-xt Zncosnb [+h^, /7/1 _x,t 2n'$i-nn’b [+b^, . /Jn^ 
0~, , • o t P ocos nz dz +e .x n . n P o sm nzdz) . . (43) 
2nb + sin 2nb) u 2nb — $m 2n b J u J v ' 

The last % is to be extended over all the values of n, nf which can be derived as 

roots of the equations in these quantities. The first 2 denotes that the summation is 
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to be extended to all values of m. It is to be feared there is no simpler mode of 

writing the above result; but the approximate solution of any given case could be 

obtained from it by carefully conducting the approximations. 

Case of an indefinitely thin plane at rest. 

§ 7. We may pass from the above problem to the present by making b indefinitely 

small. If R be the resistance to the current per unit of area 

2Rb = cr (44) 

and we have also to enquire what the values of n and n derived— 

(a.) From the former solution will now become. To do so I shall write the equation 

for n in the form 
9 sin 6 — Kb cos 9=0, where 9=nb. 

(I.) When Kb is small the roots of the equation are approximated to, in general, by 

sin 9=0, or 9=jn=/3, say. 

Let 9=/3 fix, then to find x we have 

(l3 fix) sin x=kI> cos x. 

Expanding sin x and cos x in ascending powers of x, we obtain, after some reduction, 

x in the following series of powers of kIj 

t 7 1 o^o 6+yS2 R73 

b WKb + ■ ■ ■ 

moreover 

\ o . o\ h=—(r+ri2). 

Hence, in general, 

nb=jn+lr-Kb-• • • 

J j7r yV3 3;°7t5 
1 

X R / -9 0 , r, 7 . j27T2 — 1 07 9, 18 + 2/7T3 R , 
X 0-jij~1T~fi%Kb-1-2 K'lr-o-44 .Kir-. 

Inrb\ J ~tt 6] V* / J 

. (45) 

(2.) But there is a root of the equation for which n b is very small given approxi¬ 

mately by rdbr = k9 ; expanding fully the equation 9 sin 9—Kb cos 0=0 in ascending 

powers of 9, we find 

niVt=Kb-%K?b*+-*SK?bs+ ... q 

X=£(k+!k26+^62+ • • •) 
• • («) 
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(■b.) In like manner, the equation in n, which is 

n'b cos n'b-\-Kb sin n'b = 0, 

, 2i+l 
is satisfied, approximately, by n'b = -- .7r=a, say: and more accurately byn'b = a~\-x, 

where 

(afi-x) sin x—kL cos ,r. 

This is precisely the same equation as before, and gives 

n'b = a + -. Kb -1 ,rfh2 - *3&3 
a a'* or 

X/ / 2,0 7 I —1 .77 0 18 +2a2 37 3 
k=T^ a- + 2/c6+ — K-lr— — k biJr . 

Zirb\ a or 
j 

. . (47) 

When we make b indefinitely small, retaining It as a finite quantity, all the values 

of X and X' become indefinitely great except those which arise from the approximation 

Ea: 
in n, nzb2 — i<b-\- . . . ; X is then = —. Rejecting therefore all other values of n, n', 

X and and confining our attention to the parts of P outside the plate, we find 

[writing A cos nb under the single term ^H], 

z positive, P=2 cos m<£.Jw(/qo).^le *(2+^) y 
z negative, P = £ cos m(f).Jm(Kp).<^ie+K(z~^) 

(48) 

the term in b in the exponential e being neglected. 

If, at the surface of the plate, P —fix, y, t), then at any point for which 2 is 

positive, 

and at any point, z negative, 

P =/(«, y, f- + 

P =f(x, y, t — 

2-\~) 
r ; 1 

h (49) 

This is Maxwell’s result. 

I have dwelt somewhat fully upon this case because it brings out very clearly the 

mode in which the terms depending upon all but a certain number of the values of 

X and X' disappear when b is made indefinitely small. When we consider the case of a 

spherical shell, we shall find that a similar reduction takes place. 
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Induction of currents in a solid sphere at vest. 

§ 8. When a solid sphere of radius a is influenced by an external magnetic system 

whose potential is fi0, we may express the vector potential of the latter by taking 

oJ=-(P0r), F0=0, G0 <0*0 TT 

15 do ■ sin 6 dp 

dx, dy, dz being now coincident with dr, rd6, rsin 6dp. 

The equations of electromotive force, viz. : 

d(F+ F0) dp 

dt dr 

d( G + G0) dp 

dt rdd 

d{H + H0) dp 

dt r sin ddcf) 

}> • 

and all the conditions of the problem may be satisfied by taking 

p= 0, F=0, G= 
dP _dP 

sin ddcf)’ dd 

d<$> 
U = (), V— 

4tt<P= — V2P 

sin 6dp’ dd 
y 

P satisfies the characteristic equation 

01 more fully. 

a o-r> dP 

Sv'p=^’ 

,ZT 2rfP 1 df. <fP\ 1 .;’l' df 

<W“Pr irhsiii# <ysnl °<w) + r-sm2e d^r~ a- dt 1 

• (50) 

(51) 

(52) 

(53) 

outside the sphere P satisfies the equation 

V2P = 0 ; 

and we must have the further condition that F, G, H and their differential coefficients, 

or (which is the same thing) 

r/P 
P and —. 

dr 
(54) 
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are to undergo no sudden change in passing across the surface of the sphere, and that 

P must be finite at the centre. 

The equation in P (inside the sphere), is satisfied by 

P= AU„S„(\r)e-V2-4ir~.(55) 

where U/t is any surface harmonic of degree n, and Su(Xr) is the solution of the equation 

d?Q 2 dQ 

dr r dr + —T~) Q=o (B) 

which does not become infinite at the centre. In fact the two solutions of this 

equation are, as I have elsewhere shown 

sA'->=(x,y,(lA 

T.(Xr)=(\r)-(L£( 

n 

n 

Sill 

\r 

cos Xr j 

\r J 

(BJ 

of which the former vanishes at the centre, except when n= 0, and the latter vanishes 

at oo ; it is the former of these expressions which is chosen. 

Outside the sphere the value of P is 

P = BU*.r*_1e"4,'S.(5(f) 

and the above boundary conditions give 

A„S,(Xa) = B.a--1, A,~ = -B,(«+ l)a— 

or 

B=a"+1.A;iS(Xa) 

a^+(#+i)S.=0.(57) 

This equation is also equivalent to the following somewhat simpler one (see equation 

B5, § 10), 

S„_1(Xa) = 0.  .(57,) 

The values of X being thus determined, we may proceed as in the former problem 

to find the coefficients due to any initial circumstances, and thence the state of the 
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sphere may be readily deduced by the principles which have been already explained. 

I may observe that U„ is to be expressed in the system of tessera! harmonics 

S(A cos m<£+Bw sin mcf))P,/ 
0 

The rest of the process needs no remark. 

Spherical shell of finite thickness. 

§ 9. Let the external and internal radii be b, a ; all the conditions of the problem 

will be satisfied by the same general assumptions as to the forms of the electro¬ 

magnetic momentum of the currents, the current function and of the potentials of the 

external magnetism. The characteristic equation remains 

er 

47T 
V 

and, as in the former cases, since there is nowhere flow along the radii to the common 

centre of the surfaces and no free electricity, the currents are entirely confined to the 

interior of the shell, and we shall have as before for boundary conditions, that the 

vector potential of the currents in the shell and its differential coefficients sustain no 

sudden change at crossing the surfaces. Outside the shell and within its inner 

surface, the vector potential is given by expressions of the same form as in the 

substance, viz.: 
(1 p dV 

F=0, G=-, H=^j, 
sin 6d<p a 6 

but in the space free from currents 

V CP = 0. 

At the boundaries all the conditions are satisfied by having 

dV 
P and 

dr 

continuous when r=a and when r=b; we must therefore take 

o o* | 
within sphere of radius a, P = SCr"Ude“AV 

in substance of shell, P = S.(AS„-f- BT„)U,te~A2'U [* . 

I 
without sphere of radius b, P~ SDr " 1.U„e A ^ 

(58) 
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S„ and T„ are the expressions referred to in last article : they are the particular 

solutions of the equation 

^+hf+(c-^H-)')R=o. 

If we write x=\r, S„ and T„ are respectively equal to 

xn. 
1 d \n sin x 

x dx 
and xn\ - 

1 d \” cos x 

x dx 

To expi’ess the boundary conditions we shall write 

a=Xa, /3=Xb, S = S(Xa), S/ = S(Xb), &c ; . 

we have, accordingly, 

Ca"=AS+BT, «Ca”-] = x(A~+B|^ j 

Db—>= AS'+BT', - (»+1 )Db-«=B^) j 

(59) 

(CO) 

These equations may be put into much more elegant forms ; but to do so we require 

various properties of the S— and T— functions ; and as these are not very generally 

understood, I shall here digress into a brief sketch of the whole subject, confining 

myself as strictly as possible to those properties which have a direct bearing on the 

present question. 

[.Properties of the “ Spherical Functions.” 

§ 10. If we write xz=t, and work out the differentiations and integrations, it can be 

readily shown that 

/I Y* sin a? . . . /I d \ cos x 
xn[~ — ] -=(—!)" x~n~x 

x" 

x dx) x 

1 d \n cos x 

x da 

\x dx 

a f 

yX dx 

, . ,. . i 1 d\~n~l sin a; 
(B3) 

The constants introduced by integration must be so adjusted as to make a certain 

number of terms in the second equality coincide : the others will be exactly equal. 

If we write each member of these two equations, as before, respectively S„ and T„, 

and differentiate the quantities on the left-hand sides of the equations, we find 

ci dSrt rp dTn rp 

-no,,, xl„+-[=x—-n 
1 dx dx 

2 x 

(B) 

MDCCCLXXXI. 
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Differentiating: the riodit-hand members we obtain o o 

—a; ^ + (71+1)8,, — ad\,_T=x^'-f (a + l)T„ .... (B5) 

These are the fundamental formulae of reduction in these functions : if in the latter 

we write n+1 for n, and substitute the values of S„+1 and T„+1 from the former, we 

can show easily that S# and T„ satisfy the differential equation 

7?+-^+(i-^)r=o.(B) 
ax■ x ax \ x“ ) 

and are therefore the two solutions of it. If we eliminate from the above x -- -, and 

fix 
x ~ . we nnd 

ax 

(2??-f-1) — d-Sw+1+S«_1=0 | 

. ; ^ .w 
(2n+l) -f+T„+1+T„_1=0 

* J 
whence also 

S«+1T#—Tfl+1S*=S4TB_1 —S^T,,.(B7) 

and, by successive reductions, 

S,+,T,-T,+1S„=S1T0-T1S0=f,.(Bs) 

and thus also, by (B6), 

S„1T„_1-T„+1S„_1=-^.(Ba) 

We obtain also directly from equations (B^t, 

rp dSH q aTn_rn m Q _I_ /T> \ 

•*-» (fr —+ A»+lOw- .\°10/ 

a well-known result.] 

11. If we now turn to equations (GO), we find by elimination 

^(Tf-sf)=-a”-IC(“f-BT' 
XB(Tf 

XA(Tf-sf)=-b-2D^l+('l+1)T' 

XB (Tf -S'f)= +b—D +(., +1 )S' 
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These may be written 

A= - W+aT„+1(Aa)C, B= + XV+2S„+1(Aa).C 

A= +Xab-“+1T*_1(\b).D, B= — Xab-"+1S„_1(\b).D. 

Introducing a new constant St, we may therefore put 

C= St. b "+1S„_1(Ab) 

A= -mV+2b-”+1T,Tl(Aa)SB_1(Xb) | 

B = +StA.~a"+3b_"+1S,i+1(Aa)S;(_1(Xb) j” 

D= — ^.a"+2S«+1(Aa) J 

(61) 

with the further equation, for the determination of A, 

S»+i(\a).T„_1(\b) — T,i+1(Xa).S/i_1(Ab) = 0.(62) 

To construct this equation, I observe that 

„ /I d\n sm x 
S„, = xn - 

may be written 

and that 

iX/ doG) 00 

■\r • i . n7r\ ■ tt . / . n + 1 
Xf' sm x-\- - +X2'* sm (x-\~——tt 

T„, which =xu (~ s*n (2 JrX), 
x 

may in like manner be written 

(Bn) 

Xfz sin (x+) +Xa* sin (x+~^n 

In fact 

(Bn) 

„ v „ 1 [n — l)n{n + l){n + 2) 1 , (n—3)(n — 2) . . . (?i + 3)(?i + 4) 1 
x--^i—1 24 ‘„g"r ‘^4 

.4.6.8 
■&c. 

1 

„„ V «_Kw + l) 1 (n-2){n-l) . . . (^ + 2)^+3) 1 , 

X'^ “ 2 * 2.4.6 ' • • 

F (B1S) 

J 

With this notation we may put 
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S„+1(Xa) = AT+1 sin (\a+^ V ) +A/+1 cos Vj 

T„+1(Xa)=A1”+1 cos (Xa+^V)-A.T+1 sin (xa+^Tr), 

S/,_1(\b)= Bp-1 sin ^Xb + tt j + Bf'-1 cos ^Xb+ —— tt ) 

T„_j(Xb) = Bp-1 cos (Xb + —~irj — Bp-1 sin ^Xb +' 1 tt ) 

Substituting in (62), 

(A2”+1BT_1—A1”+1B3,l-:i) cos (X(b—a)—7t) —(A3”+1B2“-1 + A1s+1B1“-1) sin (X(b —a)—7r)=0 

or more simply 

(A1”+1B1"-1+A2“+1B2"-1) sin.X(b—a) — (A2”+1B1“-1 — A1"+1Bv-1) cos.X(b—a) = 0. 

This equation may be further simplified ; for, putting 

X.n A g B—i 
tan S-'=-A, tan A T, tan 8'=* ■ 

n9 \ tt+I7 1 H n—1 V BT 
(63) 

it becomes 

whence 

sin {X.b — a — a!—/T} = 0, 

X.b — a=a'—/3' -{-nr (64) 

here a' and /T are the smallest positive angles which satisfy the above equations ; and 

3 may, when 2x>n(n+1), be expanded in ascending powers of — by Gregory’s 

series. 

tt 1 
U p to —, 

,J=^+fa-1>yt1)(,‘+2)4-AA)[3.or+»);-8(»5+«)+i-4A • • • <65> 2.4 2.4.6 

The values of <x and (3‘ in terms of Xa and Xb may be similarly found, and when 

substituted in equation (64) will give the means of finding all the values of X. These 

being found, the complete expression for P may be written down and the values of the 

constants therein determined from the initial circumstances by known methods; we 

shall therefore proceed to find the value of P at a point outside the shell. 
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The potentials at a point outside the shell and in its substance may be written 

respectively 

P=2D' 
bVf+1 

U,,e 4tt 1 

and 

P=SDW(Sj.(®)T,_108) -T^S, _1(^))e- 

wherein, as before, x=\r, /3=Xb, 

Let us write 

H,=(S)X.1(^)-m-1(^)W.(66) 

where T,,..^/?) and Sn-\(fi) are to be treated as simply certain constant multipliers ; H„ 

will satisfy all the formulae of reduction which we have found to hold separately for S* 

and T„; and we have further these particular values 

H„(/3)=l, H,,+1(a) = 0 by equation (62) 

and by the equation (Bg), H„+1(/3) = — ^j^H„(/3) = — ~'n +1 
Ab 

(67) 

Now H„(x) satisfies the equation 

qj+(x3_,A+i)')H=0, 
dr r dr \ r ' 

and if Eh correspond to any other value of X, viz. : we have also 

^+2 f+AJ_Aqrv=o, 
dr r dr \ r 

whence 

i3/ TrdW TT,d H\ 1 >> 

But, by equations (B4), 

i-~ = »H,+XrH.+1 

dll' 
=nHi,+\VH'„ 

dr + l 

and, therefore, 

(68) 
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But if X' be also one of the roots of equation (62), both H„+1 and H'n+1 vanish at 

the lower limit; and at the upper limit 

2??/ “I-1 
H„=H,»=l and XH„+1=X,H*+i=— K 

hence 

.(69) 
- a 

If we put X' = X+SX, and then make SX infinitely small, we arrive at the value of 

fV2HMr : for 

d H„ 
R'*=H,(Xr + §X .r)=H,+r8X ~ 

and 

— Hw+-SX(XrH«+1+?iH„) by (B4) 

8\, 
H'„+1—H„+1(Xr+SX.r) — H,i+1+^(—XrPL—r+1H„+1) by (Bs) 

Putting in these values in (68) 

fW ,?dr=: {Xr(H„~+H3„+1)+2nH„EL+1} 

F(2»+l)-^(S„(Xa)T„_1(Xb)-T„(Xa)S,.1(Xb))i! . (70) 

Let us call this integral lu; we may now separate the coefficient D' due to any 

term of U„, say cos : for if we put in equation (58) t — 0, P=—P0, multiply 

across by cos m<f>dcf>.P,/ sin Odd.Rnr~dr and integrate throughout the body of the shell, 

all the terms on the right hand side disappear except those which have the some pi, 

n, and X; and, if we note that 

.1 r!r/f-v 7/1 2 (n+ m) ! (n — m)! T 
Cos~ »,«=*•, ju(P„”)-Sm • (La57T2^!)5=J- 

we find 

D'= — | cos m^dcf)I Vjl. sin 6d0 j P0H;ir‘2ci;“-p7rJ,/I„. 

The coefficient due to sin m<f>P,/ may be similarly found. 
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Putting all the results together we find for the value of P at an outside point 

i oo oo /h\»+i rb p' r'2 
P= — mS nX('j ^ cos m(<i>-<f>')d<f>'. Pm*(0)Pm*(0’) sin O'dd’ H 

TT 0 0 \ ^ / J 0 • 0 a m 

A V x 
xn;'.(71) 

From this formula the action of the shell on an external point due to any inducing 

system may be found. 

We proceed to inquire what will be the result when the shell is supposed to become 

infinitely thin. 

Infinitely thin shell. 

§ 13. Putting b — a=c, <r = Eq the exponential-function e~K*c'+^. will be finite only for 

such values of A as make A3c finite : if A3c become indefinitely great the corresponding 

terms will rapidly disappear. More accurately, the terms for which \~c is finite will 

die away infinitely less rapidly than those for which it is infinitely great. 

W in the equation 

Ac = a'— ft' -\-in, 

we take as a first approximation \=—, we may readily expand Ac in a series of the 

• • IT 

form fTr+Ej.c + EyP-b . . . ; but in this case A3c= — approximately when c is very 

great. 

The corresponding system of currents will rapidly decay. It is therefore by putting 

i=0 that we obtain the currents which have the greatest persistence. The equation 

in A is 

A'2c = 
(n + 2)(n+l) (n — l)n 

2 a. 2b 
-f terms in A A" 

and, for a first approximation, b = a and 

A3c=-(2r+1) (72) 

Hence, by equations (58) and 

for points outside the shell, P^=S(F(-j CJ„ 
H + l _ K 

e 47ra' (2n + \)t 

within the shell, P = £(i£(-) U„c ^ (2,i + l )t 

(73) 

To interpret these results : 
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(1.) For an external point, 

we observe that when t = 0, P = 2(P 
»+i 

U„ 

and that, always, P = e ***L2(F 
'\n +1 

U. )■.i'i) 

where a' = ae 

The result, therefore, of an impulse on the sheet is such that initially the currents 

exert the same action on an external point, as a positive image of the magnetic system 

placed at the position of the electric image at the surface of the sheet. 

The points in which this imaginary magnetism is distributed then move towards the 

centre according to the law p' = pe~i™, while at the same time the intensity at each 
R' 

point increases according to the law P = Ie^a. 

When a=co we may take p — a and p — p' = ^-t, and P is constant; this result 
Z7T 

reproduces Maxwell’s expressions for a plane sheet. 

(2.) For a point on the other side of the shell 

where 

Rt r 
P=e-4^2.CF( - 

\a 

Rt 
a"=ae+27ra 

U,, 

(75) 

The effect is, therefore, the same as if the inducing magnetic system were reversed 

in sign, and the points in which it is distributed w^ere to move off to infinity in lines 

passing through the centre of the shell according to the law 

Rt 

p’—pe 2™, 

the intensity at each point diminishing according to the law 

. b< 
r=Ie-£i. 

§ 14. This result is so interesting that it may be well to give an independent demon¬ 

stration of it. Employing, as hitherto, spherical coordinates, let <t> be the current 

function for the currents in the sheet; P, the potential due to imaginary matter dis¬ 

tributed over it, with surface density $ ; the magnetic and vector potentials of the 

current system may be written 
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The components of the current are 

u = 0, v= 
d<£> dd> 
-W — 
sin delft d6' 

The equations, therefore, of the current are 

which is satisfied by 

R d<\> 

47t sin 0d<p 

(l~V d\fr 

a sin 6d<pdt ad6 

+ 
E a? p d\fr 

47r dd adddt a sin 9d<p' 

1 rfP 

+=°- *=i A 

Outside the sheet and within its inner surface, 

F=0, g=AL H=-A 
sm 0d<p dd 

V2 P = 0. 

Hence 

outside 

inside 

h+i 
Pn=2A - ILe^'s* 

r \n r 
Pi=SA(M U„<T*V; 

at the surface <f> =—^SAU„e AhP\ —— • 
a 47t 

But we have also the further condition 

hence 

and therefore 

dl\ dV,, 

X»=i(2n+1) 

p0=2:a(-)"+1ltc-^+1^ 

/r\® R 

Pi=SAf-J U*e-^+1W. 

This corresponds with the result obtained from the more general investigation of 

last article. 

MDUCCLXXXL 
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Moving conductor. 

§ 15. When the conductor is moving in any manner, the parts of the electromotive 

force due to the motion are, in the directions of the three axes, respectively equal to 

yl)— fiz, olz — yx, fix — ay. 

The form of these expressions shows that, when it is desirable to resolve the 

electromotive force in any other directions at right angles, the components will be 

yY-fiW, aW-ytJ, fiJJ-aV.(l) 

a, fi, y being the components of magnetic force, and U, V, W the components of 

velocity in these directions. When the motion of the body is uniform, as when it is 

revolving uniformly round an axis, and when it is symmetrical about this axis, the 

electric state may after a certain time be supposed to have become constant; there is 

then no variation of electric displacement at each point of space, and the currents of 

conduction become the total currents. We have then 

and therefore 

u = aM=-.f 

df dg 

Ix'cly 

dh 

dz 
0 . (2) 

There is thus no free electricity in the substance of the conductor, though there 

may be electric potential : and the normal component of the current across the surface 

of the body is zero : that is to say, 

mv=0.(3) 

It is to be noted here that we are here dealing with the state of definite points of 

space : these are invariable. The different parts of the conductor take different 

conditions as they move from one point of space to another. 

Since the currents are confined to the conductor the vector potential due to them 

and its differential coefficients will all be continuous on passing across the surface of 

the conductor. 

With these preliminary observations we proceed to the consideration of a solid of 

infinite extent and thickness bounded by a plane face, revolving round an axis normal 

to its face. 
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Infinite solid bounded by plane face. 

§ 16. Let the axis of z be chosen to coincide with the axis of revolution and the 

origin on the face, and revolve along dp, pdp, dz ; 

U = 0, V=cop, W=0 • (4) 

oj being the angular velocity supposed uniform. 

The components of electromotive force are 

P = 

Q= 

li= 

dp 

“PV-Tp 

dp 

Pd4> 

dp 

°JPa~dh' 

(5) 

The external magnetic force may be represented by 

0 _dP0 r\ _dP0 _ 
dz ’ pdfi dp ’ ±1°_U’ 

and all the conditions of the problem are satisfied by taking for the vector potential 

of the currents in the solid 

F=~~, G=~ H=0. 
p(t(p dp 

The total magnetic force is the sum of the parts due to the currents in the sheet 

and the external force : it is therefore given by 

a 
_dfiP + P0) _cd(P + Pn) _1 dj <Z(P + P0)\ 1 d\P + P0) 

“ dpdz 5 1 pd<j)dz 5 y P dp\P dp / >2 dp2 

The currents may be denoted by 

d<4> d<t> 

u=v=Tp’ w=0’ 

4tt<P= — V °-P (6i) 

If we now substitute for P, Q, R their equivalents cru, crv, 0, the second of 

equations (5) becomes 

d<t> dp . . 
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which is satisfied by 

*=!*% .(*•> 

and from the last equation 

d2(P + P n) d~X n 
“P ipdz 

whence 

o-x=w(P+P0).(7) 

By equation (6X) this may be written 

svSp=4(p+p»).(8) 

This is the characteristic equation of steady currents in a rotating conductor : we 

may show that the first of equations (5) is also satisfied, for this requires that 

o-fAfi cl d(P + P0) a) d~(P + P0) d d /r, , 7^ \ 
-pi* =“Tpp —p—+P d? dpPipT+p«)’ 

or 

— o-0> = aj^(P + P0), 

which corresponds with the former equations. 

All the conditions of the problem will be satisfied by determining P subject to the 

following conditions :— 

(1.) It must satisfy equation (8) within the solid, and vanish when z—— oo . 

(2.) ,, ,, v:P = 0 outside the solid, and vanish when '= + oo. 

dl> 
(3.) P and — must be the same outside and inside the solid when ~ = 0. 

clz 

Let us now suppose that P0 can be expanded within the solid in a series of the form 

P0=S(Ae^+A/e-','"#>)Jm(xp)eK~\ each of these terms verifying the equation vcP0=0 as 

they ought to do, and vanishing when z= — oo . We shall show presently how this 

may be done. 

The corresponding part of P due to Ae'"^ is 

where 

P = — (xp) eK: + n 

0 v2n = +<o 
•±7T 

dn 
clef) 

(9) 

Putting therefore 

n m{xp)eT- (10) 
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we have 

— K2 {JL~ = i. 

. Attvico 
■ (11) 

/ , . 47rmco . . N 
• — i -=±(i> —«i) suppose. 

We must take only the positive sign since 11 = 0 when z= — co . 

Thus 

p_ewjOT(Kp)( — Ae^+Be^-) within the solid : 

outside 

P=e^J»(K/t>).Ce-« 

and the conditions of continuity give us 

— A + B = C, —kA+//.B =— kC, 

whence 

B=—.A, C=^.A 
/C + yU- /C + yU, 

(12) 

Let us confine our attention now to the value of C which expresses the action of 

the sheet on external points 

k —p + A 
C=A.- 

k Ar'p — qi 
= A (jp'+q'i). 

similarly, corresponding to the term A'e we find 

C'=k'{p-q'.i). 

Let 

Ae^d- A'e-""<?>=^1 cos sin m(f> 

Ce^+C'e-^=© cos m<£+13 sin m<f) 

®=c+c'=a/+w 1 
33=(C-C')i=3Sp'-as'J ' 

Let 

then corresponding to a term in 

P0= (SI cos sin m</))eK*JM(/cp), 

there exists in P (outside) the term 

[SIM' cos (9w<£+d') + 33M' sin (m<£+&')]e 'C-J,»(«/>) .... (14) 
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the term is therefore altered in intensity in the ratio M' : 1 and the azimuth increased 

by the angle O'. If we put 

jj~=M2e~2i*, 

we can easily prove that 

where also 

W=—^—=- 
P+l 

sill 3 , 7T 
- • v-n’ d = - + tan 
sin 3 + cos 3 2 

-i M sin 3 

K 

tan 23 = 
imnc 

M4=/c4+ 

The action of the solid will therefore be the reverse of the original magnetisation 

and M' is a proper fraction. 

The coefficients 33 are found by considering the value of P0 when z= 0 ; call it 

Z0. Then as we have found 

1 r r30 r30 

Z0=-t\ cos m(<f>—kcIk3m{kp)\ Z'0JM(Kp')p'dp'. . . . (15) 
ir J o J o •' o 

Plate of jinite or infinitesimal thickness. 

§ 17. For the case of a plate bounded by two parallel planes at distance b apart, 

we may satisfy all the conditions by taking the same general forms for the vector 

potentials and for the currents in the sheet: and the characteristic equation for the 

determination of P will remain the same as before. If we suppose the inducing 

magnetism distributed on the positive side of the plate, we may express P0 within the 

plate as a series of terms of the form 

Ae^J m(Kp)eK~, 

the origin being in the axis of revolution, and on the positive surface of the plate. 

The forms for the vector potential due to the currents are all given by taking for P a 

series of terms of the type 

i. In the substance of plate — Ae^J,,l(Kp)eK: fie1"14, 

ii. Outside the plate, 2 positive, e^J^np)Ce~K" 

iii. Outside, 2 negative, eim4,J fnp). I)c+K“ 

where 
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d? 
On the two faces of the plate P and — are to change continuously on crossing the 

faces. 

The final result of the calculation gives 

a (/c3-/P)(^-<r^) 
• • (16) 

wl hen b is indefinitely small, we treat R,= p as finite, and therefore while k is finite /x 

47rmt 
is infinitely great, but jx~b is finite and equal to -———.i. To find C, we have then 

it 

C _/P — fj? — 

C + A 2 K k(0^ — e~^) + fjb+ c-'1'') 

(k~—fj,~)b 

07 0 

1+A+ (3 

i+^+eJ+^4 
J U 

27rwra 

If Q he the value (due to a positive image of P0) on the positive side of the plate, 

and P the value of P due to the currents, 

Q=^Ae'HJ/l,(KP)e+K:, P=tCe^'hj JKp)r-^ 

then, putting 

27TO) 

(17) 

cl? cl? _ dQ 

clz ~m dcj> 
(18) 

This corresponds with Maxwell’s result; see also equation (34). 

Spherical shell and sphere. 

§ 18. We shall now treat the case of a spherical shell, whose outer and inner 

radii we shall take to be b, a. . 

The expressions for the electromotive force are (taking dx, dj, dz to correspond 

respectively with dr, rdd, r sin ddcft). 
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P = — cor sin 6./3 — 
'J\jr 
~dr 

(l^r 
Q=+ojv sin 6.a—^e }» (19) 

K= 
d\jr 

r sill deity 

Since, with the present notation, we have U = 0, Y=0, W=cor sin 6, we shall choose 

the same forms for the vector potentials and current-functions as in § 8, viz. :— 

A.=|(Por).F.=0,G0=-^,H0=^. 
dQ 

F=0, G= 
dV tfP 

sin 6d<fi’ ~ dff 

The magnetic force a. /3, y is clue to both potentials, and thus (see § 3 B, c), 

a — 
1 d 

sin 6 dO 
—. sin 6 

d? + P0 1 d> P + P0 

cW 'sin2 6 c/</>2 J’ P 

1 ^.F + P0 
r circle r- 

1 cZ3.P + Pn.r 

r sin 9 clrd 

The currents will be denoted by 

where 

observing that 

d<£> d<$> 
u — 0, v-- - vj= a, 

sm 6cl(j) cie 

47r<E>=— V2P 

v2P0=o. 

(20) 

Substituting for P, Q, R in terms of u, v, w by Ohms’ Law, the last of equations (19) 
becomes 

cZ<l> city 

This is satisfied by taking 
c/0 r sin 9d(f) ■ • (21,) 

• ■ (21,) 

and the first of equations (19) becomes 

. nd2P + P0.r . /.vr 
OJ SU1 0——~rz-cr Sill 0—,., = 0, 

circle circle 

or 
cry=co. (P + P()).(213) 
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Equation (20) now becomes 

the same characteristic equation as in § 10. 

We may now show that these results verify the second of (19) as the reader may 

easily convince himself by substitution. 

(a.) When the inducing magnetism or currents are outside the shell altogether, 

P0 will consist of a series of terms of the form 

(23) 

and for the value of P we shall have 

S- • (24) 

and where 

(25) 
a 

we shall put as before 

x=\r, a=A.a, {3=\b, S„(«) = S, Srt(/d) = S<„ . . 

When r—a, 

and when r—b, 

By the help of the formulae of reduction in § 10, we can put the result of the calcula¬ 

tion of the new coefficients Bl5 B.:, C, D into somewhat elegant forms. 

MDCCCLXXX I. 2 z 
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Eliminating C and D we find 

B1S«+1+BoTii+1 — 0 

b1s/*«1+b2t,*_1= — 
2n+l 

0 ’ 

whence we find for C, which is what we chiefly want, 

C=A -1 
Li + 1 S„+1T « —Tii+1Sh ] _ , S„+iT )i+I T,t+1S ,t+1 (ot\\ 

•Q TV rn QC/ f rp/ _-p Q/ 

^/e+l-1- n—i n—\ J n-\ n—\ /3 

(b.) When the inducing’ magnetism lies partly within the shell (not in its substance) 

wTe may take for P0 a series of the form 

AV'^P,/ 
b\"+1 

the other expressions for P will retain their forms except that we must take the first 

term —A'( instead of — A( -) . The calculation of C is similar to that given above; 

and, wdien the algebraic work is performed, we obtain finally 

c= v , _1_2^+!/bV+1 SbT'^-TbSk.! 
Xa \a/ S„+Ir—T,(+1Sb_] 

(27) 

There are two particular cases of these formulae which possess a special interest. 

(I.) In the case of a solid sphere a=0, S«+1(\a) = 0. 

The inducing magnetism can only belong to type (a) and may be represented by 

P0=SAe',wTV L-j : the external effect of the currents is then given, according to 

(26), by 

P — V A ^»+l(^h) 
by+i 

(28) 

and it is easy to deduce from this expression the value of P when P0 is given by terms 

which are real in <f>. 

(II.) In the case of an infinitely thin shell, we must put b = a+c. 

Tins case is interesting as it constitutes an extension of Maxwtell’s result for a 

plane plate. A glance at the preceding formulae will show that we have here to 

expand S„ (Xa+Xc), T„(Xa + Xc), where v—n — I, n or n + J, in ascending powers of c. 

Some caution is requisite, however, in doing so on account of the value of X: for 
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47Tinw 
\~=-.i, and if we put cr=Rc, and treat R as finite, we must suppose X3c finite, 

and therefore Xc is a small quantity of the order c4, while ^ is also of the order c4. 

The expression 

ST'/ T Q' 
w+l -L V V 

/ T r/S \ / r/2T \ 
= S»+1Tf—T»+1S,,+\c ^ T„+1-^ j+T»+i"^fj + • • • 

If we write 

q dfR_m dPSv 

we can readily find a formula of reduction in up. 

S„ and T„ both satisfy the equation 

£C2y|-+ 2Xy^{cr — l)}?/ = 0. 
(i cC 

By Leibnitz’ theorem 

xzy{p+2)+2(p +1 )xy(rp+1}-J- (cc3-|- (p—v) (p -\-v +1 ))y°5)+2py(p 1}Jrp(p — 1 )y(p 2)=0, 

wherein 

whence 

'll 
2(^ + 1) 

y+a lWi+ M 

„o»=*2. 
j dxP ’ 

(g-y)(jp+y+i)\ .. , 2p„ ■ ffQ-LL 
tq+^^-i+ ^—^8= °> 

in which we have to write a for x in the problem before us. We conclude that up+% 

will usually be of the same degree in - as up, and when u0 and ux are given we can 

readily find the remaining values of up. But as each of them is multiplied by ever 

increasing powers of Xc, it will be only the first one or two terms which will give finite 

terms when wTe treat - as infinitely small. Let us nowr take up cases (ci) and (b) of 
cl 

last article. 

(a.) From formula (26) and remembering (B6), we obtain 

C 

<d + A 

S„+1TkH — T„+1S'„+1 _ 

271 + 1* Sre+1Tk—Tb+1S'„ ’ 

2 z 2 
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now 

Srp' rp o' \ „ I O ^Tb+i rp dS,i+1 

«+!-*-«+] « + l — + l -■ <7« ■«+l <7* + • • • 

= Xc. — ^r,+ terms negligible. 

ffffi__ , rfS„ 
Sw+1T'„-T;i+1Sb=S/i+1T„-T„+1S„+\c S 

~A.2a2^" ‘ ‘ ’ 

+ 

and it may be easily shown, by working out the different coefficients of c, c2, . . . , 

that the terms neglected are really negligible. 

Finally, we obtain 

putting a for b in (3. 
C + A 2n + l’ 

47rma)a 

(Ik) Here 

(2w + l)R 

C + A' 2n 4-1 /bV'+1 ShT'n-i-ThSh-! 

A' Xa \a/ • S„+1T'li_1 — Tii+1S/„_1* 

■ • (29) 

The numerator is, as we know, ——; and the denominator 
Vb~ 

= S„+1T„_1-T„+1S„_1+Xc(s„+1^i-T,i+1^) + 

the former of which set of terms 
2 n+1 

~cU ' 
rS«-i To find the latter we observe that 1 "~-f-S„, and similarly for T ; hence 

the term in \c is 

Xcr c»-i)(2»+i), i 

the first term of which is negligible compared to the second : putting these different 

results together, and making 

^bY(+1 
= 1 aud /3=a, 

C + A' 

A' 

1 
o 

2?i+1 _ 
^ -I-1 t \c 

+ 
i — 

Vac 

2n+l’ 
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and hence 

C _ A3ac 

C + A'~ 2n + l 

Attvicoq, 

= —(2»+l)B‘* 
(30) 

To interpret these results, let Q0 be the value of P0 which would result from the 

magnetism inside the shell combined with the positive image (at the surface) of the 

magnetism outside the shell, then 

Q0=£(A+A,)^Y+1^P„*.(31) 

and 

P=tC(~) 

both the foregoing results merge into the equation 

or putting 

_'i(P + Q0) 
E (/</>' 

W=Pr\ © = Qo^, 
R 

(32) 

d}$ cm 
V dr 

When a=oo, and r=a+z, the above equation becomes 

dB d\%_ (m 

dz md<f>~~md<f> ‘ ' ' 

indicating the spiral trail of images obtained by Maxwell. 
P 

If in the sphere we put r=ea, we have 

(33) 

(34) 

d§_ dm 
dp 

which is analogous to Maxwell’s equation, and may be interpreted in a similar 

manner. 
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19. We shall briefly verify these results by a direct investigation of the case of an 

infinitely thin shell. 

Putting as before 

u—0, v= 
f?g> _dj> 

sin ddcf)’ cW 
(36) 

and denoting the vector potential of the shell by 

F = 0, G= 
cW dP 

sin 0d<f>’ d6 
(37) 

we know (Maxwell’s ‘Electricity and Magnetism,’ Yol. II., Art. 670) that P is the 

scalar potential of a shell of matter coinciding with the surface of the sphere where 

surface density is 

a 
(38) 

The equations of the currents on the sheet are 

wherein, also, 

E d<t> . „ d4r 1 

sm 6 d(f> nw 

K dd~ r sm in 6d(f)J 

a — ~ 

r 

1 d . v/P + P0 
r. sm ij- 

sin 6 d$' dd 

d2P + Pn 

ssin2 6 d<\.i>2 

as in the foregoing articles, and where also r is to be put equal to a. 

All these equations are satisfied by 

xp=~R‘d sin 0^, Rx = co(P + P0) 

tJj now referring only to the surface of the sheet. 

Outside the sheet PX=C^ e””*P,/, 

Inside „ P3=C^ eiM*P,/, 

(39) 

(40) 

P: and P3 being the values due to the currents in the sheet. At the sheet 
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where 

UP3 

dr 
— — 477$ 

(2w+l)-=47rE 
cl 

(41) 

<P=S(Ee^P/). 

But Pn being P„* at the surface of the sheet, equations (40) give 

and therefore 

C 

RE= ~(omi( C+$t), 

47r&ma. 

2n+1 
*.( c+a) (42) 

the same result as obtained in the previous article. 
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I. Electrostatic Capacity of Glass.—II. 

Received November 3,—Read December 16, 1880. 

In 1877* I had the honour of presenting to the Boyal Society the results of some 

determinations of the specific inductive capacity of glass, the results being obtained 

with comparatively low electromotive forces and periods of charge and discharge of 

sensible duration. 

In 1878 Mr. Gordon! presented to the Royal Society results of experiments, some 

of them upon precisely similar glasses, by a quite different method, with much greater 

electromotive forces and with very short times of charge and discharge. Mr. Gordon’s 

results and my own are compared in the following table :—- 

Gordon-. 

Hopkinson, 

Christmas, July and Aug., 
1877. 

1877. 1879. 

Double extra-dense flint .... 3T64 3-838 lo-l 
Extra-dense flint. 3053 3-621 

Light flint. 3-013 3-443 6-85 

Hard crown. 3-108 3-310 

It is quite clear that such enormous differences cannot be due to mere errors of 

observation ; they must arise from a radical defect in one method or the other, or from 

some property of the material under investigation. I have now repeated my own 

experiments with greater battery power, and with a new key for effecting the con¬ 

nexions of the condensers, and have obtained substantially the same results as before. 

Two hypotheses suggest themselves as to the physical properties of glasses which 

might, if true, account for the diversity of results :—(i.) In my own earlier experiments 

a considerable time elapsed, during which some have thought residual charge might 

flow from the glass condenser and go to swell the capacity determined. Sir W. 

* Phil. Trans., 1878, Part I. 

f Phil. Trans., 1879, Part I. 
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Thomson had informed me that experiments. had proved that the capacity of a good 

insulating glass is sensibly the same, whether the period of discharge be the ten- or 

twenty-thousandth of a second, or say one-quarter of a second. This statement has 

been verified, (ii.) It appeared plausible to supj>ose that specific inductive capacity 

of glass was not a constant, but was a function of the electromotive force—in other 
rlmro’p of* ronrlpnsPT 

words, that the ratio —r~-5—-—-——— was less when the electromotive force was 
clinereiice oi potcnticU. 

great than when it was small. This surmise gains some force from Dr. Kerr’s electro- 

optical results, which show that electrostatic and optical disturbance of a dielectric are 

not superposable. It has, however, been submitted to a direct test, with the result 

that, within the limits tried, specific inductive capacity is a constant, and that it is not 

possible that the discrepancy of experimental results can be thus explained. Finally, 

I have made a rough model of Mr. Gordon’s five-plate balance, and used it to make 

determinations of specific inductive capacity. 

Firstly, a brass plate was tried, and its capacity was found less than unity instead 

of infinite. 

Secondly, by varying the distances of the plates of the balance from each other, 

different values of the specific inductive capacity of the same glass w^ere obtained. In 

fact, it has been shown that the five-plate induction balance cannot be freely relied 

upon to give correct values of specific inductive capacity. 

I conclude that the values I published in 1877 are substantially accurate, whether 

the period of discharge be 2UoOU- or ^ second, whether the electromotive force be one 

volt per millimetre or 500 volts per millimetre, and that Mr. Gordon’s different result 

is to be explained by a defect in the method lie used. 

(I.) To prove that a condenser of well-insulated glass mag he almost completely 

discharged in tucToo second. 

For this experiment it is essential that the effect of conduction over the surface of 

the glass should be insensible. A jar, such as that used in Sir W. Thomson’s electro¬ 

meter, is unsuitable. The proper form for the condenser is a flask with a thin body 

and a thick neck, filled with strong sulphuric acid to the neck. Such a flask of light 

flint glass was prepared, and was instantaneously discharged in the following manner :— 

The interior of the flask was connected to a metal block, A. Upon this block rests a 

little L-shaped metal piece, B, which can turn on a knife edge, C. A and C are 

carried on a block of ebonite, and are therefore insulated. D is a piece of metal 

connected to earth, and rigidly attached to the extremity of a pendulum. The pen¬ 

dulum is drawn aside and let go ; the piece D strikes B and puts the jar to earth, and 

instantly afterwards breaks the contact with A, and drives away the piece B. In all 

cases the pendulum was drawn aside 45°, and in all the experiments but one mentioned 

below it made 93 half-oscillations per minute. The duration of the discharge was 
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determined by the following method, which I arranged for myself, unaware that a 

similar method had been used by Mr. Sabine.* A condenser of known capacity is 

connected to A through a known resistance ; the condenser receives a known charge 

whilst connected to the electrometer ; the piece B is struck by the pendulum, and the 

Fig. 1. 

remaining charge is observed. Two experiments were made ; in each the condenser 

was of tinfoil and paraffin, such as are used by Messrs. Clark, Muirhead, and Co. 

for telegraph purposes, and had a capacity of 0'29 microfarad. The resistances were 

respectively 512 ohms and 256 ohms. The results gave respectively duration of 

discharge 0 0000592 second and 0‘0000595 second. We may take it that the dura¬ 

tion of discharge was less than 0‘00006 second. The condenser was now replaced by 

the flask. The flask was charged for some seconds from the battery, was insulated 

and discharged by the pendulum, and the remaining charge read off on the electrometer 

so soon as the image came to rest. In a first experiment the charge was from four 

elements ( = 444 divisions of the scale), and the charge remaining gave deflection 

34 divisions. In a second experiment the charge was from eight elements ( = 888 

divisions), and the remaining charge was 61 divisions. Even this small residual 

charge is largely due to the inductive action of the needle of the electrometer on the 

quadrant connected to the flask. To prove this, the experiment was varied by begin¬ 

ning with the quadrant separated from the flask, and only connecting these after 

discharge had been made. With eight battery elements, the remaining charge in the 

flask was found to be 25 divisions; with 20 elements, 61 divisions. From these 

experiments we may conclude that, if a flask of light flint glass be charged for some 

seconds and be discharged for 0‘00006 second, the residual charge coming out in the 

next three or four seconds is certainly less than 3 per cent, of the original charge. It 

* Philosophical Magazine, May, 1876. 
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was important to learn if this 3 per cent, was sensibly diminished if the time of 

discharge was somewhat increased. For this purpose the time of oscillation was 

increased, and the arrangement of piece B and knife-edge C was duplicated, so that 

the flask was twice discharged within an interval of about second between. The 

result was, with charge from eight elements and the flask initially connected to the 

Fig. 2. 

quadrant, a remaining charge of G 'l divisions, exactly the same as wdien the discharge 

only lasted 17100 second. I conclude that, with this glass, it matters not whether the 

discharge of the flask last tto ow second or g3^ second ; its capacity is the same. 

This is in precise accord with what Sir W. Thomson told me before I began the 

experiments for my former paper. 

(II.) Determinations with the guard ring condenser * 

It has been suggested that my former results were liable to uncertainty from the 

small potentials used and from the comparatively long time of discharge. The main 

purpose of the present experiments has been to ascertain the force of the objections. 

As the principle of the method is the same as in the earlier paper, it is only needful to 

explain the alterations the apparatus have undergone. 

The battery.—A chloride of silver battery of 1000 elements was constructed and 

very carefully insulated, both as regards cell from cell and tray from tray. Each tray 

contained 50 cells and the set of 20 trays was conveniently enclosed in a wooden case 

provided with suitable terminals. As my experience of the battery is but short 

* The cost of the additional instruments used has been defrayed by a Royal Society Grant. The 

battery and some of the other instruments were made by Messrs. L. Clark, Muirhead, and Co., the 

remainder by Mr. Groves. 
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I shall not now minutely describe its details, it is sufficient to say that by connecting 

its middle to earth two condensers can be charged to equal and opposite potentials of 

500 elements. 

The guard-ring condenser.—This is the instrument of my former experiments, with 

the switch removed and some slight improvements in mechanical detail. It is by no 

means perfect in workmanship, and the irregularities of the results now to be given 

are to be attributed to such imperfections. It was not worth while to make a new 

instrument, as, for any present interest, determinations of capacities of glasses, correct 

to 1 per cent., are as valuable as if they were absolutely accurate. 

The sliding condensers.—Two sliding condensers were constructed possessing 

together a very considerable range of capacity. Each has a single scale and is 

used as before merely as a balance to the guard ring condenser, excepting in one 

experiment, the subject of the next section. 

The switch.—The switch formerly used performed the following operations:— 

Initially, the quadrant of the electrometer was to earth, the guard ring and the plates 

of the guard ring condenser were connected to one pole of the battery, the sliding 

condenser to the other pole. On turning the handle the quadrant and the condensers 

were insulated ; next, the charges of the condensers were mixed, the guard ring being 

put to earth at the same time; and, finally, the connected condensers were connected to 

the quadrant of the electrometer; they remained so connected until the handle of the 

switch was turned back into its first position. This instrument could not be used to 

Fig. 3. 
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Pig. 4. 

Section on line s, t, w. 

determine capacities when the residual charge was great, as in the case of plate glass, 

and was unsatisfactory to anyone who held that flint glass condensers discharged very 

much more in a time comparable with one second than in a minute fraction of a second. 

The new switch was arranged to effect the further operation of breaking contact 

between the condensers and the quadrant immediately after the contact was made. 

It is also arranged for much higher insulation, the old switch being quite useless for 

the greater battery power used. 

a, c are stiff insulated horizontal contact bars connected to the two poles of the 

battery, d, e, f are insulated springs normally touching a and c on the under side, 

d is connected by a wire to the guard ring, e to the plate of guard ring condenser, 

f to the sliding condenser, b is an insulated binding screw connected wuth c for the 

purpose of more conveniently introducing the battery wire. 1 is a spring connected to 

earth, k is a stiff insulated piece, carrying an adjustable point m, normally in contact 

with the upper side of the insulated spring A. From k a wire leads to the quadrant of 

the electrometer, k can at any moment be put to earth by a spring key. The 

insulated spring g has its end between e, f, and A, and is normally in contact with 

neither. The springs d, e, f can be simultaneously bent downwards by an insulated 

plunger. When this plunger is struck downwards we have the following operations 

effected in a fraction of a second— 

1°. Cd and e are in contact with a. 

L f in contact with c. 

2°. d, e, and f insulated. 

3°. rd connected to l. 

\ e, f, and g connected together. 
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4°. e, f, g, It, k connected together. 

5°. Connection of k and h broken. 

In other words we ha ve¬ 

il0. Initially r Guard ring. 

< Guard ring condenser plate, and 

L One pole of battery. 

f Sliding condenser. 

1 Other pole of battery. 

2°. All condensers insulated. 

3°. f Guard ring. 

L Earth. 

f Guard ring condenser plate. 

I Sliding condenser. 

4°. Mixed charges to electrometer. 

5°. Electrometer insulated. 

Mixing of charges. 

The whole switch, binding screws and all, is covered with a brass cover connected to 

earth and provided with apertures for the connecting wires. The ebonite legs which 

carry the pieces a, b, c, cl, e f, g, k are attached to a brass base plate, so that if any 

leakage occur from a, b, c, cl, e, or f it shall be to earth and not to the electrometer. 

The connecting wires are insulated with gutta-percha, covered with a metallic tape as 

an induction shield, this tape being of course connected to earth. 

The mode of experiment was substantially as before. A glass plate was introduced 

in the guard ring condenser, and the sliding condenser adjusted till the capacities 

were equal; the glass plate was removed and the guard ring condenser, with air as its 

only dielectric, was adjusted till its capacity was equal to that of the sliding condenser. 

In every case the battery was reversed and the mean taken. 

The following tables give the results obtained:— 

All measures are given in terms of turns of the micrometer screw of the guard ring 

condenser, of which there are 25 to the inch. 

Column I. gives the circumstances of the particular experiment. 

Column II. the distance between the plates of the condenser with glass in. 

Column III. the same distance with air only when the capacity is the same as in II. 

Column IV. the thickness of air plate equivalent to glass plate. 

Column Y. resulting value of K. 
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Double extra-dense flint. Density, 4-5. Thickness of plate, 24"27. 

I. II. III. IV. Y. j 
200 elements used, 100 to each condenser, glass in contact 

with both plates.. 
1000 elements, contact with both plates. 
1000 elements, resting on lower plate, space between glass and 

upper plate. 
Ditto ditto ditto . . . 

Ditto ditto ditto . . . 
Glass separated from lower plate by three small pieces of 

ebonite also separated from upper plate. 

24-27 

24-27 

24- 69 
25- 19 
25-39 

25-19 

2-48 
2-48 

2- 865 
3- 36 

3-57 

3.36 

2-48 

2-48 

2-445 
2-44 

2-45 

2-44 

9-78 

9-78 

9-92 

9-94 
9-90 

9-94 

Mean of last five experiments, K=9-896. 

Result formerly published, 10*1. 

Dense flint. Density, 3‘66. Thickness of plate, 16'57. 

I. II. III. IV. Y. 

Glass in contact with both plates, 400 elements. 16-57 2-265 2-265 7-31 

Glass in contact with both plates, 1000 elements. 16-57 2-265 2-265 7 31 

Glass resting on lower plate, 1000 elements. 17-19 2-85 2-23 7-43 

Ditto ditto . 17-69 3-36 2-24 7-39 

Mean of last three experiments, K=7’376. 

Result formerly published, 7'4. 

Light flint. Density, 3‘2. Thickness of plate, 15’04. 

I. II. III. IY. Y. 

Glass in contact with both plates, 1000 elements. 15-04 2-215 2-215 6-79 
Glass resting on lower plate, 1000 elements . . 15-29 2-505 2-255 6-67 

Ditto ditto . 15-69 2-865 2-215 6-79 

Ditto ditto . 16-19 3-42 2-27 6-62 

Mean value of K = 6’72. 

Results formerly published, 6'89 and 6-76 = 6‘83. 
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Light flint. Thickness, 10-75. 

1. IF. III. IV. V. 

Contact with both plates, 1000 elements. 1075 1-61 1-61 6-67 
Resting on lower plate. 11-19 2-035 1-595 6-74 

Ditto . 11 69 2-555 1-615 665 

Mean value of K=6"69. 

Result formerly published, 6’90. 

Mean result for light flint, 6 ‘7 2. 

Mean formerly published, 0'8 5. 

Very light flint. Density, 2’87. Thickness, 12"70. 

I. II. III. IV. V. 

Glass in contact with both plates, 400 elements. 12-7 1-915 1-915 6-63 

Glass in contact with both plates, 1000 elements. 12-7 1-915 1-915 6-63 

Glass in contact with lower plate only, 1000 elements 12-99 2-215 1-925 6-59 

Ditto ditto ditto 13-39 2-61 1-920 6-61 

Mean of last three, K = 6'61. 

Result formerly published, 6'57. 

Hard crown. Density, 2’485. Thickness, 1P62. 

I. II. III. IV. V. , 
I 

Glass in contact with both plates, 1000 elements. 11-62 1-675 1-675 6-93 

Glass in contact with lower plate only, 1000 elements . . . 11-70 1-74 1-66 7-0 

Ditto ditto ditto 11-90 1-945 1-665 6-98 

Ditto ditto ditto 12-30 2-255 1-675 6-93 

Mean value of K = 6‘96. 

Plate glass. Thickness, 6’52. 

I. II. III. IV. V. 

Glass in contact with lower plate only, 400 elements .... 7-70 1-95 0-77 8-47 

Ditto ditto 1000 elements . . 7-70 1-95 0-77 8-47 

Ditto ditto ditto 7-40 1-665 0-785 8-43 

MDCCCLXXXI. 

Mean value of K=8’45. 
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Remark. —On account of the small thickness of the equivalent plate of air, inch, 

this result is subject to a greater probable error than the others. No inconvenience 

or uncertainty was experienced from the effect of residual charge. If the screw 

(to, figs. 3, 4, pp. 359, 360) be lowered so that contact with the electrometer is not 

broken, observation becomes at once impossible. 

These results show that my former experiments require no material correction, 

except in the case of plate glass, for which an accurate experiment was formerly 

impossible. They also show that electrostatic capacity does not depend on electro¬ 

motive force up to 200 volts per centimetre for double extra-dense flint, and a some¬ 

what higher electromotive force for the other glasses. It is desirable to show that the 

same is true for a wider range. 

Paraffin. Thickness, 20T9. 

I. II. III. IV. 

Resting on lower .... 23'82 12-42 879 

Ditto .... 2271 11-32 8-80 

Ditto .... 21-37 9-96 8-78 
Contact with both . . 20-19 8-78 8-78 

Mean value of K = 2'29. 

In this case the guard ring condenser was always charged with 700 elements, the 

slide with 300 in order that the same sliding condenser might be used. 

Boltzmann gives 2'32 for paraffin for short times of discharge. 

(III.) To show that K is a constant, as is generally assumed. 

Dr. De La Rue very kindly allowed me to try a few preliminary experiments last 

February with his great chloride of silver battery. A flask of extra-dense flint glass 

was used, insulated with sulphuric acid precisely as in my experiments on residual 

charge. The comparison was made with a large sliding condenser having a scale 

graduated in millimetres. Taking one division of the scale (= about 0'0000026 

microfarad) as a temporary unit of capacity, I found it impossible to say wdiether the 

capacity of the flask was greater or less than 390 divisions, whether the charge in each 

condenser was 20 elements or 1800 elements. Subsequently a similar experiment 

was tried with my own battery and a flask of light flint, with the following results, 

each being the mean of four readings :— 
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Charge to each condenser 

in Ag.Cl. elements. 

10 

100 

200 

300 

400 

500 

Capacity in millim. divisions 

of sliding condenser. 

27375 

274-00 

273- 75 

274- 5 

273-0 

273-5 

The mean of these is 273-75, and the greatest variation from the mean 0-28 per 

cent. 

The conclusion has some considerable importance, for some conceivable molecular 

theories of specific inductive capacities would lead to the result that capacity would 

be less when the charge became very great, as is actually the case with the magnetic 

permeability of iron [vide Maxwell, vol. ii., chapter vi.). 

The flasks tried are about 1 millim. thick. I intend to try a very thin glass bulb, 

testing it to destruction. 

[In order to extend the limits of this test, a thin bulb 29 millims. diameter was blown 

on a piece of thermometer tube and its capacity compared with the sliding condenser 

with varying charge, as follows :— 

100 battery elements to each condenser, capacity of bulb was 297 scale divisions. 

300 elements, capacity =297 divisions. 

500 elements, capacity=2971? divisions. 

The bulb was afterwards broken and the thickness of the fragments measured; 

they ranged from 0"05 to 0"15 millim., the major portion being about 0"1 millim. We 

may conclude with confidence that the value of K for the glass tested continues 

constant up to 5000 volts per millimeter.—Dec. 9, 1880.] 

An experiment was subsequently tried to ascertain if specific inductive capacity 

varied with the temperature of the dielectric. Accurate results could not be 

obtained, owing to the expansion of the acid, causing it to rise in the neck of the 

flask. The result of the single experiment tried was, however, that the flask at 

14° C. had a capacity equal to 275 divisions of the sliding condenser; at 60° C. it 

was equal to 280 divisions. Having regard to the increase of capacity due both to 

the expansion of the glass (which may safely be neglected) and to the expansion of 

the acid (which is material), we can only conclude that the capacity of glasses cer¬ 

tainly does not change rapidly with tempei'ature—that consideration of temperature 

cannot be expected to reconcile Professor Maxwell’s theory with the results of 

experiment. 

I have repeated the temperature experiment with greater care. The flask was 

cleansed, filled a little short of the shoulder with acid, and arranged for heating 

and testing as before. In order to avoid the effect of rising of the level of the acid 

from expansion, the flask was heated to its highest temperature before any observation. 

3 b 2 
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It was assumed that on cooling the surface of the flask would continue to conduct to 

the level at which the acid had been. 

The following table gives the results of the experiment:— 

Temperature Centigrade. Capacity. 
o 

81 2694 11th Nov. 

48 266 55 

27 2634 
55 

12 262 12th Nov. 

394 2664 55 

67| 2684 55 

83 2714 
55 

60 268 55 

504 267 55 

13 264 13th Nov. 

We may conclude, I think safely, that the specific inductive capacity of light flint 

does increase slightly, but that the increase from 12° to 83° does not exceed 2^ per 

cent. The conductivity of the same glass'”' increases about 100-fold between the same 

temperature, and the residual charge also increases greatly. 

(IV.) Examination of the method of the fve-plate induction balance. 

The theoretical accuracy of this method rests on the assumption that the distance 

between the plates may be considered small in comparison with their diameter. 

When this condition is not sufficiently considered, it is easy to see that it is not 

likely that correct results will in all cases be obtained, for suppose that in lieu of the 

plate of glass a thin sheet of metal of considerable size is interposed between the 

fourth and fifth plates of the balance, it ought to be needful to withdraw the fifth 

plate by an amount equal to the thickness of the sheet. One can apprehend that it 

will be actually necessary to push it in, but to an extent which it would not be easy 

to calculate. 

Some doubt is also thrown upon the practical accuracy of the method by the fact 

that Mr. Gordon has arrived at the very unexpected result that the specific inductive 

capacities of glasses change with the lapse of time. 

In order to satisfy myself on the point I had a rough model of a five-plate induction 

balance made. The instrument is far too rough to give minutely accurate results if 

the method were good, but I believe it is sufficient to show rapidly that it cannot be 

used with safety. The insulation was not perfect, and no attempt was made to 

enclose the instrument or shield the connexions from casual inductive action. The 

plates are all 4 millims. thick ; they are, as in Mr. Gordon’s apparatus, 6 and 4 inches 

diameter. Each plate is suspended in a vertical plane by two rods and hooks from 

* “ Residual Chai’ge of the Leyden Jar,” Phil. Trans., 1877. 
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two of a set of four horizontal rods of varnished glass. The plates can thus be placed 

parallel to each other at any distance apart that may be desired. The distance 

between the pldtes was measured by a pair of common callipers and a millimeter rule to 

the nearest \ nlillimeter, For convenience, let the plates be named A, B, C, D, E, as 

Fig. 5. 

Half full size. 

in the accompanying diagram. In a first experiment B and D were respectively con¬ 

nected to the quadrants of an electrometer of which the jar was charged in the usual 

way. A and E were connected to one pole of a battery of 20 AgCl elements, C to 

the other pole through an ordinary electrometer reversing hey, E was adjusted till 

the disturbance of the image was a minimum, when the key was reversed. This 

method was unsatisfactory, probably because in the act of reversing all the plates 

A, C, E were momentarily connected to one of the poles, and also because the insula¬ 

tion of the plates B, D was imperfect. The experiments, however, sufficed to prove 

beyond doubt that the instrument gave diminishing values to the specific inductive 

capacity of glass, as the distance of the five plates from each other was increased from 

12 millims. to 32 millims., also that it gave values less than unity for the specific 

inductive capacity of brass in the form of a plate 3 '5 millims. thick. More satisfactory 
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working was attained by approximating, so far as my instruments admitted, to tbe 

methods of Mr. Gordon. B and D were, as before, connected to the quadrants, C was 

connected to the interior of the jar and to one pole of an ordinary induction coil ; 

A and E to the case of the instrument and to the other pole of the induction coil. The 

plate E was adjusted till the working of the coil caused no deflection of the image on 

the scale. In each case the plate examined was placed approximately half-way between 

D and E. The following table gives results of a plate of double extra-dense flint 

24*75 millims. thick and 235 millims. diameter, and on a plate of brass 3’5 millims, 

thick and 242 millims. diameter. 

Column I. gives the air-space between the plates AB, BC, or CD. 

Column II. the air-space DE (cq) when no dielectric plate was present. 

Column III. the distance DE (cq) when a dielectric was introduced. 

Column IV. the value of tbe difference 6 —(cq—cq), h being the thickness of the 

plate, which ought to be constant for each plate. 

Column Y. the specific inductive capacity = 7 . ^ 
1 1 17 i-Cq-fq) 

Double extra dense flint, 24‘75 m.m. thick. 

I. II. III. IV. V. 

5 5i 27 3 8”25 
8 H 30i 93 

^4 9-0 
12 iif 3 If 4f 5-21 
18 21 37i H 2-91 
25 321 48f 131 1-83 
32 441 491 19f 1-25 

True value of K = 9’896. 

Brass plate, 3'5 m.m. thick. 

I. II. III. IV. V. 

5 4-5 6-75 1-25 2-8 
8 8-0 6-25 5-25 0-66 

12 11-25 io-o 4-75 0-73 
32 44'5 16-5 31-5 o-ii 

True value of K= coty. 

Inspection of the column IY. shows how impossible it is to attribute the variations 

of K to any mere error of observation even with the roughest appliances. Column Y, 

demands no comment. 
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II. Electrostatic Capacity of Liquids/"' 

Received January 6,—Read January 27, 1881. 

The number of substances suitable for an exact test of Professor Maxwell’s 

electromagnetic theory of light is comparatively limited. Amongst solids, besides 

glass, Iceland spar, fluor spar, and quartz have been examined by Romich and 

Nowak, t giving results for specific inductive capacity much in excess of the square of 

the refractive index. On the other hand, the same observers, with Boltzmann, obtain 

for sulphur a value of the capacity in reasonable accord with theory. 

On liquids the only satisfactory experiments are those of Silow.} on turpentine and 

petroleum oil, in which the capacity is precisely equal to the square of the refractive 

index for long waves. 

Silow finally obtains for long waves and capacity— 

/f CO • y/K. 

Turpentine .... . . . 1/461 1-468 

Petroleum I. . . . 1-422 1-439 

Petroleum II. . . . 1-431 1-428 

Benzol. . . . 1-482 1-483 

A comparison of the whole of the substances which have been examined indicates 

the generalisation that bodies similar in chemical composition to salts, compounds of 

an acid, or acids and bases, have capacities much greater than the square of the refrac¬ 

tive index, whilst hydrocarbons, such as paraffin and turpentine, cannot be said with 

certainty to differ from theory one way or the other. It seemed desirable to test 

this conclusion by experiments on animal and vegetable oils and on other paraffins. It 

was probable that the compounds of fatty acids and glycerine would have high 

capacities. 

Samples were tested of colza oil, linseed oil, neatsfoot oil, sperm oil, olive oil, 

castor oil, turpentine, bisulphide of carbon, caoutchoucine, the paraffin actually in use 

for the electrometer lamp, and three widely different mineral oils kindly given to me 

by Mr. F. Field, F.R.S., to whom I am indebted for the boiling points given below. 

The method of experiment was very simple. The sample was first roughly tested 

for insulation. It was found that it was useless to attempt the samples of colza or 

linseed oils, of caoutchoucine, or of bisulphide of carbon, but that the rest had 

sufficient insulation for the tolerably rapid method I was able to use. 

The fluid condenser consisted of a double cylinder to contain the fluid, in which an 

* The abstract of this paper is published in the Proceedings under the title “ Dielectric Capacity of 

Liquids.” 

t Wiener Sitzb. lxx., part ii., p. 380. 

X Pogg. Ann., 156, 1875, p. 389, and 158, 1876, p. 313. 
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insulated cylinder could hang; three brass rods suspended the latter from an ebonite 

ring which rested on three legs rising from the outer cylinder of the annular vessel. 

The position of the insulated cylinder was geometrically determined by three brass 

stops (a, a, a) which abutted against the legs which carried the ring, six points being 

thus fixed. A dummy ebonite ring with three brass rods, but without the cylinder, 

was provided for the purpose of determining the capacity of all parts and connexions 

not immersed in fluid. 

Fig- *5 

Half full size. 

The condenser was balanced against a sliding condenser, first with air and then with 

fluid. 

The key which was used for experiments on plates was used here also, leaving the 

piece connected to the guard ring idle. 

The capacity of the sliding condenser was first tested with the result that to the 

reading of the slide 82'2 must be added to obtain the capacity in terms of the milli¬ 

meter divisions of the scale. The capacity of the fluid condenser empty, with its 

connexions, was 106'5 divisions. The capacity of the dummy and connexions was 7‘7, 

so that the nett capacity of the fluid condenser was 98'8. In all cases 1000 AgCl 

elements were tried, these being divided between the two condensers. 

The following tables give the results obtained :— 

Column I. is the number of elements charging the fluid condenser, the complement 

being used on the sliding condenser. 

Column II. the reading of the slide plus 8 2 “2 when a balance was obtained; this is 

the mean of two readings when the fluid condenser was respectively charged positive 

and negative. 

Column III. is the capacity calculated from the experiment. 



CAPACITY OP GLASS, AND OF LIQUIDS. 371 

Petroleum spirit. Boiling point, 159°. 

I. II. III. 

400 133-2 1-94 

500 196-7 1-91 

600 294-7 1-91 

Mean value of K=l-92. 

Petroleum oil (Field’s). Boiling point, 310' 

I. II. III. 

350 114-2 2-07 
400 141-2 2-06 

500 212-2 2-07 

Mean value of K=2*07. 

Petroleum oil {common). 

I. II. III. 

400 144-2 2-11 

500 214-2 2-09 

600 321”2 2-09 

Mean value of K = 2T0. 

Ozokerit lubricating oil. Boiling point, 430°. 

Two determinations of this oil were made some days apart; at the time of the first 
determination the oil was slightly turbid. In the interval before determining the 
refractive index the upper portion became clear, the heavier particles having settled 
down. The capacity of the clear oil was then determined, and the results are given 

in the second table. It is possible that if the oil remain quiescent for a longer time 
a further reduction may be observed. 

First experiment. 
I. II. III. 

400 149-2 2-19 

500 223-2 2-18 
600 334-7 2-18 

Mean value of K=2T8. 

Second experiment. 

I. II. III. 

400 146-2 2-14 
500 217-7 2-12 
600 327-7 2-13 

Mean value of K=2T3. 
3 c MDCCCLXXXI. 
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Olive oi\ 

I. II. III. 

300 137*7 3-17 

400 213-7 3-16 

500 319-2 3-15 

Mean value of K=3"16. 

Castor oil. 

I. II. III. 

250 160“2 4-78 

o
 

o
 

306-2 4-79 

400 319-2 4-76 

Mean value of K = 4'78. 

Sperm oil. 

I. II. III. 

300 132-2 3-04 

400 202-7 3-00 

500 306-7 3-02 

Mean value of K=3-02. 

Neatsfoot oil. 

I. IT. III. 

300 134-2 3-09 

400 206-7 3-06 

500 311-2 3-07 

Mean value of K=3'07. 

Turpentine. 

A satisfactory determination for turpentine was not obtained. The turpentine 

seemed to act on the material of the vessel. After being in the condenser a short 

time its insulation was much reduced. When the charge had a potential of about 

GOO elements the condenser discharged itself disruptively through the turpentine. 

However, with a charge of 100 elements on each condenser a balance was obtained at 

228"2, indicating a specific inductive capacitv 2"23. 

The refractive indices were determined from the same samples as the capacities in 

the usual way by the minimum deviation of a fluid prism. The spectrometer was the 

same I had previously used for experiments on glass (Proc. Roy. Soc., 1877). The 

observations were made for the hydrogen lines and the sodium lines, from these the 
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index for long waves was calculated by the formula «+ The results are given in 

the following table :— 

hC. rD. #*P. pG. fJ. 00. Tempei ature. 

Petroleum spirit. 1-3952 1-3974 1-4024 1-4065 1-3865 12-75 
Petroleum oil (Field’s) . 1-4520 1-4547 1-4614 1 4670 1-4406 13-0 
Petroleum oil (common) 1 -4525 1-4551 1-4615 L4670 1-4416 13-0 
Ozokerit lubricating oil. 1-4558 1-4585 1-4653 1-4443 13-0 
Turpentine. 1-4709 1-4738 1-4811 1-4871 P4586 13-25 
Castor oil. 1-4785 1-4811 1-4877 1-4931 1-4674 13-5 
Sperm oil. 1-4724 1-4749 1-4818 1-4611 13-75 
Olive oil. 1-4710 1-4737 1-4803 1-4598 14-0 
Neatsfoot oil. 1-4673 1 4696 1-4578 14-0 

In the following table is given a synoptic view of the comparison of /ico2 and K 

fJ. GO. fjL GO2. K. 

Petroleum spirit. 1-3865 1-922 1-92 
Petroleum oil (Field’s). .L4406 2-075 2-07 
Petroleum oil (common) . 1-4416 2-078 2-10 
Ozokerit lubricating oil . 1-4443 2-086 213 
Turpentine. 1-4586 2-128 2-23 
Castor oil. 1-4674 2-158 4-78 
Sperm oil. 1-4611 2-135 3-02 
Olive oil. 1-4598 2-131 3-16 

| Neatsfoot oil. 1-4578 2-125 3-07 

A glance shows that vegetable and animal oils do not agree with Maxwell’s theory, 

the hydrocarbon oils do. It must, however, never be forgotten that the time of 

disturbance in the actual optical experiment is many thousands of million times as 

short as in the fastest electrical experiment even when the condenser is charged or 

discharged for only the 20qq-q second. 

c 2 





375 

VI. On the Forty-eight Coordinates of a Cubic Curve in Space. 

By William Spottiswoode, P.R.S. 

Received December 29, 1880—Read January 13, 1881. 

In a note published in the Report of the British Association for 1878 (Dublin), and 

in a fuller paper in the Transactions of the London Mathematical Society, 1879 

(vol. x., No. 152), I have given the forms of the eighteen, or the twenty-one (as 

there explained), coordinates of a conic in space, corresponding, so far as corres¬ 

pondence subsists, with the six coordinates of a straight line in space; and in the 

same papers I have established the identical relations between these coordinates, 

whereby the number of independent quantities is reduced to eight, as it should be. 

In both cases, viz.: the straight line and the conic, the coordinates are to be obtained 

by eliminating the variables in turn from the two equations representing the line 

or the conic, and are in fact the coefficients of the equations resulting from the 

eliminations. 

In the present paper I have followed the same procedure for the case of a cubic 

curve in space. Such a curve may, as is well known, be regarded as the intersection 

of two quadric surfaces having a generating line in common ; and the result of the 

elimination of any one of the variables from two quadric equations satisfying this 

condition is of the third degree. The number of coefficients so arising is 4X10 = 40 ; 

but I have found that these forty quantities may very conveniently be replaced by 

forty-eight others, which are henceforward considered, as the coordinates of the cubic 

curve in space. The relation between the forty and the forty-eight coordinates is 

as follows: on examining the equations resulting from the eliminations of the 

variables, it turns out that they can be rationally transformed into expressions such 

as UP — U'P=0, where U and U' are quadrics, and P and P' linear functions of the 

variables remaining after the eliminations. The forty-eight coordinates then consist 

of the twenty-four coefficients of the four functions of the form U (say the U 
coordinates) together with the twenty-four coefficients of the functions of the form 

U' (say the U' coordinates), arising from the four eliminations respectively; viz.: 

4X6 + 4X6 = 48. And it will be found that the coefficients of the forms P, P', are 

already comprised among those of U, U'; so that they do not add to the previous 

total of forty-eight. 

The number of identical relations established in the present paper is 34. But it will 

be observed that the equations, UQ'— U'P = 0, are lineodinear in the U coordinates 
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and in the U' coordinates ; and as we are concerned with the ratios only of the 

coefficients and not with their absolute values, we are in fact concerned only with the 

ratios of the U coordinates inter se, and of the U/ coordinates inter se, and not with 

their absolute values. Hence the number of independent coordinates will be reduced 

to 48 — 34 — 2=12, as it should be. 

§ 1. Formation of the equations. 

With a view to the problem in question, it is first required to form the equations 

of two quadrics having a generating line in common. For the present purpose the 

following appears the simplest way of effecting this ; let 

u=ax-}-/3y-\-yz-\-$t, u = ate +fi'y-\-y'z-\-S't,.(1) 

v=oL1x+/31y+y]z+‘8lt, v'=afx+/31h/+7iz + Si'* > 

w = a.Tpc +/3q/-f- y°z+Sot, w = afx-f-fi.iy+y(z +S2't, 

From these we may form the three equations 

viv'—vw=(a, b, . . )(x, y, z, t)2= 0,.(2) 

ivu'—w'u=(a1, blt . . )(x, y, z, tf—0, 

uv — u'v — (%, 63, . . )(x, y, z, t)3= 0, 

of which two only, of course, are independent. Any two of them may be taken as 

representing the two quadrics in question. Thus, if we take the last two, the equa¬ 

tions of the common generating line will be u— 0, u'— 0. 

The next step is to eliminate the four variables in turn from the two quadrics ; for 

which purpose it will be convenient to express the system (2) in the following form : 

u \u =v : v —w : w ;.(3) 

or, introducing an indeterminate quantity 9, we may use, instead of equations (3), the 

following, viz. : 

u-\-9u'= 0, v -f- 6v'=0, w-\-9w' = 0.(4) 

In order to eliminate one of the variables, say t, let us write, 

u=Ut-\-Bt} a'—u{ -f-S f,.(5) 

v=?;/+S F, F=v/+Si't, 

w=w,-\- S.Y, w'='W/,Jr S.A. 
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The system (4) will then take the form 

Vjf\~St -j-6ut -\-9iS =0, 

vi-\-Slt-\-9vf -\-9tS1'=0, 

Wf S.2t -J- Ow/ -j- 9tS2 == 0 ; 

or, as it may be written, 

0 = u -\-St-\-9u -\-9tS' (u, u , suffix t; S, S', suffix 0) . (6) 

0 = v -\-St-\-9v' -\-9tS' (y, v, ,, t; S, S', ,, 1), 

0=w-\-St-\-9w' -\-9tS' (w, vf, ,, t; S, S', ,, 2), 

and if we multiply these equations throughout by t, we may write the two systems 

(6), and t(6) thus : 

u-\-9u' -\-tS -\-9tS' . . . =0, (u, u. suffix t; S, S', suffix 0) 

vJr9v'-\-tS-\-9tS' . . . =0, (v, if, 3 5 ^3 S, S', „ 1) 

w-\-9w'-\-tS -\-9tS' . . . =o, (w, w, „ t; S, S', 2) 

. tu-\-9tv! if S-\-9t?S'—0, (u, u, 33 ^ 3 S, S', „ 0) 

. tv -\-9tv +^S+^3S'=0, (y, v, „ t; S, S', ,, 1) 

. tw-^-9tw'-\-t2S-\-9tzS'=0, (w, vf, 33 i 3 S, S', „ 2) 

whence we may at once eliminate 1, 9, t, 9t, t3, 9tf, and obtain the following result: 

u, u, S, S', . . = 0, (u, u, suffix t; S, S ', suffix 0) 

V, v, S, S', . . (v, if, „ t; S, S ? 5? 1) 

w, vf, S, S', . . (vj, vf, „ t; S, S 5 2) 

. u, u, S, S' (u, vf, „ t; S, S / 3 33 0) 

. v, v, S, S' (v, v, ., t; S, S / 3 33 1) 

. w, w', S, S' (w, vf, „ t; S, S „ 2) 

The corresponding results, when x, y, z are respectively eliminated, are obvious; viz.: 

writing down the upper lines only, they may be represented thus : 

U, U , a, «', ! =0, (u, u, suffix x) 

u, u, fi, (3', . 

3
-

 

o
 II 

U, U, y, y , . | =0, (u, vf, ,, z) 

(S') 

From these equations it is not difficult to write down the coefficients of the powers 

and products of the variables in each case. Thus in the case of (8), or t eliminated, 
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we shall have, for [as3], . . 
respectively, 

. 3 [as2?/], . . . , i.e., the coefficients of x3, . . . 3as2?/, . . . 

[a;3] —a, a', 8, 8', . . (suffix 0) . .(9) 

a, a', 8, S', . ■ ( » 1) 

a, a , 8, S', . • ( .. 2) 

. . a, a , 8, 8 G ( „ 0) 

a, a', 8, 8 ■>( i) 

a, a , 8, 8 S( .. 2) 

3[ary]=a, a', 8, S', . . +a, /3, 8, 8 , . • +A « , S, 8 , . . (suffix 0) 

cl, a', 8, S', . cl, /S', 8, S', . A a', S, S', ■•(»!) 

a, a', 8, S', . • a, A, 8, S', . A a', 8, 8', • • ( „ 2) 

A A, S, S' . . A A, 8, 8' . . A A, 8, 8' ( „ o) 

A A, 8, S' • • A A, 8, 8' . . A A, 8, S' ( „ l) 

A A, 8, S' . . A A, 8, S' . . A A, 8, S' ( „ 2) 

But there is another and very useful form which may be given to the equations (8) 

and (8'). In fact, writing down only the first lines of the determinants, and putting 

I M, It, a | =u, I u. w', a' ] =U', (r, w'. suffix as) 

1 w, u', 0 i =v. | u, u, A I =V', K w', ?5 2/) 

I u. It, y 1 =W, I u, < y 1 =W', (w. ?d, 5 ? *) 

| w, It, 8 1 = T, 1 tt, ?d, 8' | = T', (?q w', ? > 0 

i w. a, CL j =P, I U, a, / | a = F, {u, ?d, J > as) 

1 u, A A| =Q, I u', A A I 

G
3 

II («» u, 2/) 

! y> y 1 =R, 1 u\ y> y' i II («, u, >> *) 

| u, s, S' 1 =s, 1 tt'. 8, S' | = S', U, 0 

We may write the results of eliminating x, y, z, t respectively in the following 

forms : 
UP' -U'P = 0 ..(11) 

VQ' — YQ =0, 

WR'-W'K=0, 

TS' — T'S =0; 

and these may be regarded either as the equations of the projections of the curve on 

the four coordinate planes respectively, or as equations of conical surfaces passing 

through the curve, and having their axes parallel to the coordinate axes respectively. 
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It might at first sight appear that, in each of the curves (11), we should in general 

have nine points determined as follows : viz. (taking the last equation) 

by the intersection of S and S', one point, 

,, ,, T ,, S, two joints, 

,, ,, T' ,, S', two points, 

,, ,, T ,, T', four points. 

nine in all. This however is not strictly the case, for 

S', S, T', T=u, u, S, S', (u, u, suffix t; S, S', suffix 0) . . . (12) 

v, v, S, S', (v, v', „ t; S, S', „ I) 

w, w , S, S', (iv, w', „ t; S, S', „ 2) 

and since the four determinants which can be formed from the above matrix are 

equivalent to only two independent determinants, it follows that if any two of the 

equations S = 0, S' = 0, T = 0, T' = 0, are satisfied, all will be satisfied. In other words, 

the four curves S, S', T, T', have a common point of intersection. 

Instead, however, of taking the coefficients of the equations (8) and (8'), i.e., the 

quantities of which (9) are specimens, as the forty coordinates of the curve, it will be 

convenient to take the coefficients of the functions (10) as the coordinates. These 

will be found to be forty-eight in number, and to be comprised in the following table, 

as stated in the introductory remarks. For the sake of brevity, only the upper lines 

of the determinants are written down : 

A A, a = B, (suffix *), /3, S', a + S, /3', a = 2M (suffix 4 

y> y, a = C, ( 55 x), y, S', a + s, y', a = 2N ( 55 a), 

s, S', a = D, ( 55 x), A y', a + y, A, « = 2F ( 55 x), 

a, a', /3=A, ( 55 y)> a, S', ^ + s, a', /3=2L ( 55 y)> 

r> y> 0=C, ( 55 y)> y, S + s, y', /S=2N ( 55 y). 

s, S', £=D, ( 5 5 y)> y, a', 0 + a, y', y5=2G ( 55 y), 

a, a. y = A, ( 5 5 z)> a, S '» y + S, a', y = 2L ( 55 *), 

A A, y = B, ( 5 5 A S', y + S, A, y = 2M ( 5 5 

s, S', y = D, ( 5 5 z), «, A, y + A II t
o

 

55 

a, a, S = A, ( 55 0, A y', S + y, A, S = 2F ( 5 5 0. 

A A, S = B, ( 55 y, a', S + a, y', S=2G ( 5 5 0, 

y> y\ 
£XT. 

8 = C, ( 5 5 a, A, S 
3 D 

+ A a', S = 2H ( 5 5 0, 

(13) 
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with a similar set of expressions of which the following are specimens 

/3, (3\ a' = Bh, (3, S', a! + S, /3', a' = 2WJ . . (14) 

Substituting these values in (10), we shall find the following to be the forms of the 

functions therein contained, viz. : 

U =(B, C, D, N, M, F)(y, z, tf, 

V =(C, A, D, L, 1ST, G)(z, x, tf, 

W=(A, B, D, M, L, H)(x, y, tf, 

T =(A, B, C, F, G, H)(x, y, zf, 

B =AI/yJrA.z +A (t, 

Q = B^x+B;2 + B^, 
II =C_lx-\-C1/y fi- CV, 

S = Dux fi- ~Dyy+D.z, 

U' =(B', . . . ) (y, z, tf; (B, . . . suffix x) 

A' =(C', . . . ) (z, x, tf; (C, . . . „ y) 

W/=(A/, ...)(x,y, tf; (A, . . . „ z) 

T =(A',. . . ) {x,y,zf; (A, . . . „ t) 

B =A/y+ ■ ■ ■ ) 

Q — B Jx -(-...) 

FF = C,'x + ...) 

S = D.rx+ . . . ) 

(15) 

And finally we may, by means of the equations (11), replace forms having the 

coefficients (9), by forms having coefficients into which the quantities A, B, . . . enter. 

Thus, writing 

BjA;-B.,'A,= (B, A, x, y), CU,'—C/A,=(C, A, x, *),... 

The forms in question are 

{(B, A, x, y),.(15') 

(C, A, x, z), 

(D, A, x, t), 

(C, A, x, £) + 2(N, A, x, z), 

(D, A, x, z) + 2(N, A, x, t), 

(B, A, x, 0 +2(M, A, x, y), 

(D, A, x, y) + 2(M, A, x, t), 

(B, A, x, z) + 2(F, A, x, y), 

(C, A, x, y) + 2(F, A, x, z), 

(N, A, x, y)+ (M, A, x, z)+(F, A, x, t)}\y, z, tf 
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{(C, B, y, z), 

(A, B, y, x), 

(D, B, y, t), 

(A, B, y, t) + 2(L, B, y, x), 

(D, B, y, x) + 2(L, B, y, t), 

(C, B, y, <) + 2(M, B, y, z), 

(D, B, y, z) + 2(M, B, y,t), 

(C, B, y, x) + 2(G, B, y, z), 

(A, B, y, z) +2(G, B, y, x), 

(L, B, y, z) + (N, B, y, x) A(G, B, y, t)}\z, x, tf 

{(A, C, z, x), 

(B, C, z, y), 

(D, C, z,t), 

(B; C, z, t )+2(M, C, z, y), 

(D, C, z, 2/)+2(M, C, z, t), 

(A, C, z, 0 + 2(L, C, z, x), 

(D, C, z, x)-|-2(L, C, z, t), 

(A, C, z, y) + 2(H, C, z, x), 

(B, C, z, aj) + 2(H, C, z, y), 

(M, C, z, a:) + (L, C, z, y) + (H, C, z, £)}$>, y, tf 

{(A, D, t, x), 

(B, D, t, y), 

(C, D, *, z), 

(B, D, t, z) + 2(F, D, t, y), 

(C, D, t, y)+2(F, D, t, z), 

(C, D, t, x) + 2(G, D, t, z), 

(A, D, t, z)+2(G, D, t, x), 

(A, D, t, y) + 2(H, D, t, x), 

(B, D, t, x)+2(H, D, t, y), 

(F, D, <, x)+ (G, D, <, y) + (H, D, <, *)}£*, y, z)3 

3 d 2 
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§ 2. The identical relations between the forty-eight coordinates. 

On inspecting the expressions (13) and (14) it will be seen at once that the following 

relations subsist, viz.: 

. N,+M,+F,=0, . N/+M/+F/=0, .... (16) 

N* + . +L- + (f = 0, N, + . + L, + z— 0, 

M*+L^ + . +H^=0, M/+Ly + . +H*=0, 

F.* +Gy+Hz + . =0 ; F* +G^ +H/+ • —0. 

This is a set of 4 + 4 = 8 identical relations between the forty-eight coordinates. 

Added February 19, 1880. 

The next set of identical relations is to be sought among the first minors of the 

discriminants of U, V, . . . , bordered respectively with the coefficients of P, Q, . . . 

Thus, selecting T, we have to examine the coefficients of A, B, . . . (say the quantities 

St, 33, . . .) in the development of 

A, H, G, D, (A, B, . . . , suffix t). 

H, B, F, 

G, F, C, D- 

D*, D;/, D, 

We then have, changing the sign, 

St = BD,2—2FD,Dy+CD/ 

= p, P', 8 | X 1 8, S', y | 2 

-{1 P, y, 8 | X I y, P', 8 1 } 8, S', y | X | 8 S', iS 1 

+ 1 7; y , S | X I 8, 8',p |2 

= { 1 P, P', 8 X I 8, S', y | — I y, P', 8 | x | 8, S', £ | } 8, 8 7 

-{1 P, y, 8 X i 8, S', y ] — 1 7^ /, S 1 X | 8, S', /3 | } 1 8,8 ',P 

=P, P', 8, . 7 X I 8, S', 7 t Xy, y', 8 • • P 

Pi, Pi, §1; 7i 7n 7m Sn . . ft 

P,, Pff, . • 7a 7a> 7a) 8a, . . & 

P, . . 8, S', 7 7) • • 8, S', £ 

Pi, • • s. s/, 7i 7n • • st, S/, Pi 

Pi, §, s/, 7a Y-2, ■ • S., 87, & 
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and if in these last determinants we subtract rows 4, 5, 6 from rows 1, 2, 3 respec¬ 

tively ; and then subtract column 3 from column 4, we shall find that the whole 

expression 

= | (5, y, 8 | { | /3', 8, S' | x | y, 8, S' | — | y', 8, S' | x | ft, 8, S' | } 

= — I ft, y, S | (D, D, y, z), 

or more simply 

= i ft y, 8 I p, y, P 

From this result we may at once conclude the following group: 

&= ! ft y, § | (D, y, z).(17) 

33= | y, «, S j (D, z, x), 

@= | «, ft 8 | P, x> y)• 

Again, proceeding as before we should find 

-2#=2(ADyD,-HD,D.r-GD,Dy+FD/) (A, H, . . . suffix t) 

= { a, a', i S| + I a, a', s 111 S, 8 ', ft 1 x S, S', y | 

— { | ft, < 51 + | ft S |}| ft 8 ', a | X 1 S, S', y | 

— { ! y, a', < 51 + I /> S |H ft 8 ft ft I X | S, S', a | 

+ { 1 ft y,; 51 + 1 y> ft', S 111 ft 8 ', a | X ! S, 8', a | 

:a, s, . . ft x 1 s, S', • y X a, a'. , S, . . y X | 8, 8', ft 1 

«1, 8j, . . ft «i, ai ft, . . yi 

aa, a/, ■ 8* • ft a,, a3 ', ft, . . y% 

a, . • S, S', ft a, . . 8, 8 '» y 

• ft, 8,' . ft ai, • • ft, 8 ft yi 

a3, • 8*8*' i ft a3, . • ft, ft ft y^ 

( a, y', S, . • ft + a, /S', s, . . y } x | S, 8', a [ 

«i, yft ft, . • ft «i, ft', Si, . • yi 

a3, yft So, . • ft «2, ft', 8/, . • y-2 

a, • • S, S', ft a. . . 8, S', y 

ai, • • K Sft ft “l, ■ ■ ft, 8/, 7i 

a2, • • ft, S/, ft a3, • • ft, So', yo 

- I 8, S', VL X | S, S', y 1 X 1 a, 8, ft | — I S, S', a' | X | s, S', ft 1 x 1 a, S, y 

+ I 8, S', a 1 x | S, S', y i x | «, 8, ft + | 8, S', « 1 X 1 8, S', ft' | x | «, S, y 

a, 8, ft j (D, z,x) + I y, a, 8 | (D, a, y). 
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From this we may conclude the following group, 

2d?= I a, (3, 8 I (I), z, x)+ I y, a, 8 I (D, x, y).(18) 

2<£»= | a, /3, 8 | (D, y, z)+ | f3, y, 8 | (D, x, y), 

2$= I r> a> S I P, y, z)+ | A y, S | (D, z, x). 

From (17) and (18) we can now eliminate the three quantities \/3, y, S|, |y, a, S', 

j a, (3, 81, and obtain the following identical relations, 

B(D, x, y)~ — 2^(D, x, y)(D, z, £c) + CT(D, z, x)2=0 . . . . (19) 

®(D, V, 2)'-2©(D, y, z)(D, x, y)+&(D, x, y)~ = 0 

&(D, z, xf—2$|(D, z, x)(D, y, z) + B(D, y, z)2 = 0 

to these may be added 

— Jp(D, y, z)2—St(D, z, x)(D, x, y) + $(D, x, y)(D, y, z) +©(D, y, z) (D, z,x)=0 . (20) 

— (Et(E), 2, x)z-\-ffi(D, z, x)(D, x, y) — B(D, x, y){D, y, z)+dP(D, y, z)(D, z, x) = 0 

—3&(D, sc, #+®(D, z, F)(D, a-, y)+&(T>, x, y)(D, y, z) — (B(D, y, z)(D, z, x) = 0 

But, as the six equations (19) and (20) are in any case equivalent to only three 

independent conditions, it is not necessary to go beyond the equations (19). 

[Postscript. 

Added April 23, 1881. 

In the present case however the equations (19) are themselves not independent, as 

may be shown in the following way. Write for the moment 

D-X, D,=Y, D:=Z ; D/=X', D/=Y', D/=Z'; 

then 

(D, y, z) = Y'Z-YZ', (D, z, x) = Z'X-ZX', (D, x, y) = X'Y-XY'. 

Inserting these values in the first equations of (19) we obtain 

B(X'Y - XY'Y - 2&(X'Y - XY') (Z'X - ZX') + £T(Z'X - ZX')2=0 

= (BY2+2ifYZ+@Z~)X'~ + BX2. Y'2+<PX2.Z'2+2# X2. Y'Z' 

- 2 <&ZX. Z'X' —2 BXY. XT'— 2dfXY. Z'X' - 2tfZX. XT'. 

But 

BY2+2^fY Z + &Z2 

= (CX2 - 2GZX+AZ2) Y2 - 2 (A YZ - HZX - GX Y+FX2) YZ+(AY2 - 2HXY+BX2)Z2 

= (CY2—2F YZ+BZ2)X2 
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also 
£TZ+d?Y 

= (AY2—2HXY+BX2)Z —(AYZ —HZX—GXY+FX2)Y 

= (BZX - FX Y - HYZ+GY3)X 

= -<0X 

and 
BY+i?Z 

= (CX2 - 2GZX+AZ2) Y - (A YZ - FIZX - GX Y+FX2) Z 

= (CX Y - GYZ - FZX+ HZ2) X 

=-m 

Hence the whole expression 

= (&X'2+BY'2+CTZ'3+2^Y'Z'+2(GZ'X/+2$?X'Y')X2, * 

or 

(«, as,... )(X', Y', z')2=o 

i.e., 
A, H, G, D,D;=0.(21) 

H, B, F, Dy, D/ 

G, F, C, D„ D/ 

Uf, Dy, D,, . . 
d/3 d/, d/, . . 

The equations (19), and consequently also the equations (19) and (20), are therefore 

together equivalent only to the single condition (21). 

Now the relation (21) has been derived from the form T; if to this we add the 

corresponding relations derived from the forms U, V, W, we shall have four relations. 

Others are readily obtained as follows. If we form the four systems of which (17) is 

one, we may write them down thus :— 

33 = | 7, a, S (A, z, t), ©= I/3, 81 (A, y, t), 13 = I «, ft 71 (A, y, z), (suffix x) 

& = I ft, 7. £ 1 (B, t), (§ — \u, /3,8 \ (B, z, t), 13 = ft 7 1 (ft 2, ( » y) 

7,S|(C, y, t), 33 = 17, a, S | (C, x, t), . D = I «, ft 7 1 (C, a, y), ( >> 0 

a=|A%8](D, y, *), 33 = ]7.«, SI (D,x)> €=\u,/3,S\ (D,x, y), ( t) 

Whence 

& : (B, 2, t)=% : (C, y, <)=« : (I), y, z), . . (22) 

B : (A, z, t) = = li : (C, a, 0 = : (D, 2, x), 

<E : (A, y, t) = ® : (B, x, t)= . = (F : (D, x, y), 

U : (A, y,z)=JB : (B, z, as) = 33 : (C, cr, y) = ■ 

(suffix x) (suffix y) (suffix z) (suffix t) 

We thus have eight more relations. And if to these we add the corresponding 

relations derived from the forms IT, V', W', T', we shall have 2(4 + 8) = 24 relations in 

addition to (16), viz., 8 + 24 = 32 in all.] 
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To obtain two more, write for the moment 

I A y, 8 | =p~\ | y, 8 ! ~q~\ \ A § I =>’-\ i a, A y \ =s_1 • (23) 

and then multiply (17) by pDx, qDy, ?\D. respectively and add them together. This 

will give 
£tpD.,+ i3pD(/ + (Prlk=0. 

And if we proceed in a similar way with the corresponding systems derived from 

U, Y, W respectively, we may form the following system 

l&kyq-\-(&Azr—3BA^s=0, iH, 33, . . . suffix x (24) 

£tfby,_b . -j-dTB.r—1313^=0, ., ,, y, 

^tQ+) + 33CyCj-\- •  OC/5=0, ,, ,, Z, 

^D+>+33Dy^+(!JD;5r+ . =0, ,, ,, t, 

whence eliminating p, q, r, s, we finally obtain the following relation, 

33 Ay, Qtkz, iOA/=0, £t, 33, . . . suffix x.(25) 

&B,, . ^TB;, 13B^ ,, „ y 

&C,, 33Cy, . 33 (A ,, ,, z 

SID.,., 33Dy, (PD.-, „ £ 

To this may be added the corresponding relation obtained from the forms U', V', 

W', T\ These added to the former conditions give us 32 + 2 = 34. 

It was however remarked at the outset that the equations UP' — U'P=0, &c., are 

lineo-linear in the U coordinates, and also in the U' coordinates; and as we are con¬ 

cerned with the ratios only of the coefficients, and not with their absolute values, we 

are in fact concerned only with the ratios of the U coordinates inter se, and with 

those of the U 'coordinates inter se, and not with their absolute values. Hence the 

number of independent coordinates will finally be reduced to 

48 — 34 — 2=12, 

as it should be. 
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INTRODUCTION. 

6 35.* By the viscosity or internal friction of a gas, is meant the resistance it offers to 

the gliding of one portion over another. In a paper read before the British Association 

in 1859, Maxwell! gives the following explanation of the internal friction of gases :— 

“ Particles having the mean velocity of translation belonging to one layer of the gas, 

pass out of it into another layer having a different velocity of translation, and by 

striking against the particles of the second layer exert upon it a tangential force which 

constitutes the internal friction of the gas. The whole friction between two portions 

of gas separated by a plane surface, depends upon the total action between all the 

layers on the one side of that surface upon all the layers on the other side.” 

The research here recorded commenced with experiments instituted to discriminate 

between the friction of the pivot supporting the fly of a radiometer and the viscosity 

of the residual gas. In the paper just quoted, Maxwell presented the remarkable 

result that on theoretical grounds the coefficient of friction, or the viscosity, should be 

independent of the density of the gas, although at the same time he states that the 

only experiments he had met with on the subject did not seem to confirm his views. 

An elaborate series of experiments were undertaken by Maxwell to test so remark¬ 

able a consequence of a mathematical theory ; and in 1866, in the Bakerian lecture for 

that year,j. he published the results under the title of “ The Viscosity or Internal 

Friction of Air and other Gases.” He found the coefficient of friction in air to be 

practically constant for pressures between 30 inches and 0'5 inch ; in fact, numbers 

calculated on the hypothesis that the viscosity was independent of the density agreed 

very well with the observed values. 

The apparatus used by Maxwell was not of a character to admit of experiments 

with much lower pressures than 0‘5 inch. 

636. In the Philosophical Magazine for July, 1875, is a translation of a paper by 

MM. Kundt and Warburg, “ On Friction and Heat Conduction in Rarefied Gases,” 

in which the laws theoretically discovered by Maxwell were examined at higher 

exhaustions. 

Maxwell’s theory, that the viscosity of a gas is independent of the density, 

presupposes that the mean length of path of the molecules between their collisions is 

very small compared with the dimensions of the apparatus; but inasmuch as the mean 

length of path increases directly with the expansion, whilst the distance between the 

molecules only increases with the cube root of the expansion, it is not difficult with 

the Sprengel pump to produce an exhaustion in which the mean free path is 

* The research embodied in this paper is an outcome of work recorded in my various papers “ On 

Repulsion resulting from Radiation,” Parts 1 to 6, “ On the Illumination of Lines of Molecular Pressure, 

and the Trajectory of Molecules,” and “ Contributions to Molecular Physics in High Vacua.” The 

paragraphs are therefore numbered in continuation of the last-named paper. 

t Phil. Mag., 4th ser., vol. xix., p. 31. 

J Phil. Trans., 186(1, Part I., p. 249. 
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measured by inches, and even feet,* and at exhaustions of this degree it is probable 

that Maxwell’s law would not hold good. 

MM. Kundt and Warburg found that for pressures between 760 millims. and 

1'5 millim. the coefficient of viscosity of air was constant, but at higher vacua it fell 

off. They, however, give no measurements of the amount of exhaustion obtained, 

simply speaking of Vacua I., II., III., and IV. 

637. As I have had considerable experience in working in high vacua, and am 

accustomed to measure with accuracy exhaustions up to the ten-millionth of an atmo¬ 

sphere and even higher, it has been proposed that I should continue these experiments 

on viscosity of gases at high exhaustions, at the same time obtaining as many other 

data and measurements as the apparatus can be made to afford. 

My experiments were commenced early in 1876, and have been continued to the 

present time. In November, 1876, I gave a note to the Royal Society on some 

preliminary results. Several different forms of apparatus have since been used one 

after the other, with improvements and complexities suggested by experience or 

rendered possible by the extra skill acquired in manipulation. The earlier observa¬ 

tions are now of little value, but the time spent in their prosecution was not thrown 

away, as out of those experiments has grown the very complicated apparatus now 

finally adopted. I will therefore not occupy time in describing earlier forms of 

apparatus, but will proceed at once to the one finally adopted. 

THE VISCOSITY TORSION APPARATUS. 

638. Plate 55, fig. 1, shows the general construction, fig. 2 (p. 390) an enlarged view 

of the torsion beam, &c., the same references applying to either figure, a is a glass 

bulb, blown with a point at the lower end, b, and sealed on to a long narrow glass 

tube c c. In the bulb is suspended a plate of mica, cl, by means of a fine fibre of glass, 

26 inches long, which is sealed to the top of the glass tube c c, and hangs vertically 

along its axis. The plate of mica is ignited and lamp-blacked over one-half, as shown. 

The tube c c is pointed at the upper end, e ; the points e and b are 46 inches apart, and 

are accurately in the prolongation of the axis of the tube. Sockets are firmly fixed at 

b and e to a solid support, so that when the tube and bulb are clamped between them 

* Thus, supposing the mean free path of the molecules of air at the ordinary pressure is the 10^00th of 

a millimetre, at an exhaustion of the ten-thousandth of an atmosphere, the mean free path will he 1 millim. 

At one-millionth of an atmosphere the mean free path will be 10 centims., and at an exhaustion of one 

hundred millionth—by no means a difficult point to attain with present appliances—the mean free path 

will be over 30 feet. This rarefaction corresponds to that of the atmosphere at a height above the earth 

of a little more than 90 miles, assuming that its density decreases in geometrical progression as its height 

increases in arithmetical progression, and neglecting the small corrections for diminished gravity and 

temperature. As the height above the earth increases, the length of the mean free path of the molecules 

of air rapidly approaches to planetary distances; at about 200 miles height the mean free path is 

10,000,000 miles, whilst between 80 and 90 miles higher the rarity is such that the mean free path would 

extend from here to Sirius. 

3 E 2 
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they are only able to move around the vertical axis. The upper socket is lined with 

cork and is pressed down by a spring. The lower socket is a steel cup, and a brass 

point is attached to the bottom of the bulb. This device is adopted because in the 

earlier apparatus the friction of glass against cork generated electricity, which inter¬ 

fered with the free movement of the torsion fibre. The glass fibre being only 

connected with the tube at e, rotating the tube on its axis communicates torsion to 

the fibre and sets the mica plate swinging on the same axis without giving it 

any pendulous movement. The mica plate cl is not fastened direct to the suspending 

fibre, but through the intermediary of a twisted aluminium wire,/’, about 12 inches 

long, with a mirror of platinised glass attached to it. The tube opposite the mirror 

is blown into the form of a thin cylinder of about double its original diameter, and the 

centre of curvature is made to coincide as closely as possible with the fibre, or centre 

of motion of the mirror. There are three reasons why the mirror is kept some 

distance above the mica plate, instead of being close to it:—1. There is much less 

distortion of the reflected index of light when passing through a cylinder than 

through a bulb. 2. The light falling on the mirror from the lamp might diffuse 

sufficiently to produce repulsion of the black surface. 3. The torsion bulb and plate 

can be completely packed in wool or immersed in water, to diminish variation of 

temperature. 

The total weight of mica plate, mirror, and aluminium support is 5'69 grains. 

These are purposely made very light, and to render the effects of viscosity more 

apparent the glass fibre is as fine as it can be drawn consistent with safety. The 

diameter of the fibre is about O'OOl inch. The attachment of so thin a fibre at each 

end of the apparatus requires extreme care, or it will snap off at a joint when torsion 

is applied. The following plan has been found to answer best :—The fibre being 
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drawn from a piece of glass rod about 0‘5 millim. in diameter is left attached at 

one end to the rod from which it was drawn, the other end being broken off to the 

right length. This broken end of the fine torsion fibre is inserted into the wider 

end of a fine, somewhat conical, glass tube a, fig. 3 (which must not be much larger 

than is necessary to allow the fibre to enter freely). A small flame applied at b melts 

the glass tube and fibre together. The lower part of the glass tube is bent, as shown in 

the figure, to allow the aluminium support for the mirror, g, and mica plate to be hooked 

on to it. The small piece of glass rod remaining attached to the upper part of the 

torsion fibre is then passed through, so as to project above the top of the glass tube c c, 

fig. 1, which has previously been drawn out to the right size, and held in position by 

an aluminium spring. When the instrument is held in a vertical position, the final 

adjustment can be made by moving the projecting end of the rod; the top aperture is 

then sealed, and the piece of rod carrying the fibre is likewise sealed in at the same 

time. The viscosity apparatus is connected to the pump by the arm h, and tubes i, j, 

k, l, m, n, and o. A flexible glass spiral is introduced at i, so as to allow the apparatus 

to rotate on the pivots b, e, and at the same time to be connected to the pump 

altogether with sealed glass joints. Another arm at p, working between metal stops, 

limits the rotation to the small angle only which is necessary. A spring keeps the arm 

pressed close to one of these stops. 

639. The bulb of the viscosity apparatus is entirely enclosed in a box, packed with 

cotton-wool; in this box is a tube, q, opposite the black half of the mica plate, so that 

a candle at r will shine on it and produce a deflection. This tube is closed at each end 

with glass plates to keep out air-currents, and in front is a shutter to cut off or turn 

on the light of the candle, as desired. The position of the candle flame and its 

distance from the plate are always kept identical in the following manner:—A small 

lens, fixed at some distance from the candle, forms an image of the flame on a white 

screen, and it is so adjusted that when the flame shines direct on to the mica plate 

its image exactly overlaps a mark on the screen. A second system of lens and screen 

is fixed at right angles to the first, and thus the position of the flame can in a few 

moments be adjusted. To avoid unnecessary complication this arrangement is not 

shown in the figure. 

In viscosity experiments when the deflection produced by the candle-flame is not 

measured—as, for instance, in exhaustions below one millimetre—the whole apparatus 

is immersed in a large copper vessel full of water surrounded by a double row of 

Winchester quart bottles, also full of water, and the spaces between them and the 

copper vessel are filled with cotton-wool. A cardboard case surrounds and covers the 

whole. A thermometer reading to tenths of a degree C. is in the water close to the 

bulb. This device, which I have long adopted, and found extremely useful, prevents 

the temperature of the apparatus during a long day’s work from varying more than the 

tenth of a degree. 

The torsional movement given to the mica plate, by the light of the candle shining 
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on it or by tbe rotation of the bulb and tube on its axis by the movement of the 

arm p between the stops, is measured by a beam of light from the lamp s, reflected 

from the mirror g to the graduated scale t. 

640. The angle through which the apparatus is rotated is small. The distance of 

the scale from the mirror is 4 feet, and the amplitude of swing carries the line of light 

between 100 and 200 divisions of the scale. 100 divisions of the scale =62 millims., 

so that the deflection of the line of light is never more than about 10 degrees. As 

the scale forms the tangent of a circle a small correction is required for the scale¬ 

reading. Let S be the scale-reading; R the radius or distance of mirror (centre of 

motion) from the scale; S' what would be the scale-reading if it were curved in a 

circle of radius, Pi; then— 

S'=S 

S5 

The ratio of S to R is, however, so small as to make j — and the succeeding terms 

insensible. The correction therefore is simply— 

JL 
3 

S3 

E2' 

Except in special cases this correction was not applied, for unless the amplitudes 

were very long the amount to be deducted was less than the average error of each 

observation. 

641. Air is introduced into the apparatus through a very fine glass tube drawn out 

to almost the fineness of a hair, and projecting from the connecting tubes at a. A 

momentary contact with a spirit flame seals up the point, and when air is to be 

admitted the tip of the tube is broken off, and the air slowly enters, passing through 

the drying-tubes, in, before it reaches the apparatus. 

Gases other than atmospheric air are introduced into the apparatus through the tubes 

u and v. The tubes u and v are only open when actually in use, and when the appa¬ 

ratus has been filled with a pure gas and exhausted a sufficient number of times, they 

are sealed off at u or at v, as the case may be, and when required are again attached 

for another gas. This prevents the apparatus when actually at work having any mer¬ 

cury joints, blown joints being used in all other cases. At m is a system of six 

tubes, for the double object of drying the gas and of keeping mercury vapour out of 

the torsion bulb. The tube nearest the pump contains pure sulphur which has been 

fused, then finely powdered, and introduced while warm into the tube. The next tube 

contains finely-divided copper reduced by hydrogen from the oxide, and the four 

remaining tubes contain phosphoric anhydride. The phosphoric anhydride must be 

tightly packed in the tubes, so as to force the air to pass through, and not merely 

over it, or the last traces of water will not be removed. The sulphur tube stops mer¬ 

cury vapour, and in the course of some months becomes darkened at the end nearest 
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the pump. A tube packed with gold-leaf was used in the early experiments, but as it 

did not entirely stop the passage of mercury vapour, it was discarded in favour of 

sulphur, which, whilst not quite perfect, answers fairly well. As it was thought possible 

that sulphur vapour might be given off, the copper tube was interposed : at first a 

tube of oxide of lead was used for this purpose, but copper seems to answer better. At 

to a similar system of six tubes is interposed in the path of the entering gas. These 

will be further alluded to when the experiments with gases other than air are 

described. The tube o is the phosphoric anhydride reservoir belonging to the pump ; 

x is the McLeod measuring apparatus; y is a small radiometer, having a standard 

candle at a fixed distance from it; h is a spectrum tube with capillary bore furnished 

with aluminium poles ; l is a resistance tube having aluminium terminals with ends 

4 millims. apart (663, 664, 665). At z a series of spectrum tubes is attached, so that 

in course of experiment one tube can be sealed off at any particular pressure for 

further reference. 

642. The pump employed has already been described (355). The measuring appa¬ 

ratus is similar to that described by Professor McLeod'" before the Physical Society, 

June 13th, 1874. As it contains several improvements shown by experience to be 

necessary when working at very high vacua, a detailed description may be useful. 

The instrument shown in fig. 4 consists essentially of a globe, a, a volume tube, b, 

* Philosophical Magazine, vol. xlviii., p. 110, August, 1874. 
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and a pressure tube, c. The upper part of c communicates with the exhaust arm of 

the pump, and the tube e communicates with the upper mercury reservoir by means 

of a screw tap. The pressure and volume tubes are from the same piece, accurately of 

the same internal diameter, and are graduated in millimetres. The divisions in the 

pressure tube are numbered from below upwards, and extend to some height above 

the volume tube ; and the divisions of the volume tube are numbered from above 

downwards, the lowest division, 80, being on a level with the 0 of the pressure tube. 

The proportion between the contents of the volume tube and the globe was ascertained 

in the manner directed by Professor McLeod, and it was found that the globe, &c., 

from the point / had 111'8 times the capacity of the volume tube down to the 80th 

division. The action of the instrument is as follows :—Before the viscosity apparatus 

on the pump is exhausted the tap e is closed, in order to exclude mercury from the 

measuring instrument, the upper part being in communication with the pump and 

viscosity apparatus. The pump is now set to work, and the exhaustion in the globe 

keeps pace with that in the apparatus, there being free passage from one to the other. 

When the exhaustion is good it is advisable carefully to unscrew the tap e a little, to 

allow mercury to fill the two air-traps, cl cl, and rise in the tube as far as g. The tap 

e is then tightly closed, and the exhaustion continued. When it is desired to make a 

measurement of the pressure, the tap e is opened, and the mercury allowed slowly to 

rise. When it reaches the point f it cuts off communication between the globe a and 

the rest of the apparatus. The globe a now contains an accurately measured volume 

of highly rarefied gas of exactly the same exhaustion as that in the viscosity apparatus. 

The mercury continuing to rise, part ascends the pressure tube c, and part fills the 

globe, compressing the rarefied gas, until, when it reaches the lowest division, 80, of 

the volume tube, the gas is condensed to 111 ‘8 times its original volume. I now 

quote from Professor McLeod’s description :—“ Ultimately the whole of the gas in the 

globe is condensed into the volume tube; and its tension is then found by measuring 

the difference of level between the columns of mercury in the volume and pressure 

tubes. On dividing this difference by the ratio between the capacities of the globe 

and volume tube, a number is obtained which is approximately the original pressure 

of the gas : this number must now be added to the difference between the columns, 

since it is obvious that the column in the pressure tube is depressed by the tension of 

the gas in the remaining part of the apparatus : on dividing this new number once 

more by the ratio between the volumes, the exact original tension is found. . . . The 

relations existing between the contents of the other divisions of the volume tube and 

the total contents of tire globe were determined by measuring the tensions of the 

same quantity of gas when compressed into the different volumes.” In this way a 

table has been constructed giving the value of each millimetre in the volume tube 

from 1 to 80. I generally make several readings at different heights of the volume 

tube, and take the mean. The McLeod gauge will not show the presence of mercury 

vapour. I have, however, entirely failed to detect the presence of mercury vapour at 
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any great distance from the mercury in the pump ; and the tube packed with gold- 

leaf, which I formerly interposed between the pump and the apparatus, showed no 

trace of bleaching, and exerted no appreciable effect one way or the other on the 

results. The chief improvements in this instrument over Professor McLeod’s original 

design consist in the entire absence of joints ; the tubes and bulbs are all soldered 

together in one piece ; and the two air-traps, d d, which obviate the inconvenience at 

first encountered, of traces of air rising with the mercury and spoiling the vacuum in 

a. The globe a is also larger in proportion to the volume tube, and this tube is longer. 

These improvements are mere details, and in no way detract from the great beauty 

and merit of Professor McLeod’s valuable instrument. 

643. In the case of a body moving quickly through air of ordinary density the 

“work” is almost wholly represented by a wake of eddies left behind. The smaller 

the velocity of the body and the rarer the gas the less is the work spent in producing 

eddies compared with the work spent in directly overcoming friction. In these expe¬ 

riments the motion is so slow that even at full pressure the effect of eddies is well 

nigh or altogether invisible, and it is utterly insensible at even moderate exhaustions. 

The molar vis viva is rapidly converted by internal friction or viscosity into molecular 

vis viva (heat, thermometric—not radiant), and this is too rapidly dissipated to inter¬ 

fere with the observations. 

644. Before taking an observation the arm p (fig. 1) remains pressed against one of 

the stops. In this position the index line of light stands in the middle of the scale 

at 0, the divisions counting on each side from 0 upwards. The arm is then moved 

over to the other stop, and in a few seconds allowed to return to its original position 

by the action of the spring. This movement rotates the viscosity apparatus through 

a small angle, and sets the mica plate vibrating, the reflected line of light traversing 

from one side of the scale to the other in arcs of diminishing amplitude till it finally 

settles down once more at zero. The'amplitude depends on the manipulation, a slower 

turn being more effective in producing motion than a very quick one. Even if the 

arm p is turned at the same rate, in experiments with different degrees of exhaustion 

there will be no simple relation between the arc swung through and the viscosity. 

What is simply related to the viscosity is the logarithmic decrement of the arc of 

oscillation. The logarithmic decrement will of course involve the viscosity of the 

glass; but glass is so nearly perfectly elastic, and the fibre is so very thin, that this 

will be practically insensible except at the very highest exhaustions (652). 

The observer watching the moving index of light records the scale number reached 

at the extremity of each arc. The numbers being alternately on one and the other 

side of zero are added two by two together, to get the value of each oscillation. The 

logarithms of these values are then found, and their differences taken; the mean of 

these differences is the logarithmic decrement per swing of the arc of oscillation. 

The following illustration will render this plain. The observation is supposed to be 

taken with air at the pressure of 760 millims. :— 

3 F MDCCCLXXXI. 
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Readings. Arcs. 
113-0 

200-0 
87-0 

154-4 
67-4 

119-2 

51-8 

92-0 
40-2 

71-0 

30-8 
54-8 

24-0 
42-3 

18-3 

Log. ares. Diff. 

2-3010 
0-1124 

2-1886 
0-1123 

2-0763 
0-1116 

1-9647 
0-1134 

1-8513 
0-1125 

1-7388 
0-1125 

1-6263 

0-1124 

The logarithmic decrement for the oscillation comes out 0'1124. 
645. The actual number obtained varies with each apparatus. The number does 

not represent an absolute, but a relative, quantity, to be compared only with the 
results obtained with the same apparatus at other pressures or with other gases. 

The first swing is seldom found to be in regular series. It is better to start an 
oscillation greater than is intended to be observed, so that the oscillation shall be 

fairly established when beginning to preserve the scale-readings. 
On comparing a large number of observations there appears to be a tendency for the 

logarithmic decrements to come alternately greater and less than the mean. It is quite 

conceivable that this may be real, and not accidental, as the body is moving opposite 
ways—-just as the resistance to a ship would be different according as she went prow 

foremost or stern foremost. Therefore it is well to take an odd number of arcs for 
final discussion, leaving an even number of intervals, so that the difference, if any, 
between fore and aft motion should be eliminated. 

646. Instead of taking the whole number of arcs it comes to the same thing to use 

the initial and final arc only, except for the sake of comparing the individual results 

with the mean of the whole. To take a particular instance,—say there are 7 arcs, 
cq, cq, to cq, The mean logarithmic decrement is— 

<K(log «i-log %) + (log Os-log «3) + (log «3“log %) + (log «4-log ao) + 
H-(log ft 5 log ft6) + (log (*6—log cq)} 

which is the same thing as ^(log cq — log cq), and the same is evidently true whatever 

be the number of arcs. 
For instance, in the illustration already given much time will be saved by taking 

the observation thus :— 



OF GASES AT HIGH EXHAUSTIONS. 397 

Readings. 

113-0 

87 

24*0 

18-3 

Arcs. Log. 'arcs. 

200-0 2-3010 

42-3 1*6263 

6)0-6747 

0-1124 

647. In deducing the logarithmic decrement from the initial and final arcs it is 

advisable not to wait until the final arc has fallen very low, for then an error in the 

reading of the arc tells too much. In taking a long series a good plan is to group them 

into intervals of, say, 4 arcs, and take the logarithmic decrements for comparison with 

one another. Thus, let ax, az, a3. ... be the arcs ; we may then take 

i (log <h -log aB) 

4 (log «5 -logO 

i (log «9-log «13) 

i (log -log an)> 

and compare them with each other. They will be more regular than the logarithmic 

decrements for single intervals only, as the errors of observation will be divided by 4. 

648. The proportional error of observation of a small arc is of course much greater 

than that of a large one, but the absolute error, if anything, is rather less. Assuming 

the absolute errors to be the same in each case, the best arc to stop with so that a 

given error in the observation of the small arc shall produce a minimum error in the 

deduced logarithmic decrement, we find it (the last arc) should be -th part of the first 

arc used in the computation, e being the base of the Napierian logarithms, namely, 

2-71828 .... As the small arcs can be observed a little better than the large arcs, 

on account of the slowness of the motion, we may go a little lower, say to -^rd of the 

first arc preserved for calculation. 

649. The slight diminution in the log. dec. of air between pressures of 760 millims. 

and 1 millim. is clearly shown in figs. 5, 6, 7, and 8. The curved lines are copied 

from photographic traces made on a sensitive surface by the index ray of light. 

The experiments in which photography was employed will be described later on. 

3 f 2 
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The successive diminutions of arc are caused by the resistance or the viscosity of the 

air. Fig. 5 shows the damping action at 760 millims., and fig. 7 that at 1 millim. 

Figs. 6 and 8 show the diminution in length of the successive arcs at the same two 

pressures, the line A B joining the extremities being the logarithmic curve. 

In figs. 9 and 10 I give the curves representing the successive diminutions of the 

arc of vibration at high exhaustions due to viscosity. Fig. 9 is copied from a photo¬ 

graph, and shows the damping action at O'02 M. The diminution in length of the 

arcs and the logarithmic curve—now nearly straight—are given in fig. 10. It is 

interesting to compare these figures with figs. 5, 6, 7, and 8, which show similar 

results at low exhaustions. 

A very large number of experiments have been made on the viscosity of air and 

other gases. To reduce the results within convenient limits I will first take the case 

of dry air between the ordinary atmospheric pressure and the i q0 0tli of an atmosphere, 

and will then describe the results obtained between the ToVoth and the i,uoo,o~ooth of 

an atmosphere, and higher. I have taken observations at as high an exhaustion as 

0'02 M, but at these high points they are not sufficiently concordant to be trustworthy. 

The pump will exhaust to this point without difficulty if a few precautions are taken, 

but at this low pressure the means of measuring fail in accuracy. 

650. It may be useful if I here give some of the precautions which experience 

shows to be necessary when exhausting to the highest points. In the first place, the 

mercury must be pure. If it contains metals more easily oxidisable than itself, there 

is a tendency, if acids, or even water, come in contact with the mercury, for hydrogen 

to be liberated. This hydrogen is in part absorbed by the mercury, and, carried by it 

through the pump, is slowly liberated at low pressure. The consequence is that the 

highest exhaustions cannot be obtained, whilst the results are due to hydrogen rather 
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than to air. Before this discovery many months were wasted in taking useless 
observations, owing to the presence of hydrogen as impurity, and several pieces of 

viscosity apparatus and pumps were taken to pieces to find out a supposed leakage. 
The best way to purify mercury is to violently agitate it with a solution of per- 

chloride of iron. The mercury is thus rapidly converted into a pasty mass of metallic 
globules in so fine a state of division as to be invisible to the naked eye. The globules 
are washed, and then dried by squeezing first through a cloth, then through chamois 

leather. In these operations the minute globules coalesce, and the metal reassumes 

its fluidity. 
651. When the high exhaustions are first approached in the apparatus another pre¬ 

caution is necessary. The pump is kept going till an exhaustion of about 0-5 M is 
attained, and the whole apparatus, including the connecting-tubes and those belonging 
to the pump, are heated to between 300° and 400°, by passing over them the flame of 

a Bunsen burner. The apparatus itself is then kept at a temperature of about 300° 

for half an hour or more, and the pump is worked the whole time. Glass condenses 
on its surface a certain amount of permanent gas which is let out very slowly and 

incompletely in a vacuum; but the gas is driven off, in quantity sufficient to depress 

the gauge, when the temperature of apparatus and pump is quickly raised to 300° 

or 400°. 

The relation between the viscosity and pressure in the apparatus after this heating 
is not quite the same as before, showing that the gas liberated has not quite the 

composition of atmospheric air. It is therefore necessary to exhaust again to a very 
high point, and then to add a little air (some should always be retained in the air-traps 

for this purpose) and again exhaust. After this treatment it is practicable to attain 
much higher exhaustions. 

Another very necessary precaution is to allow a sufficient time to elapse, after the 

pump has stopped, before the observations are taken. At low exhaustions the pressure 

in the apparatus equalises in a few minutes ; but when the tension is reduced to a few 

millionths of an atmosphere, twenty minutes or half an hour must pass before the 

pressures in the McLeod globe and the viscosity bulb are uniform. The normal pres¬ 

sure is always considered to be 760 millims. When the apparatus is full of gas the 

interior pressure is easily brought to 760 millims., whatever be the height of the 

barometer, by raising or lowering the mercury reservoir, and so varying the height of 

the mercury in the tube supplying the fall tubes. 

652. A noteworthy point in connexion with the elasticity of glass is observed on 

the curves in diagram C. They are not continued beyond the 0‘02 M exhaustion, 

but the general form of the curves indicates that, if they were produced beyond the 

limits of the observations, they would cut the line representing the absolute vacuum. 

The curves representing the repulsion accompanying radiation evidently go up to 

the zero point, showing that at an absolute vacuum there would be no repulsion. 

The curves of viscosity cannot, however, be supposed to end at the zero point 
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without a sudden change in direction. They evidently meet the top line of zero 

pressure long before the logarithmic decrement of 0’00 is reached. This means that in 

an absolute vacuum there would still be a measurable amount of viscosity. This is 

probably due to the viscosity of the glass torsion fibre, for it has been ascertained that 

glass is not perfectly elastic, but will take a permanent set if kept under constraint for 

a considerable time. I give an instance which has come under my own notice. In 1862 

I purchased a piece of glass lace, and some spun glass from which the lace was made. 

The spun glass is in long straight threads, about O'OOl. inch diameter, and has 

occasionally been used for torsion fibres. The fibres of which the lace was made were 

originally straight, but the twists and bends in which they have been kept for 

eighteen years have permanently altered their direction, and on dissecting a portion 

of the lace the component fibres remain distorted and bent, even when free to resume 

their original shape. 

Were glass perfectly elastic the logarithmic decrement in an absolute vacuum would 

probably be equal to zero: there would then be no diminution in the arc of vibration, 

and the torsion fibre once set swinging would go on for ever. 

VISCOSITY OF AIR. 

653. The mean of a very large number of closely concordant results gives as the 

logarithmic decrement for air for the special apparatus employed, at a pressure of 760 

millims. of mercury and a temperature of 15° C., the number 0'1124. According to 

Maxwell the viscosity should remain constant until the rarefaction becomes so great 

that we are no longer at liberty to consider the mean free path of the molecules as 

practically insignificant in comparison with the dimensions of the vessel. 

My observations show that this theoretical result of Maxwell’s is sufficiently near 

the actual fact in air to confirm the accuracy of his reasoning, although there is a 

variation showing that disturbing influences are at work which make the coefficient of 

viscosity (taken as proportional to the logarithmic decrement) not quite constant. 

The results are embodied in the following table and diagrams. 

The first half of Table I. gives the viscosity of air, in so far as it is represented by 

the log. decs., at pressures intermediate between 760 millims. and 0'76 millim. (1000 

millionths of an atmosphere). In order to avoid the inconvenience of frequent refer¬ 

ence to small fractions of a millimetre, I now take the millionth of an atmosphere* 

( = M ) as the unit instead of the millimetre. The second half of the table is therefore 

given in millionths, going up to an exhaustion of 0’02 millionth of an atmosphere, the 

highest point to which I have carried the measurements, although by no means the 

highest exhaustion of which the pump is capable. 

At the high exhaustions, in addition to the observed results, I have given the 

calculated mean free path of the molecules. 

* 1 m = 0'00076 millim.; 1315V89 M = 1 millim. 
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654. Table I.—Log. dec.* of dry air at pressures between 760 millims. and 0'76 millim. 
Temp. 1 5° C. 

Pressure. Log. Pressure. Time of one complete vibration. 
Millims. decrement. Millims. Seconds. 

760 0T124 772 11-20 

755 0-1123 633 11-10 

750 0-1121 534 11-05 

730 0-1117 425 11-05 

702 0-1110 336 10-96 

685 0-1105 260 10-88 

664 0-1100 155 10-90 

645 0-1096 106 10-80 

627 0-1091 74 10-80 

605 0-1086 50 10-80 

587 0-1082 23 10-72 

572 0-1078 8 10-76 

550 0-1073 1 10-70 

511 0-1065 0-68 10-76 

495 0-1062 

475 0-1057 M. 

440 0-1050 235-0 10-76 

409 0-1043 94-0 10-72 

395 0-1040 47-0 10-70 

385 0-1038 13-5 10-68 

350 0-1032 9-0 10-72 

324 0-1027 2-5 10-72 

301 0-1022 1-3 10-72 

272 0-1019 &c. 

254 0-1016 &c. 

233 0-1013 ' 

210 0-1010 

180 0-1008 

155 0-1006 

120 0-1004 

112 0-1003 

68 0-1002 

47 o-iooi 
26 OTOOl 

12 0-1000 

4 0-1000 

3 0-0994 

1 0-0988 

076 0-0988 

* In making the experiments described in this paper, and, indeed, in writing the greater part of the 

paper itself, I have assumed that the logarithmic decrement was a measure of the relative viscosities of 

the different gases, at least until exhaustions were reached at which the viscosity begins to break down. 

Professor Stokes has shown that this is not the case except under certain restrictions, and in a note 

appended to this paper he has deduced the results which follow from my experiments when reduced 

according to strict dynamical principles.—W. 0., August 11, 1881. 
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Table I. (continued).—Log. dec. of dry air at pressures between 1000 M and 0'02 M. 

Temp. 15° C. 

Pressure. Log. Repulsive force Mean free path of molecules. 
M decrement. of radiation. Millims. 

1000-0(=0-76 m.m.) 0-0988 24 0-10 
905-0 0-0983 3-2 o-ii 
736-0 0-0975 3-5 0-14 
590-0 0-0971 4-5 0-17 
495-0 0-0966 5'5 0-20 
385-0 0-0960 8-5 0-26 
300-0 0-0952 io-o 0-33 
248-0 0-0943 12-0 0-40 
219-0 0-0937 14-0 0"46 
183-0 0-0930 16-5 0'55 
165-0 0-0926 18-0 0-61 
157-0 0-0925 19-5 0-64 
135-0 0-0907 21-3 0-74 
116-0 0-0892 24-5 0-86 
100-0 0-0876 27-0 1-0 
93-0 0-0866 29-0 1-1 
81-0 0-0842 31-1 1-2 
79-0 0-0840 31-5 1-3 
72-0 0-0824 32-9 1-4 
68-0 0-0817 33-5 1"5 
62-0 0-0799 34-6 1-6 
53-0 0-0774 37-0 1-9 
39-0 0-0710 41-4 2-6 
36-0 0"0695 42-5 2-8 
29-0 0-0657 42-6 3-4 
24-0 0-0620 41-2 4-2 
19-0 0-0577 

O
O

 

0
0

 
C

O
 5-3 

13-0 0-0500 30-9 7-7 
11-0 0-0460 27-1 91 
8-0 0-0390 223 12-5 
7-2 0-0372 20-2 13-9 
5-9 0-0337 17-0 16-9 
4-1 0-0281 13-1 24-4 
3*4 0-0256 11-5 29-4 
2-6 0-0225 8-5 38-4 
1-9 0-0198 7-1 52-6 
1-3 0-0175 4-2 76-9 
1-0 0-0161 2-1 100-0 
0-55 0-0144 2-0 181-8 
0-46 0-0135 1-7 217-4 
0-22 0-0118 1-4 454-5 
0-14 0-0114 1-0 715-9 
0-06 0-0097 0-7 1666-6 
0-02 0-0072 0-5 5000-0 

0-00537 ? 
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655. The pressure and the logarithmic decrement columns are obtained in the fol¬ 

lowing way Observations are taken first at frequent intervals during exhaustion, 

sufficient time being left between the successive experiments to allow the slight 

heating due to internal friction, and the cooling due to rarefaction to become equalised. 

Air is then slowly admitted through the drying tubes, and another series is taken. 

When several hundreds of such determinations are accumulated, they are collected 

into groups, from which the mean pressure and mean logarithmic decrement for the 

group have been taken. 

In this table I have also given the measurements of the repulsion exerted on 

the blackened end of the mica plate by a candle-flame placed 500 millims. off. The 

repulsion due to radiation commences just at about the same degree of exhaustion 

where the viscosity begins to decline rapidly, and it principally comes in at the 

exhaustion above 1000 M. The observations are thus conducted :—The torsion fibre 

and plate being at rest, the shutter obscuring the candle is suddenly removed, and the 

light allowed to shine on the blackened mica for a series of seven or eight oscillations. 

The radiant force deflecting the mica (not including the torsion) is by no means con¬ 

stant, but mounts up during a very appreciable time. The motion of the mica is one 

of swinging about a point which itself changes more or less slowly with the time. 

This force begins from nothing, rapidly increases, and attains nearly its full value in a 

second or two after the candle is let on. The force depends on the heating of the 

surface of the swinging body by the previous action of the candle. 

The path of the index ray is of the following character :— 

Starting from zero, the mechanical force drives the index to division 88 ; thence it 

swings back to 29 ; the next swing brings it to 83, and so on. The problem is, from 

the varying arcs of oscillation, to find the true zero, or the point at which the index 

ray would rest supposing the force of repulsion to be constant and inertia absent. 

656. Professor Stokes, to whom I am greatly indebted for assistance and advice on 

the mathematics of this subject, has provided a method for calculating the zero for 

the swing produced by the candle-flame. Register the stopping-points when the 

candle is let on in successive swings ; and in an adjacent experiment find the 

logarithmic decrements, without the candle. 

Let l be the logarithmic decrement, N the number whose logarithm is l. Divide the 

successive arcs by J +N, and apply the results to the readings of the second ends of 

3 G MDGCCLXXXI. 
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the arcs, to get the equilibrium readings for the force arising from the candle supposed 

constant during that swing, and equal to what it was in the middle of the swing. 

The following is an example of the observations which I have plotted above, treated 

way : — 

Log. dec. 0’066 ; L. 1 + N 0-33; 5. 

Reading. Arc. Log. arc. Less 0 335. Humber. Zero for siring. 
I. II. III. IV. V. VI. 

88 88 T944 1-609 40-6 47"4 

29 59 1-771 1-436 27-3 56-3 

83 54 1-732 1-397 24-8 58-2 

32 51 1-708 1-373 23-6 55"6 

75 43 1-633 1-298 19-9 55T 

40 35 1-544 1-209 16-2 56-2 

68 28 1-447 1112 12-9 55T 

Mean.55'9 

The numbers in column VI. are obtained by applying column Y. to column I., 

by subtraction and addition alternately. The first figures are marked off with a 

line, because the method gives only a rude approximation for the first swing, as the 

whole of the force, very nearly, has grown during this swing. 

657. With a high logarithmic decrement the process just given should always be 

used ; but with a low logarithmic decrement, as in the example, it may be simplified 

by taking the mean of consecutive arcs, then the half means, and then applying these 

fi- and — to the successive readings, as in the following example :— 

Reading. Swing. Arithmetical Half of III. 
Applied + and — to I. = approx¬ 

imate calculated position of 

I. II. III. IV. 
equilibrium. 

V. 
0 

88 
88 

735 36"7 52-1 

29 
59 

56-5 28-2 57-2 

83 
54 

52-5 26-2 56-8 

32 
51 

47-0 23-5 55"5 

75 
43 

39-0 19-5 55-5 

40 
35 

31-5 157 55'7 
28 

Mean . .... 56-1 

1 have cut off the first swing, which is clearly out of series. The slight diminution 

of the last three, as compared with the second and third numbers, may not improbably 
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be real, though the slight uncertainty as to the second makes it doubtful. If it is real, 

it is probably due to the heating of the hinder face of the mica by conduction from the 

front face ; so that the permanent difference of temperature is a little less than was 

the difference at a somewhat earlier stage. 

658. There is great satisfaction to the mind when it is possible to plot a long series 

of figures as a curve on paper. Indeed, this is almost the only way in which the 

meaning of the results can be fully realised. It has been found impracticable to place 

the curves together in one table, inasmuch as the diagrams necessary to enable the 

results to be understood, and without which columns of figures are almost valueless, 

have to be on a scale of increasing magnification. On diagram A (Plate 56) are shown 

the results recorded in the first part of the table down to a pressure of Off 6 millim. 

plotted as a curve (marked “ air ”), the ordinates being the logarithmic decrements, 

and the abscissae the pressures in millims. of mercury. The total barometric height, or 

one atmosphere, is represented by a length of 152 millims. : each millim. on the scale 

therefore represents 5 millims. pressure of mercury. Gaps in the series have not been 

filled up by interpolation. 

Starting from the logarithmic decrement 0'1124 at 760 millims., it diminishes 

very regularly, but at a somewhat decreasing rate. Between 50 millims. and 3 millims. 

the direction is almost vertical, and it will be noticed that a great change in the 

uniformity of the viscosity curve commences at a pressure of about 3 millims. (shown 

in the upper part of the curve on diagram A), where the direction suddenly changes 

and goes off almost horizontally. At this point the previous approximation to 

Maxwell’s law begins to fail, and further pumping considerably reduces the loga¬ 

rithmic decrement. 

659. To render the gradation of the air curve more uniform, it is now necessary to 

considerably magnify the scale. Diagram A is on so small a scale that 152 millims. 

represent the whole barometric column, but the scale to which diagram B is drawn is 

that of 1 millim. to 5 millionths of an atmosphere, so that the whole atmospheric 

pressure would be represented by a vertical height of 200 metres. One-thousandth 

part of this, representing the top 200 millims. of the scale, is all that I give in 

the compass of this diagram. At the lower part of diagram B (Plate 57) is given 

a highly condensed scale of the viscosity curve between 760 millims. and 0ff6 millim. 

To bring this condensed scale to the same proportion as that of the rest of the diagram 

it would have to be 200 metres instead of only 10 millims. long. 

Starting from 1000 M the diminution of viscosity is very slight until the exhaustion 

reaches about 250 M ; after that the viscosity gets less with increasing rapidity, and 

falls away quickly after 35 M is reached. 

660. It will be seen, from the almost horizontal character of the upper part of the 

curve, that the scale is not even now large enough to bring it out properly. I have 

therefore in diagram C (Plate 58) again lengthened the scale, so that one atmosphere 

is represented by 5000 metres, and of this I have taken the top 300 millims., giving 
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the curve for the portion between 60 M and 0'02 M. On this scale one millionth of 

an atmosphere is represented by 5 millions, vertical height.'" 

The “ air” curve on diagram C shows the further diminution in the viscosity of air. 

At the foot of the diagram a straight diagonal line starts from the logarithmic decre¬ 

ment 0T124 at 1,000,000 M (one atmosphere) up to the logarithmic decrement 0'098 

at 1000 M, and a second line to the logarithmic decrement 0'0794 at 60 M. The slope 

of these lines is that of the condensed curves in diagrams A and B, and is greatly 

exaggerated, since in order to get the true slope proper to join on to the rest of the 

curve the lines should he respectively 200 metres and 5000 metres long instead of 

30 millims. 

661. The dotted curves on the left of diagrams B and C show the variation in the 

force of repulsion under the influence of radiation; the force gradually increases until 

it reaches a maximum between 25 and 40 M, when it rapidly sinks. This curve 

agrees very wTell with similar curves given in former papers, representing the action of 

light on the radiometer! (334, 382, 481). 

The close agreement between the loss of viscosity and the increased action of radia¬ 

tion is very striking up to the 35 millionth, when the repulsion curve turns round and 

falls away as rapidly as the viscosity. 

662. On the right side of diagrams B and C I have given a third curve. The 

abscissae represent the mean free paths of the molecules at the various pressures used 

as ordinates. The mean free paths being very small, to make them comparable with 

the other dimensions adopted on diagram B, I have multiplied their lengths by 20. 

Thus at 1000 M the mean free path is 0*1 millim., and at 100 M it is 1‘0 millim. In 

diagram B, drawn on a scale of 20 to 1, these become respectively 2-0 and 20 millims., 

but in diagram C, I have given the actual lengths of the free paths of the molecules. 

The curves of increasing mean free path and diminishing viscosity closely agree. 

This agreement is more than a mere coincidence, and is likely to throw much light on 

the cause of viscosity of gases. 

RESISTANCE OF AIR TO THE PASSAGE OF AN INDUCTION SPARE. 

663. In describing the apparatus (fig. 1, par. 641) I have mentioned that it is 

furnished with a resistance tube, l. This tube is provided with aluminium poles, so 

that at any pressure the appearance presented by the induction spark when passed 

through the tube may be observed. Since the publication of my researches on the 

phenomena presented by the passage of the induction discharge through high vacua, 

the present results—which, although never published, precede by a year or two those 

* To give some idea of the high exhaustions at which accurate measurements can be taken, I may 

mention that the highest exhaustion on the table—0’02 M—bears the same proportion to the ordinary 

atmospheric pressure that 1 millim. does to 30 miles, or, converting it into time, that 1 second bears to 

20 months. 

! Phil. Trans., Part I., 1878: The Bakerian Lecture; Ditto. Part I., 1879. Proc. Roy. Soc., 

vol. xxv., p. 305. 
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just mentioned—have lost much of their interest. I will therefore only briefly mention 

some of the results at a few pressures. 

The poles, formed of aluminium, are 4 millims. apart at their ends. The coil when 

in full work gives a 6-inch spark, but a small battery was used in order to reduce the 

full striking distance in air to 85 millims. 

664. At an exhaustion of 295 M the resistance of 4 millims. of rarefied air in the 

tube between the poles is equal to 2 millims. outside ; that is to say, when the outer 

terminals of the coil are 2 millims. apart it is a matter of indifference whether the 

spark passes between them or through the vacuum tube. There is much reddish- 

violet light round the poles, the appearance being that of ordinary vacuum poles. 

Traces of green phosphorescence flash out occasionally. 

At an exhaustion of 82 M the violet light round the poles has disappeared. The 

+ end of the tube is filled with hazy violet light, and there is a small spark and a 

brush at the tip of the — pole. Faint green phosjfliorescence is seen on the glass 

round the — pole. The resistance of the vacuum is now equal to 24 millims. air 

space. 

Exhaustion 27 M. The violet diffused light is much fainter, and the green 

phosphorescence is getting stronger. Resistance of the vacuum = 24 millims. of air. 

Exhaustion 4 M. No violet light is to be seen. The green light is very strong, 

and a diffused greenish-yellow7 light fills the + end of the tube. Resistance of the 

vacuum = 53 millims. of air. 

Exhaustion 1 M. The green phosphorescence is like the last, but somewhat 

stronger. The spark and brush at the tip of the — pole, first noticed at 82 M, 

are still there. Resistance of the vacuum =85 millims. of air space. 

Exhaustion 0'5 M. The appearance is similar to the last, but the spark and brush 

have gone from the — pole. The wires connecting the coil with the tube were now 

carefully insulated. When the poles are kept apart the striking distance in air (85 

millims.), the spark often strikes across rather than pass through the tube, but on 

separating the poles beyond this distance the discharge flashes intermittently through 

the tube, sometimes keeping up for one or two seconds. 

When thus passing through the tube the flashes of green phosphorescence are very 

brilliant, particularly at the + end. During the intervals between the flashes a faint 

band of green light is seen round the inner surface of the tube at the tip of the — 

pole. 

Exhaustion 0‘02 M. With the battery and coil as hitherto no discharge whatever 

passes. On increasing the battery power till the striking distance in air was 100 

millims. the spark occasionally passed through as an intermittent flash, bringing out 

faint green phosphorescence on the glass round the end of the — pole. 

665. The terminals of the tube and wires leading to them must be well insulated, 

and kept away from any part of the apparatus. If this precaution is neglected a 

spark breaks through from one of the wires to some part of pump or connecting tubes, 
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and perforates the g'lass. The perforation is sometimes so fine as to cause the greatest 

trouble in finding the leakage., which only shows itself by the inability of the pump to 

give a good vacuum. Left to itself the logarithmic decrement slowly rises, the repulsive 

force of the candle increases to its maximum, and then slowly diminishes to zero, the 

logarithmic decrement continuing to rise till ultimately the internal and external 

pressures are identical. With a fine perforation it takes several days to go through 

these phases, and they occur with such slowness and regularity as to afford oppor¬ 

tunities for valuable observations. 

On one occasion I obtained a much higher exhaustion than 0'02 M. I could :iot 

measure it, but from the repulsion by radiation and the low logarithmic decrement 

(0'00537) I should estimate it at about O'Ol M. The terminals of the vacuum tube 

and wires leading to them were well insulated, and the full power of a coil giving a 

20-inch spark was put on to it, At first nothing was to be seen. Then a brilliant 

green light flashed through the tube, getting more and more frequent. Suddenly a 

spark passed from a wire to the glass tube, and broke it, terminating the experiment. 

Since these experiments I have frequently got vacua as high, and even higher, but 

I have never seen one that would long resist the 20-inch spark from my large coil. 

VISCOSITY OF OXYGEN. 

666. The series of experiments with air show a complete history of its behaviour 

between very wide limits of pressure. It became interesting to see how the two 

components of air, oxygen and nitrogen, would behave under similar circumstances. 

Experiments-were therefore instituted exactly as in the case of dry air, but with the 

apparatus filled with pure oxygen. 

For these experiments the oxygen gas is prepared by the electrolytic decomposition 

of water containing sulphate of copper dissolved in it, a copper plate being used for 
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tlie negative pole and a platinum plate -for the positive pole. The apparatus is shown 

in fig. 12. The reduction of the copper effectually obviates any chance of hydrogen 

coming off and contaminating the oxygen. The gas is received direct into a bell 

receiver in the acid liquid, and is thence transferred to the apparatus through a 

vacuum tap beyond the drying tubes, w, Plate 55, fig. 1. The oxygen is always kept 

under a considerable pressure of water, and is only prepared shortly before it is 

wanted. The gas is passed into the apparatus very slowly through a considerable 

length of phosphoric anhydride. 

The following table gives the numerical results obtained :— 

Table II.—Log. dec. of oxygen gas at pressures between 760 millims. 

0'76 millim. Temp. 15° C. 

Pressure. Log. Time of one complete vibration. 
Millims. decrement. Millims. Seconds. 

760 0-1257 775 11-4 

720 0-1247 753 11-3 
668 0-1232 623 11-2 
632 0-1222 543 11-1 
564 0-1205 ' 443 11-0 
562 0-1204 343 10-9 
496 0-1188 202 10-9 
458 0-1178 158 10-9 
340 0-1152 93 10-8 
318 0-1148 63 10-8 
309 0-1146 27 10-8 
301 0-1145 7 10-76 
249 0-1136 1 10-76 
200 0-1130 &c. 

159 0-1126 &c. 

150 0-1125 
120 0-1123 
103 0-1122 
80 0-1120 
72 0-1120 
61 0-1119 
47 0-1119 
38 0-1118 
30 0-1118 
26 0T119 
19 0-1119 
16 0T121 
12 0-1122 

7-5 0-1124 
3-8 0-1121 
1-5 0-1115 
1-4 0-1111 
1-1 0-1115 
1-0 0-1115 
0-85 0-1107 
0-76 0-1102 
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Table II. (continued).—Log. dec. of oxygen gas at pressures between 1000 M and 

0'3 M. Temp. 15° C. 

Pressure. Log-. Repulsive force 

M decrement. of radiation. 

lOOO'O (—0‘76 m.m.) 0-1102 12- 

803*0 0-1093 12- 

658"0 0-1088 13- 

623-0 0-1086 13- 

613-0 0-1085 13- 

360-0 0-1070 13- 

297-0 0-1058 14- 

190-0 0-1038 20- 

171-0 0-1033 2T 

110-0 0-0988 31- 

82-0 0-0940 35" 

70-0 0-0912 38- 

48-0 0-0840 45" 

31-0 0-0744 44- 

28-0 0-0724 44- 

22-0 0-0670 40- 

16-0 0-0621 35’ 

12-0 0-0585 30- 

4-0 0-0433 14- 

1-6 0-0348 7" 

0-3 0-0302 2" 

668. These figures, plotted as curves on diagrams A, B and C, show a great 

similarity to the air curve. Like it, the viscosity sinks somewhat rapidly between 

pressures from 760 millims. to about 75 millims. It then remains almost steady, not 

varying much till a pressure of 16 millims. is reached. Here, however, it turns in the 

opposite direction, and steadily increases up to 1'5 millim. It then diminishes again, 

and at higher exhaustions it rapidly sinks. This increase of viscosity at pressures of 

a few millimetres has been observed in other gases, but only to so small an extent as 

to be scarcely beyond the limits of experimental error. In the case of oxygen, 

however, the increase is too great to be entirely attributable to this cause. 

669. Oxygen has more viscosity than any gas I have yet examined. The viscosity 

of ah- at 760 millims. being 0T124, the proportion between that of air and oxygen, 

according to these results, is IT 185. Graham* makes it 1T099 (706). I have 

been unable to find viscosity results of oxygen given by any other observers. 

This proportion of IT 185 holds good (allowing for experimental errors) up to a 

pressure of about 20 millims. Between that point and 1 millim. variations occur, 

which I have not been able to trace to any assignable cause : they seem large to be 

*Loe. tit., p. 179. 
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put down to “ experimental errors.” The discrepancies disappear again at an exhaus¬ 

tion of about 1 millim., and from that point to the highest hitherto reached the 

proportion of Ull85 is fairly well maintained. 

670. The curves plotted from the observations of the repulsive force of radiation 

are given in dots at the left side of diagrams B and C. Repulsion commences at a 

somewhat lower exhaustion, and remains much higher than in air until an exhaustion 

of 22 M is reached, when the two curves become practically identical. 

VISCOSITY OF NITROGEN. 

671. Nitrogen is prepared by heating a solution of nitrite of ammonia. If proper 

precautions are taken to avoid intermixture of air, this process yields it in a very pure 

state. It is collected in the bell receiver shown in fig. 12 (666). To eliminate 

aqueous vapour the gas is passed through phosphoric tubes, and then through the tap 

into the viscosity apparatus, as explained in the case of oxygen. The last traces of 

aqueous vapour are removed from the nitrogen by allowing it to pass in a very slow 

stream through a series of tightly-packed phosphoric anhydride tubes, on its way to 

the viscosity bulb. 

Nitrogen was also prepared by burning phosphorus in a confined space of air, and 

also by the copper turnings and ammonia method; but neither of these processes 

yielded a gas which gave uniformly such concordant results as did the nitrite of 

ammonia process. 

The following are the tabulated results of observations with nitrogen :— 

3 H MDCCCLXXXi. 
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672. Table III.—Log. dec. of nitrogen gas at pressures between 760 millims. 

and 2’8 M. Temp. 15° C. 

Pressure. Log. 
Millims. decrement. 

760 0T092 

717 04081 

692 0-1074 

624 0-1059 

582 0-1048 

542 0-1038 

474 0-1023 

403 0-1010 

324 0-0996 

282 0-0990 

245 0-0985 

218 0-0980 

172 0-0976 

165 0-0974 

143 0-0974 

122 0-0973 

117 0-0970 

105 0-0973 

100 0-0971 

87 0-0971 

79 0-0971 

60 0-0972 

50 0-0970 

44 0-0969 

29 0-0970 

21 0-0970 

14 0-0969 

8 0-0969 

6 0-0970 

2*1 0-0961 

1-4 0-0962 

0-85 0-0962 

0'76 0-0960 
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Table III. (continued).—Log. dec. of nitrogen gas at pressures between 1000 M 

and 2'8 M. Temp. 15° C. 

Pressure. Log. Repulsive for 
M decrement. of radiation. 

1000-0 (=0-76 m.m.) 0-0960 1- 

610-0 0-0941 2- 

459-0 0-0934 4- 

345-0 0-0930 3- 

188-0 0-0894 8- 

125-0 0-0867 15- 

84-0 0-0820 23- 

58-0 0-0770 28- 

47-0 0-0730 30- 

26-0 0-0600 25- 

13-0 0-0420 17- 

9-6 0-0351 14- 

8-3 0-0318 13- 

5-8 0-0257 9- 

3-3 0-0207 3- 

2-8 0-0178 1- 

673. The proportion between the viscosities of nitrogen and air at a pressure of 

760 millims. is according to these experiments 0’9715. Graham made it 0‘971 (706). 

674. A comparison of the air curves with those given by oxygen and nitrogen gives 

some interesting results. The composition of the atmosphere is, by bulk, 

Oxygen.20‘8 

Nitrogen.79 "2 

100-0 

The viscosity of the mixed gases is almost exactly that which would be inferred 

from the composition: thus at 760 millims.— 

20-8 vis. 0 + 79"2 vis. N 
too : 

■vis. air. 

20-8 (01257)+ 79-2 (01092) 

100 

2-61456+ 8-64072 
= 0-11255, 

100 
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a result closely coinciding with O'1124, the experimental result for ah Up to an 

exhaustion of about 30 M the same proportion between the viscosities of air, oxygen, 

and nitrogen is preserved with but little variation. From that point great divergence 

occurs between the individual curves of the three gases. The difficulties of obtaining 

concordant observations at these high vacua are very great, and the unavoidable 

errors of experiment are, I think, sufficient to account for any divergence between 

theory and observation. 

OBSERVATIONS OK THE SPECTRUM OF NITROGEN. 

675. Spectrum observations during exhaustion give the following results :— 

At 55 millims. pressure the band spectrum of nitrogen commences to be visible. 

The red and yellow bands are easily seen, and the green and blue are exceedingly 

faint. As the pressure grows less the bands become more distinct, until at 1T4 millim. 

the band spectrum is at its brightest. 

At a little higher exhaustion a change comes over the spectrum, and traces of the 

line spectrum are observed. 

At 812 M both the band and the line spectrum can be seen very brilliantly. 

At 450 M the line spectrum is seen in great parity. As the exhaustion becomes 

higher the lines commence to disappear at the two ends of the spectrum. 

At 188 M the lines below X 610 at the red end, and above X 400, cease to be 

visible. 

At 94 M a bright greenish-yellow line is visible at about X 567. 

At 55 M this greenish-yellow line is still very prominent. The red lines have 

disappeared altogether, and the highest blue line visible is one at X 419. The line 

X 567 varies much in visibility; sometimes it cannot be seen, whilst at others it is very 

visible. Thus— 

At 40 M the line X 567 has quite disappeared. 

At 17 M line X 567 is visible again, being the most prominent line left. 

At 12 M line X 567 is not seen, although several other green and blue lines are left. 

At 3 M only three lines are visible in the green, and these are very faint. 

At 2’8 M line X 567 is detected again. 

At 2 M only traces of one or two lines can be seen, the faint light of the lines being 

overpowered by the green phosphorescence of the glass. 

Line X 567 has been seen on several occasions at high exhaustions when the gas 

under examination has been mixed with a little air. It is probably a nitrogen line, 

for one of the most brilliant nitrogen lines has a wave length of X 567*8 (Thalen), 

X 568*0 (Huggins), or X 568*1 (Plucker), and my interpolation curve is not sufficiently 

accurate to enable me to say that the line I have entered in my notes as being at X 567 
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may not in reality be a trifle higher. The reason of its being only sometimes visible 

may be accounted for by a difference in the sensitiveness of the eye at different times, 

or by a difference in battery power. This, however, cannot be the whole explanation, 

for other lines are not found to vary in the same manner. 

676. The curve of repulsion exerted by radiation is plotted in dots on diagrams B 

and C. It is much lower than in oxygen or air, and sinks rapidly after the maximum 

is passed. 

VISCOSITY OF CARBONIC ANHYDRIDE. 

677. Several processes have been tried for the preparation of this gas, to avoid the 

collection over water, and consequent risk of admixture with air. The best methods 

are the ignition of bicarbonate of soda, and the decomposition of marble by hydro¬ 

chloric acid. The bicarbonate of soda plan has two great advantages : the generation 

of gas can be conducted in the sealed-up and exhausted apparatus, and nothing else 

but carbonic anhydride and water are given off. The amount of water, however, 

proves a serious inconvenience, as it uses up so much phosphoric anhydride,—therefore 

the production of the gas from marble and hydrochloric acid was finally employed. 

The apparatus is shown in fig. 13. 
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The marble is contained in the glass flask, a, to the upper part of which a thistle- 

shaped funnel, b, with a ground stopper, c, is attached. The bulb, b, is filled with 

hydrochloric acid, and by loosening the stopper some of the acid is allowed to run 

down on the marble. The carbonic anhydride passes along the tube, d, which is 

tightly packed with powdered bicarbonate of soda to stop hydrochloric acid, through 

the flexible spiral, e, to the tap, f On the other side of the flask the tube, g, dips into 

a tall glass containing mercury. The tap is connected with the viscosity apparatus, as 

shown in the general view in fig. 1. 

Before introducing carbonic anhydride into the apparatus the gas is freely generated, 

and allowed to bubble up for some time through the mercury in the upper reservoir of 

the tap, the ground tube in it being loosened for this purpose. When it is supposed 

that all air is driven out of the flask and tubes by the carbonic anhydride, the tube is 

tightly pressed into the tap so as to close it, and the gas then escapes through the 

tube, g, under considerable pressure of mercury. The viscosity apparatus on the other 

side of the tap being already well exhausted, the tap is slightly turned to allow a very 

slow stream of carbonic anhydride to pass into the apparatus, generation of gas being 

kept up by feeding in hydrochloric acid through the stopper, c b. When the apparatus 

is filled with carbonic anhydride the tap,/, is turned off, and exhaustion is proceeded 

with. These operations are repeated at least three times, several hours being allowed 

to elapse after filling the apparatus before pumping out the gas, so as to let it soak 

well into all parts, and displace any other gas which may cling to the surfaces. After 

the last filling, observations are commenced. Several series are taken, and if, as is 

sometimes the case, the earlier ones are not uniform with the others, they are 

rejected. 

In the following table I give the results of the observations with this gas :— 
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678. Table IV.—Log. dec. of carbonic anhydride at pressures between 760 millions. 

and 7'6 M. Temp. 15° C. 

Pressure. 
Millims. 

Log. 
decrement. 

Pressure. 
Millims. 

Time of one 
complete vibration. 

Seconds. 
760 07035 732 11-48 
750 07033 592 11-32 

689 07022 512 11-28 

665 07016 402 1176 

645 07012 332 11-06 

640 07009 222 11-02 

620 07006 127 10-92 

605 07001 87 10-84 

545 0-0982 37 10-80 

540 0-0979 32 10-76 

512 0-0970 7 10-76 

501 0-0967 3 10-76 

460 0-0948 2 10-76 

425 0-0937 1 10-76 

410 0-0931 &c. 

403 0-0928 &c. 

368 0-0918 

363 0-0914 

355 0-0911 

332 0-0903 

290 0-0890 

282 0-0884 

255 0-0875 

240 0-0872 

205 0-0858 

180 0-0850 

132 0-0835 

124 0-0831 

92 0-0826 

71 0-0823 

55 0-0822 

50 0-0822 

28 0-0821 

11 0-0822 

4-5 0-0819 

2-3 0-0817 

IT 0-0816 

076 0-0809 
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Table IV. (continued).—Log. dec. of carbonic anhydride at pressures between 1000 M 

and 7'6 M. Temp. 15° C. 

Pressure. Log. Repulsive force 
M decrement. of radiation. 

1000 ( = 0'76 m.m.) 0-0809 1- 

588 0-0790 2- 

523 0"0785 2- 

389 0-0780 2- 

345 0-0776 2- 

228 0-0770 3- 

177 0-0758 5- 

158 0-0750 7- 

91 0*0717 13- 

66 0-0697 15- 

58 0-0684 19- 

40 0-0630 25- 

32 0-0600 25- 

15 0-0424 16- 

10 0-0347 ll- 
9 0-0325 lO- 

7-6 0-0298 8- 

679. The curves given in diagrams A, B, and C are plotted from the above observa¬ 

tions. At first the curve seems to follow the same direction as the air curve. But at 

a pressure of about 620 millims. it slopes more rapidly till the pressure is reduced to 

about 50 millims., when the curve again takes the direction of the ah’ curve. The 

total diminution between 760 millims. and 1 millim. is nearly double that of ah. 

The proportion between the viscosity of carbonic anhydride and ah at 760 millims. 

is 0’9208. Graham* found it to be 0'807, and Kundt and Warburgt 0’806. 

Maxwell| made it 0’859 (706). 

680. The curve showing the variation in the repulsive force of radiation, shown in 

dots in diagrams B and C, commences late and falls off early, the maximum being very 

inferior to that obtained in the other gases examined. 

OBSERVATIONS ON THE SPECTRUM OP CARBONIC ANHYDRIDE. 

681. Observations have also been taken with the spectroscope during the exhaustion 

of carbonic anhydride. The maximum brilliancy of the spectrum occurs at an exhaus¬ 

tion of about 300 M. After that it gets fainter; at about 75 M the blue band (X 409 

to X 408) disappears; as the exhaustion gets higher the other bands vanish until, at 

* ‘ Chemical and Physical Researches,’ p. 179. 

t Phil. Mag., July, 1875. 

1 Phil. Trans., 1866, Part I., p. 257. 
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a vacuum of about 40 M, nothing is visible but the two lines X 519 and X 560. At 

higher exhaustions these lines disappear, and the phenomena of “ radiant matter” 

commence. 

VISCOSITY OF CARBONIC OXIDE. 

682. This gas was prepared by heating oxalate of ammonia and strong sulphuric 

acid, and collecting the mixed carbonic oxide and carbonic anhydride over solution of 

caustic potash in the bell-jar shown in fig. 12 (666). Previous to entering the appa¬ 

ratus the gases are slowly passed through long tubes containing powdered caustic 

potash. 

Carbonic oxide was also prepared by heating ferrocyanide of potassium with strong 

sulphuric acid, and passing the resulting gas through potash tubes as before. This is 

the preferable way to prepare the gas, for it is difficult to remove the last traces of 

carbonic anhydride when the oxalic acid process is used. 

The gas is passed into the well-exhausted apparatus through the tap in the manner 

already described, and the exhaustion and filling are repeated a sufficient number of 

times. All usual precautions are taken, as described in the case of gases previously 

examined. 

The following table gives the experimental results obtained :— 

683. Table V.— Log. dec. of carbonic oxide, between pressures of 760 millims. 

and 0'76 millim. Temp. 15° C. 

Pressure. 

Millims. 

760 

687 
517 
426 

353 
266 

219 
125 

89 

79 
32 

18 
12 

10 

2-6 
1-4 
1-2 

0-76 

Log. 
decrement. 

0-1092 

0-1073 
0-1031 
0-1012 

0-1000 

0-0983 

0-0979 
0-0972 

0-0971 
0-0970 

0-0971 

0-0968 
0-0968 

0-0967 
0-0969 
0-0957 
0-0958 
0*0947 

3 i MDCCCLXXXI. 



420 ME. W. CEOOKES ON THE VISCOSITY 

Table Y. (continued).—Log. dec. of carbonic oxide between pressures of 1000 M and 

6‘5 M. Temp. 15° C. 

re-jsure. Log. R pulsive 
M decrement. radiat 

1000 ( = 0• 76 m.m.) 0-0947 2 

829 0-0945 3 
629 0-0936 4 
474 0-0925 5 
397 0-0921 6 
200 0-0910 13 
188 0-0907 14 
126 0-0877 18 

86 0-0838 20 
55 0-0778 21 
42 0-0716 22 
38 0-0692 22 
31 0-0653 21 
22 0-0580 18 
13 0‘0474 14 
12 0-0448 13 

6'5 0-0305 i 

684. These numbers are plotted as curves in the diagrams A, B, and C. They are 

remarkable as showing an almost complete identity with those of nitrogen on the same 

diagrams, both in position and shape. The viscosity at 760 millims. is in each case 

0T092. According to Graham the proportion between the viscosities of air and 

carbonic oxide is 0'97l, nitrogen giving the same (706). With my apparatus the 

proportion is 0'9715. 

Like that of nitrogen, the curve of carbonic oxide is seen to be vertical,—i.e., 

assuming the curve to represent the viscosity, the gas obeys Maxwell’s law,—at 

pressures between 90 millims. and 3 millims. The vertical portion in nitrogen is at a 

little higher pressure : between 100 millims. and 6 millims. 

685. The curve of repulsion resulting from radiation, shown in dots in diagrams B 

and C, is lower in carbonic oxide than in any other gas examined, and, unlike the other 

gases, there is no sudden rise to a maximum at about 40 M. At lower exhaustions 

the curve is, however, higher than it is in nitrogen. 

OBSERVATIONS ON THE SPECTRUM OF CARBONIC OXIDE. 

686. During exhaustion observations were continued on the variations in the spectrum. 

The ordinary band spectrum is first seen with a few sharp lines terminating the bands. 

At 12 millims. pressure a sharp green line is first seen, X 515. This line rapidly 

grows brighter as exhaustion continues, and then fades out; it is last seen at a pressure 

of about 0-9 millim. This line is probably the bright oxygen line, the wave-length of 

which is given by Plucker at X 514-4. 

. At a pressure of 2'8 millims. the spectrum agrees in appearance with the “ Carbon 

No. 2” in Watts’s ‘ Index of Spectra.’ 

At 553 M the bands between the sharp lines appear to be breaking up into masses 

of fine lines. 
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At 211 M these fine lines are distinctly visible. The brightness of this spectrum is 

now near its maximum. 

At 100 M the general spectrum is growing faint, but a sharp green line at X 534 

makes its appearance by fits and starts. This is coincident with Plucker’s bright 

oxygen line X 534. 

After this degree of exhaustion the spectrum rapidly gets fainter. The line X 534 

soon disappears, and the carbon lines also go one after the other, until at an exhaustion 

of 4 M only two lines are visible, X 560 and X 519. 

VISCOSITY OF HYDROGEN. 

687. Hydrogen gas is prepared in the apparatus shown in fig. 12 (p. 408) by the 

electrolytic decomposition of well-boiled water acidulated with pure sulphuric acid, 

a plate of amalgamated zinc being used for the positive pole, and platinum for the 

negative pole. The gas is collected in a bell receiver and passed into the apparatus 

when required, exactly as described under Oxygen (666). Hydrogen is also introduced 

into the apparatus in another way. In the tube, I (Plate 55, fig. 1), are pieces of 

palladium-foil electroh tically saturated with hydrogen ; the foil retains the hydrogen 

even in a vacuum, and when desired gives it out on being heated with a lamp. 

Before commencing experiments with hydrogen the apparatus must be exhausted 

up to the highest point, and then very slowly filled with the gas. Exhaustion is 

again carried out to a high point, and the slow filling with hydrogen repeated. It is 

then advisable to allow all to remain undisturbed for at least twenty-four hours, to 

permit the hydrogen to soak into the apparatus and displace any other gas which may 

be condensed on the surface of the glass. The whole is again exhausted, and then a 

third time filled with hydrogen. 

Preliminary observations are now taken for viscosity; and the logarithmic 

decrement at standard pressure and temperature, noted. The pumping out and 

refilling with hydrogen should now be repeated, observing the logarithmic decrement 

each time, until it is found that it no longer decreases in value ; when this is the 

case accurate observations are commenced. 

688. It has been found that hydrogen has much less viscosity than any other gas ; 

the fact of the logarithmic decrement not decreasing by additional attempts at 

purification is the test of its being free from admixture. This method of ascertaining 

the purity of the gas, by the uniformity of its viscosity coefficient at 760 millims., is 

more accurate than collecting samples and analysing them eudiometrically (706). 

Several series of observations in hydrogen have been taken. For a long time it 

was considered that hydrogen, like other gases, showed the same slight departure from 

Maxwell’s law of viscosity being independent of density ; for the logarithmic decre¬ 

ment persistently diminished as the exhaustion increased, even at such moderate 

pressures as could be measured by the barometer gauge. Had it not been that the rate 

of decrease was not uniform in the different series of observations, I should have con- 

3 i 2 
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sidered that this variation from Maxwell’s law was due to some inherent property of 

all gases. After working at the subject for more than a year, it was discovered that the 

discrepancy arose from a trace of water obstinately held by the hydrogen—an impurity 

which behaved as I explain farther on (699) in the case of air and water vapour. 

Since discovering this property, extra precautions (already described at the commence¬ 

ment of this paper (641)) have been taken to dry all gases before entering the apparatus. 

The results are given in the following table :— 

689. Table VI.—Log. dec. of hydrogen gas at pressures between 760 millims. 

and 0‘76 millim. Temp. 15° C. 

Pressure. Log. 
Millims. decrement. 

760 0-0499 

748 0-0501 

582 0-0501 

567 0-0498 

484 0-0499 

428 0-0500 

42.3 0-0500 

414 0-0499 

399 0-0500 

303 0-0500 

301 0-0497 

283 0-0498 

268 0-0499 

212 0-0504 

209 0-0500 

201 0-0507 

193 0-0501 

174 0-0501 

148 0-0498 

128 0-0501 

108 0-0499 

103 0-0499 
101 0-0497 

96 0-0497 

76 0-0497 

72 0-0499 

61 0-0498 

33 0-0498 

22 0-0500 

17 0-0499 

14 0-0497 
11 0-0499 

9 0-0499 

7 0-0499 

6 0-0498 
2 0-0498 

1*8 0-0500 
1-5 0-0498 
1-0 0-0499 

0-76 0-0498 

Pressure. Time of one 
Millims. complete vibration 

744 10-76 
614 10-76 
504 10-76 
314 10-76 
134 10-76 
64 10-76 

29 10-76 
8 10-76 
0-6 10-76 

7-9 M 10-76 

&c. 

&c. 
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Table VI. (continued).—Log. dec. of hydrogen gas at pressures between 1000 M and 

0’16 M. Temp. 15° C. 

Pressure. Log. Repulsive force Mean free 
ot molecul 

Millimi M. decrement. of radiation. 

lOOO'O ( = 0'76 m.m.) 0-0498 10 o-io 
921'0 0-0498 1-0 Oil 
526-0 0-0497 3-0 0-19 
421-0 0-0496 4-0 0-24 
330-0 0-0495 5-0 0-30 
314-0 0-0493 8-0 0-32 
234-0 0-0488 11-0 0-43 
205-0 0-0486 14-0 0-49 
179-0 0"0486 18-0 0-56 
168-0 0-0485 19-0 0-59 
155-0 0-0484 25-0 0-65 
147-0 0-0482 28-0 0-68 
135-0 0-0479 31-0 0-74 
122-0 0-0475 37-0 0-82 
110-0 0-0472 40-0 0-91 

95-0 0"0466 44-0 11 

79-0 0-0457 52-0 1-3 
65"0 0-0446 60-0 1-5 
59-0 0-0441 64-0 1-7 
54-0 0-0435 66-0 1-8 
48-0 0-0430 68-0 21 
45-0 0-0422 69-0 2-2 
41-0 0-0417 70-0 2-4 
37-0 0-0408 69-0 2-7 
33-0 0-0394 69-0 3-0 
29-0 0-0384 67-0 3-4 
26-5 0-0373 66-0 3-8 
22-0 0-0358 60-0 4-5 
20-0 0-0351 58-0 5-0 
16-0 0-0333 52-0 6-3 
14-5 0-0324 49-0 6-9 
12-0 0-0304 45-0 8-0 

8-0 0-0270 37-0 12-5 
6-5 0-0253 31-0 15-4 
5-0 0-0232 29-0 20-0 
4-0 0-0214 26-0 25-0 
2-6 0-0191 15-0 38-5 
1-8 0-0172 10-0 55-5 
1-5 0-0169 9-0 66-7 
1-0 0-0157 7-0 100-0 
0-37 0-0130 3-0 270-0 
0-16 0-0118 2-0 625-0 

* For convenience I have taken the mean free path of the molecules of hydrogen the same as that of 
air, viz.: O'OOOl millim., at a pressure of 760 millims, and at 0° C. The actual figures, according to the 

most recent determinations, are—for air, 0’000095 millim.; and for hydrogen, 0'0000104 millim. The 

difference between these figures and O'OOOl is too small to show itself on the diagrams. 
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690. I have plotted the above observations in diagrams A, B, and C. The portion 

between 760 millims. and 0'32 millim. not varying in logarithmic decrement is 

represented by a vertical line, shown in diagrams B and C below the principal curve. 

The remarkable character of hydrogen is its stiffness. It obeys Maxwell’s law 

almost absolutely up to an exhaustion of about 700 M. To this point the line of 

viscosity is almost perfectly vertical. It then commences to curve over, and when 

the mean free path begins to assume proportions comparable with the dimensions of 

the bull), and approaches infinity, the viscosity curve in like manner draws near the 

zero line. 

691. The repulsive force of radiation is higher in hydrogen than in any other gas. 

It commences at as low an exhaustion as 14 millims., but does not increase to any 

great extent till an exhaustion of 200 M is attained; it then rises rapidly to a maxi¬ 

mum at between 40 and 60 M, after which it falls away to zero. The maximum 

repulsion exerted by radiation in hydrogen is to that in air as 70 to 42"6. This fact 

is now utilised in the construction of radiometers and similar instruments when great 

sensitiveness is required. 

692. Taking the viscosity of air at 760 millims. as 0T124, and hydrogen as 0-0499, 
the proportion between them is 0'4439. Graham* gives the transpiration time for 
hydrogen as 0"4375 taking oxygen as unity, or 0'4855 taking air as unity (706). 

693. Professor Clerk Maxwell! found dry hydrogen to be much less viscous than 

air, the ratio of its viscosity to that of air being 0'5156. He says, referring to this 

result: “It appears, from the experiments of Mr. Graham, that the ratio of the 

transpiration time of hydrogen to that of air is O'4855, and that of carbonic acid to 

air 0‘807. These numbers are both smaller than those of this paper. I think that 

the discrepancy arises from the gases being less pure in my experiments than in those 

of Graham.” 

694. MM. Kundt and Warburg, in the paper already mentioned, assert that 

according to theory the viscosity should not begin appreciably to diminish as long as 

the layer of gas is thicker than fourteen times the mean length of path. They also 

declare that even when the thickness is as much as 300 times the mean length of path 

a perceptible diminution of the retarding forces commences, becoming greater as the 

pressure diminishes. They find the ratio between air and hydrogen to be 0*488, and 

the viscosity to vary according to the following table :— 

•e in millims. Log. decrement. 
380-0 0-0652 

20-0 0-0638 
8-8 0-0629 
2-4 0-0601 
1-53 0-0557 

Above this exhaustion they found the viscosity rapidly diminished, but no measure¬ 

ments of pressure were taken. 

* ‘Chemical and Physical Researches,’ by Thomas Graham, p. 179. 
f “On the Viscosity or Internal Friction of Air and other Gases,” Phil. Trans., 1866, Part I., p. 257. 
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695. The diminution of logarithmic decrement which MM. Kcjndt and Warburg 

obtained at moderate exhaustions, and their high ratio between the viscosity of 

hydrogen and air, is probably due to the presence of a trace of foreign gas, most likely 

water. They remark that: “ On proceeding further to investigate the laws of gas- 

friction below the before-mentioned limit of rarefaction,— 

s>a- 
we could not succeed, even with the most careful drying, in removing with sufficient 

completeness the last traces of aqueous vapour, which, insensible in the above 

experiments, with the low pressures here employed distorted the results. The 

presence of aqueous vapour was shown, inter alia, by this—that the damping moment 

for a vacuum (so we name a space filled with a gas of x<mth of a millim. pressure mixed 

with vapour) rose considerably when the apparatus was left to itself. This arose from 

water separating from the solid parts and evaporating into the vacuum. In con¬ 

sequence of this the theory cannot be quantitatively tested on the results obtained.” 

It is not unlikely that a trace of foreign gas or aqueous vapour was present in 

Graham’s hydrogen, for he himself remarks that: “ The small addition of 5 per cent, of 

air to hydrogen has a surprising effect in retarding the transpiration of that gas. 

The effect of 5 per cent, of air in retarding the rate of hydrogen is nearly four times 

greater than it should be by calculation. The experiment shows the effect which a 

small amount of impurity must have in deranging the transpiration rate of that gas.”'" 

The same effect is noticed by Maxwell, who sayst that a small proportion of air 

mixed with hydrogen was found to produce a large increase of viscosity. 

696. Graham states that in his experiments the hydrogen “was prepared from zinc 

which contained no arsenic, and was passed through a wash-bottle containing oxide 

of lead dissolved in caustic soda, and dried by passing over asbestos moistened with 

oil of vitriol.” t 
T 

In another paper he speaks of drying the gases by means of chloride of calcium 

tubes, and pumice moistened with oil of vitriol. Guided by the light of recent 

experience I do not hesitate to affirm that by this means it is not possible to remove 

the last traces of aqueous vapour from hydrogen gas. It is not even enough to pass 

the gas through a tube containing phosphoric anhydride lying loose in it. The 

anhydride must be tightly packed in the tube, so as to offer considerable obstruction 

to the passage of the gas, which should pass through several feet of such desiccating 

tube (641, 688). Not until I adopted all these precautions to dry the gas was I able 

to get perfectly concordant results with different lots of hydrogen gas. 

697. With each improvement in purification and drying I have obtained a lower 

value for hydrogen, and have consequently diminished the number expressing the 

'* ‘ Chemical and Physical Researches,’ by Thomas Graham, p. 123. 
f “ On the Viscosity or Internal Friction of Air and other Gases.” Phil. Trans., 1866, Part I., p. 257. 
+ ! Chemical and Physical Researches,’ by Thomas Graham, p. 176. 
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ratio of the viscosity of hydrogen to that of air. In 1876 I found the ratio to be 

0‘508. In 1877 I reduced this ratio to 0'462. Last year, with improved apparatus, 

I obtained the ratio of (P458, and I have now got it as low as 0'4439. This is much 

lower than Graham’s number 0-4855 deduced from transpiration. Graham calls this 

number theoretical, but in discussing the subject it appears that he was cpiite prepared 

to find hydrogen depart from the theoretical law which seemed to govern some other 

of the gases. Thus at page 17 9 of the collected edition of his works, already quoted, 

Graham writes : “ The times of oxygen, nitrogen, carbonic oxide, and air are directly 

as their densities, or equal weights of these gases pass in equal times. Hydrogen 

passes in half the time of nitrogen, or twice as rapidly for equal volumes.The 

circumstance that the transpiration time of hydrogen is one-half of that of nitrogen 

indicates that the relations of transpirability are even more simple in their expression 

than the relations of density among gases.” 

OBSERVATIONS ON THE SPECTRUM OF HYDROGEN. 

698. In the description of the viscosity apparatus (641) I mentioned that a 

spectrum tube with capillary bore was attached to it at k. With this apparatus 

I have taken observations on the spectrum of hydrogen during the exhaustion, using 

a coil giving a 6-inch spark, and examining the spectrum with a dispersion sufficient 

to well separate the sodium lines. 

No points of special interest were noticed. The red line (A=656,2), the green line 

(\=486T), and the blue line (\=434) were seen at their brightest at a pressure of 

about 3 millims., and after that exhaustion they begin to diminish in intensity. As 

exhaustion proceeds a variation in visibility of the three lines is observed. Thus 

at 36 millims. the red line is seen brightly, the green faintly, wdiilst the blue fine 

cannot be detected. At 15 millims. the blue fine is seen and the three keep visible 

till an exhaustion of 418 M is reached, when the blue fine becomes difficult to see. 

At 38 M only the red and green fines are visible, the red being very faint. It is seen 

with increasing difficulty up to an exhaustion of 2 M, when it can be seen no longer. 

The green fine now remains visible up to an exhaustion of 0-37 M, beyond which it 

has not been seen. 

It is worthy of remark that, although when working with pure hydrogen the green 

fine is always the last to go, it is not the first to appear when hydrogen is present as 

an impurity in other gases. Thus when working with carbonic anhydride insufficiently 

purified, the red hydrogen fine is often seen, but I have never seen either the green or 

the blue fine. 

INFLUENCE OF AQUEOUS VAPOUR ON THE VISCOSITY OF AIR. 

699. In the foregoing experiments many discrepancies were traced to the presence 

of moisture in the gas (688). The influence of aqueous vapour does not appear to be 

great when present in moderate amount in gas of normal density, but at high 
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exhaustions it introduces errors which interfere with the uniformity of the results. 

A series of experiments were accordingly undertaken to trace the special action of 

aqueous vapour when mixed with air. 

The apparatus as represented in fig. 1 was slightly altered for this purpose, without, 

however, interfering with the parts affecting the measurements. The drying tubes 

of phosphoric anhydride were removed, and a small glass bulb filled with pure water 

was sealed on to the end of the arm p (the arm which, working between metal stops, 

gives motion to the viscosity bulb). The object of attaching the water bulb to this part 

of the apparatus was to allow the aqueous vapour readily to diffuse into the viscosity 

bulb, and drive the unsaturated air before it when the pump was worked. 

The apparatus, thus arranged and full of air at the normal pressure, was left to 

itself for twenty-four hours, to allow aqueous vapour to diffuse through it. The 

temperature was uniformly 15° the whole time. 

Observations were simultaneously taken with the candle flame, so as to measure the 

repidsion due to radiation in the presence of aqueous vapour. 

The results are given in the following table :— 

700. Table VII.—Log. dec. of moist air at pressures from 760 millims. to O'l millim, 

Pressure in 

and lower. Temp. 15° C. 

Log. Piepulsion due 
millims. decrement. to radiation. 

760 0T124 o- 
700 0T109 o- 
600 0-1084 o- 
500 0-1062 o- 
400 0-1040 o- 
300 0-1014 o- 
200 0-0993 o- 
100 0-0955 o- 

75 00937 o- 
50 0-0903 o- 
40 0-0796 o- 
20 0-0589 o- 
16 0-0531 o- 
15 0-0520 o- 
13 0-0516 o- 
11 0-0511 o- 

8 0-0500 o- 
7 0-0498 o- 
5 0-0499 o- 
3 0-0497 o- 
1* 0-0497 o- 
01 0-0484 o- 

0-0441 1- 
0-0432 1- 
0-0419 4- 
0-0406 5- 
0-0390 9- 

* At about this degree of exhaustion the last drop of liquid water, which for some time had been 
rapidly evaporating, disappeared. 
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701. I was unable to take pressure after l-0 millim., as the McLeod measuring 

apparatus does not give trustworthy indications when aqueous vapour is present. 

As soon as the pressure in the measuring tube rises above the tension of aqueous 

vapour, water condenses in it, and measurements can no longer be taken. 

These results plotted as a diagram give the curve shown in diagram A, marked 

“ Moist Air.” 

Up to a pressure of about 350 millims. the presence of aqueous vapour has little or 

no influence on the viscosity of air. The two curves are in fact superimposed. At 

this point, however, divergence commences, and the curve rapidly bends over, the 

log. dec. falling from 0'0903 to 0'0500 between 50 and 7 millims. pressure. Here 

it joins the hydrogen curve, and between 7 millims. and 1 millim. they appear to be 

identical. 

702. These results are partly to be explained by the peculiar action of water 

vapour in the apparatus. At the normal pressure the amount of aqueous vapour 

present in the air, supposing it to be saturated, is only about 13 parts in a million, 

and the identity of the logarithmic decrement with that of dry air shows that this small 

quantity of water has no appreciable action on the viscosity. When the pump is set 

to work the air is gradually removed, whilst the aqueous vapour is kept supplied from 

the reservoir of liquid. As the exhaustion approaches the tension of aqueous vapour, 

evaporation goes on at a greater rate, and the vapour displaces the air with increasing 

rapidity ; until, after the pressure of 12-7 millims. is passed, the aqueous vapour acts 

as a gas, and, being constantly supplied from the reservoir of water (as long as it 

lasts), washes out all the air from the apparatus, the logarithmic decrement rapidly 

sinking to that of pure water gas. 

This explanation requires that the viscosity of pure aqueous vapour should be the 

same as that of hydrogen, at all events between 7 millims. and 1 millim. pressure. 

The facts can, however, be explained in another way. During the action of the 

Sprexgel pump sufficient electricity is sometimes generated to render the fell tubes 

luminous in the dark (52). It is conceivable that under such electrical influence 

the falling mercury may be able to decompose aqueous vapour at these high exhaustions, 

with formation of oxide of mercury and liberation of hydrogen. Of these two theories 

the latter appears to be the more probable, but I have not sufficient data to enable me 

to decide between them. 

703. The presence of water vapour shows itself likewise in the very slight amount 

of repulsion produced by radiation. Expulsion commences in air at a pressure of 

12 millims., whilst at a higher exhaustion the maximum effect rises to over 40 

divisions. Here, however, repulsion does not begin till the exhaustion is higher than 

the barometer gauge will indicate, whilst the maximum action after long-continued 

pumping is only 9 divisions. This confirms the results frequently met with in my 

researches on “ Repulsion Resulting from Radiation,” where the presence of even a trace 
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of aqueous vapour was found to have strong action in diminishing the sensitiveness of 

the radiometer and other instruments (130). 

704. For a long time concentrated sulphuric acid was used to moisten the interior 

of the pump, a special stopper being affixed to the pump to admit of the acid being 

run in without interfering- with the exhaustion. For six months observations were 

taken on air and several other gases, when it was found that the presence of sulphuric 

acid lowered the logarithmic decrement, and the work had all to be done over again. 

It is known, from the experiments of Messrs. Wankly^i and Pudbinson, that at a high 

temperature, and under conditions which admit of diffusion taking place, sulphuric 

acid dissociates into sulphuric anhydride and water ; so it is not improbable that at a 

high exhaustion a similar decomposition may take place, one constituent being 

retained in the liquid acid more readily than the other, which escapes into the 

apparatus and alters the logarithmic decrement. 

VISCOSITY OF KEROSOLINE VAPOUR. 

705. The rapid diminution of viscosity in the last experiment after reaching the 

pressure of 400 millims. is probably due to the aqueous vapour in the air being near 

its liquefying point. It was thought advisable to test this hypothesis by employing a 

somewhat less easily condensible vapour, which could be introduced into the apparatus 

without any admixture of air. An experiment was accordingly tried with a very 

volatile hydrocarbon, commercially known as kerosoline, boiling at a little above the 

ordinary temperature. The vapour of this body was introduced into the well- 

exhausted apparatus, when the gauge at once sank 82'5 millims. After the usual 

precautions to eliminate air a series of observations were taken, with the following 

results :— 

Table YIII.—Log. dec. of kerosoline vapour, at pressures between 82-5 millims. 

and 8 millims. Temp. 15° C. 

Pressure in Log. 
millims. decrement. 

82-5 0-0425 

715 0-0416 

64-0 0-0409 

59-0 0-0407 

5P0 0-0404 

48-5 0 0400 

43 0 0-0396 

38-0 0-0394 

32-5 0-0389 

21-0 0-0381 

17-5 0-0380 

134 

O
l 

00 
CO 

6
 

10-0 0-0381 

8-0 0-0379 

3 K 2 
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These results are plotted on the curve marked “ Kerosoline Vapour,” on diagram A. 

The loss of viscosity is more rapid than with any other gas examined except aqueous 

vapour. Conversely a very great increase of viscosity occurs on increasing the 

pressure from 8 to 82'5 millims. The explanation of this is that the vapour of 

kerosoline is very near its liquefying point, and therefore very far from the state of a 

“perfect” gas (709). 

The negative bend in the curve at about 10 millims. pressure, already noticed with 

other gases (668), is strongly marked with this hydrocarbon vapour. 

DISCUSSIOH OF RESULTS. 

706. When discussing the viscosity results obtained with the different gases expe¬ 

rimented with, I have given the proportion which I find between the viscosity of 

each gas and that of air, comparing the ratio with that obtained by Graham, Kundt 

and Warburg, and Maxwell, as follows :— 

Air. 
Graham. 

1-0000 
Kundt and Warburg. 

1-0000 

Maxwell. 

1-0000 
Crookes. 

1-0000 

0xJgen. D1099 1-1185 
Nitrogen. 0-971 0-9715 

Carbonic anhydride. . . 0-807 0-806 0-859 0-9208 
Carbonic oxide .... 0-971 0-9715 
Hydrogen. 0-4855 0-488 0'5156 0-4439 

I have reason to believe that my results are more accurate than those of other 

observers. In the case of hydrogen I have not only obtained a much lower viscosity, 

but the absolute obedience which it pays to Maxwell’s law is an additional proof of 

its purity, for any admixture of foreign gas destroys the uniformity of results (688). 

707. Grahaim’s numbers are the theoretical results deduced from his experiments 

on transpiration of gases. They are, he says,'”' the numbers to which the transpiration 

times of the gases approximate and in which they have their limit. Graham con¬ 

cludes that the “times of oxygen, nitrogen, carbonic oxide, and air are directly as 

their densities, or equal iveights of these gases pass in equal times. Hydrogen passes 

in half the time of nitrogen, or twice as rapidly for equal volumes. The result for 

carbonic acid appears at first anomalous. It is that the transpiration time of this gas 

is inversely proportional to its density when compared with oxygen.” In the Bakerian 

lecture already quoted, when discussing Graham’s results and their bearings upon his 

own experiments on the viscosity of gases, Maxwell says : “It appears to me that 

for comparative estimates of viscosity the method of transpiration is the best.” 

708. It must not be forgotten that the pressure of 760 millims. is not one of the 

constants of Nature, but is a purely arbitrary one, selected for our own convenience 

* Loc. cit., pp. 178-9. 
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when working near the level of the sea. In diagrams A, B, and C I have started 

from this pressure of 760 millims., and have given the curves through a wide range of 

exhaustion. But the curves might also be continued, working downwards instead of 

upwards. Although it is unsafe to indulge in speculation in the absence of data, there 

are some conclusions which it is quite legitimate to draw from an inspection of the 

curves. From the shape and direction in which they cut the 760 line it is reasonable to 

infer their further progress downwards, and we may assume that an easily liquefiable gas 

will show a more rapid increase in log. decrement than one which is difficult to liquefy 

by pressure. For instance, hydrogen, the least condensible of all gases, shows no 

tendency to increase in log. decrement by pressure. Oxygen and nitrogen, which are 

only a little less difficult to condense than hydrogen, show a slight increase in log. 

decrement. Carbonic anhydride, which liquefies at a pressure of 56 atmospheres at 

15° C., increases so rapidly in viscosity that at this pressure it would have a loga¬ 

rithmic decrement of about l-3, representing an amount of resistance to motion that 

it is difficult to conceive anything of the nature of gas being capable of exerting. 

Kerosoline vapour is rendered liquid by pressure much more readily than carbonic 

anhydride. Its curve of viscosity on diagram A shows a great increase in density for 

a very slight access of pressure (705). 

709. Maxwell’s law was discovered as the consequence of a mathematical theory. 

It presupposes the existence of gas in a “ perfect” state—a state practically unknown 

to physicists, although hydrogen gas very nearly approaches that state. An ordinary 

gas may be said to be bounded, as regards its physical state, on the one side by the 

sub-gaseous or liquid condition, and on the other side by the ultra-gaseous condition. 

A gas assumes the former state when condensed by pressure or cold, and it changes to 

the latter state when highly rarefied. Before actually assuming either of these states 

there is a kind of foreshadowing of change, with partial loss of gaseity. When the 

molecules, by pressure or cold, are made to approach each other more closely, they 

begin to enter the sphere of each other’s attraction, and therefore the amount of 

pressure or cold necessary to produce a certain density or viscosity is less than the 

theoretical amount by the internal attraction exerted on each other by the molecules. 

The nearer the gas approaches the point of liquefaction the greater is the attraction of 

one molecule to another, and the amount of pressure required to produce any given 

density will be proportionally less than that theoretically required by a “ perfect ” gas. 

This foreshadowing of the sub-gaseous or liquid state explains how it is that there is 

such wide divergence from Maxwell’s law in the case of imperfect gases, such as 

carbonic anhydride, water gas, and the volatile hydrocarbon kerosoline. At the other 

end of the scale we find even a more marked divergence from Maxwell’s law. This 

is due to the gas commencing to assume ultra-gaseous properties. 
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THE ULTRA-GASEOUS STATE OF MATTER. 

710. A consideration of the curves of viscosity of the gases, especially hydrogen, 

which are given in the foregoing pages, will, I think, confirm the supposition that a 

gas, as the exhaustions become extreme, gradually loses its gaseous characteristics, 

and passes to what I have ventured to call an ultra-gaseous state. Certainly it ceases 

to possess many of the properties usually held to be the essential attributes of gaseity. 

For instance, Maxwell’s law that the viscosity of a gas is independent of pressure 

holds good to a certain point, and then it rapidly breaks down. All gases appear to 

obey Maxwell’s law between some limits of exhaustion, and diverge from it at 

others. The change to the ultra-gaseous state commences to be assumed at about an 

exhaustion of half a millim. In hydrogen the change then proceeds slowly, but in 

the other gases I have experimented with the change to ultra-gas takes place with 

greater rapidity. 

711. In gases, variation of pressure in different parts of a closed vessel equalises 

itself with great rapidity, but in the ultra-gaseous state differences of pressure may 

exist for twenty minutes or more in different parts of the apparatus. 

712. In gases, electrically charged bodies do not permanently retain their charge, 

but gradually discharge themselves. In ultra-gas, however, a pair of electrified gold 

leaves have remained repelled at absolutely the same angle for thirteen months.* 

713. Another property of gases is that of facilitating the cooling of bodies immersed 

in them, by communicating an increase of motion to the molecules of the gas which 

carry it to the walls of the containing vessel,—i.e., by carriage instead of convection. 

714. There is little difference in the rate of cooling with increased exhaustion, so 

long as we work with such ordinary good vacua as can be obtained by air-pumps. 

For if, on the one hand, there are fewer molecules impinging on the warm body (which 

is adverse to the carriage of heat), yet on the other hand, the mean length of path 

between collisions is increased so that the augmented motion is carried farther ; the 

number of steps by which the temperature passes from the warmer to the cooler body 

is diminished, but the value of each step is correspondingly increased. Hence the 

difference of velocity before and after impact may make up for the diminution in the 

number of molecules impinging. 

In gases, therefore, the rate of cooling is little affected by rarefaction, the law in 

this case being analogous to that governing the viscosity. 

715. In a paper which I have recently had the honour of reading before the Hoyal 

Society,! I show that when the exhaustion is carried to so high a point that the 

mean free path is comparable with the diameter of the containing vessel, the rate 

at which heat is conveyed across is much diminished. The molecules are now in 

the ultra-gaseous state, and further exhaustion produces a notable fall in the rate of 

* Pi’oc. Roy. Soc., No. 193, 1879, p. 347. 

t Ibid., No. 208, 1880, P. 239. 
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cooling, an increase of exhaustion from 20 M to 2 M retarding the carriage of heat 

more than all the previous exhaustion from 760 millims. to 20 M. 

716. I have shown elsewhere'" that the property of gaseity is pre-eminently a 

property dependent on collisions. A given space full of air at the ordinary pressure 

contains millions of millions of molecules rapidly moving in all directions, each molecule 

momentarily encountering millions of other molecules in a second. In such a case 

the length of the mean free path of the molecules is exceedingly small compared 

with the dimensions of the containing vessel, and those properties are observed which 

constitute the ordinary gaseous state of matter—-properties which depend upon 

constant collisions. 

The gaseous state continues so long as the collisions are almost infinite in number 

and of inconceivable irregularity. But in such high vacua as I now describe the free 

path of the molecules is made so long that the hits in a given time may be disregarded 

in comparison to the misses, and the average molecule is allowed to obey its own 

motions or laws without interference ; and when the mean free path is comparable to 

the dimensions of the containing vessel, the properties which constitute gaseity are 

reduced to a minimum, and the matter then becomes exalted to an ultra-gaseous state. 

In the ultra-gaseous state properties of matter which exist even in the gaseous state 

are shown directly, whereas in the state of gas they are only shown indirectly, by 

viscosity and so forth. 

717. The ordinary laws of gases are a simplification of the effects arising from the 

properties of matter in the ultra-gaseous state; such a simplification is only permissible 

when the mean length of path is small compared with the dimensions of the vessel. 

For the sake of simplicity we make abstraction of the individual molecules, and feign 

to our imagination continuous matter of which the fundamental properties—such as 

pressure varying as the density, and so forth—are ascertained by experiment. A gas 

is nothing more than an assemblage of molecules contemplated from a simplified point 

of view. When we deal with phenomena in which we are obliged to individually 

contemplate molecules, we must not speak of the assemblage as gas. 

718. An objection has been raised touching the existence of ultra-gaseous matter 

in highly exhausted electrical tubes, that the special phenomena of radiation and 

phosphorescence which I have considered characteristic of this form of matter can be 

made to occur at much lower pressures than that which exhibits the maximum effects. 

For the sake of argument let us assume that the state of ultra gas with its associated 

phenomena is at the maximum at a millionth of an atmosphere. Here the mean free 

path is about 4 inches long, sufficient to strike across the exhausted tube. But it has 

been shown by many experimentalists that at exhaustions so low that the contents 

of the tube are certainly not in the ultra gaseous state, the phenomena of phospho¬ 

rescence can be observed. This circumstance had not escaped my notice. In my first 

paper on the “ Illumination of Lines of Molecular Pressure and the Trajectory of 

* Proc. Roy. Soc., No. 205, 1880, p. 469. 
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Molecules ”"" I drew attention to the fact that a molecular raj producing green 

phosphorescence can be projected 102 millims. .from the negative pole when the 

pressure is as high as (P324 millim. or 427 M. In this case the mean free path of the 

molecules is 0'23 millim. ; and it is not surprising that with more powerful induction 

discharges, and with special appliances for exalting the faint action to be detected, the 

above-named phenomena can be produced at still higher pressures. 

719. It must be remembered that we know nothing of the absolute length of the free 

path or the absolute velocity of a molecule ; these may vary almost from zero to infinity. 

We must limit ourselves to the mean free path and the mean velocity, and all that 

these experiments show is that a few molecules can travel more than a hundred times 

the mean free path, and with perhaps a corresponding increase over the mean velocity, 

before they are stopped by collisions. With weak electrical power, the special phos- 

phorogenic action of these few molecules is too faint to be noticed ; but by intensifying 

the discharge the action of the molecules can be so increased as to render their presence 

visible. It is also probable that the absolute velocity of the molecules is increased so 

as to make the mean velocity with which they leave the negative pole greater than 

that of ordinary gaseous molecules. This being the case, they will not easily be 

stopped or deflected by collisions, but will drive through obstacles, and so travel to a 

greater distance. 

If this view is correct, it does not follow that gas and ultra-gas can co-exist in the 

same vessel. All that can be legitimately inferred is, that the two states insensibly 

merge one into the other, so that at an intermediate point we can by appropriate 

means exalt either the phenomena due to gas or to ultra-gas. The same thing occurs 

between the states of solid and liquid, and liquid and gas. Tresca’s experiments on 

the flow of solids prove that lead and even iron, at the common temperature, possess 

properties which strictly appertain to liquids, whilst Andrews has shown that liquid 

and gas may be made to merge gradually one into the other, so that at an intermediate 

point the substance partakes of the properties of both states. 

* Phil. Trans., Parti., 1879: The Bakerian Lecture. 
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Note on the Reduction of Mr. Crookes’s Experiments on the Decrement of the Arc of 

Vibration of a Mica Plate oscillating within a Bulb containing more or less 

Rarefied Gas. 

By Professor G. G. Stokes, Sec. R.S. 

Received and Read February 17, 1881. 

In the course of his long series of researches “ On Repulsion resulting from Radiation,” 

Mr. Crookes had frequently occasion to observe the deflections of a light bar or 

lamina of some substance delicately suspended and oscillating by torsion. When such 

a bar was set in vibration, the vibrations tended more or less rapidly to subside, in 

consequence, no doubt, of the viscosity of the gas enclosed in the apparatus. At first 

it seemed as if the rate of subsidence tended to reach a constant value which remained 

the same at all higher exhaustions. But as methods of exhaustion were improved, 

and the gases were so rarefied that the effect of a candle in causing repulsion distinctly 

fell off, the rate of subsidence of the oscillations was found greatly to fall off too. This 

falling off at extreme exhaustions seemed to present a very interesting field of study 

in connexion with the molecular condition of gases. The inquiry would naturally 

involve the observation of the nearly constant rate obtained at somewhat lower 

exhaustions; and the same apparatus would serve for experiments on the rate of 

subsidence at higher densities, up to that corresponding to atmospheric pressure. 

A comparison of the rates of subsidence in different gases at great but not extreme 

exhaustions was further interesting as a new means of determining the ratios of the 

viscosities of different gases. In fact, at high exhaustions the motion of the gas tends 

to a condition of ideal simplicity from which a comparison of the viscosities of different 

gases would immediately result. The effect of the viscosity of a gas on its own motion 

is regulated by the value of a constant which I have elsewhere* called the index of 

friction of the gas, namely, the coefficient of viscosity divided by the density. Accord¬ 

ing to Maxwell’s law, the coefficient of viscosity is independent of the density, and 

therefore the index of friction varies inversely as the density. Hence as the exhaus¬ 

tion proceeds the motion of the gas tends to become what it would be if the viscosity 

were infinite, and the bounding surfaces had their actual motion. In the limit, the 

instantaneous motion of the gas depends only on that of the vibrating plate, to which 

it is proportional, except in so far as the finiteness of the angle of oscillation entails a 

* “On tbe Effect of the Internal Friction of Fluids on the Motion of Pendulums,” Cambridge Philo¬ 
sophical Transactions, vol. ix., p. [8]. 
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difference of position of the plate relatively to the bounding wall of the bulb, a differ¬ 

ence however which is trifling on account of the smallness of the angle through which 

the plate oscillates. The forces therefore arising from the viscosity tend in the limit 

to vary entirely as the angular velocity, and not, as is the case when the index of 

friction is comparatively small, partly also on the angular acceleration. The result 

therefore will be that the oscillations are retarded by a force varying as the angular 

velocity, and producing therefore a subsidence of the motion such that the propor¬ 

tionate rate of change of the arc is proportional to the coefficient of viscosity. 

Mr. Ceookes’s experiments were carefully made from pressures as high as the 

atmospheric pressure downwards. At first there is a very evident decrease of sub¬ 

sidence as the pressure decreases, except in the case of hydrogen, in which it is ver}r 

small, we may say insensible. Then it remains very nearly constant for a considerable 

range of exhaustion, and at last, for extreme exhaustions, it rapidly fades away. 

In the second of these three stages the condition of ideal simplicity above mentioned 

is doubtless approximately attained. If however we confined our attention to this 

part only of the series, the lower part, although so carefully made, would remain 

unutilised; and further, we should remain uncertain whether in taking the logarithmic 

decrement as proportional to the viscosity our approximation was not too rough. 

The determination of the motion of the gas corresponding to a given motion of the 

vibrating solid, and thereby the determination of the forces which the gas exerts on 

the solid, forms a perfectly definite problem, the solution of which, if it could be 

effected, would lead to a determination of the coefficient of viscosity from the observed 

influence of the gas on the motion of the plate. But although in these slow motions 

the terms in the hydrodynamical equations which involve the squares of the velocities 

are insensible, so that the equations may be taken as linear, the problem is one of 

hopeless difficulty except in a few simple cases. In the paper referred to, I have given 

the solution in the case of a sphere vibrating in a mass of fluid either unlimited or 

confined by a concentric spherical envelope, and in that of a long cylindrical rod 

vibrating in an unconfined mass of fluid. In the latter especially of these cases the 

solution involves functions of a highly complicated form. For a lamina such as that 

employed by Air. Crookes, the problem could not even be solved if the fluid were 

regarded as perfect, much less when the viscosity is taken into account. 

But though we are baffled in the attempt to give an absolute solution of the problem, 

theory indicates the conditions of similarity of the motion of the gas in two different 

cases, and enables us thereby to compare the viscosities when those conditions are 

satisfied. 

The bulb, vibrating plate, and torsion thread being always the same, the two things 

that varied from one experiment to another were the nature and the pressure of the 

gas, not the temperature, which for the present was kept constant. The moment of 

inertia of the lamina was sufficiently large to allow the time of vibration to be nearly 

the same in the different experiments. For the present I will suppose it constant, 
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reserving to a later stage the consideration of the correction to be made for its 

variation. 

Let p be the density of the gas, p the observed pressure, D the density under a 

standard pressure, /x the coefficient of viscosity, and let accented letters refer to another 

gas. The dimensions of the terms in the equations of motion show that in comparing 

two cases in which the nature and pressure of the gases alone differ, the motions will 

be similar provided 

nr 
P~ p° pB p'D'. (1) 

This condition being satisfied, the resultant pressures of the gas on the solid will vary 

as /x or as p; and as the logarithmic decrements (/) will vary in the same proportion, 

we shall have 

l V l V 
pD p’B’ (2) 

The equations (1) and (2) are such that when one is satisfied so is the other. It 

will be convenient to regard (2) as giving the condition of similarity, and then (1) or 

£ P 
l V (3) 

gives the ratio of the viscosities at the two corresponding pressures in the two gases. 

The times of vibration were practically constant when once the exhaustion was 

pretty high, at least until the very highest exhaustions were reached, when it fell off 

a very little ; but at atmospheric pressure and at low exhaustions it was somewhat 

greater, though not much. Its variability will not affect the results obtained by 

the above method, provided only the times are the same in the two experiments of 

each pair, which was very approximately the case. Nevertheless it may be well to 

consider the correction to be made in consequence of the inequality of the times. 

Let r be the time of vibration from rest to rest, then in comparing two similar 

systems the time-scale must be varied, so as always to be proportional to t, and the 

hydrodynamical equations show that for the condition of similarity we have, in place 

of (1), the equation 

ffT. 

P ' 

/ / 
/XT 

(4) 

As the two dynamical systems are not similar as a whole, but only the gaseous 

parts of them, we must have recourse to the equation of motion of the vibrating 

lamina. Let 6 be the angle of torsion, I the moment of inertia, n210 the force of 

restitution, which will be proportional to the angle of torsion, provided at least the 

l 2 
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glass fibre be treated as perfectly elastic, as it doubtless may be in considering the 

correction to be made for the inequality of the times of vibration, even though its 

defect of elasticity might not, possibly, be absolutely insensible in its influence on 

the main motion. Then if there were no fluid the equation of motion of the lamina 

would be 

l|?+n*l!9=0. 

As in the cases treated of in the paper of mine already referred to, the resultant 

pressure of the fluid on the lamina (the term “ pressure” here including the tangential 

action), will partly agree in phase with the displacement or force of restitution, partly 

with the velocity of the lamina. The first part will have the effect of adding to the 

mass of the lamina an ideal mass depending on the density, viscosity, and time of 

vibration. From the dimensions of the quantities involved with respect to time and 

density, this ideal mass must be of the form pf 
flT 

There is no need to express the 

dependence of the function f on the scale of lengths. In a similar manner the part of 

cW 
the resultant pressure which is multiplied by — must be expressed by p multiplied by 

LLT 

some other function of — and divided by a time. We may express it therefore by (ult\ t lit 

—J where n is —. Denoting the two functions of — by A and B respectively, 

we have accordingly for the equation of motion 

rlf) 
(I+Ap)^+2Bpnf+^=0 

dt (5) 

The integral of this equation is 

where 

0=e qt(c cos mt-\-c sin mt) 

Bpn 9_ «2I _ By# 
q~I+Ap’ m~~ 1 + Ap (I + Ap)2 

and since by definition of n, m—n, we have 

a2I 

n~+'l-I + AP’ 

and then by eliminating A between the last equation and the last but two we have 

a~Jq 
B= 

pn(n~ + j3) (6) 
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Now n is 7r-Ft, and qr is the Napierian logarithmic decrement, or l-~M, M being 

the modulus of the qommon system. Hence (6) becomes 

AMIZt3 

7r/j(M27r2 + Z2) 

and as B is the same in the two systems compared we have 

l T“ V t'~ 

pMV + P" + (7) 

an equation which takes the place of (2), and serves to define corresponding densities, 

and then (4) gives the ratio of the viscosities at those densities, or say, at the corre¬ 

sponding pressures. If we eliminate the ratio of p to p between (4) and (7) we get 

f (tt~w+1*)=+n 
IT (T 

(8) 

which takes the place of (3). 

The ratio of the factor 7t3M3+F to 7t3M3 alone but little exceeds unity; thus even 

for oxygen at 760 millims. pressure it is barely l-0085, and of course the ratio of that 

factor for one gas to the factor for another gas at the corresponding pressure will 

differ from unity still less. Hence it is almost a needless refinement to keep in this 

factor at all. However, even if we retain it in (8) it is quite superfluous in (7), which 

merely determines what densities are to be deemed to correspond in seeking the 

logarithmic decrements. For until extreme rarefactions are reached, to which the 

above investigation no longer applies, the logarithmic decrement changes so slowly 

that a small error in the density of one gas which is deemed to correspond to a given 

density in another will make no sensible error in the logarithmic decrement. And not 

only may the factors above mentioned be omitted, hut as the ratio of r to r will differ 

but little from a ratio of equality, the formula (7) may he dispensed with altogether, 

and the simpler formula (2) employed. But when the logarithmic decrements have 

been found, in determining the ratio of the viscosities from (8) it is better not to dis¬ 

regard the quantities by which the ratios of r to t and of 7r3M3-)-^2 to 7r3M3+Z'3 differ 

from ratios of equality. And if we now wish to know more precisely what densities 

or pressures do correspond, we may obtain them from (4). 

In the numerical calculations which follow, the difference in the times of vibration 

(r) at corresponding pressures in the different gases is neglected, and likewise the 

difference between the ratios of the factors M37t3+Z3 and a ratio of equality. The 

general effect of this omission, which is very minute, will be considered in the end. 

The values of D adopted were, hydrogen, 1 ; air, 14'42 ; oxygen, 16 ; nitrogen, 14 ; 

carbonic anhydride, 22 ; carbonic oxide, 14. 
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Tables were first formed of the logarithms of — for the different gases for the 

various pressures given by Mr. Crookes down to 0-76 millim. The pressures standing 

against equal numbers in these tables for the different gases would be “corresponding” 

pressures. The pressures corresponding to a given number may be obtained from the 

tables by interpolation ; and as the experiments were made at close intervals it 

seemed sufficient to regard only the two adjacent numbers and use proportional parts. 

I do not think it worth while to give these tables at length, but I subjoin a small 

table calculated from them, giving for oxygen, nitrogen, carbonic anhydride, and 

carbonic oxide the pressures corresponding to air pressures decreasing by 100 millims. 

from 760 to 160. It will be seen from Mr. Crookes’s tables that below these 

pressures there is little variation in l until very high exhaustions are reached. 

Hydrogen does not enter into the table, as the highest pressure (760 millims.) in the 

experiments corresponds to a pressure of only about 106 millims. in air. The table 

contains also the logarithms of the ratios of the pressures in the different gases to the 

corresponding pressures in air. 

Corresponding pressures. Logs, of ratios to corresponding pressures in air. 

Air. O. N. o
 

o
 

CO. O. X. C-l 
O

 
o

 CO. 

760 767-3 760-8 413-3 760-8 + -0042 + -0005 — -2645 + *0005 
660 666-6 660-9 359-2 663-0 + -0044 + -00i6 - -2642 + -0020 
560 565-5 559-6 306-2 563-8 + -0042 - -0003 - -2622 + -0029 
460 463-7 459-0 250-0 459-8 + -0034 - -0010 - -2649 - -0002 
360 365"9 361-6 194-7 359"5 4- -0071 + -0019 - -2669 - -0006 
260 263-2 261-8 141-9 258-3 + -0053 + -0030 - -2630 - -0029 
160 161-2 159"5 86-4 166-7 + -0033 - -0013 - -2676 - -0022 

Mean of log-, p'jp . + -0046 + *0005 - -2648 - -0005 
Number, or p'/p. 1-010 1-001 0-540 0-999 
Log-. (VD'-f-pD), from mean •0497 1-9876 1-9186 1-9870 

p’D1 - -pD . . 1-121 0-972 0-829 0-971 

An inspection of the numbers in the same vertical column in the right-hand portion 

of the above table shows that the logarithm in question is constant as nearly as the 

observations can show. This leads to the following1 law. 

If any pressure be taken in one gas and the pressures found in other gases for 

which the coefficients of viscosity are as the densities (pressures which have been 

defined as “corresponding”), then if another system of pressures be taken proportional 

to the former the pressures in the new system will also correspond; and consequently 

the ratios of the coefficients of viscosity of the different gases will be the same for the 

pressures in one such system as in another. 
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This law is in accordance with Maxwell’s law, but does not by itself alone prove 

Maxwell’s law. It leaves the functional relation between the coefficient of viscosity 

and the density for any one gas arbitrary, and deduces from thence the relation for all 

other gases, this relation introducing merely one unknown constant for each. What 

the law gives may be put in a clear form by a geometrical illustration. I assume 

Boyle’s law, so that for any one gas the ratios of the densities in different cases or 

the ratios of the pressures may be used indifferently. 

Let, then, the relation between the viscosity and density be represented graphically 

by taking abscissae to represent densities and ordinates to represent coefficients of 

viscosity. Then the law found above may be enunciated by saying that the curves 

for all gases are geometrically similar, the origin being the centre of similitude. 

Maxwell’s law would give a particular case of such similar curves, namely, a 

system of straight lines parallel to the axis of abscissae. 

The deviation from uniformity of the logarithmic decrements for any one of these gases 

at these comparatively speaking high pressures is not therefore in any way inconsistent 

with Maxwell’s law, but is fully accounted for by the very natural supposition that 

the rarefaction is not yet sufficient to render the molar inertia of the gas insensible as 

regards its influence on the gas’s own motion, a supposition which can be shown to 

be true when we employ the approximately known absolute value of the coefficient 

of viscosity. The same consideration shows, moreover, that we have only to carry 

the exhaustion further in order to render the effect of that inertia insensible, and 

accordingly, if Maxwell’s law be true, to make the logarithmic decrement sensibly 

independent of the pressure. 

That such is actually the case is shown by Mr. Crookes’s tables or the diagram A, 

in which they are graphically represented. We observe a manifest tendency for the 

logarithmic decrement to become constant till the law is interrupted by the breaking 

down of viscosity attending extreme exhaustions, or by certain deviations which in 

some cases (as in those of oxygen and. kerosoline vapour) show themselves a little 

earlier : these deviations will be referred to further on; for the present I merely avoid 

exhaustions high enough to introduce them. This approximate constancy of logarithmic 

decrement is observed in hydrogen from the first, which is accounted for by the high 

index of friction of that gas as compared with the others at equal pressure. 

This evident constancy or tendency towards constancy in the viscosity as the rare¬ 

faction goes on supplies the missing link, and establishes Maxwell’s law on the basis 

of Mr. Crookes’s experiments even taken by themselves. It is not, of course, directly 

'proved for the higher pressures in the gases other than hydrogen; its extension to such 

pressures is a matter of inference, derived from observing, first, that it is found to be 

true within such limits of density that the condition of ideal simplicity supposed at 

the commencement of this note is presumably sensibly attained; and, secondly, that 

above those limits, though we are unable from mathematical difficulties to examine 

its truth directly, yet we are able to deduce from theory one inference on the 
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supposition of its truth, which is found to be in accordance with the results of 

experiment. 

Hitherto the ratios of the coefficients of viscosity have been deduced from a part of 

Mr. Crookes’s tables, in which the logarithmic decrements changed very evidently 

with the pressure. We may now deduce those ratios by what may almost be deemed 

an independent method, namely, by attending only to the part of the tables at which 

the logarithmic decrement is all but constant. If the condition of ideal simplicity 

supposed at the outset were quite attained, we might disregard the pressures in the 

comparison, which would entitle that method to be considered quite distinct from the 

former; but as that condition is not absolutely reached, it will be proper not wholly 

to neglect the condition of correspondence of pressure, though a rough determination 

of correspondence will suffice. 

Suppose, then, we take the air pressures from 120 to 2G millims. The ratio of the 

corresponding pressures in oxygen, &c., is given in the last line but two of the 

preceding table. The corresponding limits are for oxygen 132 to 29 ; for nitrogen 

and carbonic oxide the same (sensibly) as for air; for carbonic anhydride 65 to 14; 

for hydrogen the limits are not given in the table, but they are 864 and 187 nearly. 

In strictness each pressure should be considered separately ; but as the intervals were 

not intentionally divided in a different manner for the different gases, and as the 

logarithmic decrements are very nearly constant between the specified limits, it seems 

sufficient to take the mean for each gas of those corresponding to pressures that lie 

between the assigned limits. We thus get for air, ‘1002; oxygen, '1120 ; nitrogen, 

'971 ; carbonic anhydride, ‘822; carbonic oxide, ‘971 ; hydrogen, ‘500. Reducing to 

air =1, and writing down for comparison the numbers expressing the ratios of the 

coefficients of viscosity to that of air given in the previous table, we have for the 

ratios in question— 

From air pressures, 760 to 160 

O. 

1-121 

. 
m

 
£
 

<?> 
o

 

C02. 

0-829 

CO. 

0-971 

H. 

„ „ 120 to 26 . 1-118 0-969 0-820 0-969 0-499 

Values adopted. 1-120 0-970 0-822 0-970 0-499 

We see that almost identically the same numbers are obtained whether they are 

deduced from the higher pressures, for which the logarithmic decrements notably 

diminish with the pressure, or from the part of the tables in which they are nearly 

independent of the pressure. The greatest difference is in the case of carbonic anhy¬ 

dride, where it is rather more than one per cent. This difference is in part accounted for 

by the omission of the correction for the time of vibration. If the times of vibration 

at corresponding pressures as determined by Mr. Crookes be taken, they will be found 

to be very nearly the same ; indeed, the differences are quite comparable with the 

errors of observation of those times. Perhaps the differences could be got with greater 

certainty from theory than from observation. According to theory the effect of the 
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gas on the time of vibration turns mainly on the term Ap. Now, though A is a function 

which we cannot calculate, yet we know that it is the same at corresponding pressures 

in two gases. The effect at such pressures varies therefore from one gas to another as 

the density, and therefore as the coefficient of viscosity. It is here supposed (as is 

practically true) that the term is so small compared with I, with which it is associated, 

that its square, &c., may be neglected. 

Taking the time of two oscillations (or of one complete oscillation) for air at an 

exhaustion at which the effect of the molar inertia has ceased to be sensible, but the 

slight decrease due to the removal of the viscosity has not yet come in, at 10s'76, we 

get for the mean effect at pressures 760,660 . . . 160 about 0S'20. The coefficient of 

viscosity for carbonic anhydride being 18 per cent, less than for air, we get 0S'036 for 

the average difference of times in air and that gas, which is -g-jjoth °f the average time ; 

and since according to (8) pcc r we must deduct ‘003 from the ‘829 given above, leaving 

‘826, the mean of which and '820 gives '823, nearly the number adopted. Similarly 

the number IT21 for O in the first line should be raised about '002. 

There is still a small correction to make depending on the factor 7r3M3-f A Since 

by (8) ijl varies as this factor, and Z3 is very small compared with 773M3, and moreover 
p 

ixccl nearly, it will suffice to deduct — from Z, and use the Z’s so corrected. The cor- 

rection being, however, very small, it will suffice to take an average Z and make the 

deduction for it. The deductions for the six gases came to about '005, '009, '005. 

'003, ‘005, '001. Deducting these numbers from the relative viscosities given above, 

and reducing afresh to the scale air =1, we get the following final numbers : 

Air. O N CO, CO H 

l'OOO 1T17 0-970 0-823 0'970 0'500 

I have left kerosoline vapour to the last on account of the uncertainty as to its 

vapour density. It is a mixture of different substances, being the more volatile part 

of petroleum. I am informed by Mr. Greville Williams that it contains much 

pentane, the theoretical vapour density of which on the hydrogen scale would be 36. 

Taking at a venture D=36, and choosing suppose the pressure 54 millims., for which 

Z=:'0404, and further assuming the limiting logarithmic decrement for air before the 

breakdown to be O'lOOO, as it seems to be from Mr. Crookes’s table, we find 0'392 

for the relative viscosity of kerosoline vapour. This is pretty certainly too high. If 

we suppose the true number to be 0'380, we get for the air number corresponding to 

Z'='0425, Z= T129, which from the table of results for air belongs to p=740. This 

would give for the vapour density of kerosoline D'=X -—■D = 3'408D = 49T6 if 

D=14'42. 
T000 x 82'5 

For the air pressure corresponding to 54 millims. in kerosoline we should have 

740 X 54T-82,5 = 484,3. For the corresponding logarithmic decrement we get from 

MDCCCLXXXI. 3 M 
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the table of experiments for air ’1059. The logarithmic decrement for kerosoline at 

54 millims. calculated from that for air at 484‘3 millims., is T059 X‘0390='04024, 

which comes very near the observed number ‘0404. It is curious that we should 

apparently be able to calculate very approximately an unknown vapour density from 

observations on the decrement of the arc of vibration of a vibrating lamina. 

Before considering the falling off of viscosity at high exhaustions, I would point 

out a result of theory which is of some interest in connexion with the forms of 

Mr. Crookes’s curves. 

At p. [34] in the paper of mine already referred to I have given in equation (61) 

an expression (which has to be subsequently multiplied by p) for the resistance to a 

sphere vibrating in a viscous fluid within a concentric spherical envelope. When the 

index of friction is sufficiently great, as will be the case when the exhaustion is high 

enough, this expression may be developed according to ascending powers of m, which 

will be convergent even from the first. It will be found that the successive terms 

will be multiplied by 

m ", nr, m", m?. . . 

where m2 is a pure imaginary multiplied by p-r-p ; and from the mode of treatment 

there adopted it will readily be seen that the terms fall alternately on the arc and on 

the time. 

The same thing may, however, be shown to be true generally, independently of the 

form of the vibrating body. It is here supposed, as has been all along, that the 

motion is sufficiently slow to allow us to neglect squares and products of the com¬ 

ponents of the velocity, or of their differential coefficients. For if p-Pp be very great, 

we may imagine the hydrodynamical equations solved by successive substitution. 

First we should neglect the terms in p, and solve the equations ; then substitute in 

the terms multiplied by p the result of the first approximation and solve again, and so 

on. And though we cannot actually solve the equations, still this consideration shows 

that the solution must be of the form 

ap-\-l)p-\-c— -f-d—. . . 
P A 

where a, b, c, d . . . involve neither p nor p. And by adopting the artifice for the 

introduction of the time employed in the paper it readily appears that the terms fall 

alternately on the arc and on the time. Hence taking the two most important terms 

only in the expression for the effect on the arc we shall have for l an expression of 

the form 
2 TQO 

ci p —b c or ct p —b c — p~. 

Hence in a curve plotted with / and p for coordinates, the tangent as p diminishes 
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would tend to become parallel to the axis of p, and the curvature where the curve 

cuts the axis of l would vary from one gas to another directly as the square of the 

density at a standard pressure and inversely as the coefficient of viscosity. For the 

gases examined the curvatures near the axis of l would therefore vary 

for Air O N and CO CO, H 

as 14,423-p 1-000, 163^- 1*117, 143-f0'970, 223-f0'823, C-pOOOO, 

or as 1-000, 1*102, 0-971, 2'828, 0 010. 

It will be seen in Mr. Crookes’s diagram A, that if we imagine the curves continued 

upwards on their old lines, cutting off the changes which take place at very high 

exhaustions, the tangent tends to become vertical, and, moreover, the rate at which 

the direction of the tangent changes as we go down agrees well, as far as the eye can 

judge, with the above figures. We may notice in particular the extreme flatness of 

the hydrogen curve. 

As we proceed upwards to the higher exhaustions, the first thing that strikes us 

(first in order of occurrence, very far from first in order of magnitude) is the curious 

increase which is observed in the logarithmic decrement in the case of oxygen and of 

kerosoline vapour. Small as this is, Mr. Crookes considers it real. It puzzled me at 

first, since it occurs while the pressure is still comparatively high, such as 15 millims. 

or 20 millims., so that the mean free path must still be extremely small, and might, one 

would naturally suppose, be treated as infinitely small considering the dimensions of 

the apparatus. It occurred to me afterwards that it is probably referable to the 

thinness of the vibrating body. As the lamina moves there must in the immediate 

neighbourhood of the edge be a thin stratum or cushion of gas in which there is a 

very intense shearing motion. The intensity of the shearing makes up in good 

measure for the narrowness of the cushion, and renders the effect of the cushion a 

not insignificant fraction of the whole. The narrowness of the stratum may well be 

such as to forbid us to treat the mean free path as infinitesimal long before we are 

prohibited from so regarding it in comparison with the dimensions of the vessel, or 

the lateral dimensions of the lamina. That among- the four unmixed gases examined 

oxygen should be the one to show this effect, seems to be connected with the fact that 

at comparatively low exhaustions (such as 0"76 millim.) it shows repulsion effects much 

the most strongly; and both phenomena seem to indicate that for oxygen the length 

of path (I do not say free path) is comparatively large, “ path ” here meaning the 

space throughout which a molecule preserves approximately its original direction of 

motion. 

When we come to those high exhaustions at which the decrement of arc gives way, 

the law of proportional logarithmic decrements at corresponding (and those pro¬ 

portional) pressures, which we hitherto found to be so accurately obeyed, breaks down 

altogether. A single example will suffice to show this. Take hydrogen at 330 M, 

3 m 2 
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for which /=0'0495. The ratios of corresponding pressures resulting from the numbers 

for the relative viscosities given on page 443, and the numbers to which they lead, are 

as follows :— 

Gas. Air. O. N. COo. CO. H. 

Ratios of corresponding pressures 0-1387 0-1396 0-1386 0-0748 0-1386 1 

Pressures corresponding to 330 M in H . 45-8 46T 45-7 24-7 45‘7 330-0 

1 calculated from l in H. •0990 •1106 •0961 •0815 •0961 

1 observed . •0758 •0829 •0722 •0525 •0734 0-0495 

It would seem as if when a gas may be treated as a continuous mass with con¬ 

tinuously varying conditions of pressure, velocity, &c., as is done in the application of 

the hydrodynamical equations, a gas is completely defined'" as to its mechanical action 

by two constants, suppose the density at a standard pressure and the coefficient of 

viscosity; but when the conditions are such as oblige us to take account of the 

finiteness of path of the molecules, specific differences are manifested which oblige us 

to introduce at least one constant more in order that the gas may be even mechanically 

defined; for of course I am not contemplating the chemical properties. It is worthy 

of note in this connexion that the two gases, oxygen and kerosoline vapour, which 

showed the phenomenon of a rate of decrease of arc of vibration increasing with a 

decreasing density, are just those which lie at the two extremes as regards viscosity, 

while as regards density at a given pressure they are separated by carbonic anhydride, 

which nevertheless does not show the phenomenon in question. It may well be that 

the mode of encounter of such complex structures as the molecules of a gas varies from 

one gas to another; and that while some of the laws of gases admit of explanation 

when the molecules are regarded as elastic spheres, or as particles repelling one another 

according to some definite law of force, other properties fail to receive an explanation 

when such a simplification of conception is adopted. 

* I here leave out of account such, differences as the small deviations from Boyle’s law which have been 

observed with different gases. 



[ 447 ] 

VIII. On the Electrical Resistance of Thin Liquid Films, with a revision of Newton’s 

Table of Colours. 

By A. W. Reinold, M.A., Professor of Physics in the Royal Naval College, Greenwich, 

and A. W. Rucker, M.A., Professor of Physics in the Yorkshire College, Leeds. 

Communicated by Professor W. Grylls Adams, F.R.S. 

Received March. 3,—Read March 17, 1881. 

[Plates 59, 60.] 

I. 

In a preliminary note read before the Royal Society in June, 1877,'“' we stated the 

results of some observations in which an electric current was used in investigating the 

properties of soap films. These observations were made in the course of an enquiry 

(then incomplete) as to whether the resistance offered by a soap film to an electric 

current is inversely proportional to its thickness, and our object in undertaking this 

was to obtain, by a novel method, evidence as to the value of previous experiments 

by which various physicists had from time to time attempted “to obtain from the 

phenomena of capillarity, or from observations on liquid films, an indication of the 

magnitude of the radius of molecular attraction.” 

Since that date we have had but few opportunities of carrying out our research in 

common (as was necessary), and hence the long delay which has taken place ; but we 

are now in a position to state the results of our later experiments, in which the method 

has been in several respects altered, and the apparatus considerably improved. 

In the first place, it will be well to give a summary of the conclusions of previous 

observers. QuiNCKE,t as the result of a welhknown research, conducted by immersing 

in water and mercury plates of glass covered by wedge-shaped films of silver, collodion, 

and other convenient substances, arrived at the conclusion that the radius of molecular 

attraction is approximately equal to 50 X 10~7 centims. Plateau! estimates it at less 

than 59 X 10-7 centims. Ludtge,§ on the other hand, asserts that the thickness of a 

soap film becomes almost immediately after its formation less than twice the radius 

* Proc. Roy. Soc., No. 182, 1877. 

t Pogg. Ann., 1869, Bd. cxxxvii., p. 402. 
X ‘ Statiqne des Liquides,’ 1873, tom. i., p. 210, 
§ Pogg. Ann., 1870, Bd. cxxxix., n. 620. 
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of molecular attraction. This conclusion, if correct, would show that Quincke’s 

number is at least ten times too small. 

The values derived from the dynamical theory of gases are, however, much smaller. 

Van der Waals* finds 0'23xl0-/ centims. to be an inferior limit, but considers 

Quincke’s value too high. 

0. E. Meyer,! on the contrary, thinks that the cause of the discrepancy is to be 

found in the fact that the expression “ radius of molecular attraction ” (WirTcungssphdre) 

is used in the theory of capillarity in a sense different from that in which it is employed 

in the theory of gases. He believes that, if we possessed a kinetic theory of liquids, 

the magnitude investigated by Quincke and Plateau would be found to be that of 

the free path of the molecules in the liquid, or would acquire some similar meaning. 

Plateau’s experiments consisted in measuring the pressure of the air confined in a 

soap bubble by means of a water manometer. A decrease in that pressure might be 

expected if the thickness of the film became less than twice the radius of molecular 

attraction. His conclusion is based on the fact that no regular change was observed in 

the case of a bubble which lasted for three days, and thinned to the pale yellow of the 

first order of Newton’s scale. 

Ludtge formed a liquid film at one end of a cylindrical tube, and, when it had 

become thin, closed the other end by a newly formed film. A small quantity of air 

was then forced into the enclosed space through an orifice in the side of the tube. The 

films assumed the form of spherical segments, and it was found that that produced 

by the thinner film was the less curved. The inference that the superficial tension 

increased as the thickness of the film diminished, was supported by other experiments, 

for an account of which we must refer to the original paper. We may, however, 

remark that the large magnitude assigned to the radius of molecular attraction, and 

the statement that the superficial tension is increased instead of diminished when the 

thickness of a film is less than twice that magnitude, are opposed to the views of most 

physicists.J The observations both of Plateau and Ludtge are open to the objection 

that there is no proof that the soap solution used remained unaltered during the 

experiments. 

A mixture of glycerine and water will gain or lose water according to the magnitude 

of the tension of the aqueous vapour in its neighbourhood. The superficial tension of 

a soap solution would thus tend to increase in damp, to decrease in dry, air. The direct 

effects of absorption or evaporation might, however, be diminished or even reversed by 

the changes of temperature with which they were accompanied. Plateau, to prevent 

the absorption of moisture, enclosed the bubble in a small glass vessel, at the bottom 

of which were placed some sticks of caustic potash. This arrangement would tend, and 

* ‘ Beibliitter,’ Bd. i., p. 19. 

t ‘ Die Kinetische Tlieorie der Gase,’ 1877, p. 236. 

t See ‘ Statique des Liquides,’ Plateau, tom. i., p. 205, 1873. Also ‘ Tlieorie Mecanique de la Chaleur,’ 

Dupre, p. 358, 1867. 
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in fact was designed, to reduce the thickness of the film by evaporation, and would 

thus alter its constitution. 

Ludtge, anticipating the objection that the effect observed may have been due to 

the larger proportion of water absorbed by the older and thinner film, points to similar 

results obtained with a decoction of Quillaja. He appears to have overlooked the fact 

that if the experiments were performed in a dry atmosphere, the cold produced by 

evaporation might have been the true cause in both cases. 

The difficulty of estimating accurately what the magnitude of the effect of such 

a cause might be was much enhanced by the fact that no observations had been made 

on the amount of water gained or lost by a soap film in a given time. The retrogression 

of the colours, which, after indicating for some time a decrease, often show an increase 

in thickness, had indeed been observed by Plateau. It was, however, impossible to 

say how far this change was directly due to a bsorption. Considerable masses of liquid 

are, as we shall hereafter show, often drawn into a film from the reservoir furnished 

by the relatively thick portions in contact with its solid supports. An imperceptible 

current of this kind might, whatever its cause may be, increase the thickness of the 

film without altering the proportions of its constituents. On the other hand, films 

thinning under the influence of gravity might, and, as our observations prove, often 

do, absorb large quantities of vapour without any sign of retrogression in the colours. 

Under these circumstances, the results of previous observers being in conflict, and so 

little being known as to the magnitude and rapidity of the changes of constitution 

which a soap film could undergo without rupture, it appeared desirable to investigate 

the subject from a novel point of view. 

Sondhaus* had attempted to study the passage of an electric current through a soap 

film, but failed, as his apparatus was not sufficiently delicate. With this exception, 

no investigation had, so far as we are aware, been made previous to our own on the 

resistance of liquid films. Experiments of this kind nevertheless seemed likely to 

afford information as to the probability of gaining, from observations on liquid films, any 

accurate knowledge of the magnitude of the radius of molecular attraction. In the 

entire absence of experimental results it was doubtful whether the specific resistance 

of a film is the same as that of the liquid from which it is produced. If the magni¬ 

tude of the radius of molecular attraction is as great as is supposed by Ludtge or 

even by Quincke, some indication of the approach of a film to double that magnitude 

might be given by a change in its mean specific resistance. On the other hand, 

something might be learnt by properly contrived experiments as to the alterations in 

the constitution of a film wrought by variable hygrometric conditions. 

The object then of our investigation has been to trace the effect on the specific 

resistance of a soap film— 

(1.) Of change of thickness ; 

(2.) Of change in the hygrometric condition of the surrounding air. 

* Pogg. Ana. 1876, Bd. clvii., p. 95. 
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By comparing the results with observations on the liquid in mass, we are able to 

draw certain conclusions as to the light thrown on the molecular constitution of liquids 

by experiments on soap films. 

The investigation divided itself into two parts, viz.: the determination (1) of the 

thickness, (2) of the resistance, of a film at any particular epoch, and as these, though 

carried on at the same time, were to a great extent independent, it will be convenient 

at first to treat of the former alone. 

II. The Liquid. 

The soap films were made in accordance with the receipt given by M. Plateau, 

with the exception that a small quantity of saltpetre was added to increase the 

conductivity. One part by weight of oleate of soda was dissolved in 40 parts of 

water, together with (in general) either 3, 5 or 7 parts of saltpetre to 100 of water. 

Three parts by volume of this liquid were then mixed with 2‘2 parts of Price’s 

glycerine. It will be convenient to call a solution containing n parts of saltpetre to 

100 of water an n per cent, solution. The solutions thus prepared produced in the 

course of a few days a flocculent precipitate which could not be separated by filtering. 

They were therefore placed in long vertical glass tubes furnished with caoutchouc 

stoppers at the upper, and stop-cocks at the lower ends. In time the liquids cleared 

by the precipitate rising to the top, and became sufficiently transparent to allow of 

their refractive indices being measured. They could then be drawn off for use without 

disturbing the impurities on the surface. This operation of clearing occupied several 

months, and was always carefully performed in order to ensure the homogeneity of the 

liquids. It will be convenient to refer to a liquid thus prepared as a standard 

solution; others containing greater or less proportions of glycerine will be called 

derived solutions. 

III. Refractive Index. 

The following table (Table I.) gives the refractive indices, for sodium light, of 

several solutions, the composition of which is indicated in the first three columns. 

Table I. 

Percentage of salt in 
standard solution. 

Parts of standard 
solution by volume. 

Parts of water or 
glycerine by volume. Refractive index. 

5 100 0 1-3909 
5 95 5 H.,0 1 3947 
5 95 5 glycerine 1-4002 

0 100 glycerine 1-4715 
8-82 75-6 24-4 glycerine 1-4155 
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The refractive index no doubt varied from film to film, as the composition of the 

liquid from which they were formed was often considerably altered by the absorption 

or evaporation of water. As a knowledge of the amount of water thus gained or lost 

was one of the objects in view, it was necessary to assume as a first approximation 

that the refractive index was constant. The method of testing and improving upon 

this assumption will be explained hereafter. 

IV.—Revision of Newton’s Table of Colours. 

The determination of the thickness of the films involved a knowledge of (in addition 

to the refractive index) (l) the angle of incidence, (2) the colour of the film, (3) 

the thickness of a plate of ah' exhibiting that colour when illuminated by light at 

normal incidence. The method of measuring the angle of incidence will be described 

when an account is given of the apparatus employed (see p. 461). It is sufficient to 

say here that the films experimented upon were in the form of cylinders with 

vertical axes. Light was reflected upon them from a fixed mirror; a brightly 

illuminated vertical band was thus produced, and the thickness at any point was 

determined by the colour exhibited by this band. To increase and test the accuracy 

of the observations, two mirrors and therefore two beams of light, incident at 

different angles, were used. 

The apparent thickness of a film is defined to be the thickness of a plate of air 

which shows, when illuminated at normal incidence, the same colour as that displayed 

by the more obliquely illuminated of the two bands. A good deal of labour was 

saved in the calculations by the use of this quantity instead of the real thickness, 

which could of course be readily deduced from it. 

Newton, in describing the rings which bear his name, gives two lists of colours. 

In the first* seventeen colours are enumerated in the first four orders. In the second, 

which is reproduced in Watts’ ‘Dictionary of Chemistry’ (Art. Light), this number is 

increased to twenty-six. In this more extended list many tints are included which 

shade into those nearest to them by gradations too subtle to be readily appreciated; 

and since for purposes of measurement it is of little use to retain the names of colours 

unless the eye is able to distinguish with some approach to certainty where they begin 

and end, the following list, but little more extended than Newton’s first, was em¬ 

ployed. The colours in brackets are those which are not included in Newton’s first 

list. The blue of the first order is omitted. 

First order: Black, white, yellow, [orange], red. 

Second order : Voilet, blue, green, yellow, [orange], red. 

Third order: Purple, blue, green, yellow, red, [bluish red]. 

Fo urth order : Green, [yellowish green], red. 

* Newton’s ‘Opticks,’ 3rd Edition, London, 1721, pp. 174 and 206. 
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In the other orders Newton’s two lists and our own agree in distinguishing only 

two colours, green and red. 

It was soon found that a more precise method of nomenclature and a convenient 

system of symbols for the tints were needed. Each colour was therefore sub-divided 

into ten equal parts which were indicated by numerals from 0 to 9 in the order of 

increasing thickness. Any tint could be readily expressed by writing down the first 

letter of its name followed by a bracket containing two numbers, the first of which 

showed the order, and the second the part of the colour referred to. Thus B ' 3, 0,] 

B [3, 9] and B [3, 5] indicate the divisions of the blue of the third order nearest to 

the purple, nearest to the green, and halfway between the boundaries of those colours 

respectively. The last of these corresponds to the thickness answering to the same 

colour in Newton’s scale. 

If a single tint is alone presented to the eye, it is often difficult to assign the 

precise value to be attached to it. The films, however, generally displayed several 

colours in the same vertical line, and it was thus possible to reinforce the judgment as 

to the tint at any point by estimating the distances of that point from the boundaries 

of the colour in which it lay. The increment in thickness corresponding to the entire 

range of a colour, varies considerably, and thus the tenth of a tint has also different 

values in different parts of the scale. As a rule it is less than one per cent, of the 

thickness, though in the blue of the second order it rises to 3 per cent. It was thus 

sometimes necessary and possible to estimate to the twentieth of that colour. 

A valuable check on the accuracy of the observations was afforded by the use of the 

two mirrors. The light reflected from the first was incident on the film at about 45°, 

and the angle of incidence of that reflected from the second was made as small as 

possible and varied on different occasions between 2° and 7°. When the thickness of 

the film at any given level was to be measured, the horizontal spider line of a 

cathetometer-telescope was brought to that level, and the colours were noted at the 

points were it crossed the two bright strips. 

The thicknesses corresponding at normal incidence to the colours at these points (Tj 

and T2), and the true thickness of the film (T) are connected by the equations 

T T _ -D_As 

cos cos if’ 

where and i9' are the angles of incidence on the internal surface of the film. Two 

simultaneous but independent measures of the thickness were thus obtained, the mean 

of which was adopted as correct. 

This method presented the additional advantage of affording a means of checking 

the accuracy of the scale of colours employed. The ratio Tj -fT2 depends only on the 

nature of the liquid and the magnitude of the angles of incidence. On calculating it 

for a number of observations, it was soon found that although tolerably constant for 

any particular colour, it varied considerably for different colours. This shewed that 
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the thicknesses corresponding to the colours were not identical with those furnished 

bj Newton’s scale, even when readjusted on account of the omissions already referred 

to. Nor was this surprising. The above description of the method of estimation 

is sufficient to show that in all probability no two observers would agree as to 

the positions of the boundaries between neighbouring tints. If accuracy is required 

each must construct his own scale. 

This might be undertaken by observations on a set of Newton’s rings. Two 

difficulties, however, here arise, the first due to the fact that, even when Newton’s 

rings are produced on a large scale, the colours are far more crowded than on the 

films, and thus not only is their appearance somewhat changed, but differences of 

hue clearly distinguishable in the one case are lost in the other. The second 

difficulty has its origin in the distortion of the lenses, used in the production of 

Newton’s rings, in the neighbourhood of their point of contact. Calculations based 

on the assumed sphericity of the lenses are thus of little use near the central 

black patch. For these reasons it was determined to supplement the observations 

on Newton’s rings by those made on the films, to determine the thicknesses 

corresponding to a few clearly marked colours by the first, and the ratios of the 

thicknesses of the intermediate tints by the second. 

As it was necessary to produce the rings on a large scale, a pair of the curved 

plates, sold for this purpose by Mr. Ladd in a brass case, were placed in a vertical 

plane. The diameters were measured by the cathetometer. The light employed was 

reflected from a mirror and passed through a, slit about two feet distant from the 

rings. By placing a soda flame behind the slit, daylight and homogeneous light 

incident at the same angle could be used in turn. If T be the thickness corre¬ 

sponding to a ring of colour of diameter A, which lies between the ?ith and (n-\- l)th 

dark rings formed by the soda flame, the diameters of which are SM and S«+1, 

By thus deducing the value of T from the diameters of the dark “soda” rings in 

its immediate neighbourhood, errors due to the non-sphericity of the lens are much 

diminished, and the observation is independent of the closeness of contact between 

the two plates of glass in the centre of the system. 

To obtain accurate results in the neighbourhood of the first dark soda ring it 

was necessary to determine some additional fixed points. A plate of blue cobalt 

glass was therefore interposed between the mirror and the rings. The light thus 

obtained was not homogeneous, but was sufficiently nearly so to make it safe to 

assume that the thicknesses corresponding to the first few dark rings were propor¬ 

tional to the natural numbers. 

The diameters of the four smallest rings were measured, the wave length of the 

light was computed from the larger pair by means of the above formula, and this 
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being known, the inner pair could be used as reference lines for colours in their 

immediate neighbourhood. On one occasion, four measures, each made on a single 

ring, gave 431, 429, 431 and 438 millionths of a millimetre as the wave length 

respectively ; on another occasion two measures gave 432 and 438. As none of 

these numbers differ from their mean by more than 1*2 per cent, these measure¬ 

ments enable us to estimate the accuracy of the method. Red glass (coloured with 

oxide of copper) was used in the same way, and two measures agreed in giving 

the wave length as 615. In the case of the blue of the second order the difficulty 

was much increased by the fact that the boundary of a colour so near the centre 

of the rings is very irregular. If we except this tint, however, no measurement 

ever differed from the mean of the measures on the same colour by more than 

1'6 per cent. As three sets of measurements were taken at intervals of nine and 

six months respectively, and as in most cases three, and in some five, observations 

were made in each colour, it seems that the errors of recognition and measurement 

combined did not (except in the case mentioned) exceed 1*6 per cent. 

Side by side with these experiments, which were purposely made at long intervals 

to test the constancy of the colour estimations, other supplementary observations 

were made upon the films themselves. The scale of colour at first used was obtained 

by assigning to each tint the thickness ascribed to that of the same name in Newton’s 

second scale, and adjusting the boundaries so that the number thus assigned to any 

tint should be the mean of those assigned to its boundaries. The scale so formed was 

then tested in the following way. The angles of incidence and the refractive index 

being' known, the ratio of the cosines of the angles of internal incidence could be 

calculated. The colours at the points where the horizontal cross wire cut the 

illuminated bands on the film having been noted, the air-thicknesses corresponding 

to them at normal incidence were taken out from the table of colours, and the ratio 

of the larger to the smaller calculated and divided by the ratio of the cosines. The 

number so obtained will be referred to as the quotient, and the difference between it 

and unity was taken as a measure of the accumulated errors of the scale and of the 

observation. The mean apparent thickness of the film was easily deduced from the 

Cjuotient. 

As has been already stated, the observations proved that the table of colours required 

revision. This was effected by assigning the quotients to the colours shown by the 

more obliquely illuminated band in the observations by which they were obtained, and 

re-arranging the table so as to make the mean of the quotients assigned to each colour 

as nearly as possible unity. Care was taken to make the revised table agree closely 

with the observations on Newton’s rings. 

In January, 1879, 600 double colour observations were made on the two illuminated 

bands, and the table of colours as corrected by them was again revised by means of 

1,142 observations made in September and October, 1879. No further change has 

been found necessary, although the accuracy of the table thus corrected has been 
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further tested by more than 500 observations made in September and October, 1880. 

It is hardly necessary to state that these revisions were carried out without any 

reference to the electrical experiments with which the results obtained by them were 

to be combined. As, however, the conclusions arrived at in this paper with respect to 

the specific resistance of soap films depend only on the final series of experiments made 

during September and October, 1880, it is satisfactory to note that the table of colours 

in no way depends upon these experiments, but that they are used below only to test 

the results arrived at a year before. 

The following details will serve to show the accuracy attained in the two sets of 

experiments, in the calculation of which the table as finally adjusted was used : — 

Experiments made in September and October, 1879.—The films were examined 

under very varying hygroscopic conditions, and it was thought advisable to see 

whether the value of the quotient was affected by the varying dilution of the films. 

The value of the quotient would have been about 2 per cent, greater for pure water 

than for a standard solution. Twenty films were selected, which gave tolerably 

constant specific resistances, and the means of the ratios given by observations on each 

colour were calculated for each film. The mean of these numbers for the ten films 

which had the lowest specific resistance, and were therefore (as will be shown hereafter) 

the more dilute, was 1'004, for the other ten films it was 0’994. A precisely similar 

result was attained when the quotients were compared film by film instead of colour 

by colour. As the effects of evaporation or absorption seemed, therefore, to appear on 

the means of a large number of observations, and as we had not at that time all the 

data for calculating the theoretical quotient in each case, the mean of the quotients for 

each colour was divided by the mean of all the quotients. These numbers are inserted 

in column YII. of Table IT. 

Experiments made in September and October, 1880.—These experiments being, for 

the reasons already stated, the more valuable as tests of the table of colours, we give 

the following rather fuller details :—510 observations were made, and (omitting 

fractions) in the case of 52, 84, and 95 per cent, of these the difference between 

the quotient and unity was less than ’01, ’02, and ‘03 respectively. Hence in 84 per 

cent, of the observations the mean value adopted differed from both of those from 

which it was derived by less than 1 per cent. The mean value of the mean quotients 

for all the colours was 0'9985. The ratio of the two cosines was the same in all cases, 

viz.: 1'157. Both these numbers were calculated with the refractive index of the 

standard solution. 

In comparing the new table with that of Newton, it is best to take from the latter 

only such colours in the second list as have on each side of them colours which also 

occur in our own list, i.e., to confine the comparison to those cases when no question as 

to the boundaries of the colours can arise. 

In Table II.—Column I. contains the names of the colours. 

Column II. the symbols. 
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Column III. the thickness in terms of 10-5 centims., according to Newton’s scale. 

Column IV. the thickness according to the observations on Newton’s rings. 

Column Y. the thickness according to the corrected scale. 

Column YI. the difference of thickness corresponding to a tenth of a tint in each of 

the colours measured. 

Column YII. the mean quotient for each colour obtained in September and October, 

1879, each (for the reasons given) divided by their mean. 

Column YIII. the mean quotients obtained in September and October, 1880, also 

divided by their mean to make them comparable with the preceding. 

Column IX. the difference between unity and the mean of the numbers in columns 

VII. and YIII., expressed in terms of O’OOl. 

Table II. 

I. II. 111. IV. V. VI. VII. VIII. IX. 

First order— 
Red. R (1, 5) 2-84 •032 1-003 + 3 

Second order— 
Violet .... V (2, 5) 3-05 •on 1-010 + 10 
Blue. B (2, 5) 3-34 3-53 •081 1-000 0-998 - 1 
Green .... G (2, 5) 3-78 4-09 •034 1-003 0-999 + 1 
Yellow .... Y (2, 5) 4-07 4-50 4-54 •054 0-998 1-000 - 1 
Orange .... 0 (2, 5) 4-31 4-91 ■022 0-996 0-995 - 4 
Red. R (2, 5) 5-22 ■040 1-006 1-003 + 5 

Third order— 
Purple .... P (3, 5) 5-59 ■035 0-996 0-995 - 4 
Blue. B (3, 0) 5-73 5-77 •053 0-997 0-993 - 5 

55 ..... B (3, 5) O
r 

G
O

 
Zn

 

6-03 
Green .... G (3, 5) 6- 29 6"56 •053 P006 1-000 + 3 
Yellow .... Y (3, 5) 6-79 7-11 7-10 "056 1001 1-002 + 2 
Red. R (3, 5) 7-25 7-65 •051 1-003 0-994 - 1 
Bluish-red . BR (8, 5) 8-00 8-15 •051 1-001 0-997 - 1 

Fourth order—- 

Green .... G (4, 0) 8-58 8-41 •103 0-997 1-004 + 1 
55 • • G (4, 5) 8-93 

Yellow-green . YG (4, 5) 9'00 9-71 9-64 •041 1-004 1-002 + 3 
Red. R (4, 5) 10-08 10-52 ■134 0-994 0-997 - 4 

Fifth order— 

Green .... G (5, 0) 11-29 11-19 •141 0-995 1-000 _ 2 
55 .... G (5, 5) 11-50 11-88 
Red. R (5, U) 12-66 12-60 •i.50 0-996 0-997 - 3 
D. R (5, 5) 13-12 13-35 

Sixth order—- 

Green .... G (6, 0) 14-01 14-10 •138 1-001 + 1 
55 .... G (6, 5) 14-68 14-79 
Red. R. (6, 0) 15-44 15-48 •157 1-009 + 9 

' 9. R (6, 5) 16-25 16-27 
Seventh order— 

Green .... G (7, 0) 16-99 17-05 •164 
55 .... G (7, 5) 17-75 17-87 
Red. R (7, 0) 18-49 18-69 •i.35 

55. R (7, 5) 1925 19-36 . . 
Eighth order—- 

Green .... G (8, 0) 20-04 20-04 •Ill . . 
Red. R (8, 0) 2115 21-15 * • 
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We are unable to place much confidence in the observations of the violet of the 

second and the red of the first order, as they were very few in number. Even in the 

case of the blue of the second order, though the quotients agreed well together, the 

difference between the figures in columns IV. and V. is too large to be satisfactory. 

We have therefore in most of our work taken 4 X 10-5 centims. as the smallest apparent 

thickness which could be used where great accuracy was required. For the rest, the 

difference between the observations on Newton’s rings and the corrected table rarely 

exceed one per cent., while Newton’s scale in parts differs from both by as much as 

ten per cent, of the thickness. On the whole we think the optical observations alone 

show that the corrected scale above the blue of the second order is accurate to one 

per cent. 

V. Method of Experiment. 

In our previous experiments, described in the paper already referred to, a cylindrical 

film was formed, supported above and below by cylindrical platinum cups, and its 

resistance was measured by Wheatstone’s bridge. This method was unsatisfactory, 

first, because it took no account of any “ polarisation ” which might occur at the 

extremities of the film; and secondly, and this is the more important disadvantage, 

because it compelled us to measure the resistance of the film as a whole, instead of 

selecting any part which might be suitable to our purpose. 

The method since adopted and now to be described is free from the above-mentioned 

disadvantages. It depends upon the measurement of the difference of potential, pro¬ 

duced by the passage of a current, between two horizontal sections of the film. Steel 

sewing needles or gold wires (preferably the latter) are inserted in the film, and the 

difference of potential between them measured by an electrometer, and compared 

with that betwreen two other points in the same circuit separated by a known resist¬ 

ance. Three needles were actually employed, supported horizontally, and about 

15 millims. apart, the upper one being about 5 millims. below the upper cylindrical cup, 

and the lowest 10 millims. from the lower cup. Calling the needles 1, 2 and 3, counting 

from top to bottom, the difference of potential between 1 and 2, between 2 and 3, 

or finally between 1 and 3 could be measured as might be desirable. It is clear that 

this method disposes of any difficulties that may arise (1) from counter-electromotive 

force set up at the electrodes by the passage of the current, and (2) from irregularities in 

the substance of the film itself at or near its supports. Observation shows that such 

irregularities are of frequent occurrence. For example, it happens not unfrequently 

that a film, after thinning continuously for some time, begins to thicken from the 

bottom, the colours rising and being so crowded together that it is difficult to distin¬ 

guish them. Again, white flecks occasionally appear at the top, and more frequently 

black patches, forming themselves gradually into a ring of black, the resistance of 

which is, as we have already shown,* enormously great in comparison with that of a 

* Loc. cit. 
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coloured ring of the same width, even when the colour is of the second or first 

order. 

In discussing the method it is necessary to show that no sensible error was caused 

by the disturbance of the equipotential lines which accompanied the introduction of 

the needle points into the films. The distance between any two needles being greater 

than those between the upper and lower needles and the metal rings by which the 

cylinder was supported, it will be sufficient to consider the extremities of the film 

only. 

A small aggregation of liquid was always observed around the needle points. Its 

dimensions were variable, but the diameter was never greater than a millimetre and a 

half. If we assume that the resistance of this mass (of radius a) was infinitely small, 

compared with that of the surrounding film, and that the dimensions of the cylinder 

were infinitely greater than a, the equation to each of the disturbed equipotential 

lines would be of the form 

y = constant, 

where the axes of x and y are horizontal and vertical respectively. 

The maximum displacement, by the introduction of a needle, of the equipotential 
($• 

line which passes through x= 0, y — y would therefore be —. The condition of accuracy 

is that this quantity shall be negligible at a distance from the needle equal to that of 

the metal ring which bounds the cylinder. This distance was generally greater than 

5 millims., and therefore O'll is the limit of error. The distance between two needles 

being 15 millims., it is therefore possible that an occasional error of 0'75 per cent, may 

have been caused, but we doubt whether it ever reached this amount; and in all the 

more important experiments, viz.: those made after September 20, 1880, it certainly 

did not, as the two lower needles were exclusively used, and the error must therefore 

have been halved. 

The thickness of the film between two needles was taken as the mean of the 

thicknesses at the needles. These were measured in turn, the time of each observation 

being noted, and curves were drawn of which the ordinates represented the thicknesses 

and the abscissae the times. It was found that to make and record a measure of the 

thickness occupied about half a minute, but, when the film was thinning slowly, 

observations were made at longer intervals. The curves were used to correct errors of 

observation by smoothing off irregularities. On a few occasions errors amounting to 

2 per cent, of the thickness were thus detected. In the curves themselves the error 

of observation probably nowhere exceeds 1 per cent., and approaches that amount only 

when the films were very thin. 

The electrical observations on the resistance of the film were carried on simultaneously 

with the above, and curves showing the relation between the resistance and time were 
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in like manner constructed. By taking out from these two sets of curves the thickness 

and resistance at any particular time, the specific resistance could be calculated by the 

formula given in our previous paper. 

When the films became thin they were generally so uniform in tint that it was 

sufficient to determine the thickness half way between the two needles. 

VI. Description of the Apparatus. 

The experiments were made in a room with a south aspect, the film apparatus being 

supported in the window recess. Plate 59, fig. 1, represents a sectional elevation of 

this apparatus from front to back, taken very nearly through the centre. Plate 60, 

fig. 5, shows the same in plan, with the mirrors and the telescope of the cathetometer. 

A and B (fig. 1) are iron cylindrical cups, each 33 millims. in diameter, placed 

vertically one above the other, between the edges of which the cylindrical liquid film 

is formed. A small brass tube C, attached to A, slides with easy friction through 

another tube F, and enables the length of the film to be adjusted at will. F has a 

brass flange which carries a binding screw, and is cemented to a glass disc G, for 

closing the circular aperture at the top of the glass case HH. Through this aperture 

the cup A, with attached. tube, &c., can he removed from the case for purposes of 

cleaning. A piece of indiarubber tubing fastened to the end of the tube C passes 

through the base board of the apparatus at the point a (fig. 5), and is connected with 

a reservoir of air. 

The lower cup B is soldered to the top of a brass tube DD, which slides in a 

slightly larger tube, and can hence be removed when required. The smaller brass 

tube E was originally intended to afford a means of filling or emptying the cup from 

the outside. In the later experiments it was not used for this purpose, but, its upper 

end being stopped up with sealing wax, it merely served as a metallic connexion 

between the film and the source of electricity. 

A film, when under examination, is surrounded by two glass cases, the front and 

side faces of which are constructed of specially polished glass. The top of each is of 

ordinary plate glass, and the back of wood. The inner case HH fits tightly down 

by its wooden base upon the square ebonite platform I, by which the lower cup is 

insulated. The outer case H'H' slides down upon the inner by grooves cc, fig. 5, 

and is held firmly in its place by the hack of the inner case, and by the base board I' 

(fig. l). The object of the outer case is to prevent sudden changes of temperature or 

hygrometric state in the interior of the apparatus. 

The needles (nnn, fig. 1, shewn also in figs. 2, 3, and 5), were, in the experiments 

described in this paper, made of gold wire. They pass through small holes drilled in a 

vertical pillar of ebonite. Fine silk-covered copper wires soldered to their extremities 

make connexion with the mercury cups M, and hence with the electrometer. To 

provide against the ebonite pillar being wetted by the bursting of the films, and 

3 o MDCCCLXXXT. 
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the insulation of the needles from each other, and from the base of the apparatus being 

thereby impaired, a small glass shield is also supported by the pillar (figs. 1, 2, 3), 

in which holes are drilled large enough for the needles to pass through without 

touching it. 

Figs. 2 and 3 show in detail the arrangements for moving the needles from the outside 

when the inner and outer cases are in their places, and for adjusting them to them proper 

position in the film. A brass tube, g, passes through the chamber below the glass case, 

and has at its lower end a milled head, h, by which it can be rotated about its axis. A 

brass rod, f passes through it, having below a milled head, Jc, and above a pinion, e, 

which engages with the rack, d, carrying at one extremity the ebonite pillar and gold 

needles. It will thus be seen that motions of two distinct kinds can be given to the 

needles from without; they may be moved to and fro parallel to themselves by 

turning the milled head, k, which works independently of the outer tube, and they may 

be turned round a vertical axis by means of the milled head, In. In the figures the 

needles are represented at right angles to the rack, d, but they may be placed at any 

other suitable angle by turning the ebonite pillar in its socket. 

Arrangement for forming the films.—This is shown on the right hand side of figs. 

1 and 5. A rectangular portion of the ebonite base board is cut away, and communi¬ 

cation thus made between the interior of the glass case and the chamber PP beneath. 

This aperture can be closed by a wooden trap-door, shown in dotted lines in fig. 1, and 

turned up or down by a milled head, t, at the back of the case. When it is turned 

down, its edges dip into a rectangular groove filled with mercury. K is a brass rod 

with screw thread cut upon it, which serves as a rack for the pinion, worked by the 

screw head, l. It carries eccentrically at the top a circular brass platform, on which 

is placed a shallow glass dish, of diameter a little greater than that of the cylinder A, 

containing the liquid for forming the films. The position of the rod K is such that 

when the platform is raised through the aperture by the screw head, l, and rotated by 

the screw head, m, the glass dish can be brought immediately under the cylinder A, 

and a horizontal film thus formed over the mouth of the latter. This done, the dish 

is lowered through the aperture which is then closed by the trap-door. 

The object of the lower chamber PP will now be evident. It serves as a storehouse 

for the liquid, which can be thus introduced into and withdrawn from the film-chamber 

without establishing any connexion between the latter and the outward air. Its base 

is of ebonite, with holes in it for the electrometer wires to pass through. The 

cyfinder DD is in contact with no material except ebonite. 

The horizontal film mentioned above is converted into a cylinder as follows :—Air 

being forced from the reservoir, the film becomes spherical, and increases in size until 

it adheres to the edge of the lower cup B, which is about three quarters full of the 

same liquid. It is then only necessary to withdraw air until the barrel-shaped film 

becomes cylindi'ical, an adjustment which can be accurately made with the telescope. 

The needles are now made to pierce the film, an operation which can in general be 
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effected without endangering its existence, and tlieir position so adjusted that the 

points at which they meet the film may lie upon one of the vertical bands of light 

seen from the cathetometer. 

Method of measuring the angle of incidence.-—In Plates 59, 60, figs. 1 and 5, NN is 

a stout mahogany board which supports the whole apparatus. It has the form of an 

incomplete circle, the centre of which coincides with the centre of the cup B, and a 

paper scale graduated to half degrees is attached to its outer edge. It rests upon a 

long wooden slab SS, fixed in the window recess, by three points, viz. : the knob q, 

and the two levelling screws p, p. A portion of the slab SS has been cut away to 

make room for the lower chamber. 

T is the telescope of the cathetometer, placed at a distance of about 2 metres from 

the film, and Q and It are the mirrors for reflecting light upon the film. The angle of 

incidence in the case of either mirror was determined in the following manner :— 

In the accompanying figure, let B D represent the film and AFC the graduated 

circle, and let the light fall on the film in the direction A B and be reflected along 

B C. Join 0 A, O C. 

If 

then 

whence 

OA(=30'4 centims.) = a, the angle AOB=a 

0B(=1'65 centim.) =h, ,, ,, ABF = 0 

a sin 6 

b sin(0 — of 

. n a sin a 
tan v—-- 

a cos « — b 

and thus 6 is known if a is known. 

3 0 2 
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The vertical cross wire of the telescope of the cathetometer being directed to the 

centre of the illuminated band, a plumb line is passed along the edge of the graduated 

circle, until it arrives at the point C, when it coincides with the cross wire. This 

point is noted on the circle. Similarly when the plumb line is at A, its image formed 

by reflection coincides with the cross wire. We thus know the arc AC and 

consequently the angles a and 0. 

Successive readings made in this wa,y rarely differed by more than 10', and as the 

mean of several determinations was always taken, the accuracy of the method was 

amply sufficient for our purpose. The values of a during the experiments described 

in this paper were 42° 41' and 2° 44'. 

The Hygrometer.—Fig. 4 represents the hair hygrometer and the thermometer 

attached to it. The hair was cleaned according to the method prescribed by 

Regnault. The index is of ivory, and is graduated in degrees of arc. When the 

instrument was placed under a receiver, dried by sulphuric acid, and left for 24 hours, 

the index stood at 0°. When the receiver was saturated with aqueous vapour 

the index stood at about 60°. In the experiments described, the hygrometer was only 

used for the purpose of ascertaining whether any change in the hygrometric state of 

the air surrounding the film took place while the film lasted. No attempt was made 

to obtain the actual values of the hygrometric state corresponding to the indications 

of the instrument. 

The position of the hygrometer in the case is shown at Y, fig. 5. A strip of glass 

was placed in front of it to protect it from the spray caused by the bursting of the 

films. 

Method of maintaining a constant hygrometric state.—In many of the experiments 

it was necessary to prevent as far as possible any absorption of vapour by or 

evaporation from the films. To check evaporation, the lower cup B was filled with 

liquid to within about 2 millims. of the edge. Two dishes containing the liquid and 

exposing an evaporating surface of about 20 square centims. were also placed in the 

inner chamber. On and after September 24 these were replaced by a much larger 

dish with an evaporating surface of about 52 square centims. Sheets of blotting- 

paper moistened with the liquid were attached to the back and one of the sides of the 

inner case. One of these dipped in a small vessel containing the liquid and could be 

moistened by a pipette introduced through a small hole cut in the back of the 

apparatus. 

As the inner glass case, though fitting the ebonite base board, I, sufficiently well to 

prevent the ready passage of air or aqueous vapour, was not absolutely air tight, 

small dishes containing the liquid with pieces of blotting paper, also moistened with 

the liquid, dipping into them, were placed in the outer case. A dish of the liquid 

was also placed in the chamber below the case. 

The air for forming the films was contained in a bladder, fitted with pressure 

boards. On being forced from the bladder it passed first through two tubes containing 
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caustic potash and pumice soaked in strong sulphuric acid respectively, and then over 

a surface of liquide glycerique contained in a horizontal tube about 2 centims. in 

diameter. When a constant state was required, the first film made was never used ; 

it was left until the hygrometer and thermometer had become steady, was then broken 

without opening the case by giving it a sharp blow with the needles, and replaced by 

another. If during this operation the hygrometric reading altered by more than one 

or two tenths of a division, the second film was also rejected, and so on. In general, 

the films used had been formed without any appreciable change in the hygrometric 

state. Minute and even excessive as these precautions may appear, we found, as will 

be shown hereafter, that they were barely sufficient for our purpose. 

The principal use of the chamber P was to enable us to keep the liquid used in 

making the films unchanged, when for special purposes we wished to charge the inner 

case with aqueous vapour at a greater or less tension than that proper to the liquide 

glycerique. 

Insulation tests— As before stated, the ebonite pillar carrying the three needles was 

protected from the spray of the bursting films by a glass shield, with holes in it for 

the needles to pass through. As, however, the precautions just described filled the 

case with large quantities of vapour, it was possible that in the course of a few hours 

a deposit of moisture might be formed on the ebonite pillar, or upon the glass sides of 

the apparatus, of such conducting power as seriously to interfere with the accuracy of 

the experiments. To guard against error from this source, the insulation of the 

needles from each other, and of the needles and the upper and lower cups from the 

case, was tested at the end of each set of observations. The observations were 

regarded as satisfactory so long as the greatest resistance measured did not exceed 

0-3 per cent, of the insulation resistance. When, as happened on one or two occasions, 

it greatly exceeded this limit, the preceding observations were rejected. 

VII.— Description of method employed for measuring the electrical resistance of 

the films. 

The battery consisted of 4 Leclanche cells of the ordinary pattern. A simple 

circuit was formed, comprising the battery, three boxes of resistance coils, and the film 

to be experimented upon. The resistances consisted of (1) a box of coils ranging from 

1 to 10,000 ohms, (2) ten coils each of 10,000 ohms, and (3) ten coils each of 100,000 

ohms. In the case of most of the films recently observed, the resistance in the boxes 

was either 500,000 or 1,000,000 ohms, and two binding screws, one on each side of 

this resistance, could be connected by carefully insulated wires with the electrometer. 

The current always passed through the film from the top to the bottom. 

The Electrometer.—The electrometer used is one of Sir William Thomson’s quadrant 

instruments, made by White ; it retains its charge remarkably well, a few turns of the 

replenisher being sufficient to bring the hair up midway between the two dots after 
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the instrument has been left to itself four or five days, and no re-charging has been 

found to be necessary during the last eighteen months. We have found it convenient 

to connect the outer case of the electrometer to earth, and one of the electrodes to 

the induction plate. This, though not the most sensitive arrangement, has been 

found to give the best results. The two electrodes are also connected by fine silk- 

covered wires to short copper rods which dip into mercury cups placed on a sheet of 

glass immediately in front of the electrometer. Two other mercury cups, connected 

with the points whose difference of potential is required, stand close by, and gutta¬ 

percha-covered copper wire bridges, which can be arranged parallel or cross-wise, 

enable the electrification of the quadrants to be reversed, and readings to be obtained 

right and left. This arrangement was found to work quite satisfactorily, and was 

more to be depended on than Sir William Thomson’s reversing key, -which was tried 

for a time and abandoned. 

The deflection of the needle of the electrometer, as measured on the scale, not being 

proportional to the difference of potentials of the quadrants, it was necessary to 

correct it. It was thought that, A —B being the difference of potential of the 

quadrants and cl the deflection, a value might be assigned to /x which would make 

A — B approximately proportional to d (1—-); and it was found on trial that the 
A4, 

value /x = 10,000 satisfied the requirements sufficiently well. 

A circuit was formed containing a battery of six Daniell’s cells and a constant 

external resistance of 12,000 ohms. Two points in the circuit separated by a 

resistance varying from 1,000 to 6,000 ohms were connected with the electrometer, 

and the deflections read off. The following table shows the proportionality between 

the deflections corrected according to the above rule, and the difference of potential 

obtained by multiplying the smallest corrected deflection by 2, 3, 4, 5, 6 in succession. 

The agreement may be regarded as perfectly satisfactory, when it is remembered that 

the electrometer readings cannot be relied on to much less than 0’5 of a division. 

Table III.—Calibration of electrometer scale. 

Resistance 
= 1000 n. 

] 

Right. 

Deflection ( = cf 

Left. 

)• 

Mean. 

d2 
104 

7 d2 
a 104 

52 n. 

6000 328-5 320 324-2 10-5 313-7 312 
5000 266-5 267 266-7 7-1 259-6 260 
4000 214-5 210 212-2 4-5 207-7 208 
3000 158-5 159 158-7 2-5 156-2 156 
2000 104-5 106-5 105-5 11 104-4 104 
1000 52-5 52 52-2 0-2 52-0 52 

The distance of the electrometer from the scale and lamp was about a metre, and the 
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deflections were, as a rule, within the limits 80 and 250 divisions. In some of the 

experiments the lamp and scale were removed to a distance of 1’6 metres from the 

electrometer, and a sharp image of the slit on the scale obtained by means of a lens. 

In both positions of the scale it was found that the above empirical rule was approxi¬ 

mately true, and that the difference of potential corresponding to a given electrometer 

deflection d was proportional to d (1 — dx O'0001). Similar observations were from 

time to time repeated, and always with the same result. 

According to Maxwell (‘Electricity and Magnetism,’ vol. i., p. 274), the deflections 

of the electrometer, when of moderate magnitude, are proportional to the product 

(A—B)(C—Ap) 

where C is the potential of the needle and A and B those of the quadrants. Now, in 

calibrating the electrometer, the potential of one pair of quadrants (say B) was kept 

constant, and the other gradually raised, and thus our empirical correction is made up 

partly of the conversion of arcs into tangents, and partly of the change due to increasing 

values of A + B. But since a correction which holds for one constant value of B will 

not hold for another, it was necessary to test the validity of our formula for the range 

of potentials studied. For this purpose two resistances, each of 100,000 ohms, were 

included in a circuit, and a piece of carbon paper with a resistance of about 700,000 

ohms interposed between them. The mean electrometer deflections corresponding to 

the equal resistances were 127'8 5 and 127‘55, which differed by only 0‘3 of a division. 

Hence the formula may be regarded as valid, whatever be the position in the circuit of 

the resistance considered. 

Fig. 6. 

Method of observation.— The order of observations of the electrical condition of a 

film was as follows: The film having been formed and adjusted, and the needles fixed 

in their proper places, the copper wires B (fig. 6) were inserted in the mercury cups 

belonging to the particular pair of needles between which the resistance was to be 

measured. The connecting pieces C and D, consisting each of a strip of ebonite with 
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stout copper wires passing through, were inserted in succession in the mercury cups 

(M 1,1), and the deflections written down in order, the time of each observation, 

given by a chronometer, being noted by the side. 

It was generally found that the needles were of slightly different potentials even 

when no current was passing, and it was necessary to correct for this which would 

affect the apparent resistance of the film. This difference was measured after the film 

was formed and before the current was allowed to traverse it. It was generally small, 

and sometimes vanished, but as a rule caused a deflection of from 1 to 5 divisions of 

the scale. Frequently its direction was constant for the same film, and even for the 

same day, but, as its magnitude could not be relied on to remain unaltered during the 

life of a film, the current was interrupted at intervals of 5 or 6 minutes and the 

condition of the needles examined. The deflections observed were added to or 

subtracted from those obtained for the needles when the current was passing, according 

to their direction. 

The same phenomena were observed with steel and platinum needles in an augmented 

degree, and were less under control. It was always found that the difference of 

potential between needles 1 and 3 was equal to the sum of the differences between 

1 and 2, and 2 and 3. This difference was not altered in any constant manner by the 

passage of the current. Sometimes during the life of a film and with the current 

continuously passing it increased, sometimes it diminished, and again at other times 

showed no signs of alteration. But in what direction it would change, if at all, could 

not be predicted. 

Polarisation so-called has nothing to do with the phenomenon, since its direction 

and magnitude do not depend upon the direction or continuance of the current. The 

cause is to be found in the difference of chemical condition of the needles produced by 

the action of the liquid quite independently of the current. The needles are affected 

to a different extent, and thus a difference of potential is set up between them. That 

this is the cause of the phenomenon was shown as follows : Two steel needles, not 

specially cleaned, were inserted in a film, and their extremities connected by wires with 

the electrometer. The deflection was +6. The lower needle was then passed through 

the fingers, and the deflection rose to +9. The lower needle was then washed, rubbed 

with emery paper, washed again, and connected with the electrometer, which now 

showed a deflection of —3. Thus by cleaning the needles unequally, either could 

be made to be of a higher potential than the other. With gold wires these changes 

occurred to a less degree than with either steel or platinum, and hence gold was 

the metal employed in the latest experiments. In these it was usual each morning to 

wash the gold needles in boiling nitric acid and then in distilled water. But even 

when the greatest care was taken in cleaning the needles, it was impossible to ensure 

their being in such a state as to exhibit when immersed in the film no difference of 

potential. 

As a specimen of the observations made in measuring the resistance of a film, we 
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give the following: The symbols X and || mean that the wire bridges of the 

electrometer reversing arrangement are crossed and parallel respectively. 

September 27, 1880.—Film I., needles 2-3, resistance in boxes =508,000 ohms=R. 

Part of circuit which is connected 
with electrometer. 

X X 

Deflection. Time. Deflection. Time. 

Needles (no current passing) 0 2 right Mean = 1 

h. m. s. h. m. S. 

Film. 80 right 12 54 12 75-5 left 12 55 6 
Resistance. 174 54 42 166 55 30 

Film. 82-5 56 0 79 57 0 
Resistance. 167 56 30 159-5 57 30 

Film. 85-5 58 0 82 59 0 
Resistance. 159-5 58 30 151-5 59 30 

Needles. 0 2 right Mean - 1 

Film. 91-5 1 1 0 85-5 1 2 0 
Resistance. 149-5 1 30 140 3 12 

Film. 93 3 42 90 4 30 
Resistance. 140 4 6 133-5 5 0 

Film. 96-5 5 30 91-5 6 30 
Resistance. 135-5 6 0 127 7 0 

Needles. •5 right 2 5 right Mean = 1 

These observations were continued until lh 22,u, when the him burst. The numbers 

thus obtained were then plotted down on a sheet of curve paper, times being repre¬ 

sented as abscissae and deflections as ordinates. Thus, four curves were drawn, of 

which F (right) and F (left) gave the mean him curve, and R (right) and R (left) the 

mean resistance curve. The curves F (right) and F (left) were always very close 

together and sometimes coincident, but, as the zero of the electrometer was liable to 

change, the curves for both right and left deflections were always drawn and the mean 

taken. The same remarks apply to the curves of resistance-deflections. From the two 

mean curves thus obtained a third is deduced as follows : The ordinates of the curves 

are read off at points separated by intervals of four minutes, and when the proper 

corrections, described above, have been made, the hlm-dehection is divided by the 

resistance-deflection and the quotient multiplied by the resistance of the coils. A 

curve passing through the series of points so obtained enables us to determine the 

resistance of the film between the two needles at any epoch. 

mdccclxxxi. 3 p 
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Example.—September 27. Film I., at 12h 58m tbe deflections are, for film 83 [or 

84 when allowance is made for the independent difference of potential of the needles”, 

and for resistance 159‘6. 

84 (1 - 84 X 10-4) = 83-4 nearly 

159-6 (1 —159-6 X10"4)=157 

83'4 
Hence the resistance is —X 508,000 = 269,400 ohms. 

VIII. Method of testing the accuracy of the experiments. 

Observations with the Galvanometer.—With the object of ascertaining whether the 

apparatus was in satisfactory working order, the following experiment was occasionally 

made. A strip of Dr. Muikhead’s carbon paper was attached to a piece of glass by 

brass clips and carefully insulated. Its extremities were connected to a Wheatstone’s 

bridge and also to the electrometer, and its resistance measured by the two methods 

in succession. Usually an observation by galvanometer was made between two 

observations by electrometer, care being taken to prevent changes of temperature of 

the carbon paper. It is unnecessary to give details of these experiments, but the 

following may be quoted as indicating the character of the results obtained :— 

Galvanometer. Electrometer. Difference. 

Per cent. 
September 24 . . 1,620,000 1,633,000 0-8 

„ 25 . . 1,455,000 1,457,000 0-14 
„ 26 . . 1,910,000 1,920,000 0-52 

The differences in the resistance of the carbon paper from day to day were due 

partly to differences of temperature, but chiefly to changes in the hygrometric state of 

the atmosphere. 

The experiments with the carbon paper were repeated at intervals. If the difference 

of the resistances obtained exceeded 1 per cent, the observations on the films were 

interrupted, until, the apparatus having been overhauled, the two methods gave results 

with the carbon paper in sufficiently close agreement. A similar experiment was 

sometimes performed with the films themselves. The specific resistance was calculated 

both from measurements made on a portion of the film by the electrometer, and also 

from the resistance of the whole length measured by Wheatstone’s bridge. To effect 

this, the thicknesses at top and bottom, and, if necessary, at intermediate points, were 

measured. 

These observations confirmed our opinion of the superiority of the electrometer 
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method. Results were sometimes obtained agreeing to about 0'5 per cent., but 

generally the difference was greater, and sometimes it was as large as 6 per cent. The 

fact that the most discordant results were obtained with films which had exhibited 

a considerable number of black specks at the top shows the advantage of working 

in the middle of the film. We may here remark that the effect of these black specks 

upon the electrometer was carefully noted. They generally travelled round the film 

at varying speeds, and it was found that a speck much larger than was usual was 

required to produce any effect on the electrometer by its passage over the nearest 

needle. 

Observations with three Electrometers.—It may be desirable to state why three 

needles were used for the films rather than two. The object in view was twofold. In 

the first place, when a film begins to thin, it often happens that its upper part, the 

region between needles 1 and 2, shows recognizable colours, and is in a fit condition 

for observation and measurement, before the colours of the region between needles 

2 and 3 become well defined, and thus time is gained by attacking the upper part of 

the film while the lower part still remains thick. Again, it happened not unfrequently 

that during the observation of the region between needles 1 and 3, a thickening of the 

film would occur from below, the colours rising steadily from the lower cup and being 

separated by a sharp fine of (apparent) discontinuity from the portion—often perfectly 

uniform in tint—towards which they were advancing. Such a “ thickening from 

below” was always carefully watched, and as soon as it approached needle 3 the 

electrical connexions were readjusted and the examination transferred to the region 

between needles 1 and 2. 

In the second place, it appeared very important to be able to prove by direct 

experiment that the electrometer method of measuring the conductivity of a film was 

to be relied on, and that the results obtained were not dependent upon the conditions 

of the instrument employed. The galvanometer method of testing the electrometer 

measures was not, as has already been stated, always applicable. It was therefore 

determined to measure the resistances of the film between needles 1-2, 2-3, and 1-3 

respectively by three independent instruments. We were fortunate in securing, 

through the kindness of Professors W. G. Adams and F. Guthrie, the loan of two 

quadrant electrometers similar to the one already in use. The electrometers were 

arranged as shown in fig. 7. 

The first operation was to compare the electrometers with each other, which was 

effected in the following manner :—A simple circuit was formed, traversed by a current 

of constant strength, the resistance in it being about 15,000 ohms. Two points in the 

circuit, separated by resistances gradually increasing from 1,000 to 12,000 ohms, were 

connected in succession with the electrometers, and the deflections, right and left, noted. 

The numbers so obtained enabled comparison curves to be drawn, by which deflections 

of electrometers (2) and (3) could be referred to scale readings of electrometer (1). 

The comparison of the electrometers was repeated each day while the experiments 

3 P 2 
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were going on. When a film was to be examined the connecting pieces, Al5 Ao, A3, 

being all inserted in the corresponding mercury cups, the deflections right and left of 

the three electrometers were observed, the time of each reading being noted. Al was 

then removed, and G inserted in its place, and the deflections right and left again 

observed. These observations were repeated without cessation so long as the film 

lasted. The time occupied in taking a complete set of readings for the three needles 

and for the resistance was from 2 to 3 minutes. 

Fig. 7. 

F is the film with the three needles inserted in it, connected respectively to the mercury cups 1, 2, 3. 

E (1) the electrometer which measures the difference of potentials between needles 1 and 2. 

E (2) „ „ „ „ 1 and 3. 

E (3) „ „ „ „ 2 and 3. 
R, box of resistance coils. 

B, battery of 4 Grove’s cells. 

The deflections being plotted down on curve paper, as before described, curves 

representing the actual resistances between needles 1-2, 2-3, and 1-3 were deduced. 

The resistance between needles 1 3 ought of course to be equal to the sum of the 

resistances between needles 1-2 and 2-3. Sometimes the agreement was perfect, and 

the difference was rarely in excess of 1 per cent. 

IX. Description of the Apparatus for measuring the resistance of the liquid in mass. 

The method finally adopted for measuring the electrical resistance of the soap 

solutions was in principle the same as that employed in the examination of the films. 

A current was passed through a known resistance and a tube containing the liquid 

to be examined; and the difference of potential between two points in the tube 

which could be connected with an electrometer was compared with that between two 

other points in the same circuit separated by a known resistance. 

A piece of tube was selected, as nearly cylindrical as possible, about '8 centim. in 

diameter and 32 centims. in length. Its two ends were bent at right angles to it, as 

shown in the accompanying diagram, and two short pieces of the same tubing were 

fused into it near the turned up ends for the insertion of thermometers. At a, a', about 
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13 centims. apart, two fine holes were drilled in the tube, and pieces of platinum wire, 

the ends of which just projected beyond the inner surface of the glass, were cemented 

into these by sealing wax. The distance between these two points was measured by 

a cathetometer and the diameter was determined by weighing the quantity of mercury 

which occupied a portion of the tube a little longer than the distance between 

a and a!. 

If 
l— the distance between a and a'; 

r— the radius of the tube ; 

the resistance in ohms of the liquid between the two points ; 

p— the specific resistance, i.e., the resistance per cubic centimetre ; 
then 

-r. 7r?’2 
p=Ex T 

7T7’2 

The value of the constant —— for the tube with which all the soap solutions were 
L 

measured was ’030001. The specific resistances were thus readily obtained by 

multiplying the observed resistances by ’03. 

The points a, a were sufficiently far from the bent up portions of the tube to 

ensure that the lines of flow between them would be parallel to the generating lines 

of the cylinder, and, as in the films, the platinum points a, a' would not sensibly 

interfere with this symmetrical flow. 

The two electrodes connecting with the battery consisted of flat spirals of platinum 

wire, the diameters of which were such as to allow them to move freely in the tubes 

b, b'. The object of using a spiral wire rather than a continuous disc was to facilitate 

the escape of the bubbles of gas formed by the decomposition of the liquid. 

The thermometers used had a range of 40° C, and were graduated to 0°’5, but 

could be read to 0°'l without difficulty. They were compared with a thermometer 

graduated to 0°'l which had been verified at Kew. Pieces of cork through which 

they passed supported them in their places in the tubes c, c. 

It is well known that the electrical resistance of a liquid depends in a very 

important degree upon its temperature ; and hence the necessity of knowing accurately 

the temperature of the soap solution at the time when its resistance was measured. 

To this end a water bath was contrived containing a chamber sufficiently large to hold 

the resistance tube, thermometers, &c. 

The water bath, which was made of tin plate, is represented in Plate 60 fig. 8, 
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with the front detached for the purpose of showing the paddles, B, B, B, B, for stirring 

the water and producing uniformity of temperature throughout. These are moved 

up and down by means of strings passing over a pulley. The rectangular chamber 

A, A, A, A, is 33 centims, long, 21 centims. high, and 20 centims. deep. It is sur¬ 

rounded on four sides by water, and is closed on the remaining sides, viz.: front and 

back, by glass windows. In these experiments the window at the back was not used 

as such, being covered by thick felt. The window in front is provided with felt 

packing, and is held firmly in its place by four nuts. The bath is supported on an 

iron stand about a foot from the table. 

Four tubes C, C, D, D, each about 2-5 centims. in diameter, pass through the base 

of the apparatus and are closed by caoutchouc stoppers. Through C, C pass the 

battery wires, and through D, D two other wires connecting with the electrometer. 

Similarly three tubes E, E, E pass through the upper part of the apparatus, the 

standard thermometer F being supported in the centre one. H, H are mercury cups 

for connecting the electrodes of the tube with the battery wires ; and K, K similiar 

cups for making the electrometer connexions. By placing Bunsen burners beneath 

the lateral bent tubes G, G', which are also made of tin plate, the water could be 

heated. As a rule the range of temperature employed was between 10° and 35°; 

within these limits it was easy to obtain any required temperature and to maintain 

it constant during an interval sufficiently long for two or three complete sets of 

observations to be taken. No observations were made until the thermometers ff 

gave the same readings and the thermometer F indicated a temperature not differing 

by more than two or three tenths of a degree from that of the others. The mean 

between the readings of f,f and of F was then assumed to be the temperature of the 

liquid in the tube. 

The mode of connecting with the electrometer, first the wires in the liquid and 

then the points in the circuit on either side of the known resistance, was identically 

the same as that already described as employed in the measurement of the resistance 

of a film. The required temperature having been reached, the resistance in the box 

of coils was adjusted to give an electrometer deflection not very different from that 

of the liquid. The potential difference of the points a, a' was then examined, the 

battery circuit being broken meanwhile. As in the case of the films tins difference 

was found to be very irregular both in magnitude and direction. As a rule the 

deflection produced by it did not exceed 2 divisions of the scale, but occasionally it 

rose to as much as 6 or 7 divisions. The circuit w^as then completed and after an 

interval of 3 or 4 minutes, when the rate of weakening of the current (due to 

polarisation, &c.) appeared to be uniform, the electrometer readings right and left 

were taken 

(1) When the liquid was connected with the electrometer. 

(2) ,, resistance 

(3) ,, liquid again 5? 
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The circuit was now broken, ancl the potential difference of the points a, a' again 

determined. The temperature at the beginning and end of each set of observations 

(which occupied about four minutes) was noted. Two sets of observations were always 

made at each temperature. The mean liquid-deflection derived from (1) and (3) 

was then divided by the resistance-deflection, after the proper corrections (already 

described) had been applied to both, and the quotient multiplied by the value of the 

resistance in the box of coils. 

Calculation, based on Joule’s law, showed that the rise of temperature of the 

liquid in the tube, due to the passage of the current, could not in an extreme case, 

supposing the current to flow continuously for 10 minutes, exceed the one-thirtieth of 

a degree Centigrade. 

A series of experiments was carried out with the view of determining how far the 

resistance of liquids measured by the electrometer method were in agreement with 

those obtained by other methods. Since the determinations of the electrical con¬ 

ductivities of liquid, made by Kohlrausch, and by Kohlrausch and Grotrian are 

more complete, and their results more consistent and trustworthy than those of other 

observers, it was resolved to test the electrometer method by comparing the resistance 

of a liquid furnished by it with that of the same liquid given by Kohlrausch. 

Sulphuric acid was selected for the purpose, and three solutions were prepared, their 

specific gravities at 18° being 1 1993, 1*4119, and 1*611. A new tube was made, the 

radius of which was about O'15 centim. Pieces of the larger tubing were fused to the 

ends for the insertion of electrodes and thermometers. The distance between the 

small holes made in it for the reception of thermometers was 12*742 centims., and the 

7tV^ 
constant — was determined to be 0*00563376. 

I. Sulphuric acid, spec. grav. at 18° =1*1993, computed from determinations made 

at 12°*5 and 17°. 

Temperature. Specific resistance 

(=P). 

Centigrade. 
15-38 
20-61 
21- 46 
22- 78 
26-26 

Ohms per cub. centim. 
1-48235 
1-36730 
1-32820 
1-32450 
1-24865 

These values were plotted down on a piece of curve paper. From the curve so 

obtained the specific resistance at 18° was found to be 1*4198. 

Kohlrausch (Pogg. Ann., Bd. 159, p. 233) gives for sulphuric acid 
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£]8108=G701, spec. grav. at 18C= 1 • 1799 

&18108=6911 „ „ =1-2201 

where k18 is the conductivity at 18° C. referred to that of mercury at 0° as unity. 

Assuming that, between the two specific gravities given above, the change in con¬ 

ductivity is proportional to the change in specific gravity, we have 

hence 
&lg108=6802, for sulphuric acid of spec. grav. 1-1993 at 18°. 

p = —X specific resistance of mercury 
™18 

=e^x-970=1'4260- 

lire value assumed here for the specific resistance of mercury, viz. : -970, is that given 

by Kohlrausch himself. Matthiessen gives 0-9619 (Everett’s ‘Physical Units’), 

but it was thought desirable in transforming Kohlrausch’s numbers for liquid con¬ 

ductivities to make use of the specific resistance of mercury which he had himself 

obtained. 

II. Sulphuric acid, spec. grav. at 18" = 1 "4119, computed from measurements made at 

12°-5 and 16°-5. 

The resistance was measured at four temperatures, and from the curve so obtained 

the specific resistance at 18° was deduced =2"001. 

Kohlrausch gives 

whence 

&i8108=5112, spec. grav. at 18°=1"3946 

&18108= 3494 „ „ =1-5014 

&1S108=4849"9, for spec. grav. 1-4119 

_108x-97 

' • P~ 4849-9 
2-000 

III. Sulphuric acid, spec. grav. at 18°= 1-611. 

The resistance was measured at 17°"56 and at 22°*25. Specific resistance at 18° 

deduced =4-725. 

Kohlrausch gives 

&18108 = 2554, spec. grav. = 1 *5707 

£lg108=1823 „ =1-6315 

whence 

&18108=2069‘5 for spec. grav. 1*611. 

.-. p=4-687. 
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The experiments with sulphuric acid were not carried further, as they were intended 

merely to test the trustworthiness and accuracy of the method. Tabulating the above 

results, we have— 
Sulphuric Acid. 

Specific resistance at 18°. 

Spec. grav. at 1 8°. 

By electrometer. 
Deduced from 
Kohlkausch’s 
experiments. 

Difference. 

I. 1-1993 1-420 1-426 
Per cent. 

0-44 
II. 1-4119 2-001 2-000 0-05 

III. 1-6110 4-725 4-687 0-80 

The agreement of the resistances measured by the electrometer, with the values 

obtained for similar solutions by Ivohlrausch by a totally different method, is suffi¬ 

ciently close to justify us in placing reliance upon this method for the investigation of 

other liquids. 

X. Relations between the specific resistance, temperature, and constitution of a liquid. 

A number of experiments were made at different times, by the method just des¬ 

cribed, on standard and derived solutions of different constitutions. Each liquid was 

observed at several different temperatures, and the results were plotted down in curves. 

Between the limits of temperature at which the observations on the films were made 

(17° C. to 22° C.), these curves were very approximately straight lines, and the 

equation to any of these might be expressed by the formula 

/3 = P2oC1+a(20 — t)} 

where p20 is the specific resistance at 20° C. 

The quantity a varied only between the limits 0'027 and 0'032 for standard solutions 

containing 3, 5, and 7 per cent, of salt respectively, and for derived solutions to which 

not more than 100 per cent, of water had been added. Addition of glycerine to the 

standard solution increased the value of a, but, within the range of the change of 

constitution observed in the films, it did not exceed 0'039. The mean value for all the 

standard solutions studied, viz. : 0'03, was therefore taken as correct for all others 

differing but little from them in composition. For the five films mentioned in 

Section XI., which lost considerable quantities of water, a was taken equal to 

0-03 + 0-00013S 

where 8 is the difference between the specific resistances of the solution and of the 

standard solution from which it was derived. 

MDCCCLXXXI. 
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In the following table a few out of a large number of examples of the accuracy of 

this formula as applied to the liquid in mass are given :— 

Column I. gives the percentage of salt in the standard solution. 

Column II. p or the number of parts by volume of water or glycerine added to 

100— p parts of standard solution to produce the derived solution. 

Column III. gives the value of a obtained from the above rules. 

The other columns explain themselves. 

Table IY. 

I. 

X. 

11. 

V- 

III. 

a. 

IV. 

l>-20■ 

V. 

t°. 

VI. 

pi (observed). 

VII. 

pt (calculated). 

3 0 0-0300 2081 16-8 229 228 
19-5 211 211 

3 30 H,0 0-0300 176-0 22-5 160 163 
5 0 0-0300 135-0 18-5 142 141 

0 22-3 125 126 
5 20 H,0 lost 0-0355 177-4 18-2 188 189 

21-7 167 167 
5 25 H,0 lost 0-0390 203-4 14-9 244 244 

24-5 172 168 

It is unnecessary to quote experiments not made near the temperature limits of the 

observations on the films. With regard to the value of p.:o it was found that the 

addition of glycerine increased, of water (within certain limits) diminished, the specific 

resistance of a standard solution. If, however, the quantity of water added exceeded 

a certain amount, which varied with the percentage of the solution, further additions 

increased the specific resistance. As in all the instances of considerable change of con¬ 

stitution to be discussed hereafter, the specific resistance was greater than that of the 

standard solution, while the hygrometer showed that the air was drier than when the 

precautions to fill it with aqueous vapour at the tension of that given off by the 

solution were taken, it follows that, on the assumption also to be discussed hereafter 

that the specific resistance of the film and the liquid in mass are identical, the only 

case to be considered is that of a solution which has lost water by evaporation. 

A soap film, made from a standard solution, which has lost water by evaporation, 

may be considered as a mixture of another standard solution, containing a greater 

percentage of salt and of glycerine. 

If x and X be the percentages of the first and second standard solutions respec¬ 

tively, p the number of volumes of water lost in 100 of solution, 6' and g the number 

of volumes of standard solution and glycerine in 100 parts of the derived solution, of 

which the altered film is formed, respectively; then since a standard solution contains 

2 "2 volumes of glycerine to 3 of water 
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X 

r- 

300 

— ,C300-5'2p’ 

_2-2 lOOjo 

“ 3 100 —/ 
5=100— g 

Solutions were made up in accordance with the numbers given by these formulae to 

represent films composed originally of a 5 per cent, standard solution, which had lost 

15, 20, and 25 parts of water respectively. The standard solution used had a specific 

resistance of 135 at 20°, somewhat lower than that given by other similar solutions 

which varied from 140 to 143. 

It was found that the specific resistances and parts of water lost were connected by 

the convenient formula 
jr=10(p—p')=10S 

where p is the specific resistance of a standard x per cent, solution. 

Table V. 

P= 135. 

P- V- p (calculated). 

135 0 00 
157 15 14-8 
177 20 20-5 
203 25 26-0 

XI. Results of the experiments. 

Specific resistance oj films.—The observations on the licpiid in mass showed, as has 

been already pointed out, that additions of water diminished, and additions of glycerine 

increased, the specific resistance. In agreement with this a large number of prelimi¬ 

nary experiments proved that the specific resistance of a soap film was higher in dry 

than in damp air, and that the changes due to variations in the hygroscopic state of 

the atmosphere were very much larger than any which might be due to the diminish¬ 

ing thickness of the film. As our latest experiments were however in several respects 

the most full and trustworthy, we confine ourselves in this paper to giving an account 

of them, premising only as the result of our preliminary work, that any large change 

in the specific resistance of a film might be safely attributed to the absorption or 

evaporation of water. 

The observations were made between September 13 and October 1, 1880. Several 

films were rejected either because the insulation was found to be faulty, or because 

irregular masses of the black or white of the first order, which must have deflected the 

lines of flow, were collected at the top. Twenty-three films were observed without 

3 q 2 
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these defects, and on them our conclusions are based. All were made of the same 

liquid, which contained 5'05 per cent, of salt, and of which the specific resistance at 

20° was 140'5. 

The temperatures at which experiments were made varied only between 17°'5 and 

22°'5, and, in the first instance, the observations were arranged according- to the 

indications of the hygrometer. Thus, the specific resistances of all the films, during 

the experiments in which the hygrometer stood between 50 and 51, were calculated 

for a thickness equal or nearly equal to 9X10~5 centims., and the mean taken. All 

the other films were treated in the same way and the results tabulated. The value 

9X10-5 centims. was chosen because nearly all the films were observed at that 

thickness. 
Table VI. 

Hygrometer. Number of films. Mean value of 

48-49 1 167-9 
49-50 5 161-6 
50-51 8 156 5 
51-52 4 153-7 
52-53 
54-55 5 145"7 

From this table we learn that on the average the specific resistance of the films was 

lower and nearer that of the liquid in mass, as the hygrometer stood higher. This 

result had been anticipated. 

The method of moistening the air in the case was open to the objection that the air 

would probably be a little too dry. Water would evaporate from the blotting paper 

soaked with the liquid, and the air would therefore be in contact with surfaces 

moistened with a liquid containing a rather larger percentage of glycerine than the 

soap solution itself. A small tin tray was made to cover as large a part of the base of 

the chamber containing the film as was consistent with perfect insulation, and filled 

with soap solution. A surface of liquid, 52 square centims. in area, was thus exposed, 

and two films were observed with the air moistened with this alone, and without the 

blotting paper. 

With this arrangement the specific resistances were found to be very high and to 

rapidly increase, as shown below:— 

Specific resistance. 

Thickness. 

Film I. Film II. 

14 x 10-5 centims. 178-8 169-4 
4 x 10~5 201-6 192-0 
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These compared so unfavourably with observations made when the blotting paper 

was used, that it was again employed—in conjunction with the tray—a corner of the 

paper dipping in the liquid. Occasionally if the paper appeared to be getting dry, it 

was moistened by liquid introduced by means of a fine pipette through a small hole cut 

for the purpose in the back of the case. 

As in spite of these precautions the air would probably remain a little too dry, there 

was evidently good reason for excluding from the comparison with the liquid in mass 

all films for which the reading of the hygrometer was low, and 51° was taken as a 

provisional limit. Another equally important condition of accuracy was that the 

hygrometric state of the chamber should be constant, i.e., that the hygrometer and 

thermometer should be steady during the observations. Changes in the hygrometric 

state of the air might evidently involve the loss or gain of water by the film. We 

found that ten films satisfied the conditions that neither hygrometer nor thermometer 

should vary more than 0°'3 while they were under observation, and that of these four 

were inadmissible, as the hygrometer stood below 51°. The smallest thickness for 

which all of the remaining six were examined was 9 X 10-5 centims., and the results at 

that thickness are given below :— 

Date and number of film. h. t. 
Observed 
specific 

resistance. 
P-9- 

September 27, III. 53-1 20-6 141-9 145 
28,111. . 53T 18-9 148-2 143 
28, I. . 534 18-8 151-7 146 

„ 27, II. . 53-0 20-9 142-4 146 
,. 30, II. . 51-2 17-9 145-8 137 
„ 30, I. . 511 17-8 151-6 142 

Mean 143 

The mean value of p.20 differs only by 1 ‘8 per cent, from that of the liquid in mass, 

and the probable error is ±1 or ±071 per cent. 

The conclusion to which this result points, viz.: that the specific resistance of a 

liquid film is the same as that of a mass of the liquid of the same constitution, is 

greatly strengthened by another line of argument. 

A film, produced in an atmosphere charged with aqueous vapour at a tension differ¬ 

ing but slightly from that proper to the liquid from which it was formed, would 

rapidly adjust itself to that tension. The extremely small quantity of vapour which 

would have to be absorbed or given off before the condition of equilibrium was attained, 

and the comparatively large changes of temperature which this absorption or emission 

would produce in a body of such small mass, would both conduce to this result. It 

might therefore be that a film the constitution of which differed from that of the liquid 
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sufficiently to produce an appreciable effect upon the specific resistance, might never¬ 

theless have reached a stable state during;' the first few minutes after its formation and 

while still too thick to admit of any optical observations being made upon it. If, then, 

the films, the specific resistances of which agreed most closely with that of the liquid 

in mass, were also those which obeyed Ohm’s law with the greatest accuracy, this 

result would evidently point to the conclusion that the variations in specific resistance 

were due to changes in constitution and not to the diminishing thickness of the film. 

To put this to the test the specific resistances of the films were calculated for 

apparent thicknesses which were multiples of ten millionths of a centimetre above and 

for multiples of five millionths of a centimetre below 9 X 10~° centims. The results, 

which are too long to be given in full, will be sufficiently indicated by the following- 

table. The films are divided into four classes. Those in Class I. satisfy the three 

conditions as to constancy of hygrometer, constancy of temperature, and height of 

hygrometer. Those in Class II. satisfy the first two of these conditions, but not the 

third. Those in Class III. fail to satisfy the third and one at least of the other 

conditions. In the case of the films included in Class IY. the arrangements as to 

moistening the air differed in some respects from those above described (pp. 462, 478). 

Column I. gives the date on which the film was observed. 

Column II. the number of the film. 

Column III. the amount by which the ratio of the specific resistance at the least to 

that at the greatest observed thickness differs from unity. 

In each class jx1 is the mean of these numbers without reference to sign, is the 

algebraical mean. One film (September 29, Y.) is omitted from this list. It was 

purposely observed under conditions (to be presently described) such as first to 

increase, and then to diminish the specific resistance, and is therefore useless for the 

purposes of such a comparison 



THE ELECTRICAL RESISTANCE OF THIN LIQUID FILMS. 481 

Table VII. 

Class T. 

I. II. III. 

September 27 II. -0-003 
27 . III. + 0-017 
28 . I. -0-017 
28 . III. o-ooo 
30 . I. -0-017 

„ 30 . II. — 0’005 

u-i— O'OIO 
a= -0-005 

Class III. 

I. II. III. 

September 18 II. + 0-050 
20 . I- + 0-171 
20 . II. + 0-084 
22 33 - I. + 0-021 
27 . 33 I- 

1 
+ 0-040 

/P= 0-074 

/ 3= +0-074 

Class II. 

I. II. III. 

September 18 
„ 20 . 

23 . 

I. 
III. 

I. 

+ 0-022 
+ 0-039 
+ 0-019 

/p= 0-027 
+0-027 

Class IV. 

I. II. m. 

September 24 
„ 24 . 

25 . 
29 . 

,. 29 . 

October 1 . 

„ 1. . . 

„ 1. . . 

I. 
11. 
I. 
I. 

II. 
I. 

II. 
III. 

+ 0-136 
+ 0-169 
-0029 
+ 0-073 
+ 0-128 
+ 0-003 
+ 0-024 
+ 0-116 

/ix= 0"085 
!>,= +0-078 

The conclusion to be drawn from this table is obvious. The divergence from Ohm’s 

law increases rapidly as the conditions become less and less favourable to the pre¬ 

servation of the film in a constant state. The amount of the divergence shown by 

films in the same class varies considerably ; but this is accounted for by the fact that 

the range of thickness observed, the time during which the film lasted, and the amount 

of change in the hygrometer and thermometer during that time, are very irregular. 

There is only one film, however, for which the figure in column III. is less than those 

which occur in Class I. In the case of this film (October 1, I.) none of the usual pre¬ 

cautions were taken, but two dishes of dilute sulphuric acid (specific gravity 1*1/59) were 

introduced into the inner chamber. The hygrometer and thermometer read 50° and 

17°'5 respectively at the commencement of the observations, and each had risen only 

0T of a degree at the end. The specific resistance of the film at 20° was 153’4. This 

number differs less from the specific resistance of the liquid in mass than those often 
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obtained, and, combined with the extreme constancy of the thermometer and hygro¬ 

meter, proves that a state of things was accidentally produced very similar to and of 

even greater constancy than that attained by the ordinary methods of moistenino-. 

With this single exception, however, all the films included in Class I. obey Ohm’s law 

better than any of the others. 

In order to test this agreement more fully the following method was adopted. The 

simplest plan for combining the results of a set of films would be to take the means of 

the specific resistances at each of the thicknesses at which they were observed. In 

the case of the films in Class I. the range of comparison possible with this method 

would have been only from 14X10“° to 9X10“5 centims., the greatest and least 

thicknesses at which all the films were observed. 

To get over this difficulty the specific resistance obtained at each thickness for any 

film was divided by that corresponding to a thickness of 12x10“° centims. for that 

film. If Ohm’s law were not obeyed, each of the columns of figures thus obtained 

ought to give increasing or decreasing values of the ratios as the thickness diminished, 

and this divergence from the law would have been still more strongly marked in the 

means of the numbers corresponding to any particular thickness. 

The results of this calculation are exhibited in the following table. 

Column I. gives the apparent thickness in terms of 10“° centims. 

Column II. the colour corresponding to this thickness correct to the nearest tenth of 

a tint. 

Column III. the actual thickness. 

Columns IV.-IX. the ratios for the six films. 

Column X. the means of these ratios. 

The date and number of the film and the readings of the hygrometer and thermo¬ 

meter at the beginning and end of the observations are placed at the head of the 

column which refers to it. 

The thickness 12 X 10“° centims. was selected as the point of comparison, as at that 

thickness the specific resistances differed least from their mean value. 
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Table VIII. 

I. II. III. IV. V. VI. VII. VIII. IX. X. 

Sept. 27, Ii. Sept. 27, III. Sept. 28, I. Sept.28,111. Sept. 30,1. Sept. 30, II. 

Hygrometer 53-0 53-1 53-1 53-2 53-2 53-1 53T 53-2 51-1 51-2 51-2 51-3 Mean. 

Thermometer 20-9 20-6 20-6 20-4 18-8 18-9 18-9 18-7 17-8 17-9 17-9 18-1 

16-0 R (6, 3) 13-30 1-014 1-013 1-012 1-013 
15-0 G (6, 6) 12-47 1-002 1-012 1-006 1-008 1-003 1-006 
14-0 R (5, 9) 11-64 0-999 1-006 1-005 1-010 1-001 1-004 1-004 
13-0 R (5, 3) 10-80 1-001 1-006 1-003 1-016 1-001 1-007 1-006 
12-0 G (5, 6) 9-97 1-000 1-000 1-000 1-000 1-000 1-000 1-000 
11-0 R (4, 9) 9-14 0-994 0-994 0-997 0-992 1-001 1-000 0-996 
10-0 R(4,l) 8-31 0-990 0-987 0-989 0-986 0-998 1-001 0-992 

9-0 G (b 6) 7-48 0-992 0-976 0-987 0-989 0-996 1-011 0-992 
8-5 G (4, 1) 7-06 0-994 0-983 0-988 1-015 0-995 
8-0 BR (3, 2) 6-65 0-994 0-988 0-984 1-010 0-994 
7-5 R(3, 2) 6-23 0-983 0-987 0-988 1-005 0-991 
7-0 Y (3, 3) 5-82 0-992 0-985 1-006 1-004 0-997 
6-5 G (3, 4) 5-40 0-999 0-983 1-011 0-998 
6-0 B (3, 4) 4-99 0-999 0-992 1-002 0-998 
5-5 F (3, 2) 4-57 1-010 1-010 1-010 
5-0 O (2, 9) 4-16 1-004 1-007 1-005 
4-5 Y (2, 4) 3-74 1-026 1-007 1-016 

Mean 1-001 

The constancy of the numbers in the last column of this table is extremely satis¬ 

factory. In no case do they differ from their mean value by more than 1'5 per cent., 

and this result is certainly as good as could be expected when it is remembered that 

the thickness is measured by a colour estimation only. It is, however, worth while to 

investigate the outstanding discrepancies a little more closely. The numbers in 

column X. are a little less for medium than for large or small thicknesses. The reality 

of such an alternate decrease and increase in the specific resistance is very improbable, 

while on the other hand the method of correcting the table of colours by the quotients 

is likely to produce small periodic errors. Each observation on Newton’s rings is, 

however, independent of the rest, and another table (Table IX.) was therefore 

prepared as follows :— 

Column I. gives in terms of the corrected scale the thicknesses corresponding to the 

colours measured directly by means of Newton’s rings. 

Column II. gives numbers proportional to the mean specific resistances of the six 

films in Class I. at those thicknesses ; these are deduced approximately from column X. 
in the above table. 

3 R MDCCCLXXXI. 
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Column III. gives similar numbers calculated with the thicknesses deduced from 

Newton’s rings instead of those given by the corrected table. 

Table IX. 

I. II. III. 

15-48 1-009 1-006 
14-10 1-001 •998 
12-60 1-003 1-008 
11-19 •997 1-006 
9'64 •992 •999 
8-41 •995 1-015 
7-10 •996 •997 
5-77 1-004 •997 
4-54 1-016 1=007 

In the last column of this table there is no regular increase or decrease in the 

value of the specific resistance and the largest numbers are those which correspond to 

medium thicknesses. A comparison therefore of the two tables seems to place it 

beyond question that a soap film thicker than 3'74xl0-5 centims. obeys Ohm’s law 

at all events to within one per cent. 

The results of the experiments may be summed up as follows :— 

(1.) It is difficult to form a soap film under conditions such as to preclude a slight 

evaporation or absorption of water. The more nearly such conditions are attained the 

more closely does the specific resistance of the film agree with that of the liquid in 

mass. The mean specific resistance of six films observed at a real thickness of 

7'48 X 10~5 centims. under the most favourable circumstances agreed with that of the 

liquid to 1'8 per cent. 

(2.) The same films obeyed Ohm’s law with great accuracy and much better than 

the others. This was tested between thicknesses of 13'3 X 10~5 and 3'74 X 10-5 centims. 

Within these limits the specific resistance never differed from its mean value by more 

than 1'5 per cent., and showed no tendency to increase or decrease regularly as the 

thickness diminished. 

We may therefore conclude that the specific resistance of a soap film thicker than 

3'74X10“5 is independent of the thickness and is equal to that of the liquid from 

which it is formed. 

The experiments afford no indication of an approach to a thickness equal to the 

diameter of the sphere of molecular attraction, but if Quincke’s result be correct they 

enable us to determine a superior limit to the difference between the specific resistance 

of the surface and interior of the liquid respectively. 

Let us suppose that the thickness of the film (T) is greater than twice the length of 

the radius of molecular attraction (to). Let It, p, and r be the apparent specific resist- 
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ance of the film, the specific resistance of the liquid in mass, and the mean specific 

resistance of the surface layer, the thickness of which is equal to the radius of molecular 

attraction respectively. Then we have 

T_T —2ro 2CT 

R p r 

Now the experiments certainly prove that there is no regular increase or decrease 

in the specific resistance of the film between the thicknesses of 1 3 X 10-5 and 3 ‘7 X 10~5 

centims. amounting to as much as 3 per cent, of its value. But if we assign to 2m the 

value found by Quincke, about 1 X 10~5 centims., it may readily be shown from the 

above formula that, if r differed from p by as much as 17 per cent., It would vary 

3 per cent, between those thicknesses. As no such variation is observed we must 

conclude either that the radius of molecular attraction is less than Quincke’s value or 

that the mean specific resistance of the surface layer, the thickness of which is equal 

to the radius of molecular attraction, does not differ by more than 17 per cent, from 

that of the liquid in mass. 

It is obvious that the electrical experiments confirm the accuracy of the revised 

scale of colours. Had Newton’s scale been used, the numbers analogous to those 

given in columns II. and III, of Table IX. would have varied from 0’884 to 1'012. 

Change of composition of the films.—The fact that films formed under constant 

hygrometric conditions obey Ohm’s law having thus been proved, the second part of 

the enquiry refers to the change of composition which might under other circumstances 

be produced. 

This is illustrated by experiments on five films. 

In the case of some of these the observed specific resistance rose as high as 204, 

indicating, as that of the liquid in mass was only 140-5, a considerable loss of water. 

To determine this the specific resistance was first reduced to 20° 0. by the formula 

/>=p20{l+(O-03 + 0-000138)(20-Q}. (Seep. 475.) 

The number of parts of water lost out of 100 of the original standard solution 

was then approximately calculated from the formula 

p-=10S. (See p. 477.) 

The loss of 25 parts of water having been proved to increase the refractive index by 

O'O L8, a corrected value of that quantity was obtained from the formula 

g = 1-397 + 0-00072^, 

which would be very nearly true up to p=25. 

This number was then used to correct the thickness of the film, and the new value 

of p thus obtained gave a second approximation to the value of p. 

3 r 2 
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The following table (Table X.) refers to films I. and II., September 24, and 

films I. and II., September 29. In the case of the first two the air in the case was 

moistened by the tray of liquid alone without the aid of the blotting paper. When 

the second pair were observed no precautions were taken to moisten the ah’. 

Column I. gives the date and number of the film. 

Column IT. the apparent mean thickness in terms of 10~5 centims. 

Column III. the number of minutes (in) since the formation of the film. 

Column IV. jp or the number of parts by volume of water lost out of 100 parts of 

the original standard solution. 

Column Y. the values of 
Am 

Table X. 

I. II. III. IV. V. 

m. P■ 
Ap 

Am 

September 24, I. . 14-0 10-8 19-0 
073 

8-0 20-8 20-3 
0-17 

4-5 88-3 23-3 

September 24, II. . . 14-0 61 16-2 
0-16 

8-0 15-6 177 
0-22 

4-5 336 217 

September 29, I. 140 9-9 12-5 
0-28 

8-0 18-2 14-8 

| 

September 29, II. . 14-0 6-4 17-3 
012 

8-0 13-8 18-2 
0-25 

4-5 247 20-9 

Bearing in mind that the inner surfaces of these films were in the immediate 

neighbourhood of the liquid contained in the lower cup to the edge of which the 

cylinder was attached, we may from this table draw the following conclusions :— 

(1.) A soap film, the area of the external surface of which is about 45 square centims., 

enclosed in a space about 3900 cubic centims. in volume, and the inner surface of which 

is in contact with air permanently nearly saturated at the tension proper to the 
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solution from which it is formed, may in the course of 40 minutes lose 233 out of the 

57‘7 volumes of water originally contained in every 100 volumes of the solution. 

A. V . 
(2.) The values of —— increase as the film gets thinner, but in all cases are much 

smaller than the value of the same quantity calculated from the moment at which the 

film was formed to that at which it reached a thickness of 14 X 10~5 centims. Hence, 

as we should expect, the greater part of the loss, whether measured by the total 

amount of water evaporated or by the change in the constitution of the film, takes 

place in the first few minutes. As the film thins, however, the evaporating surface of 

a given quantity of liquid increases, and thus after a time the rate of change of con¬ 

stitution increases too, no doubt again to diminish when the tension given off by the 

film is approaching equilibrium with that in the air. 

Another film (September 29, Y.) was in like manner formed when no precautions 

had been taken to regulate the amount of moisture in the air. When it was about 

11^ minutes old, a dry sheet of blotting paper hung up inside the inner case was 

damped by water introduced by a pipette through the hole in the back of the 

apparatus. The film continued to thin and the electrical resistance to increase, but 

the specific resistance which had been rising immediately began to falh 

In the following table (Table XI.), column I. gives the number of minutes elapsed 

since the formation of the film, column II. the apparent thickness of the part between 

the needles, column III., p, which has the same signification as above. 

The table illustrates the rapid changes which a film may undergo. Similar 

experiments were made with many other films, and always with the same result. 

Table XI. 

l. 

m. 

ii. III. 

V■ 

5-6 14-0 15-8 
6-4 13-0 16-6 
7-2 12-0 16-9 
8-2 11-0 177 
9-2 10-0 18-5 

107 9-0 18-2 
11-2 Water in troduced. 
11-4 8-5 17-8 
127 8-0 17-3 
12-9 7-5 16'5 
13-6 7-0 15-6 
14-9 6*5 15-0 
16-3 6-0 147 
18-0 5-5 14-4 
204 5-0 13-9 
23-4 4-5 13-4 
28*1 4-0 12 1 

1 
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All experiments on films which are absorbing or losing water are, of course, subject 

to some uncertainty as to their temperature. These observations however seem to 

show that the temperature of the film does not differ much from that of the air. 

While the film was losing water the temperature would, be lower than that of the air, 

and the error thus introduced would exaggerate the loss, while the heating of the film 

by the absorption of water would exaggerate the gain. We should therefore expect 

the change of constitution to appear very rapid about the time when the water was 

introduced, as at that time the temperature of the film would be changing most rapidly. 

The low value of p found at 10'7 minutes (see Table XI.) makes it difficult to draw any 

absolutely certain conclusions. If however we suppose that at the moment the blotting- 

paper was moistened the value of p was as high as 21, the sudden fall to 17'8 would be 

explained by a change of temperature not much exceeding 1° C. There is therefore 

no evidence of any considerable change in temperature when a film suddenly ceases to 

lose and begins to absorb water. 

Turning next to the bearing of these observations on the experiments of 

MM. Plateau and Lctbtge, it is evident that arguments based upon a substance 

subject to such rapid and considerable changes of composition as are indicated by our 

observations are open to grave suspicion. 

It is indeed true that large changes in the constitution of a soap solution are 

attended with but trifling alterations in its surface tension. We have for instance 

proved by experiment that the loss of 25 parts of water alters the tension of a 5 per 

cent, standard solution by less than 3 per cent. But on the other hand it is evident 

that, under other circumstances than those detailed above, much larger quantities of 

water might be gained or lost. In our observations the period of the ultimate slacken¬ 

ing of the rate of change of constitution was never reached unless the films wnre formed 

in air filled with moisture of the right tension by means of the precautions we have 

described. 

The introduction of a small leaden dish of strong sulphuric acid into the case produced 

the most violent commotion in a film. Streams of liquid circulated round it with 

great rapidity, it became spotted with white flecks, and generally broke in less than 

five minutes. The irregular colouring and the short duration alike prevented accurate 

measurement in these cases, but it is probable the rate of change was far greater than 

in those above detailed. The bubble observed by M. Plateau lasted for three days, and 

was placed in a beaker containing caustic potash. The inner surface was, on the other 

hand, in contact with air which was itself in contact with the water in the manometer. 

Under these circumstances water may have been either lost or absorbed, and the 

phenomenon sought for, viz. : a change in surface tension, might have been either 

caused or masked by the changing constitution of the film. 

On the whole, then, we think that the study of the electrical resistance of soap films 

offers better opportunities of investigating their nature than any other method which 

has been hitherto proposed. It is far more sensitive to slight changes in constitution, 
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and it provides, as it were, a means of analysing the films, such as measurements on no 

other of their physical properties afford. 

It has been suggested that it would be impossible for a soap film to exist, the thick¬ 

ness of part of which is less than twice the radius of molecular attraction. The surface 

tension being in this part less than in the remainder, rupture, it is contended, must 

ensue. This argument might perhaps be conclusive if it were known that the differ¬ 

ence of surface tension was considerable. If however it is small while the surface 

viscosity is high, the force thus set up might for a long time only accelerate the 

thinning of the film without actually tearing it asunder. In any case while soap 

films present so many paradoxical phenomena, such as the sudden augmentation of 

thickness noticed by us in the paper already referred to, it seems unsafe to rest 

satisfied with conclusions for which direct experimental evidence cannot be adduced. 

In conclusion we must express our thanks to Mr. A. Haddon, Demonstrator in the 

Physical Laboratory of the Royal Naval College, Greenwich, for the ready and able 

assistance which he has rendered to us during the whole of our investigation. 

Our acknowledgments are also due to the late Mr. F. Wentworth and to 

Mr. C. C. Starling, both of the Yorkshire College, for aid in the tedious calculations 

required for the revision of the table of colours. 
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Introduction. 

In previous papers on the subject of tidal friction* I have confined my attention 

principally to the case of a planet attended by a single satellite. But in order to make 

the investigation applicable to the history of the earth and moon it was necessary to 

take notice of the perturbation of the sun. In consequence of the largeness of the sun’s 

mass it was not there requisite to make a complete investigation of the theory of a 

planet attended by a pair of satellites. 

In the first part of this paper the theory of the tidal friction of a central body 

attended by any number of satellites is considered. 

In the second part I discuss the degree of importance to be attached to tidal friction 

as an element in the evolution of the solar system and of the several planetary sub¬ 

systems. 

* Phil. Trans, Parts I. and II., 1879, and Part II. 1880; Proc. Roy. Soc., No. 197, 1879, and No. 202, 
1880. 
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The last paragraph contains a discussion of the evidence adduced in this part ot the 

paper, and a short recapitulation of the observed facts in the solar system which bear 

on the subject. This is probably the only portion which will have any interest for 

others than mathematicians. 

I. 

THE THEORY OF THE TIDAL FRICTION OF A PLANET ATTENDED BY ANY 

NUMBER OF SATELLITES. 

§ 1. Statement and limitation of the problem. 

Suppose there be a planet attended by any number of satellites, all moving in 

circular orbits, the planes of which coincide with the equator of the planet; and 

suppose that the satellites all raise tides in the planet. Then the problem proposed 

for solution is to investigate the gradual changes in the configuration of the system 

under the influence of tidal friction. 

This problem is only here treated under certain restrictions as to the nature of the 

tidal friction and in other respects. These limitations however will afford sufficient 

insight into the more general problem. The planet is supposed to be a homogeneous 

spheroid formed of viscous fluid, and the only case considered in detail is that where 

the viscosity is small; moreover, in the tidal theory adopted the effects of inertia are 

neglected. I have however shown elsewhere that this neglect is not such as to 

materially vitiate the theory.* The satellites are treated as attractive particles which 

have the power of attracting and being attracted by the planet, but have no influence 

upon one another. A consequence of this is that each satellite only raises a single 

tide in the planet, and that it is not necessary to take into consideration the actual 

distribution of the satellites at any instant of time. We are thus only concerned 

in determining the changes in the distances of the satellites and in the rotation of 

the planet. 

If the mutual perturbation of the satellites were taken into account the problem 

would become one of the extremest complication. We should have all the difficulties 

of the planetary theory in determining the various inequalities, and, besides this, it 

would be then necessary to investigate an indefinitely long series of tidal disturbances 

induced by these inequalities of motion, and afterwards to find the secular disturbances 

due to the friction of these tides. 

It is however tolerably certain that in general these inequality-tides will exercise a 

very small influence compared with that of the primary tide. Supposing a relationship 

between the mean motions of two, three, or more satellites, like that which holds good 

in the Jovian system, to exist at any epoch, then it is not credible but that such 

relationship should be broken down in time by tidal friction. General considerations 

* “ Problems Connected with the Tides of a Yiscons Spheroid—No. III.,” Phil. Trans., Part. II., 1879. 
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would lead one to believe that the first effect of tidal friction would be to set up 

amongst the satellites in question an oscillation of mean motions about the average 

values which satisfy the supposed definite relationship; afterwards this oscillation 

would go on increasing indefinitely until a critical state was reached in which the 

average mean motions would break loose from the relationship, and the oscillation 

would subsequently die away. It seems probable therefore that in the history of such 

a system there would be a series of periods during which the mutual perturbations of 

the satellites would exercise a considerable but temporary effect, but that on the whole 

the system would change nearly as though the satellites exercised no mutually per¬ 

turbing power. 

There is however one case in which mutual perturbation would probably exercise a 

lasting effect on the system. Suppose that in the course of the changes two satellites 

came to have nearly the same mean distance, then these two bodies might either come 

ultimately into collision or might coalesce so as to form a double system like that of 

the earth and moon, which revolve round the sun in the same period. In this paper I 

do not make any attempt to trace such a case, and it is supposed that any satellite may 

pass freely through a configuration in which its distance is equal to that of any other 

satellite. 

§ 2. Formation and transformation of the differential equations. 

In this paper I shall have occasion to make frequent use of the idea of moment of 

momentum. This phrase is so cumbrous that I shall abridge it and speak generally of 

angular momentum, and in particular of rotational momentum and orbital momentum 

when meaning moment of momentum of a planet’s rotation and moment of momentum 

of the orbital motion of a satellite. I shall also refer to the principle of conservation 

of moment of momentum as that of conservation of momentum. 

The notation here adopted is almost identical with that of previous papers on the 

case of the single satellite and planet; it is as follows :— 

For the planet let : 

M= mass ; a=mean radius; g— mean pure gravity; w=mass per unit volume; 

1;=viscosity ; £=:§g/a\ angular velocity of rotation; C= moment of inertia about 

the axis of rotation, and therefore, neglecting the ellipticity of figure, equal to \Ma%. 

For any particular one of the system of satellites, let : 

m = mass; c=distance from planet’s centre ; fl = orbital angular velocity. 

Also fj. being the attraction between unit masses at unit distance, let r=|lp,m/c3; 

and let v—M/m. 

These same symbols will be used with suffixes 1, 2, 3, &c., when it is desired to 

refer to the 1st, 2nd, 3rd, &c., satellite, but when (as will be usually the case) it is 

desired simply to refer to any satellite, no suffixes will be used. 

Where it is necessary to express a summation of similar terms, each corresponding 

to one satellite, the symbol % will be used ; e.g., Skci will mean /cyp-b/cyfy-b &c. 

3 s 2 
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Now consider the single satellite m, c, SI, &c. 

If this satellite alone were to raise a tide in the planet, the planet would be dis¬ 

torted into an ellipsoid with three unequal axes, and in consequence of the postulated 

internal friction, the major axis of the equatorial section of the planet would be 

directed to a point somewhat in advance of the satellite in its orbit. 

Let f be the angle made by this major axis with the satellite’s radius vector ; f is 

then a symbol subject to suffixes 1, 2, 3, &c., because it will be different for each 

satellite of the system. 

Then it is proved in (22) of my paper on the “ Precession of a Viscous Spheroid,”'" 
2 

that the tidal frictional couple due to this satellite’s attraction is Csin 4f. 

Now it appears from Sec. 14 of the same paper that the tidal reaction, which affects 

the motion of each satellite, is independent of the tides raised by all the other satellites. 

Hence the principle of conservation of momentum enables us to state, that the rate 

of increase of the orbital momentum of any satellite is equal to the rate of the loss of 

rotational momentum of the planet which is caused by that satellite alone. Tire rate 

of loss of this latter momentum is of course equal to the above tidal frictional couple. 

When the planet is reduced to rest the orbital momentum of the satellite in the 

circular orbit is Sic2MmjHence the equation of tidal reaction, which gives 

the rate of change in the satellite’s distance, is 

d Mm Q 
— —-SI C3 
dt\M -f m 

sin 4f 

A similar equation will hold true for each satellite of the system. 

This equation will now be transformed. 

By Kepler’s law Sl2c3=p (M-\-m) and therefore 

(1) 

Mm 0 , Mm , 
—-Slc2=ix*—-—c* 

M+m r (M+ m)J 

By the theory of the tides of a viscous spheroid (Phil. Trans., Part I., 1879, p. 13) 

Hence 

Hence (1) becomes 

tan 2f=-~——, where 2p = 

* ac 2(ro-/2)/p , 3_ 
&m 4t i + (n-siy~if’ also 7~~ 

2 gaio 

19i/ 

fi)Mm dr) ,3>3 C (firn)~ (n — /2)/jp 

(M+m)h- dt ''2' g c6 l + (?i—/2)2/p2 (2) 

Now let Ch be the angular momentum of the whole system, namely that due to the 

*' Phil. Trans., Part II., 1879, p. 459. 



ATTENDED BY SEVERAL SATELLITES. 495 

planet’s rotation and to the orbital motion of all the satellites. And let CE be the 

whole energy, both kinetic and potential, of the system. Then h is the angular 

velocity with which the planet would have to rotate in order that the rotational 

momentum might be equal to that of the whole system ; and E is twice the square of 

the angular velocity with which the planet would have to rotate in order that the 

kinetic energy of planetary rotation might be equal to the whole energy of the system. 

By the principle of conservation of momentum h is constant, and since the system is 

non-conservative of energy E is variable, and must diminish with the time. 

The kinetic energy of the orbital motion of the satellite m is ^jxMrn/c, and the 

potential energy of position of the planet and satellite is —/xJTm/c ; the kinetic 

energy of the planet’s rotation is \Cn2. Thus we have, 

Ch=Cn +S 
(M+mf' (3) 

2 CE=Crvl-t1^.(4) 

In the equations (3) and (4) we may regard C as a constant, provided we neglect 

the change of ellipticity of the planet’s figure as its rotation slackens. 

Let the symbol b indicate partial differentiation; then from (3) and (4) 

bn 1 fj}Mm 

bid1) G (41 + to)4 

bE_ 1 fj/Mm 1 fjbM'ni 

~b(dj= G (M+mfll~C c1 

But 
1 /iMm 1 /JMm 

C W1” = C (M+my 

i j-i e C(M+m)h bE 
and therefore -—rzrz— =n—/2.(0) 

fEMm t(d) v ’ 

From equations (2) and (5) we may express the rate of increase of the square root 

of any satellite’s distance in terms of the energy of the whole system, in the general 

case where the planet has any degree of viscosity. A good many transformations, 

analogous to those below, may be made in this general case, but as I shall only 

examine in detail the special case in which the viscosity is small, it will be convenient 

to make the transition thereto at once. 

When the viscosity is small, p, which varies inversely as the viscosity, is large. 

Then, unless n—f2 be very large, (n—12)/jp is small compared with unity. Thus in (2) 

we may neglect (n—fl)2/p3 in the denominator compared with unity. 

Substituting from (5) in (2), and making this approximation, we have 

fj)Mm dch 

(df+m)1 dt 

.3.2 C (m/i)2 bE 

1 Q c6 b(c-) (6) 
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Now let J- M 

\M+m (7) 

where a is any constant length, which it may be convenient to take either as equal 

to the mean radius of the planet, or as the distance of some one of the satellites 

at some fixed epoch. £ is different for each satellite and is subject to the suffixes 

1, 2, 3, &c. 

The equation (6) may be written 

I JAY7c3A‘=_(Bfx49xiAA[A±AD « 
\M+m) it '2' X ‘XJ/gi>\ M ) 7c3 6(c>) 

Now let A N = (§): x 49 X 
fiC2 

ifAgp (8) 

And we have 
bE 

dt~~Ablj (9) 

[In order to calculate A it may be convenient to develop its expression further. 

so that jg-| 
\a 

and ^=(1) (1)49 
(«/«)7 where p = 

gaw 

I9u 
(10) 

Since p is an angular velocity A is a period of time, and A is the same for all the 

satellites.] 

In (9) £is the variable, but it will be convenient to introduce an auxiliary variable x, 

such that 

or 
(ii) 

Then 
/AMm, i fAMMvuA 

(AT+my C’=(ilf+mfi X 

Let 
/AM'iimA 

C(M+mf 
(12) 

k is different for each satellite and is subject to suffixes 1, 2, 3, &c. 

Thus (3) may be written 

h—n-\r^KX.(13) 

. . iiMm uil/bft 1 
Again “—   — 

o (il/+m)’a X- 
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Let X= 
fjbM1rn 

' C(M+ mfa.. 

X is different for each satellite and is subject to suffixes 1, 2, 3, &c. 

On comparing (12) and (14) we see that 

X 

(14) 

—LLe3 (15) 

This is of course merely a form of writing the equation 

to)=/22c3 

A 
Then (4) may be written 

‘2,E=n*—%- (16) 

[In order to compute k and X we may pursue two different methods. 

First, suppose a — a, the planet’s mean radius. 

Then 
mot 
~C rWk; ' ?va2 r w ' 

M1 v 

i+v (M+7rCy 

/c=f[v4(l + ^)3]_f(- ), of same dimensions as an angular velocity. 
\a 

i_i (9 
X = f[^6(l + »>)] } J, of same dimensions as the square of an angular velocity. 

If v be large compared with unity, as is generally the case, the expressions become 

5 to / n 

K~2M V a* 
X=^ 

2M\a 
(17) 

Secondly, suppose M large compared with all the to’s, and suppose for example that 

the solar system as a whole is the subject of investigation. Then take a as the earth’s 

present radius vector, and oj as its present mean motion, and 

m ,—i x m u-Mm 
k— —y/[xAla, and X= - 

0 ' 

or K—nn 
C 

C a 

X —TO 
C 

(18) 

C is here the sun’s moment of inertia.] 

Then collecting results from (9), (13), (16), the equations which determine the 

changes in the system are 

^—_A — 1 
dt A 

and a similar equation for each satellite 

n~h —Hkx 

X 

y. ■ . . (19) 

2E=n9,—% 
j 
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where x7=£; A is a certain time to be computed as above shown in (10) ; k an 

angular velocity to be computed as above shown in (17) and (18); and X the square of 

an angular velocity to be computed as above in (17) and (IS). 

Also 

If v be large compared with unity, £ is very approximately proportional to the seventh 

power of the square root of the satellite’s distance. 

The solution of this system of simultaneous differential equations would give each 

of the £’s in terms of the time ; afterwards we might obtain n and E in terms of the 

time from the last two of (19). 

These differential equations possess a remarkable analogy with those which repre¬ 

sent Hamilton’s principle of varying action (Thomson and Tait’s ‘ Nat. Phil.,’ 1879, 

§ 330 (14)). 

The rate of loss of energy of the system may be put into a very simple form. This 

function has been called by Lord Rayleigh (‘Theory of Sound,’ vol. i., § 81) the 

Dissipation Function,* and the name is useful, because this function plays an 

important part in non-conservative systems. 
dE 

Tn the present problem the Dissipation Function or Dissipativity is — C —. 

Now 
dE ^ bE d£ 

dt ' 6% dt 

From (19) the dissipativity is therefore either 

bE\* _ fdf^ 

dt CAAA % 

This quantity is of course essentially positive. 

bE 
It is easy to show that ^ = —* - (n—42) 

Then on substituting for the various symbols in the expression for the dissipativity 

their values in terms of the original notation, we have 

dE t" , . 0 

~-yr=2— tn-nf 
dt gp v ' 

Or if N be the tidal frictional couple corresponding to the satellite m, 

dE 
— C = %N(ii — fl) 

This last result would be equally true whatever were the viscosity of the planetary 

spheroid. 

* Sii’ W. Thomson prefers to modify tlie name by calling it Dissipativity. 
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The dissipativity, converted into heat by Joule’s equivalent, expresses the amount 

of heat generated per unit time within the planetary spheroid. This result has been 

already obtained in a different manner for the case of a single satellite in a previous 

paper (“ Problems, &c.,” Phil. Trans., Part II., 1879, p. 557). 

§ 3. Sketch of method for solution of the equations by series. 

It does not seem easy to obtain a rigorous analytical solution of the system (19) of 

differential equations. I have however solved the equations by series, so as to obtain 

analytical expressions for the As, as far as the fourth power of the time. This solu¬ 

tion is not well adapted for the purposes of the present paper, because the series are 

not rapidly convergent, and therefore cannot express those large changes in the con¬ 

figuration of the system which it is the object of the present paper to trace. 

As no subsequent use is made of this solution, and as the analysis is rather long, I 

will only sketch the method pursued. 

(IE 
If fgd be taken as the unit of time — = — 

Cll 

Differentiating again and again with regard to the time, and making continued use 

of this equation, we find d-EJdt3, d^E/dE, See., in terms of bE/b£. 

It is then necessary to develop these expressions by performing the differentiations 

with regard to £ 

An abridged notation was used in which 

k 
. With this notation the whole operation may be shown to depend on 

the performance of b/b£ on expressions of the form 

a,., bfijk> 

. P r _ 

al> 
ki a2, b0 

n
 

A
 

_
i i i

_
 

«;(a/2— lori) 

cc? 

a, b 

. P . 

k , ( aXar 8 — bn/c\k 
represented (-—-) or 

bEf 

where y is independent of but may be a function of the mass of each satellite. 

Having evaluated the successive differentials of E we have 

h —E{l +1 
fdE\ f~ lcPE\ $ lEE 

UWo 1 -2 \ clE )0 +1.2.3 \ dt3 
) + &c. 
/ 0 

Where the suffix 0 indicates that the value, corresponding to t— 0, is to be taken. 

It is also necessary to evaluate the successive differentials of bE/b£ with regard to 

the time, and then we have 

* U/o 1.2 dt Jo 1.2.3 dt* )Q 

The coefficient of t4 was found to be very long even with the abridged notation, and 

involved squares and products of 2fs. 

• MDCCCLXXXI. 3 T 



500 MR. G. H. DARWIN ON A PLANET 

§ 4. Graphical solution in the case when there are not more than three satellites. 

Although, a general analytical solution does not seem attainable, yet the equations 

have a geometrical or quasi-geometrical meaning, which makes a complete graphical 

solution possible, at least in the case where there are not more than three satellites. 

To explain this I take the case of two satellites only, and to keep the geometrical 

method in view I change the notation, and write z for E, x for and y for £2, also I 

write nx for flx, and for fl.2. The unit of time is chosen so that A = 1. 

Then the equations (19) become 

dx bz dy bz 

dt=~bx’ di=~by. 
and 

2 .(21) 

Now suppose a surface constructed to illustrate (21), x, y, z being the coordinates of 

any point on it. Let the axes of x and y be drawn horizontally, and that of 2 vertically 

upwards. The z ordinate of course gives the energy of the system corresponding to 

any values of x and y which are consistent with the given angular momentum h. 

We have for the dissipativity of the system 

Whence (22) 

Let (X—x)/\=(Y—y)/[jL=Z—2 be the equations to a straight line through a point 

x, y, 2 on the surface. Then if this line lies in the tangent plane at that point 

. "bz . bz 

Kx+%~1=0- 

The inclination of this line to the axis of 2 will be a maximum or minimum when 

X2+jh1 is a maximum or minimum. In other words if this straight line is a tangent 

line to the-steepest path through x, y, 2 on the surface, A-|-/x~ must be a maximum or 

minimum. 

Hence for this condition to be fulfilled we must have 

/xS/x=0 

~ZS\ + b:8y = 0 
bx by 1 

And therefore \/r~ = u,/“, and these are both equal to 1 ! 
by / bx + 

by) 
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Therefore the equation to the tangent to the steepest path is 

X—x Y—y Z—z 

bzjbx bzjby (bz/bx)2 + (bz/by)2 
(23) 

If this steepest path on the energy surface is the path actually pursued by the point 

which represents the configuration of the system, equation (23) must be satisfied by 

X=xJr -8z, Y—y-|--£Sz, Z=zJr8z 
clz 

And therefore we must have 

bx dy by 

* S+O2’ * (!)+(£)* 
But these are the values already found in (22) for dx/dz and dy/dz. 

Therefore we conclude that the representative point always slides down a steepest 

path on the energy surface. Hence it only remains to draw the surface, and to mark 

out the fines of steepest slope in order to obtain a complete graphical solution of the 

problem. Since the fines of greatest slope cut the contours at right angles, if we 

project the contours orthogonally on to the plane of x y, and chaw the system of ortho¬ 

gonal trajectories of the contours, we obtain a solution in two dimensions. This 

solution will be exhibited below, but for the present I pass on to more general 

considerations. 

A precisely similar argument might be applied to the case where there are any 

number of satellites, only as space has but three dimensions, a geometrical solution is 

not possible. If there be r satellites, then the problem to be solved may be stated in 

geometrical language thus :— 

It is required to find the path which is inclined at the least angle to the axis of E 

on the locus 

2E={h-$Key-i^ 

This locus is described in space of r-f-1 dimensions. One axis is that of E, and the 

remaining r axes are the axes of the r different ^’s. The solution may be depressed 

so as to merely require space of r dimensions, for we may, in space of r dimensions, 

construct the orthogonal trajectories of the contour loci found by attributing various 

values to E. 

Thus we might actually solve geometrically the case of three satellites. The energy 

locus here involves space of four dimensions, but the contour loci are a family of 

surfaces in three dimensions. If such a system of surfaces were actually constructed, 

it would be possible to pass through them a number of wires or threads which should 

be a good approximation to the orthogonal trajectories. The trouble of execution 
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would however be hardly repaid by the results, because most of the interesting 

general conclusions may be drawn from the case of two satellites, where we have only 

to deal with curves. 

If the case of a single satellite be considered, we see that the energy locus is a curve, 

and the transit along the steepest path degenerates merely into travelling down hill. 

Now as the slopes of the energy curve are not altered in direction, but merely in 

steepness, by taking the abscissas of points on the curve as any power of £ the solution 

may still be obtained if we take x (or ^) as the abscissa instead of £ This reduces 

the solution to exactly that which was given in a previous paper, where the graphical 

method was applied to the case of a single satellite.* 

r 

§ 5. The graphical method in the case of two satellites. 

I now return to the special case in which there are only two satellites. The equation 

to the surface of energy is given in (21). The maxima and minima values of z (if any) 

are given by equating bz/bx and bz/by to zero. This gives 

fl — K]X7 — K.f = 

h—Kpd—Kgf= 

Ki & l 
\ 1 j 

K2 f J 

(24) 

By (15) and (19) we see that these equations may be written 

They also lead to the equations 

(ad) 

it —12, 

n—ilu 

1\4 ^ 1i A _a ! 

(25) 

-(ad)3-p -1=0 

!- 

(2/i)1-k~(r)3+k=° ! 

. . . (26) 

Kr, 

Now an equation of the form Y4-'—a H3-{-/3=0 may be written 

(Y/3~f—a/3-*(T/3-l)3+l = 0- And I have proved in a previous papert that an 

equation ad—hx5jr 1 = 0 has two real roots, if h be greater than 4/3*, but has no real 

roots if h be less than 4/3*. Hence it follows that this equation in Y has two real 

roots, if a be greater than 4/T/3*, but no real roots if it be less. 

Then if we consider the two equations (26) as biquadratics for ad and f respectively, 

we see that the first has, or has not, a pair of real roots, according as 

* Pi’oc. Roy. Soc., No. 197, 1879. 

t Ibid., No. 202, 1880, p. 260-263 
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h—k2y1 is greater or Jess than i~ \ Xp^p, 

and tlie second has, or has not, a pair of real roots, according as 

li—kxx' is greater or less than Xp/cp. 

Now if we substitute for the X’s and k s their values, we find that 

\iKi- Al Kl — n\( 

\p/c2*=the same with m.2 in place of mx. 

Now let y1 and y2 be two lengths determined by the equations 

Mmx „ Mm% , ~ 
--~y2 = C. 
itf + mxx M + m2; 

Or in words—let yl be such a distance that the moment of inertia of the planet 

(concentrated at its centre) and the first satellite about tlieir common centre of inertia 

may be equal to the planet’s moment of inertia about its axis of rotation; and let y2 

be a similar distance involving the second satellite instead of the first. 

And let aq, Wo be two angular velocities determined by the equations 

fcipyi'3&jpy23 = /x(df-|-m2). 

Or in words—let oq be the angular velocity of the first satellite when revolving in a 

circular orbit at distance yx, and <w2 a similar angular velocity for the second satellite 

when revolving at distance y2. 

Now 

So that 

C = 0)iYi an(I 
Mml *_1 Mmx 

0 M+mx 7i 

1 Mmx „ 

h'Ki=n m i ™ "lXi C M+mx 

and similarly Xp«:p=the same with the suffix 2 in place of 1. Hence the first of the 

two equations (26) has, or has not, a pair of real roots, according as 

C(h—K2y}) is greater or less than "lYm 

and the second has, or has not, a pair of real roots, according as 

C(/i — k,xv) is greater or less than % ■ 2 fe).,y.d. 
v 1/0 3* M + m2 " 

It is obvious that Mm^y^/^M-^m^) is the orbital momentum of the first 

satellite when revolving at distance yx, and similarly Mmyoyyy/(M+m2) is the 

orbital momentum of the second satellite when revolving at distance y2. 
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If the second or ^-satellite be larger than the first or cc-satellite the latter of these 

momenta is larger than the first. 

Now Ch is the whole angular momentum of the system, and in order that there 

may be maxima and minima determined by the equations bz/bx= 0, bz/by= 0, the 

equations (26) must have real roots. Then on putting y equal to zero in the first of 

the above conditions, and x equal to zero in the second we get the following results:— 

First, there are no maxima and minima points for sections of the energy surface 

either parallel to x or y, if the whole momentum of the system be less than 4/3* times 

the orbital momentum of the smaller or ^-satellite when moving at distance y1. 

Second, there are maxima and minima points for sections parallel to x, but not for 

sections parallel to y, if the whole momentum be greater than 4/3* times the orbital 

momentum of the smaller or x-satellite when moving at distance yY, but less than 

4/3' times the orbital momentum of the larger or y-satellite when moving at 

distance y3. 

Third, there are maxima and minima for both sections, if the whole momentum 

be greater than 4/3* times the orbital momentum of the larger or y-satellite when 

moving at distance y3. 

This third case now requires further subdivision, according as whether there are not 

or are absolute maximum or minimum points on the surface. 

If there are such points the two equations (24) or (25) must be simultaneously 

satisfied. 

Hence we must have n = /2.l.=L2y, in order that there may be a maximum or 

minimum point on the surface. 

But in this case the two satellites revolve in the same periodic time, and may be 

deemed to be rigidly connected together, and also rigidly connected with the planet. 

Hence the configurations of maximum or minimum energy are such that all three 

bodies move as though rigidly connected together. 

The simultaneous satisfaction of (24) necessitates that 

X1 — 
A/^2 3 3 

or r- 
Xo K-, s 

\~xT /C.t Aj 

Hence the equations (24) become 

Ji¬ 

ll- 

These equations may be written 

h 

\Xj/c2 *1+ K-2 

+'<2 

1 

/q xr 

A, 1 
r= 

W- 

(r)4- 

Ki + /^(Xg/Cipqtfjj)' 

h 

t(x;)3- 

«3 yr 

+ Kd~^'2Kl l\Ks) 
, = 0 

1 

(r)3- 
A)/«0 y 

= 0 
/c1(X]a:2/X2«:1)“ + k2 ^ ~«1(Xi/e2/X2«:1)'i + /c2 

(27) 
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Then treating these biquadratics in the same way as before, we find that they have, 

or have not, two real roots, according as h is greater or less than 

Now 
iMI 

C 

TO, TO0 
(M+ 3 (M + Too) 3_ 

Therefore there is, or there is not, a pair of real solutions of the equations 

n—D,x={ly, according as the total momentum of the system is, or is not, greater than 

Ti lx 
C>JP 

TO, TO, 

And this is also the criterion whether or not there is a maximum, or minimum, or 

maximum-minimum point on the energy surface. 

In the case where the masses of the satellites are smali compared with the mass 

of the planet, we may express the critical value of the momentum of the system in 

the form 
4 ^ + TOg)fi 

3* ^‘(if+TOi + TO# 

A comparison of this critical value with the two previous ones shows that if the two 

satellites be fused together, and if y be such that 

M(m1 + m2) 3_ 
M+m1 + to^ ’ 

and if w be the orbital angular velocity of the compound satellite when moving at 

distance y, then the above critical value of the momentum of the whole system is 

4 M(ml+ Too) 3 

3' M+ ml + in"! 

and this is 4/3* times the orbital momentum of the compound satellite when revolving 

at distance y. 

Hence if the masses of the satellites are small compared with that of the planet, 

there are, or are not, maximum or minimum or maximum-minimum points on the 

surface of energy, according as the total momentum of the system is greater or less 

than 4/3* times the orbital momentum of the compound satellite when moving at 

distance y. 

In the case where the masses of the satellites are not small compared with that of 

the planet, I leave the criterion in its analytical form. 

There are thus three critical values of the momentum of the whole system, and the 

actual value of the momentum determines the character of the surface of energy 

according to its position with reference to these critical values. 
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In proceeding to consider the graphical method of solution by means of the contour 

lines of the energy surface, I shall choose the total momentum of the system to be 

greater than this third critical value, and the surface will have a maximum point. 

From the nature of the surface in this case we shall be able to see how it would differ 

if the total momentum bore any other position with reference to the three critical 

values. It will be sufficient if we only consider the case where the masses of the two 

satellites are small compared with that of the planet. 

By (17) we have, with an easily intelligible alternative notation, 

Now is an angular velocity, and if we choose 1/zq as the unit of time, we have 

also 

Kl= 1, K.,= 
m2 

TOj 

X -S*L A, — - k, 
1 1 

Xo = 
2 
5 

M 

m2 
O 

Now if we choose the mass of the first satellite as unit of mass, then mx— 1, and 

we have 
/q= 1, K, = rn,, Aj = ?d/, A2=%Mm2 

The unit of length has been already chosen as equal to the mean radius of the 

planet. 

Then substituting in (21) we have as the equation to the energy surface 

2z= 

And since we suppose ???1 and m.2 to be small compared with M, we have 

On account of the abruptness of the curvatures, this surface is extremely difficult to 

illustrate unless the figure be of very large size, and it is therefore difficult to choose 

appropriate values of h, M, m2, so as to bring the figure within a moderate compass. 

In order to exhibit the influence of unequal masses in the satellites, I choose m2= 2, 

the mass of the first satellite being unity. I take M=50, so that ^M=20. 

Then with these values for M and m, the first critical value for h is 3'711, the 

second is 6‘241, and the third is 8'459. 

I accordingly take // = 9, which is greater than the third critical value. The surface 

to be illustrated then has the equation 

2*= (9 - a* - 2yf-2o(\+^}j 
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There is also another surface to be considered, namely 

n=9—x* — 2y* 

which gives the rotation of the planet corresponding to any values of x and y. 

The equations 
n=flx, n—i1y 

have also to be exhibited. 

The computations requisite for the illustration were laborious, as I had to calculate 

values of z and n corresponding to a large number of values of x and y, and then by 

graphical interpolation to find the values of x and y, corresponding to exact values of 

z and n. 

The surface of energy will be considered first. 

Plate 61 shows the contour-lines (that is to say, lines of equal energy) in the positive 

quadrant, z being either positive or negative. 

I speak below as though the paper were held horizontally, and as though positive z 

were drawn vertically upwards. 

The numbers written along the axes give the numerical values of x and y. 

The numbers written along the curves are the corresponding values of —2z. Since 

the numbers happen to be all negative, smaller numbers indicate greater energy than 

larger ones; and, accordingly, in going down hill we pass from smaller to greater 

numbers. 

The full-line contours are equidistant, and correspond to the values 9, 8|, 8, 1\, 7, 

6l>, and 6 of — 2z; but since the slopes of the surface are very gentle in the central 

part, dotted lines (....) are drawn for the contours 7§ and 7\. 

The points marked 5'529 and 7’442 are equidistant from x and y, and therefore 

correspond to the case when the two satellites have the same distance from the planet, 

or, which amounts to the same thing, are fused together. The former is a maximum 

point on the surface, the latter a maximum-minimum. 

The dashed line (--) through 7*442 is the contour corresponding to that value 

of — 2z. 

The chain-dot lines (-) through the same point will be explained below. 

An inspection of these contours shows that along the axes of x and y the surface 

has infinitely deep ravines ; but the steepness of the cliffs diminishes as we recede 

from the origin. 

The maximum point 5*529 is at the top of a hill bounded towards the ravines by 

very steep cliffs, but sloping more gradually in the other directions. 

The maximum-minimum point 7*442 is on a saddle-shaped part of the surface, for 

we go up hill, whether proceeding towards 0 or away from O, and we go down hill in 

either direction perpendicular to the line towards 0. 

If the total angular momentum of the system had been less than the smallest 

critical value, the contour lines would all have been something like rectangular 

3 u MDCCCLXXXI. 
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hyperbolas with the axes of x and y as asymptotes, like the outer curves marked 6, 

6^, 7 in Plate 61. In this case the whole surface would have sloped towards the axes. 

If the momentum had been greater than the smallest, and less than the second 

critical value, the outer contours would have still been like rectangular hyperbolas, 

and the branches which run upwards, more or less parallel to y, would still have 

preserved that character nearer to the axes, whilst the branches more or less parallel 

to x would have had a curve of contrary reflexure, somewhat like that exhibited by 

the curve 7^ in Plate 61, but less pronounced. In this case all the hires of steepest 

slope would approach the axis of x, but some of them in some part of their course 

would recede from the axis of y. 

If the momentum had been greater than the second, but less than the third critical 

value, the contours would still all have been continuous curves, but for some of the 

inner ones there would have been contrary reflexure in both branches, somewhat like 

the curve marked 7^ in Plate 61. There would still have been no closed curves 

amongst the contours. Here some of the lines of greatest slope would in part of 

their course have receded from the axis of x, and some from the axis of y, but the 

same line of greatest slope would never have receded from both axes. 

Finally, if the momentum be greater than the third critical value, we have the case 

exhibited in Plate 61. 

Plate 62, fig. 1, exhibits the lines of greatest slope on the surface. It was constructed 

by making a tracing of Plate 61, and then drawing by eye the orthogonal trajectories of 

the contours of equal energy. The dashed line (-) is the contour corresponding 

to the maximum-minimum point 7*442 of Plate 61. The chain-dot line (-) will 

be explained later. 

One set of lines all radiate from the maximum point 5*529 of Plate 61. The arrows 

on the curves indicate the downward direction. It is easy to see how these lines would 

have differed, had the momentum of the system had various smaller values. 

Plate 62, fig. 2, exhibits the contour lines of the surface 

n = 9 — ri — 2y} 

It is drawn on the same scale as Plate 61 and Plate 62, fig. 1. 

The computations for the energy surface, together with graphical interpolation, gave 

values of x and y corresponding to exact values of n. 

The axis of n is perpendicular to the paper, and the numbers written on the curves 

indicate the various values of n. 

These curves are not asymptotic to the axes, for they all cut both axes. The angles, 

however, at which they cut the axes are so acute that it is impossible to exhibit the 

intersections. 

Hone of the curves meet the axis of x within the limits of the figure. 

The curve n — 3 meets the axis of y when y=2150, and that for n = 3^ when y=1200, 

but for values of n smaller than 3 the intersections with the axis of y do not fall within 



ATTENDED BY SEVERAL SATELLITES. 509 

the figure. The thickness, which it is necessary to give to the lines in drawing, 

obviously prevents the possibility of showing these facts, except in a figure of very 

large size. 

On the side remote from the origin of the curve marked 0, n is negative, on the 

nearer side positive. 

Since ili = 50, 

/2, —20/ad and /2y=20jip 

Hence the lines on the figure, for which flx is constant, are parallel to the axis of y, 

and those for which f2,y is constant are parallel to the axis of x. 

The points are marked off along each axis for which S2X or fly are equal to 3/, 3, 2\, 

2, 1-|, 1. The points for which they are equal to ^ fall outside the figure, 

Now, if we draw parallels to y through these points on the axis of x, and parallels 

to x through the points on the axis of y, these parallels will intersect the n curves of 

the same magnitude in a series of points. For example, S2X= llr, when x is about 420, 

and the parallel to y through this point intersects the curve n= 1-|, where y is about 

740. Hence the first or ^-satellite moves as a rigid body attached to the planet, 

when the first satellite has a distance (420)/ and the second a distance (740)/ In 

this manner we obtain,;a curve shown as chain-clot (-) and marked flx=n for 

every point on which the first satellite moves as though rigidly connected with the 

planet; and similarly there is a second curve (-) marked 12y—n for every 

point on which the second satellite moves as though rigidly connected with the planet. 

This pair of curves divides space into four regions, which are marked out on the figure. 

The space comprised between the two, for which J2X and S2y are both less than n, is 

the part which has most interest for actual planets and satellites, because the satellites 

of the solar system in general revolve slower than their planets rotate. 

If the sun be left out of consideration, the Martian system is exemplified by the 

space f2x>n, f2y<n, because the smaller and inner satellite revolves quicker than the 

planet rotates, and the larger and outer one revolves slower. 

The little quadrilateral space near O is of the same character as the external space 

f2x>n, f2y>n, but there is not room to wnite this on the figure. 

These chain-dot curves are marked also on Plates 61 and 62, fig. 1. In Plate 61 the 

line I2x=n passes through all those points on the contours of energy whose tangents 

are parallel to x, and the line J2y=n passes through points whose tangents are parallel 

to y. 

The tangents to the lines of greatest slope are perpendicular to the tangents to the 

contours of energy; hence in Plate 62, fig. 1, f2x=n passes through points whose 

tangents are parallel to y, and ily—n through points whose tangents are parallel to x. 

Within each of the four regions into which space is thus divided the lines of slope 

preserve the same character; so that if, for example, at any part of the region they 

are receding from x and y, they do so throughout. 

This is correct, because dx/dt changes sign with n—J2X and dy/dt with n—Sly; also 

3 u 2 
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either n—flx or n — Sly changes sign in passing from one region to another. In these 

figures a line drawn at 45° to the axes through the origin divides the space into 

two parts; in the upper region y is greater than x, and in the lower x is greater 

than y. Hence configurations, for which the greater or ^-satellite is exterior to the 

lesser or a>satellite, are represented by points in the upper space and those in which 

the lesser satellite is exterior by the lower space. 

In the figures of which I have been speaking hitherto the abscissas and ordinates 

are the -f power of the distances of the two satellites ; now this is an inconveniently 

high power, and it is not very easy to understand the physical meaning of the result. 

I have therefore prepared another figure in which the abscissas and ordinates are the 

actual distances. In Plate 63, fig. 3, the curves are no longer lines of steepest slope. 

The reduction from Plate 62, fig. 1, to Plate 63, fig. 3, involved the raising of all the 

ordinates and abscissas of the.former one to the -§- power. This process was rather 

troublesome, and Plate 63, fig. 3, cannot claim to be drawn with rigorous accuracy ; 

it is, however, sufficiently exact for the hypothetical case under consideration. If we 

had to treat any actual case, it would only be necessary to travel along a single line of 

change, and for that purpose special methods of approximation might be found for 

giving more accurate results. 

In this figure the numbers written along the axes denote the distances of the 

satellites in mean radii of the planet—the radius of the planet having been chosen as 

the unit of length. 

The chain-dot curves, as before, enclose the region for which the orbital angular 

velocities of the satellites are less than that of the planet’s rotation. The line at 45° 

to the axes marks out the regions for which the larger satellite is exterior or interior 

to the smaller one. , 

Let us consider the closed space, within which L2.r and ny are less than n. 

The corner of this space is the point of maximum energy, from which all the curves 

radiate. 

Those curves which have tangents inclined at more than 45° to the axis of x denote 

that, during part of the changes, the larger satellite recedes more rapidly from the 

planet than the smaller one. 

If the curve cuts the 45° line, it means that the larger satellite catches up the 

smaller one. Since these curves all pass from the lower to the upper part of the 

space, it follows that this will only take place when the larger satellite is initially 

interior. According to the figure, after catching up the smaller satellite, the larger 

satellite becomes exterior. In reality there would probably either be a collision or 

the pair of satellites would form a double system like the earth and moon. After this 

the smaller satellite becomes almost stationary, revolves for an instant as though 

rigidly connected with the planet, and then slower than the planet revolves (when the 

curve passes out of the closed space) ; the smaller satellite then falls into the planet, 

whilst the larger satellite maintains a sensibly constant distance from the planet. 
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If we take one of the other curves corresponding to the case of the larger satellite 

being interior, we see that the smaller satellite may at first recede more rapidly than 

the larger, and then the larger more rapidly than the smaller, but not so as to catch it 

up. The larger one then becomes nearly stationary, whilst the smaller one still 

recedes. The larger one then falls in, whilst the smaller one is nearly stationary. 

If we now consider those curves which are from the beginning in the upper half of 

the closed space, we see that if the larger satellite is initially exterior, it recedes at 

first rapidly, whilst the smaller one recedes slowly. The smaller and inner satellite 

then comes to revolve as though rigidly connected with the planet, and afterwards 

falls into the planet, whilst the distance of the larger one remains nearly unaltered. 

Either satellite comes into collision with the planet when its distance therefrom is 

unity. When this takes place the colliding satellite becomes fused with the planet, 

and the system becomes one where there is only a single satellite; this case might 

then be treated as in previous papers. 

The divergences of the curves from the point of maximum energy shows that a very 

small difference of initial configuration in a pair of satellites may in time lead to very 

wide differences of configuration. Accordingly tidal friction alone will not tend to 

arrange satellites in any determinate order. It cannot, therefore, be definitely asserted 

that tidal friction has not operated to arrange satellites in any order which may be 

observed. 

I have hitherto only considered the positive quadrant of the energy surface, in 

which both satellites revolve positively about the planet. There are, however, three 

other cases, viz.: where both revolve negatively (in which case the planet necessarily 

revolves positively, so as to make up the positive angular momentum), or where one 

revolves negatively and the other positively. 

These cases will not be discussed at length, since they do not possess much interest. 

Plate 63, fig. 4, exhibits the contours of energy for that quadrant in which the smaller 

or £C-satellite revolves positively and the larger or y-satellite negatively. This figure 

may be conceived as joined on to Plate 61, so that the ic-axes coincide. The numbers 

written on the contours are the values of 2z; they are positive and pretty large. 

Whence it follows that these contours are enormously higher than those shown in 

Plate 61, where all the numbers on the contours were negative. 

The contours explain the nature of the surface. It may, however, be well to 

remark that, although the contours appear to recede back from the x-axis for ever, 

this is not the case ; for, after receding from the axis for a long way, they ultimately 

approach it again, and the axis is asymptotic to each of them. The point, at which 

the tangent to each contour is parallel to the axis of x, becomes more and more remote 

the higher the contour. 
o 

The lines of steepest slope on this surface give, as before, the solution of the 

problem. 

If we hold this figure upside down, and read x for y and y for x, we get a figure 
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which represents the general nature of the surface for the case where the ^-satellite 

revolves negatively and the ^/-satellite positively. But of course the figure would not 

he drawn correctly to scale. 

The contours for the remaining quadrant, in which both satellites revolve nega¬ 

tively would somewhat resemble a family of rectangular hyperbolas with the axes as 

asymptotes. I have not thought it worth while to construct them, but the physical 

interpretation is obviously that both satellites always must approach the planet. 

II. 

A DISCUSSION OF THE EFFECTS OF TIDAL FRICTION WITH REFERENCE TO THE 

EYOLUTION OF THE SOLAR SYSTEM. 

§ 6. General consideration of the 'problem presented by the solar system. 

In a series of previous papers I have traced out the changes in the manner of motion 

of the earth and moon which must have been caused by tidal friction. By adopting 

the hypothesis that tidal friction has been the most important element in the history 

of those bodies, we are led to coordinate together all the elements in their motions in 

a manner so remarkable, that the conclusion can hardly be avoided that the hypothesis 

contains a great amount of truth. 

Under these circumstances it is natural to inquire whether the same agency may not 

have been equally important in the evolution of the other planetary sub-systems, and 

of the solar system as a whole. 

This inquiry necessarily leads on to wide speculations, but I shall endeavour to 

derive as much guidance as possible from numerical data. 

In the first part of the present paper the theory of the tidal friction of a planet, 

attended by several satellites, has been treated. 

It would, at first sight, seem natural to replace this planet by the sun, and the 

satellites by the planets, and to obtain an approximate numerical solution. We might 

suppose that such a solution would afford indications as to whether tidal friction has 

or has not been a largely efficient cause in modifying the solar system. 

The problem here suggested for solution differs, however, in certain points from that 

actually presented by the solar system, and it will now be shown that these differences 

are such as would render the solution of no avail. 

The planets are not particles, as the suggested problem would suppose them to be, 

but they are rotating spheroids in which tides are being raised both by then’ own 

satellites and by the sun. They are, therefore, subject to a complicated tidal friction; 

the reaction of the tides raised by the satellites goes to expand the orbits of the 

satellites, but the reaction of the tide raised in the planet by the sun, and that raised 
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in the sun by the planet both go towards expanding the orbit of the planet. It is this 

latter effect with which we are at present concerned. 

I propose then to consider the probable relative importance of these two causes of 

change in the planetary orbits. 

But before doing so it will be well as a preliminary to consider another point. 

In considering the effects of tidal friction the theory has been throughout adopted 

that the tidally-disturbed body is homogeneous and viscous. Now we know that the 

planets are not homogeneous, and it seems not improbable that the tidally-disturbed 

parts will be principally more or less superficial—as indeed we know that they are in 

the case of terrestrial oceans. The question then arises as to the extent of error 

introduced by the hypothesis of homogeneity. 

For a homogeneous viscous planet we have shown that the tidal frictional couple is 

approximately equal " to 

n—fl . aavj 
where |)=bu— 

19u 

Now how will this expression be modified, if the tidally-disturbed parts are more or 

less superficial, and of less than the mean density of the planet ? 

To answer this query we must refer back to the manner in which the expression was 

built up. 

By reference to my paper “On the Tides of a Viscous Spheroid” (Phil. Trans., 

Part I., 1879, pp. 8-10, especially the middle of p. 8), it will be seen that jj is really 

(%gciw—%gaiv)/l9v, and that in both of these terms iv represents the density of the 

tidally-disturbed matter, but that in the former g represents the gravitation of the 

planet and in the second it is equal to ^irgaiv, where w is the density of the tidally- 

disturbed matter. Now let f be the ratio of the mean density of the spheroid to the 

density of the tidally-disturbed matter. 

Then in the former term 

And in the latter 

gaiv— 
kirix, 

g. %Triiaw=—g2 X 
1 

/ 

gaw— 
1^ 

P 

Hence if the planet be heterogeneous and the tidally-disturbed matter superficial, p 
must be a coefficient of the form 

_3_f /5_3\ 

4z7Tfj, x 19 vf \2 2f) 

If f be unity this reduces to the form gawj\9v, as it ought; but if the tidally- 

* I leave out of account the case of “ large ” viscosity, because as shown in a previous paper that could 

only be true of a planet which in ordinary parlance would be called a solid of great rigidity.—See 

“Precession,” Phil. Trans., 1879, Part II., p. 531. 
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disturbed matter be superficial and of less than the mean density, then jp must be 
«2 / g\ 

a coefficient wbicb varies as —4 1—— . The exact form of the coefficient will of 
H’Hf\ 5fJ 

course depend upon the exact nature of the tides. If f be large the term 3/5f will be 

negligeable compared with unity. Again, if we refer to the following paper 

(“Precession, &c.,” Phil. Trans., Part II., 1 879, p. 456), it will be seen that the C in 

the expression for the tidal frictional couple represents ■§-(■§7ra?w)az, where w is the 

density of the tidally-disturbed matter; hence C should be replaced by C/f. 

Then if we reconstruct the expression for the tidal frictional couple, we see that it is 

to be divided by f because of the true meaning to be assigned to C, but is to be 

multiplied by f on account of the true meaning to be assigned to p. 
From this it follows that for a given viscosity it is, roughly speaking, probable that 

the tidal frictional couple will be nearly the same as though the planet were homo¬ 

geneous. The above has been stated in an analytical form, but in physical language 

the reason is because the lagging of the tide will be augmented by the deficiency of 

density of the tidally-disturbed matter in about the same proportion as the frictional 

couple is diminished by the deficiency of density of the tide-wave upon which the 

disturbing satellite has to act. 

This discussion appeared necessary in order to show that the tidal frictional couple 

is of the same order of magnitude whether the planet be homogeneous or heterogeneous, 

and that we shall not be led into grave errors by discussing the theory of tidal friction 

on the hypothesis of the homogeneity of the tidally-disturbed bodies. 

We may now proceed to consider the double tidal action of a planet and the sun. 

Let us consider the particular homogeneous planet whose mass, distance from sun, 

and orbital angular velocity are to, c, fL. For this planet, let C — moment of inertia; 

a!= mean radius; w'= density; g'= gravity; g' = fg'ja ] v'= the viscosity; 

p'=g'a!w'/19t/ =4VT9</V77lJLV' > ari(J- n'— angular velocity of diurnal rotation. 

The same symbols when unaccented are to represent the parallel quantities for the 

sun. 

Now suppose the sun to be either perfectly rigid, perfectly elastic, or perfectly fluid. 

Then mutatis mutandis, equation (2) gives the rate of increase of the planet’s distance 

from the sun under the influence of the tidal friction in the planet. It becomes 

i Mm dch_, 3.2 C fiuJf)2 n' — fl. 

^(M + my Q7 ~~i* 

If the planet have no satellite the right-hand side is equal to —C'dn'/dt, because 

the equation was formed from the expression for the tidal frictional couple. 

Hence, if none of the planets had satellites we should have a series of equations of 

the form 

CV+/T 
Mm 

(M+m)h 

with different h’s corresponding to each planet. 

r=h 
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We may here remark that the secular effects of tidal friction in the case of a rigid 

sun attended by tidally-disturbed planets, with no satellites, may easily be determined. 

For if we put ci=x, and note that SI varies as x~'\ and that n has the form (h — Jcx)/C', 

we see that it would, only be necessary to evaluate a series of integrals of the form 

-"t " t. This integral is in fact merely the time which elapses whilst x changes 
J xa°- —px V 'yx 

from x0 to x, and the time scale is the same for all the planets. It is not at present 

worth while to pursue this hypothetical case further. 

Now if we suppose the planet to raise frictional tides in the sun, as well as the sun 

to raise tides in the planets, we easily see by a double application of (2) that 

, Mm dc}_. 2 1 

H‘\m+ m)* dt = ^ ? 
(28) 

The tides raised in the planet by its satellites do not occur explicitly in this equation, 

but they do occur implicitly, because n, the planet’s rotation, is affected by these tides. 

The question which we now have to ask is whether in the equation (28) the solar 

term (without accents) or the planetary term (with accents) is the more important. 

In the solar system the rotations of the sun and planets are rapid compared with the 

orbital motions, so that S2 may be neglected compared with both n and ri. 

Hence the planetary term bears to the solar term approximately the ratio 
JFCVqp 

m26rwg/p' 

Now (*)'?*.AIso wqv. 
\mj (J g m\aj g a \g j a p \g j v 

Therefore the ratio is 

Now solar gravity is about 26‘4 times that of the earth and about 10‘4 times that of 

Jupiter. The solar radius is about 109 times that of the earth and about 10 times 

that of Jupiter. The earth’s rotation is about 25 '4 times that of the sun, and Jupiter’s 

rotation is about 61 times that of the sun. Combining these data I find that the effect 

of solar tides in the earth is about 113,000 v/v times as great as the effect of terrestrial 

tides in the sun, and the effect of solar tides in Jupiter is about 70,000 v/v times as 

great as the effect of Jovian tides in the sun. It is not worth while to make a similar 

comparison for any of the other planets. 

Now it seems reasonable to suppose that the coefficient of tidal friction in the planets 

is of the same order of magnitude as in the sun, so that it is improbable that v/v 

should be either a large number or a small fraction. 

We may conclude then from this comparison that the effects of tides raised in the 

sun by the planets are quite insignificant in comparison with those of tides raised in 

the planets by the sun. 

It appears therefore that we may fairly leave out of account the tides raised in the 

3 x 

ig \4 a' n' v' 

Vj') a n v 

MDCCCLXXXI. 
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sun in studying the possible changes in the planetary orbits as resulting from tidal 

friction. 

But the difference of physical condition in the several planets is probably consider¬ 

able, and this would lead to differences in the coefficients of tidal friction to which 

there is no apparent means of approximating. It therefore seems inexpedient at 

present to devote time to the numerical solution of the problem of the rigid sun and 

the tidally-disturbed planets. 

§ 7. Numerical data and deductions therefrom. 

Although we are thus brought to admit that it is difficult to construct any problem 

which shall adequately represent the actual case, yet a discussion of certain numerical 

values involved in the solar system and in the planetary subsystems will, I think, lead 

to some interesting results. 

The fundamental fact with regard to the theory of tidal friction is the transforma¬ 

tion of the rotational momentum of the planet as it is destroyed by tidal friction into 

orbital momentum of the tide-raising body. 

Hence we may derive information concerning the effects of tidal friction by the 

evaluation of the various momenta of the several parts of the solar system. 

Professor J. C. Adams has kindly given me a table of values of the planetary 

masses, each with its attendant satellites. The authorities were as follows: for 

Mercury, Encke; for Venus, Le Verrier ; for the Earth, Hansen ; for Mars, Hall; 

for Jupiter, Bessel; for Saturn, Bessel; for Uranus, Von Asten ; for Neptune, 

Newcomb. 

The masses were expressed as fractions of the sun. The results, when earth plus 

moon is taken as unity, are given in the table below. The mean distances, taken from 

Herschel’s ‘ Astronomy,’ are given in a second column. 

Masses (to.). Mean Distances (c.). 

Sun . 315,51U 

Mercury. •06484 •387098 

Venus •78829 •723332 

Earth 1-00000 1-000000 

Mars . •10199 1-523692 

Jupiter . 30P0971 5-202776 

Saturn . 90-1048 9 '538786 

Uranus . 14-3414 19-18239 

N eptune. 16-0158 30-05660 

The unit of mass is earth plus moon, the unit of length is the earth’s mean distance 

from the sun, and the unit of time will be taken as the mean solar day. 
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Then being the attraction between unit masses at unit distance, M being sun’s 

mass, and 365'25 being the earth’s periodic time, we have 

2tt 1 o8'23558 
^=86556=15=- 

The momentum of orbital motion of any one of the planets round the sun is given 

by m. v7[xM. \/c. 

With the above data I find the following results.* 

Table I. 

Planet. Orbital momentum. 

Mercury. .... -00079 

Venus . .... -01309 

Earth .... -01720 

Mars .... .... -00253 

Jupiter . .... 13-469 

Saturn . .... 5-456 

Uranus . .... 1-323 

N eptune .... 1-806 

Total 22-088 

We must now make an estimate of the rotational momentum of the sun, so as to 

compare it with the total orbital momentum of the planets. 

It seems probable that the sun is much more dense in the central portion, than near 

the surfaced Now if the Laplacian law of internal density were to hold with the 

sun, but with the surface density infinitely small compared with the mean density, 

we should have 

If on the other hand the sun were of uniform density we should have C—%McCu\. 

* These values are of course not rigorously accurate, because the attraction of Jupiter and Saturn on 

the internal planets is equivalent to a diminution of the sun’s mass for them, and the attraction of the 

internal planets on the external ones is equivalent to an increase of the sun’s mass. 

t I have elsewhere shown that there is a strong probability that this is the case with Jupiter, and 

that planet probably resembles the sun more nearly than does the earth.—See Ast. Soc Month. Not-., 

Dec., 1876. 

X These considerations lead me to remark that in previous papers, where the tidal theory was applied 

numerically to the case of the earth and moon, I might have chosen more satisfactory numerical values 

with which to begin the computations. 

It was desirable to use a consistent theory of frictional tides, and that founded on the hypothesis of a 

homogeneous viscous planet was adopted. 

The earth had therefore to be treated as homogeneous, and since tidal friction depends on relative 

3x2 
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The former of these two suppositions seems more likely to be near the truth than 

the latter. 

Now -|(1 — 677~3j='26138, so that C may lie between ("26138)J/a2 and ('4)Ma?. 

The sun’s apparent radius is 961"'82, therefore the unit of distance being the present 

distance of the earth from the sun, a=961'827r/648,000 ; also 714 = 315,511. 

Lastly the sun’s period of rotation is about 25-38 m.s. days, so that w=27r/25‘38. 

Combining these numerical values I find that On (the solar rotational momentum) 

may lie between ‘444 and '679. The former of these values seems however likely to be 

far nearer the truth than the latter. 

It follows therefore that the total orbital momentum of the planetary system, found 

above to be 22, is about 50 times that of the solar rotation. 

motion, the rotation of the homogeneous planet had to be made identical with that of the real earth. A 

consequence of this is that the rotational momentum of the earth in my problem bore a larger ratio to the 

orbital momentum of the moon than is the case in reality. Since the consequence of tidal friction is to 

transfer momentum from one part of the system to the other, this treatment somewhat vitiated subsequent 

results, although not to such an extent as could make any important difference in a speculative investiga¬ 

tion of that kind. 

If it had occurred to me, however, it would have been just as easy to have replaced the actual hetero¬ 

geneous earth by a homogeneous planet mechanically equivalent thereto. The mechanical equivalence 

referred to lies in the identity of mass, moment of inertia, and rotation between the homogeneous 

substitute and the real earth. These identities of course involve identity of rotational momentum and of 

rotational energy, and, as will be seen presently, other identities are approximately satisfied at the same 

time. 

Suppose that roman letters apply to the real earth and italic letters to the homogeneons substitute. 

By Laplace’s theory of the earth’s figure, with Thomson and Tait’s notation (‘ Nat. Phil.,’ § 824) 

where / is the ratio of mean to surface density, and 0 is a certain angle. 

Also G=fAfu2( 1 + 

where e is the ellipticity of the homogeneous planet’s figure. 

Then by the above conditions of mechanical identity 

whence 

M= M and C = G 

Now put m=n2a/g, m—n^ajg \ where 

condition gives n=n. 

Therefore 

But 

>■, cj are mean pure gravity in the two cases. Then the remaining 

Hence l-4m<® h-QAL-m 
1 /e* f 

This is an equation which gives the radius of the homogeneous substituted planet in terms of that of 
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In discussing the various planetary subsystems I take most of the numerical values 

from the excellent tables of astronomical constants in Professor Ball’s ‘ Astronomy/ * 

and from the table of masses given above. 

Mercury. 

The diameter at distance unity is about 6"-5 ; the diurnal period is 24h 0m 50s (?) 

The value of the mass seems very uncertain, but I take Encke’s value given above. 

Assuming that the law of internal density is the same as in the earth (see below), 

we have (7='33438ma3, and u=2tt very nearly. Whence I find for the rotational 

momentum 

Cn= 
•34 

1010’ 

Venus. 

The diameter at distance unity is about 16"‘9 ; the diurnal period is 23h 21m 22s (?). 

Assuming the same law of internal density as for the earth, I find 

Cn = 
28'6 

1010’ 

Herschel remarks (‘ Outlines of Astronomy,’ § 509) that “both Mercury and Venus 

have been concluded to revolve on their axes in about the same time as the Earth, 

though in the case of Venus, Bianchini and other more recent observers have contended 

the earth. It may be solved approximately by first neglecting -fm(a/a)s, and afterwards nsing the 

approximate value of a/a for determining that quantity. 

The density of the homogeneous planet is found from 

w=w 

where w is the earth’s mean density. 

To apply these considerations to the earth, we take d=142° 30', /=2"057, which give m as the 

ellipticity of the earth’s surface. 

Then with these values (Thomson and Tait’s ‘Nat. Phil.,’ § 824, table, col. vii., they give however -835) 

i{1~^^}='83595 
a a 

The first approximation gives - = *9143, and the second -=*9133. 
a a 

Hence the radius of the actual earth 6,370,000 meters becomes, in the homogeneous substitute, 

5,817,000 meters. 

Taking 5'67 as the earth’s mean specific gravity, that of the homogeneous planet is 7’44. 

The ellipticity of the homogeneous planet is "00329 or 3-5-3, which differs but little from that of the 

real earth, viz.: -^-g-. 

The precessional constant of the homogeneous planet is equal to the ellipticity, and is therefore "00329. 

If this be compared with the precessional constant "00327 of the earth, we see that the homogeneous 

substitute has sensibly the same precession as has the earth. 

If a similar treatment be applied to Jupiter, then (with the numerical values given in a previous paper, 

Ast. Soc. Month. Not., Dec. 1876) the homogeneous planet has a radius equal to "8 of the actual one; its 

density is about half that of the earth, and its ellipticity is 5^. 

* ‘ Text Book of Science : Elements of Astronomy.’ Longmans. 1880. 
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for a period of twenty-four times that length.” He evidently places little reliance on 

the observations. 

The Earth. 

I adopt Laplace’s theory of internal density (with Thomson and Tail’s notation), 

and take, according to Colonel Clarke, the ellipticity of surface to be This value 

corresponds with the value 2'057 for the ratio of mean to surface density (theyof 

Thomson and Tait), and to 142° 30' for the auxiliary angle 6. 

The moment of inertia is given by the formula 

_ 

6(/~ 1)~ 

_ 
ma3. 

These values of 6 and f give eCZ-if 
fp _ 

= •83595. 

Whence C=-33438mcr. 

The numerical coefficient is the same as that already used in the case of the two 

previous planets. 

The moon’s mass being -g^-nd of the earth’s, the earth’s mass is f-f in the chosen unit 

of mass. 

With sun’s parallax 8"’8, and unit of length equal to earth’s mean distance 

8*87t 

° = 648000 

The angular velocity of diurnal rotation, with unit of time equal to the mean solar 

day, 
2rr 

n=- 
•99727 

Combining these values I find for the earth’s rotational momentum 

37-88 
Cn= 

1010 

Writing in' for the moon’s mass, and neglecting the eccentricity of the lunar orbit, 

the moon’s orbital momentum'"' is 

mm' 

m + m 
-nc- 

* If we determine // from the formula 

and observe that /rM== (2tt/365,25)2, we obtain 329,000 as the sun’s mass. This disagrees with the value 

315,511 used elsewhere. The discrepancy arises from the neglect of solar perturbation of the moon, and 

of planetary perturbation of the earth. 
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Taking the moons parallax as 3422"'3 (which gives a distance of 60 27 earth’s 

radii), and the sun’s parallax as 8"*8, we have 

8-8 

C“ 3422-3 

Taking the lunar period as 27‘3217 m.s. days we have 

2tt 
f2 =- 

27-3217 

As above stated, m is f |, and m is -^3-; whence it will be found that the moon’s 

181 
orbital momentum is 

1010' 

This is 4‘7 8 times the earth’s rotational momentum. 

The resultant angular momentum of the system, with obliquity of ecliptic 23° 28', 
9-^G 

is 571 times the earth’s rotational momentum, and is —lo- 

Mars. 

The polar diameter at distance unity is 9"'352 (Hartwig, ‘ Nature,’ June 3, 1880). 

With an ellipticity -g^o this gives 4"'6 8 8 as the mean radius. The diurnal period is 

24h 37m 23s. Assuming the law of internal density to be the same as in the earth 

I find 

Cn= 
1-08 

1010 

The masses of the satellites are very small, and their orbital momentum must also 

be very small. 

Jupiter. 

The polar and equatorial diameters at the planet’s mean distance from the sun are 

35"'170 and 37"'563 (Kaiser and Bessel, ‘ Ast. Nach,’ vol. 48, p. 111). These values 

give a mean radius 5'2028 X 18"'383 at distance unity. 

The period of rotation is 9h 55^m, or '4136 m.s. day. 

I have elsewhere shown reason to believe that the surface density of Jupiter is very 

small compared with the mean density. It appears that we have approximately 

C=f ma2='2637 ?na2.* 
6 2-528 

The numerical coefficient differs but little from that which we should have, if the 

Laplacian law of internal density were true, with infinitely small surface density 

(f infinite, 0=180°) ; for, as appeared in considering the sun’s moment of inertia, the 

factor would be in that case '26138. 

* Ast. Soc. Month. Not., Dec., 1876, p. 83. 
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With these values I find 
^ 2,594,000 
Cn— ;0 = -0002594. 

The distances of the satellites referred to the mean distance of Jupiter from the 

sun are 

I. II. III. IV. 

lll"-74 177"‘80 283"-61 498/,<87 

Then taking Jupiter’s mean distance to be 5-20278, the logarithms of the distances 

in terms of the earth’s distance from the sun are 

I. II. III. IV. 

7-45002 — 10 7-65174 — 10 7-85453 — 10 S’09980 —10 

The periodic times are in m.s. days (Herschel's ‘ Astronomy,’ Appendix) 

I. 
1-76914 

II. 

3-55181 

III. 

7-15455 

IV. 

16-6888 

The masses given me by Professor Adams* from a revision of Damoiseatj’s work 

are in terms of Jupiter’s mass. 

I. II. III. 

i—
i 

2-8311 2-3236 8-1245 2-1488 

105 105 105 105 

Combining these data according to the formula mfic3, w -here m is the mass of the 

satellite, I find for the 

chosen units— 

orbital momenta of the satellites expressed in terms of the 

I. II. III. IV. 

2406 2489 10993 3857 

1010 1010 10lu 10lu 

The sum of these is 19745/1010 and is the total orbital momentum of the satellites. 

It is y^Q-th of the rotational momentum of the planet as found above. 

The whole angular momentum of the Jovian system is A 
1010 

Saturn. 

There seems to be much doubt as to the diameter of the planet. 

The values of the mean radius at distance unity given by Bessel, De La Rue, and 

* He kindly gave me these data for another purpose.—See Ast. Soc. Month. Not., Dec., 1876, p. 81. 
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Main (with ellipticities 1/10’2, 1/11(1), 1/9-227 respectively) are 79", 82", and 94" 

respectively. * 

The period of rotation is 10h 29^m or ‘437 m.s. day. 

Assuming (as with the sun) that the surface density is infinitely small compared 

with the mean density, we have (7=-261497m3. I find then that these three values 

give respectively, 
703,000 ~ 497,000 . 535,000 

On——. and tut and 
1010 1010 1010 

The masses of the satellites are unknown, but Herschel thinks that Titan is nearly 

as large as Mercury. 

If we take its mass as -06 in terms of the earth’s mass, its distance as 176"'755 at 

the planet’s mean distance from the sun, and its periodic time as 15-95 m.s. days, we 

find the orbital momentum to be 16,000/1010. The whole orbital momentum of the 

satellites and the ring is likely to be greater than this, for the ring has been variously 

estimated to have a mass equal to -xdyjth t° iryoth of the planet. 

It is probable therefore that orbital momentum of the system is /-0-th> or there¬ 

abouts, of the rotational momentum of the planet. 

Nothing is known concerning the rotation of Uranus and Neptune, and but little of 

their satellites. 

The results of this numerical survey of the planets are collected in the following 

table. 
Table II, 

Planet. 

i. 
Rotational 

momentum of 

planet x 1010. 

ii. 
Orbital 

momentum of 

satellites x 1010. 

iii. 

Ratio of ii. to i. 

iv. 
Total momentum 
of each planet’s 
system x 1010. 

Mercury . 
Venus 
Earth.... 
Mars .... 
Jupiter . 

Saturn 

•34 ? 
28-6 ? 
37-88 

1-08 
2,594,000 

f 500,000 ] 

i t0 r L 700,000 J 

181 
very small 

20,000 

f 16,000 
\ or more 

4-78 
very small 

i 
130 

* 1 
or more J 

•34 ? 
28-6 ? 

216 
1-08 

2,614,000 
f 520,000 ] 

1 v t0 f L 720,000 J 

The numbers marked with queries are open to much doubt. 

If the numbers given in column iv. of this table be compared with those given in 

Table I., it will be seen that the total internal momentum of each of the planetary 

* Deduced from values of the equatorial diameter found by these observers, referred to the planet’s 

mean distance from the sun, as given by Ball. 

3 Y MDCCCLXXXI. 
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subsystems is very small compared with the orbital momentum of the planet in its 

motion round the sun. This ratio is largest in the case of Jupiter, and here the 

nternal momentum is '00026 whilst the orbital momentum is 13 ; hence in the case 

of Jupiter the orbital momentum is 5000 times the sum of the rotational momentum 

of the planet and the orbital momentum of its satellites. From this it follows that if 

the whole of the momentum of Jupiter and his satellites were destroyed by solar tidal 

friction, the mean distance of Jupiter from the sun would only be increased by 3Woth 

part. The effect of the destruction of the internal momentum of any of the other 

planets would be very much less. 

If therefore the orbits of the planets round the sun have been considerably enlarged, 

during the evolution of the system, by the friction of the tides raised in the planets 

by the sun, the primitive rotational momentum of the planetary bodies must have 

been thousands of times greater than at present. If this were the case then the 

enlargement of the orbits must simultaneously have been somewhat increased by the 

reaction of the tides raised in the sun by the planets. 

But it does not seem probable that the planetary masses ever possessed such an 

enormous amount of rotational momentum, and therefore it is not probable that tidal 

friction has considerably affected the dimensions of the planetary orbits. 

It is difficult to estimate the degree of attention which should be paid to Bode’s 

empirical law concerning the mean distances of the planets, but it may perhaps be 

supposed that that law (although violated in the case of Neptune, and only partially 

satisfied by the asteroids) is the outcome of the laws governing the successive epochs 

of instability in the history of a rotating and contracting nebula. Now if, after the 

genesis of the planets, tidal friction had considerably affected the planetary distances, 

then all appearance of such primitive law in the distances'would be thereby obliterated. 

If therefore there be now observable a sort of law of mean distances, it to some 

extent falls in with the conclusion arrived at by the preceding numerical comparisons. 

The extreme relative smallness of the masses of the Martian and Jovian satellites 

tends to show the improbability of very large changes in the dimensions of the orbits 

of those satellites; although the argument has not nearly equal force in these cases, 

because the distances of the satellites from these planets is small. 

The numbers given in column iii. of Table II. show in a striking manner the great 

difference between the present physical conditions of the terrestrial system and those 

of Mars, Jupiter, and Saturn. These numbers may perhaps be taken as representing 

the amount of effect which the tidal friction due to the satellites has had in their 

evolution, and confirms the conclusion that, whilst tidal friction may have been (and 

according to previous investigations certainly appears to have been) the great factor 

in the evolution of the earth and moon, yet with the satellites of the other planets it 

has not had such important effects. 

In previous papers the expansion of the lunar orbit under the influence of terrestrial 

tidal friction was examined, and the moon was traced back to an origin close to the 
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present surface of the earth. The preceding numerical comparisons suggest that the 

contraction of the planetary masses has elsewhere been the more important factor, and 

that the genesis of satellites occurred elsewhere earlier in the evolution. 

It has been shown that the case of the earth and moon does actually differ widely 

from that of the other planets, and we may therefore reasonably suppose that the 

history has also differed considerably. 

Although we might perhaps leave the subject at this point, yet, after arriving at 

the above conclusions, it seems natural to inquire in what manner the simultaneous 

action of the contraction of a planetary mass and of tidal friction is likely to have 

operated. 

The subject is necessarily speculative, but the conclusions at which I arrive are, I 

think, worthy of notice, for although they involve much of mere conjectural assumption 

in respect to the quantities and amounts assumed, yet they are deduced from the 

rigorous dynamical principles of angular momentum and of energy. 

§ 8. On the part played by tidal friction in the evolution of planetary masses. 

To consider the subject of this section, we require— 

(a) Some measure of the relative efficiency of solar tidal friction in reducing the 

rotational momentum and the rotation of the several planets. 

(/3) We have to consider the manner in which the simultaneous action of the 

contraction of the planetary mass and of solar tidal friction co-operate. 

(y) We have to discuss how the separation of a satellite from the contracting mass 

is likely to affect the course of evolution. 

It is not possible to treat these questions rigorously, but without some guidance on 

these points further discussion would be fruitless. 

The probable influence of the heterogeneity of the planetary mass on tidal friction 

has been already discussed, and it has been shown that the case of homogeneity will 

probably give good indications of the result in the true case. I therefore adhere here 

also to the hypothesis of homogeneity. 

I will begin with (a) and consider— 

The relative efficiency of solar tidal faction. 

The rate at which the rotation of any one of the planets is being reduced is 

T~{n — T2) (Jjp, where n, 5, |] refer to the planet, and are the quantities which were 

previously indicated by the same symbols accented. 

r is Ulffi, and therefore varies as fT. With all the planets (excepting, perhaps, 

Mercury and Venus, according to Herschel) f2 is small compared with n, and we may 

write n for n—I2. 

3 y 2 
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It has been already shown-that «=——— —, and 
J r 19 X 47T yUU °a 

TT 2x3 (f 2x3 A8 
Hence —= -—77.—;-y~ 

5xl9x47r/i«u ox19x47t ecu 

Therefore the rate of reduction of planetary rotation is proportional to /]%7wm-3v. 

The coefficient of friction v is quite unknown, but we shall obtain indications of the 

relative importance of tidal retardation in the several planets by supposing v to be the 

same in all. If we multiply this expression by rna?, we obtain an expression to which 

the rate of reduction of rotational momentum is proportional. By means of the data 

used in the preceding section I find the following results. 

Table III. 

PJanet. 
Number to which, 
tidal retardation 
is proportional. 

Number to which 
rate of destruction 

of rotational 
momentum is 

proportional. 

Mercury 1000- (?) 9-1 (?) 
Venus . 11- (?) 8-1 (?) 
Bar th . 1- l-o 

Mars •89 •026 
Jupiter . •00005 2-3 

f -000020 •n ] 
Saturn . ■< to to > 

•000066 
' 

•54 J 

This table only refers to solar tidal friction, and the numbers are computed on the 

hypothesis of the identity of the coefficient of tidal friction for all the planets. 

The figures attached to Mercury and Venus are open to much doubt. Perhaps the 

most interesting point in this table is that the rate of solar tidal retardation of Mars 

is nearly equal to that of the earth, notwithstanding the comparative closeness of the 

latter to the sun. The significance of these figures will be commented on below. 

I shall now consider— 

(/3) The manner in which solar tidal friction and the contraction of the 'planetary 

nebula work together. 

It will be supposed that the contraction is the more important feature, so that the 

acceleration of rotation due to contraction is greater than the retardation due to tidal 

friction. 

Let h be the rotational momentum of the planet at any time ; then 

_5__f Cn — h or n 
ma~ 

(29) 
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In accordance with the above supposition h is a quantity which diminishes slowly in 

consequence of tidal friction, and a diminishes in consequence of contraction, at such 

a rate that dnjdt is positive. 

We also have m= 
2x3 sr 

19 X 5 X 47r f.LVCJb 

The rate of change in the dimensions of the planet’s orbit about the sun remains 

insensible, so that r and fL may be treated as constant. 
t2 / n 

Then the rate of loss of rotational momentum of the planetary mass is Cn—[ 1— 
!JP\ n , D,ma?\ 

*~7 
/ ^ 077 \ ^ 

w~K Also g=jxm/a2. 

By the above transformations we see that this expression varies as ^ 

/Q'TY) \ ^ 
But m=^7rwas, and therefore a 

1-f 

\47T 

On substituting this expression for g, and then replacing a throughout by its expres¬ 

sion in terms of iv, we see that, on omitting constant factors, the rate of loss of 

• 1 • Jlv JbV , 7 9 / 3 , 
rotational momentum varies as —i-- where A'= 4 - S2m\ a constant. 

w3 vr 0 \47r/ 

From (29) we see that if h varies as a3, or as iv~*, n the angular velocity of rotation 

remains constant. 

If therefore we suppose h to vary as some power of a less than 2 (which power may 

vary from time to time) we represent the hypothesis that the contraction causes more 

acceleration of rotation than tidal friction causes retardation. Let us suppose then 

that li=ELc-^'3 where /3 is less than ■§-, and varies from time to time. 

Then the rate of loss of momentum varies as 

^-3(H v?-k). 

In order to determine the rate of loss of rotation we must divide this expression 

by C, which varies as iv~K 

Therefore the rate of loss of angular velocity of rotation varies as 

In order to determine how tidal friction and contraction co-operate it is necessary to 

adopt some hypothesis concerning the coefficient of friction v. 

So long as the tides consist of a bodily distortion, the coefficient of friction must be 

some function of the density, and will certainly increase as the density increases. 

Now if, as regards the loss of momentum, v varies as a power less than the cube of 

the density, the first factor vio~3 diminishes as the density increases ; and if, as regards 

the loss of rotation, v varies as a power less than % of the density, the first factor vw~* 

diminishes as the density increases. 

And as the cube and | powers both represent very rapid increments of the coefficient 

of friction with increase of density, it is probable that the first factor in both expressions 

diminishes as the contraction of the planetary mass proceeds. 

Now consider the second factor H:uf — k, which corresponds to the factor n — fl in the 



528 MR. G. H. DARWIN ON THE 

expression for the rate of loss of rotational momentum ; Hud is large compared with I: 

so long as the rotation of the planet is fast compared with the orbital motion of the 

planet about the sun, and since this factor is always positive, it always increases as the 

contraction increases. 

For planets remote from the sun, where contraction has played by far the more 

important part, (3 will be very nearly equal to -f, and for those nearer to the sun (3 

will be small (or it might be negative if the tidal retardation exceeds the contractional 

acceleration). 

We thus have one factor always increasing and the other always diminishing, and 

the importance of the increasing factor is greater for planets remote from than for 

those near to the sun. 

If jS be small it is difficult to say how the two rates will vary as the contraction 

proceeds. But if (3 does not differ very much from § both rates are probably 

initially small, then rise to a maximum and then diminish. 

Hence it may be concluded as probable that in the history of a contracting planetary 

mass, which is sufficiently far from the sun to allow contraction to be a more important 

factor than tidal friction, both the rate of loss of rotational momentum and of loss of 

rotation, due to solar tidal friction, were initially small, rose to a maximum and then 

diminished. 

These considerations are important as showing that the efficiency of solar tidal 

friction was probably greater in the past than at present. 

We now come to (y)— 

The effect of the genesis of a satellite on the evolu tion. 

This subject is necessarily in part obscure, and the conclusions must in so far be open 

to doubt. 

When a satellite separates from a planetary mass, it seems probable that that part 

of the planetary mass, which before the change had the greatest angular momentum, 

is lost by the planet. Hence the rotational momentum of the planet suffers a dimi¬ 

nution, and the mass is also diminished. An inspection of the expressions in the last 

paragraphs showTs that it is probable that the loss of a satellite diminishes the rate 

of loss of planetary rotational momentum, but slightly increases the rate of loss of 

rotation due to solar tidal friction. 

Now if the satellite be large the effect of the tides raised by the satellite in the 

planet is to cause a much more powerful reduction of planetary rotation than was 

effected by the sun. The rotational momentum thus removed from the planet 

reappears in the orbital momentum of its satellite. And the reduction of rotation 

of the planet causes a reduction of rate of solar tidal effects, by diminishing the 

angular velocity of the planet’s rotation relatively to the sun. 

The first and immediate effect of the separation of a satellite is no doubt highly 

speculative, but the second effect seems to follow undoubtedly, whatever be the mode 

of separation of the satellite. 
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From these considerations we may conclude that the effect of the separation of a 

satellite is to destroy planetary rotation, but to preserve angular momentum within 

the planetary subsystem. 

Hence we ought to find that those planets which have large satellites have a slow 

rotation, but have a relatively large amount of angular momentum within their 

systems. 

A proper method of comparison between the several planets is difficult of attain¬ 

ment, but these ideas seem to agree with the fact that the earth, which is large 

compared with Mars, rotates in the same time, but that the whole angular momentum 

of earth and moon is large."' 

* A method of comparing the various members of the solar system has occurred to me, but it is not 

founded on rigorous argument. 

It seems probable that the small density of the larger planets is due to their not being so far advanced 

in their evolution as the smaller ones, and it is likely that they are continuing to contract and will some 

day be as dense as the earth. 

The proposed method of comparison is to estimate how fast each of the planets must rotate if, with 

their actual rotational momenta, they were as condensed as the earth, and had the same law of internal 

density. 

The period of this rotation may be called the “ effective period.” 

With the data used above, taking the earth’s mean density as unity, the mean density of Mars is '675, 

that of Jupiter '235, that of Saturn T25 or '111 or '074, according to the data used. 

To condense these planets we must reduce their radii in the proportion of the cube-roots of these 

numbers. 

Their actual moments of inertia must be reduced by multiplying by the -frd power of these numbers, 

and as we suppose the law of internal density to be the same as in the earth, the moments of inertia of 

Jupiter and Saturn must be also increased in the proportion '33438 to '26138. 

Then the “ effective period ” will be the actual period reduced by the same factors as have been given 

for reducing the moments of inertia. 

In this way I find that the Martian day is to be divided by 1'3; the Jovian day by 2; and the Saturnian 

day by 3'14 to 4'44 according to the data adopted. The earth’s day of course remains unchanged. 

The following table gives the results. 
Table IV. 

Planet. 
Actual period of Effective period of 

rotation. rotation. 

Earth .... 231* 56m 23h 56m 

Mars. 24h 37m 19h 
Jupiter .... 9h 55m 5h 

Saturn .... 1CF 29m 3h 20m to 2h 20m 

This seems to me to illustrate the arguments used above. For there should in general be a diminution 

of effective period as we recede from the sun. 

It will be noted that the earth, although ten times larger than Mars, has a longer effective period. The 

larger masses should proceed in their evolution slower than the smaller ones, and therefore the greater 

proximity of the earth to the sun does not seem sufficient to account for this, more especially as it is 
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§ 9. General discussion and summary. 

According to the nebular hypothesis the planets and the satellites are portions 

detached from contracting nebulous masses. In the following discussion I shall accept 

that hypothesis in its main outline, and shall examine what modifications are neces¬ 

sitated by the influence of tidal friction. 

In § 7 it is shown that the reaction of the tides raised in the sun by the planets must 

have had a very small influence in changing the dimensions of the planetary orbits round 

the sun, compared with the influence of the tides raised in the planets by the sun. 

From a consideration of numerical data with regard to the solar system and the 

planetary subsystems, it appears improbable that the planetary orbits have been much 

enlarged by tidal friction, since the origin of the several planets. But it is possible 

that part of the eccentricities of the planetary orbits is due to this cause. 

We must therefore examine the several planetary subsystems for the effects of tidal 

friction. 

From arguments similar to those advanced with regard to the solar system as a 

whole, it appears unlikely that the satellites of Mars, Jupiter, and Saturn originated 

very much nearer the present surfaces of the planets than we now observe them. But 

the data being insufficient, we cannot feel sure that the alteration in the dimensions 

of the orbits of these satellites has not been considerable. It remains, however, nearly 

certain that they cannot have first originated almost in contact with the present 

surfaces of the planets, in the same way as, in previous papers, has been shown to be 

probable with regard to the moon and earth. 

The numerical data in Table II., § 7, exhibit so striking a difference between the 

terrestrial system and those of the other planets, that, even apart from the considera¬ 

tions adduced in this and previous papers, we should have grounds for believing that 

the modes of evolution have been considerably different. 

This series of investigations shows that the difference lies in the genesis of the moon 

close to the present surface of the planet, and we shall see below that solar tidal 

shown above that the efficiency of solar tidal friction is of abont the same magnitude for the two planets. 

It is explicable however by the considerations in the text, for it was there shown that a large satellite 

was destructive of planetary rotation. 

If we estimate how fast the earth must rotate in order that the whole internal momentum of moon and 

earth should exist in the form of rotational momentum, then we find an effective period for the earth of 

4h 12m. This ag’ain illustrates what was stated above, viz.: that a large satellite is preservative of the 

internal momentum of the planet’s system. 

The orbital momentum of the satellites of the other planets is so small, that an effective period for the 

other planets, analogous to the 4h 12m of the earth, would scarcely differ sensibly from the periods given 

in the table. 

If Jupiter and Saturn will rdtimately be as condensed as the earth, then it must be admitted as possible 

or even probable that Saturn (and perhaps Jupiter) will at some future time shed another satellite; for 

the efficiency of solar tidal friction at the distance of Saturn is small, and a. period of two or three hour’s 

gives a very rapid rotation. 
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friction may be assigned as a reason to explain how it happened that the terrestrial 

planet had contracted to nearly its present dimensions before the genesis of a satellite, 

but that this was not the case with the exterior planets. 

The numbers given in Table III., § 8, show that the efficiency of solar tidal friction 

is very much greater in its action on the nearer planets than on the further ones. 

But the total amount of rotation of the various planetary masses destroyed from the 

beginning cannot be at all nearly proportional to the numbers given in that table, for 

the more remote planets must be much older than the nearer ones, and the time 

occupied by the contraction of the solar nebula from the dimensions of the orbit of 

Saturn down to those of the orbit of Mercury must be very long. Hence the time 

during which solar tidal friction has been operating on the external planets must be 

very much longer than the period of its efficiency for the interior ones, and a series of 

numbers proportional to the total amount of rotation destroyed in the several planets 

would present a far less rapid decrease, as we recede from the sun, than do the 

numbers given in Table III. Nevertheless the disproportion between these numbers 

is so great that it must be admitted that the effect produced by solar tidal friction on 

Jupiter and Saturn has not been nearly so great as on the interior planets. 

In § 8 it has been shown to be probable that, as a planetary mass contracts, the rate 

of tidal retardation of rotation, and of destruction of rotational momentum increases, 

rises to a maximum, and then diminishes. This at least is so, when the acceleration 

of rotation due to contraction exceeds the retardation due to tidal friction; and this 

must in general have been the case. Thus we may suppose that the rate at which 

solar tidal friction has retarded the planetary rotations in past ages was greater than the 

present rate of retardation, and indeed there seems no reason why many times the 

present rotational momenta of the planets should not have been destroyed by solar 

tidal friction. But it remains very improbable that so large an amount of momentum 

should have been destroyed as to materially affect the orbits of the planets round 

the sun. 

I will now proceed to examine how the differences of distance from the sun would 

be likely to affect the histories of the several planetary masses. 

According to the nebular hypothesis a planetary nebula contracts, and rotates 

quicker as it contracts. The rapidity of the revolution causes its form to become 

unstable, or, perhaps a portion gradually detaches itself; it is immaterial which of 

these two really takes place. In either case the separation of that part of the mass, 

which before the change had the greatest angular momentum, permits the central 

portion to resume a planetary shape. The contraction and increase of rotation proceed 

continually until another portion is detached, and so on. There thus recur at intervals 

a series of epochs of instability or of abnormal change. 

Now tidal friction must diminish the rate of increase of rotation due to contraction, 

and therefore if tidal friction and contraction are at work together, the epochs of 

instability must recur more rarely than if contraction acted alone. 

MDCCCLXXXI. 3 Z 
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If the tidal retardation is sufficiently great, the increase of rotation due to con¬ 

traction will he so far counteracted as never to permit an epoch of instability to occur. 

Now the rate of solar tidal frictional retardation decreases rapidly as we recede from 

the sun, and therefore these considerations accord with what we observe hi the solar 

system. 

For Mercury and Venus have no satellites, and there is a progressive increase in the 

number of satellites as we recede from the sun. Moreover, the number of satellites is 

not directly connected with the mass of the planet, for Venus has nearly the same 

mass as the earth and has no satellite, and the earth has relatively by far the largest 

satellite of the whole system. Whether this be the true cause of the observed distri¬ 

bution of satellites amongst the planets or not, it is remarkable that the same cause 

also affords an explanation, as I shall now show, of that difference between the earth 

with the moon, and the other planets with their satellites, which has caused tidal 

friction to be the principal agent of change with the former but not with the latter. 

In the case of the contracting terrestrial mass we may suppose that there was for 

a long time nearly a balance between the retardation due to solar tidal friction and 

the acceleration due to contraction, and that it was not until the planetary mass 

had contracted to nearly its present dimensions that an epoch of instability could 

occur. 

It may also be noted that if there be two equal planetary masses which generate 

satellites, but under very different conditions as to the degree of condensation of the 

masses, then the two satellites so generated would be likely to differ in mass ; we 

cannot of course tell which of the two planets woidd generate the larger satellite. 

Thus if the genesis of the moon was deferred until a late epoch in the history of the 

terrestrial mass, the mass of the moon relatively to the earth, would be likely to differ 

from the mass of other satellites relatively to their planets. 

If the contraction of the planetary mass be almost completed before the genesis 

of the satellite, tidal friction, due jointly to the satellite and to the sun, will thereafter 

be the great cause of change in the system, and thus the hypothesis that it is the sole 

cause of change will give an approximately accurate explanation of the motion of the 

planet and satellite at any subsequent time. 

That this condition is fulfilled in the case of the earth and moon, I have endeavoured 

to show in the previous papers of this series. 

At the end of the last of those papers the systems of the several planets were 

reviewed from the point of view of the present theory. It will be well to recapitulate 

shortly what was there stated and to add a few remarks on the modifications and 

additions introduced by the present investigation. 

The previous papers were principally directed to the case of the earth and moon, 

and it was there found that the primitive condition of those bodies was as follows :— 

the earth was rotating, with a period of from two to four hours, about an axis inclined 

at 11° or T2C to the normal to the ecliptic, and the moon was revolving, nearly in 
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contact with the earth, in a circular orbit coincident with the earth’s equator, and 

with a periodic time only slightly exceeding that of the earth’s rotation. 

Then it was proved that lunar and solar tidal friction would reduce the system from 

this primitive condition down to the state which now exists by causing a retardation 

of terrestrial rotation, an increase of lunar period, an increase of obliquity of ecliptic, 

an increase of eccentricity of lunar orbit, and a modification in the plane of the lunar 

orbit too complex to admit of being stated shortly. 

It was also found that the friction of the tides raised by the earth in the moon 

would explain the present motion of the moon about her axis, both as regards the 

identity of the axial and orbital revolutions, and as regards the direction of her polar 

axis. 

Thus the theory that tidal friction has been the ruling power in the evolution of 

the earth and moon completely coordinates the present motions of the two bodies, and 

leads us back to an initial state when the moon first had a separate existence as a 

satellite. 

This initial configuration of the two bodies is such that we are almost compelled to 

believe that the moon is a portion of the primitive earth detached by rapid rotation or 

other causes. 

There may be some reason to suppose that the earliest form in which the moon 

had a separate existence was in the shape of a ring, but this annular condition precedes 

the condition to which the dynamical investigation leads back. 

The present investigation shows, in confirmation of preceding ones/" that at this 

origin of the moon the earth had a period of revolution about the sun shorter than at 

present by perhaps only a minute or two, and it also shows that since the terrestrial 

planet itself first had a separate existence the length of the year can have increased 

but very little—almost certainly by not so much as an hour, and probably by not 

more than five minutes.t 

With regard to the 11° or 12° of obliquity which still remains when the moon and 

earth are in their primitive condition, it may undoubtedly be partly explained by the 

friction of the solar tides before the origin of the moon, and perhaps partly also by the 

simultaneous action of the ordinary precession and the contraction and change of 

ellipticity of the nebulous mass.| 

* “ Precession,” § 19. 

t If the change lias been as much as an hour the rotational momentum of the earth destroyed by solar 

tidal friction must have been 33 times the present total internal momentum of moon and earth. For the 

orbital momentum of a planet varies as the cube root of its periodic time, and if we differentiate logarith¬ 

mically we obtain the increment of periodic time in terms of the increment of orbital momentum. Then 

taking the numerical data from Tables I. and II. we see that this statement is proved by the fact that 

3 x 33 times [216-f-'01720 X 1010] X 365‘25 x 24 is very nearly equal to unity, 

X See a paper “ On a Suggested Explanation of the Obliquity of Planets to their Orbits,” ‘ Phil. Mag.,’ 

March, 1877. See however § 21 “Precession.” 

3 z 2 
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In the review referred to I examined the eccentricities and inclinations of the orbits 

of the several other satellites, and found them to present indications favourable to the 

theory. In the present paper I have given reasons for supposing that the tidal fric¬ 

tion arising from the action of the other satellites on their planets cannot have had so 

much effect as in the case of the earth. That those indications were not more marked, 

and yet seemed to exist, agrees well with this last conclusion. 

The various obliquities of the planets’ equators to their orbits were also considered, 

and I was led to conclude that the axes of the planets from Jupiter inwards were 

primitively much more nearly perpendicular to their orbits than at present. But the 

case of Saturn and still more that of Uranus (as inferred from its satellites) seem to 

indicate that there was a primitive obliquity at the time of the genesis of the planets, 

arising from causes other than those here considered. 

The satellites of the larger planets revolve with short periodic times; this admits of 

a simple explanation, for the smallness of the masses of these satellites would have 

prevented tidal friction from being a very efficient cause of change in the dimensions 

of their orbits, and the largeness of the planets’ masses would have caused them to 

proceed slowly in their evolution. 

If the planets be formed from chains of meteorites or of nebulous matter the rotation 

of the planets has arisen from the excess of orbital momentum of the exterior over that 

of the interior matter. As we have no means of knowing how broad the chain may 

have been in any case, nor how much it may have closed in on the sun in course of 

concentration, we have no means of computing the primitive angular momentum of a 

planet. A rigorous method of comparison of the primitive rotations of the several 

planets is thus wanting. 

If however the planets were formed under similar conditions, then, according to 

the present theory, we should expect to find the exterior planets now rotating more 

rapidly than the interior ones. It has been shown above (see Table IV., note to § 8) 

that, on making allowance for the different degrees of concentration of the planets, 

this is the case. 

That the interior satellite of Mars revolves with a period of less than a third of its 

planet’s rotation is perhaps the most remarkable fact in the solar system. The theory 

of tidal friction explains this perfectly,and we find that this will be the ultimate 

* It is proper to remark that the rapid revolution of this satellite might perhaps be referred to another 

cause, although the explanation appears very inadequate. 

It has been pointed out above that the formation of a satellite out of a chain or ring of matter must be 

accompanied by a diminution of periodic time and of distance. Thus a satellite might after formation 

have a shorter periodic time than its planet. 

If this, however, were the explanation, we should expect to find other instances elsewhere, but the case 

of the Martian satellite stands quite alone. 

[I believe that 1 now (July, 1881) see some reason to suppose that the earliest form of a satellite may 

not be annular. The investigation necessary to test this idea seems likely to prove a difficult one.] 
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fate of all satellites, because the solar tidal friction retards the planetary rotation 

without directly affecting the satellite’s orbital motion. 

The numerical comparison in Table III. shows that the efficiency of solar tidal 

friction in retarding the terrestrial and Martian rotations is of about the same degree 

of importance, notwithstanding the much greater distance of the planet Mars. 

From the discussion in this paper it will have been apparent that the earth and 

moon do actually differ from the other planets in such a way as to permit tidal friction 

to have been the most important factor in their history. 

By an examination of the probable effects of solar tidal friction on a contracting 

planetary mass, we have been led to assign a cause for the observed distribution of 

satellites in the solar system, and this again has itself afforded an explanation of how 

it happened that the moon so originated that the tidal friction of the lunar tides in 

the earth should have been able to exercise so large an influence. 

In this summary I have endeavoured not only to set forth the influence which tidal 

friction may, and probably has had in the history of the system, but also to point out 

what effects it cannot have produced. 

The present investigations afford no grounds for the rejection of the nebular hypo¬ 

thesis, but while they present evidence in favour of the main outlines of that theory, 

they introduce modifications of considerable importance. 

Tidal friction is a cause of change of which Laplace’s theory took no account/''' and 

although the activity of that cause is to be regarded as mainly belonging to a later 

period than the events described in the nebular hypothesis, yet its influence has been 

of great, and in one instance of even paramount importance in determining the present 

condition of the planets and their satellites. 

* Note added on July 28, 1881. 

Dr. T. R. Mater appears to Lave been amongst tbe first, if not quite the first, to draw attention to the 

effects of tidal friction. I have recently had my attention called to his paper on “ Celestial Dynamics” 

[Translation, ‘Phil. Mag.,’ 1863, vol. 25, pp. 241, 387, 417], in which he has preceded me in some of the 

remarks made above. He points out that, as the joint result of contraction and tidal friction, “ the whole 

life of the earth therefore may be divided into three periods—youth with increasing, middle age with 

uniform, and old age with decreasing velocity of rotation.” 
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X On the Thermal Conductivity of Water. 

By J. T. Bottomley. 

Communicated by Sir William Thomson, LL.D., F.R.S., Professor of Natural 

Philosophy in the University of Glasgow. 

Received March 11,—Read April 3, 1879. 

The experiments on the thermal conductivity of water, of which an account is given 

in the following paper, were undertaken at the wish of Sir William Thomson, and 

by a method devised by him some years ago. They have been carried out in several 

successive Winter Sessions in the Physical Laboratory of the University of Glasgow, 

with the assistance of students and experimental scholars, among whom I must 

mention specially Mr. J. Beid, Jun., and Mr. M. T. Brown. 

Description of apparatus.—Figs. 1 and 2 show the arrangement of apparatus for 

experiments on the thermal conductivity of a liquid. In each case I have a vessel or 

tank so large that the heat lost at the sides does not affect sensibly the condition of 

the central portion of the liquid, either directly, or by convection currents set up close 

to the sides. The water or other liquid to be experimented on is contained in this 

vessel and is heated from above. 

The tank, fig. 1, is a cylindrical vessel of thin sheet iron. It is 120 centims. in 

diameter and 60 centims. high. At the top there is a hollow cover in contact with 

the water in the tank, and a current of steam is kept blowing through this hollow 

cover. The steam enters by the pipe a and is blown out by the pipe b, which is made 

to dip down to the bottom of the steam chamber in such a way that the water formed 

in the chamber by the condensation of the steam is blown out through this pipe along 

with the surplus steam. In the middle of the hollow cover, or steam chamber, there 

is a rectangular opening, walled in so as to make the chamber steam-tight, and the 

stems of the thermometers employed in the experiments pass up through this opening. 

The water being heated from above transmits the heat downward to the layers beneath. 

The tank shown in fig. 2 is a wooden vessel, an ordinary wine cask, about 64 centims. 

in diameter, and 90 centims. high. It had the disadvantage of not being uniform in 

section from top to bottom, but this had been done away with in tanks recently con¬ 

structed. I require a wooden vessel for experimenting on solutions of salts in water. 

Solution of sulphate of zinc, for example, quickly corrodes and eats its way through an 

iron vessel; and solution of sulphate of copper (at any rate solution of the sulphate of 

capper of commerce) eats through both iron and copper. 



538 MR. J. T. BOTTOMLEY ON THE 

The mode of applying heat in this second apparatus is different from that described 

above. When an experiment is to be made the tank is filled with water (or other 

liquid) up to the level, D, and after the water has been carefully stirred from top to 

bottom and has come to rest after the stirring, a “floater5’ is placed on the surface. 

The floater is a large thin board with its edges carefully bevelled all round. It covers 

nearly the whole surface of the liquid below. Hot water is allowed to flow, slowly at 

first, but afterwards as quickly as is convenient, on the top of the floater, and a thick 

layer of very hot water is laid on the top of the colder water beneath. The edges 

of the floater are bevelled so that the hot water falling on it is shot off horizontally at 

Fig. 1. 

the edges without any downward motion, and therefore with no tendency to mingle 

with the colder water, of greater density, below; and if the operation of laying on a 

layer of hot water is carefully carried out, there is scarcely any mixing of the hot 

water with the cold. This can be seen if the experiment is tried in a large glass 

vessel. A layer of hot water can easily be deposited on the top of a quantity of cold 

water, with so little mixing that the layer of separation intermediate between the hot 

and the cold, which are distinguishable by the difference in refractive indices of hot 

and cold water, is seen to be not thicker than a sheet of paper. I have also tried 

experiments as to mixing on a large scale in the sheet-iron tank, fig. 1. On running 
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a layer of hot water on the top of a quantity of cold with the aid of a properly con¬ 

structed floater, and applying the finger outside at the place of separation, a space of 

separation of the hot from the colder water can, even in this rough way, be ascertained 

to be certainly not so thick as half a centimetre. 

Figs. 1 and 2 show also the arrangement of the thermometers employed. In each 

case four are used. Of these three have their bulbs horizontal. Each of these shows 

the temperature of the layer in which it is placed. The thermometers A and B in the 

Fig. 2, 

diagrams show the difference of temperature between the two sides of a stratum of 

the liquid a few centimetres (5 to 10 centims.) thick. The thermometer C is merely 

used to show that heat has been conducted down to the bottom of the portion of 

liquid under experiment, and is therefore being conducted out below. When the 

thermometer C begins to rise the experiment is at an end. 

The fourth thermometer, marked I in the diagrams, is called the integrating 

thermometer. It has a bulb 30 centims. long, which is placed vertically in the liquid. 

This thermometer is intended to show the whole quantity of heat that passes during 

MDCCCLXXXI. 4 A 
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any time into the stratum of the liquid bounded by horizontal planes through the top 

and bottom of its bulb. 

When heat is being conducted downward through the liquid, the various parts of 

the integrating thermometer are at different temperatures, the temperatures decreasing 

from above downwards. On the whole, however, the temperature indicated by the 

integrating thermometer is the average temperature from top to bottom of the layer 

of liquid which contains the bulb of the thermometer. 

I have verified by experiments that the integrating thermometer does give with 

very considerable accuracy the average temperature from top to bottom of a cylindrical 

layer of liquid in which it is contained. For this purpose I placed the thermometer 

vertical in a cylindrical vessel, the bottom of the bulb being at the bottom of the 

vessel. The bottom of the vessel was plane and was horizontal. I then poured in 

an inch or two of cold water. On the top of that layer I deposited a layer of warmer 

water, then a layer of still warmer water, and so on, making a succession of layers 

of water of gradually increasing temperature till the level of the top of the bulb was 

reached. I then read off the temperature indicated by the thermometer as the average 

of the whole. I next stirred the whole from top to bottom so as to equalize the 

temperature throughout and read the thermometer again. Many such experiments 

were tried, and in every case I found that the alteration in the reading was very small, 

and was certainly not more than variation which could be accounted for by unavoid¬ 

able errors introduced by changes of temperature of the parts of the containing vessel 

and of the stirrer." These tests were so severe in comparison with the requirements of 

the present experiments on the conductivity of heat by liquids, that I am satisfied that 

no error of consequence, in comparison with uncertainties that I have not yet been 

able to get rid of, is introduced by want of perfect averaging by the integrating 

thermometer. 

From the description of the arrangements for these experiments, it will be seen that 

we have a layer of liquid, of known thickness, between the thermometers A and B 

kept with one of its sides hotter than the other. The thermometers A and B give the 

temperatures of the two sides of the layer. The heat conducted across it warms the 

liquid beneath, and the whole heat that flows across the layer between A and B in 

any given time is known from the readings of the integrating thermometer at the 

beginning and end of the interval. Now if the temperature of the layers at A and B 

could be kept constant during an experiment the calculation of the thermal con¬ 

ductivity of the liquid from these data would be of the simplest possible kind. 

The quantity of heat that passes across the stratum between A and B in any time is 

in simple proportion to the difference of temperatures between the two sides of the 

stratum; it is in simple proportion to the time; it is in simple proportion to the area 

of the stratum; it is inversely proportional to the cross-sectional area of the stratum ; 

* It is hardly necessary to say that alteration of specific heat of the water by change of temperature 

could not be taken into account in considering the results of experiments such as those described. 
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and it is in simple proportion to the thermal conductivity of the liquid. Now let 

T and T' denote the temperatures of A and B respectively—supposed for the moment 

constant—let a denote the thickness of the layer between A and B, let t denote the 

time in seconds, k the conductivity, and Q the quantity of heat conducted across the 

stratum whose area is A ;—then we should have 

T — T' 
Q=k--At (1) 

Again, taking as unit quantity of heat the quantity required to raise unit bulk of 

water one degree, and neglecting for the present differences of specific heat, in the 

different layers of the liquid column, due to differences of temperature, we have, if l 

be the length of the integrating thermometer, D the difference between the average 

temperature from top to bottom at the beginning and the average temperature from 

top to bottom at the end, and if c be the specific heat of the liquid per unit of bulk 

Q=A.kc.D 

Hence, equating (1) and (2), we have 

or 

and 

T—T' _ 
k-.A.£=AJ.c.D 

a 

k Dl 

a 

._ Die 
rp_rp / 

a 
t 

(2) 

(3) 

(4) 

In calculating from the results of experiments on the conductivity of water I have 

taken its specific heat as being equal to 1. The experiments that I have made up to 

the present time do not permit of my being able to take into account either variations 

of specific heat in the different parts of the layer tested, or variations of the average 

specific heat in the layer from top to bottom from that of water at the temperature 

chosen for defining unit specific heat. The formula, therefore, which would be used for 

calculation, if the conditions mentioned above—namely, the constancy during an interval 

of time of the temperature at the levels A and B—were fulfilled, is 

k= 
Dl 

T-T 
■t 

4 A 2 
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It will be seen, however, from the method of making the experiments that to fulfil 

this condition was impossible. 

In both of the modes of conducting the experiments the heating arrangement is at 

a considerable distance from the layers which the thermometers A and B represent; 

and the heat supplied travels gradually downward. 

In the arrangement (fig. 1) the rise of the two thermometers A and B goes on con¬ 

tinuously. In the arrangement of fig. 2, where there was only a limited supply of 

heat, namely, that belonging to the layer of hot water poured on the top, both thermo¬ 

meters first gradually rise in temperature and then gradually fall. 

The following, then, was the mode of experimenting and of calculation. The water 

to be experimented on was first carefully stirred from top to bottom to equalize the 

temperature throughout. The heating was applied and the temperatures of all four 

thermometers were read. An hour or so afterwards the regular observations began. 

After that time the thermometer A- was generally found to be commencing to rise 

slowly. Somewhat later the thermometers I and B were found to be rising, and from 

that tune until the lowest thermometer was observed to be rising the reading of the 

thermometers was carried on continuously at intervals of five minutes or of ten 

minutes. The observations are generally carried on for five or six hours and are 

therefore laborious. 

It is unnecessary to put down here the readings taken in the various experiments 

carried out. It is only a small portion of the series of numbers recorded in any one 

experiment that is made use of for calculation. The part that is made use of is that 

which keeps the difference of temperatures of the thermometers A and B as nearly as 

possible constant for a considerable time. In the first mentioned method of heating 

it is that part at which the two thermometers A and B are both rising at nearly the 

same rate. In the second method it is that part of the tune of observation during 

which the two thermometers remain most nearly stationary. During this part of the 

time the increase in temperature of the integrating thermometer is taken. The average 

temperature indicated by A is taken as the temperature of the level which is repre¬ 

sented by it, and the average temperature of the thermometer B is taken as the 

temperature of the level which is represented by it. These are used in the formula 

given above as the temperatures T and T' respectively. 

A specimen of part of a series of thermometer readings, extending over two hours, 

is given in Table I. appended. The heating was carried on by the method of fig. 1. 

The heating was commenced at about 9 A.M., and the observations were carried on till 

4 p.m., when they were discontinued as the thermometer at the bottom of the stratum 

occupied by the integrator began to rise very sensibly. 

Table II. contains results calculated from a number of satisfactory experiments. 

From these and from the consideration of other results, I conclude that the con¬ 

ductivity for heat of water at the temperature at which I have experimented is to be 

reckoned at '0023 square centims. per second. 
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The temperatures at which the experiments were made have varied from 12° C. to 

17° C. I have not yet made any attempt to trace difference in conductivity corre¬ 

sponding with different temperatures of the water. 

I have also commenced experimenting on the conductivity for heat of saline 

solutions, but I am not yet prepared to give numerical results that I should consider 

satisfactory. In order to make a comparison between the conductivity of water, and 

that of a liquid other than water, it is necessary to know the specific heat of the liquid, 

or, in the case of a saline solution, of the saline solution at the density which it has 

in the experiment on conductivity. Solution of sulphate of zinc has been experi¬ 

mented on in a preliminary way for conductivity, and its specific heat at various 

densities has been determined. I hope, however, with improved apparatus furnished 

by means of a grant from the Government Fund of £4,000, to be able soon to give 

much better results than I can offer at present. 

Table I.—Conduction of heat by water. Series of thermometer readings taken with 

arrangement of fig. 1, December 10, 1873. Time, 1.30 p.m., to 3.30 p.m. Thermo¬ 

meters A, B, I, C, as shown in fig. 1. 

Time. 

Thermometers. 

A. B. I. 0. 

1-30 140-5 113-05 38-95 61-7 

•35 1431 1138 39-35 

•40 145-0 114-9 40-15 

•45 147-2 115-75 40-8 
•50 148-45 116-5 41-05 

•55 149-45 116-5 41-15 

2-0 151-6 117-15 41-9 

•5 152-95 118-15 42-3 

•10 154-45 118-85 42-65 

•15 157-95 119-85 43-05 

•20 159-95 120-5 43-75 

•25 161-95 121-5 44-05 

•30 163-4 122-0 44-6 61-75 

•35 166-3 122-6 45-1 

•40 168-0 123-6 45-9 

•45 169-3 124-3 46-25 

•50 170-0 124-65 46"6 

•55 170-1 124-85 46-65 

3’0 170-95 125-45 47-05 

•5 174-0 126-85 47-95 

•10 176-05 128-0 48-5 

•15 178-2 129-0 49-15 

•20 180-3 129-65 49-95 
•25 181-5 130-2 50-05 

•30 182-6 130-85 50-6 62-05 
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Table II.—Results of experiments on thermal conductivity of water, expressed 

in square centimetres per second. 

1 

2 

3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 

14 

15 
16 

1873, 

Date and hour of experiment. Results. 

Dec. 3, 1 p.h. to 2 p.m. . . , 

,, 9, 10.15 a.m. to 11.15 a.it. 

•00209 

•00276 

, ,, „ 11.20 a.m. to 12.20 p.m, 

, ,, „ 12.25 p.m. to 1.25 p.m. 

, ,, ,, 1.30 p.m. to 2.30 p.m. 

1873, Dec. 10, 11 a.m. to 12 noon . 

„ ,, ,, 12 noon to 1 p.m. . 

„ ,, „ 1.30 p.m. to 2.30 p.m. 

,, ,, ,, 2.30 p.m. to 3.30 p.m. 

■00226 
•00212 
•00230 
•00235 
•00230 
•00236 
•00228 
•00244 

•00218 
•00229 
•00231 

1876, March 24, 2 p.m. to 3 p.m. . . 

„ ,, ,, 3 p.m. to 4 p.m. . . 

,, „ 31, 1.40 p.m. to 2.40 p.m. 

•00197 
•00212 - 

•00194 

Remarks. 
Beating commenced always abont 9 a.m. 

Results 1-13 obtained by method of fig. 1. 
Probably too high a result owing to some dis¬ 

turbance at the beginning of the experiment. 

Other results calculated from observations of 
December 9 th taking different intervals of time 
during the experiment. 

Results 14-16 obtained by method of fig. 2. 
The results given by this method have uni¬ 

formly given a smaller number for the conduc¬ 
tivity than that given by the first method. I 
attribute this to one or both of two causes. 
First, the supply of beat is limited and is not 
large enough in the arrangements that I bad 
at my command when these experiments were 
made, and, secondly, the vessel in which the 
experiments were made was not, I believe, 
large enough to make sure of no loss by the 
sides. Some experiments that I made in a 
much smaller vessel some time ago pointed 
clearly to this cause, giving me a very low 

number for the value of Jc. I hope with im¬ 
proved apparatus to make sure of the result; 
but in the meantime I believe it to be about 
0'002 of a square centimetre per second. 

Additional Note. 

(Added December, 1880.) 

In the foregoing paper I have supposed that by taking a vessel of very large 

horizontal cross section I should be able to eliminate the sensible effect of conduction 

of heat downwards by the sides of the vessel. However, considering the importance 

of the part which the sides might play, and the statements in books and published 

writings that the conduction of heat downwards in liquids, observed by Depretz and 

others, was wholly, or nearly wholly, due to conduction by the sides of the containing 

vessel, it was considered advisable to put the matter to direct test. The following 

experiments were accordingly made at the suggestion of Professor Stokes in the 

months of March and April last. 

In order to test any possible effect producible by the conduction ot heat downwards 
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by the sides of the vessel and by the convection currents thereby established, the fol¬ 

lowing arrangement was made. Within the cylindric tank in which the testing was 

carried on, a circular screen of thin cotton material was hung, which was everywhere 

6^- centims. from the outer walls, and which extended from top to bottom of the 

tank. Any convective action due to conduction of heat downwards by the walls of 

the vessel would go on outside the screen : and the enclosed column, 77 centims. in 

diameter, would be but little affected by these slight motions. The thermometers 

projected into the middle of the enclosed column through small holes cut in the 

screen. 

Experiments made in March and April, 1880, with aud without the screen, gave 

the following numbers for the apparent thermal conductivity of the water (in terms of 

an undetermined unit):— 

without screen 

•00137, •00135, •00130 ; 

with screen 

•00154, •00149, •00158. 

These numbers, though not in complete agreement, are yet quite of the same order. 

They seem to indicate that the screen does produce some effect, and I propose to carry 

out a much more complete series of experiments in order to determine exactly to what 

this is due. One of the greatest difficulties of the investigation is the determination 

of what is to be considered as the effective distance between the levels represented by 

the thermometers A and B in the diagram given in the foregoing paper; and it 

prevented me from reducing the results of these last experiments satisfactorily to 

absolute measure, though it does not at all affect their relative values. Any error in 

estimating this distance produces a proportionate error in the absolute value of the 

numerical result. I am therefore making preparations to eliminate as far as I can 

this source of error. I believe however that the numbers given in Table II. may be 

taken as approximations to the absolute conductivity of water, which has not been 

hitherto even roughly determined. 
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XI. Description of some Remains of the Gigantic Land-Lizard 

(Megalania prisca, Owen), from Australia.—Part III. 

By Professor Owen, C.B., F.R.S., &c. 

Received January 20,—Read February 3, 1881. 

[Plates 64-66.] 

Mr. George Frederick Bennett, pursuing, after transmission of the subjects of 

Part II.,"' his exploration of the drift-bed of “ King’s Creek,” succeeded in extricating 

other fossils which, from their size and contiguity with those previously exhumed, he 

concluded to be portions of the same individual. 

On the reception and readjustment of these supplementary fossils, which, like their 

predecessors, reached me in a fragmentary condition, my surprise at the additional 

armature of the animal, so exemplified, exceeded that with which I contemplated the 

evidences of the cranial weapons of the great extinct Lacertian. 

If, indeed, the last received fossils had first come to hand a conclusion that they 

formed part of some huge Armadillo might have been condoned. 

They consist of portions of the armour of a tail, and include three annular segments 

and the terminal cap of an osseous sheath, of which the two hindmost rings had 

coalesced with each other and the cap (Plate 65, figs. 1, 2, and 3). The anterior 

detached ring (ib., a, and fig. 4) may have come from a more advanced part of the tail, 

but the peripheral border of the hinder aperture (ib., fig. 4, e, e) fits that of the front 

aperture of the foremost of the coalesced group (ib., figs. 1-3, a, h). 

Each of the annular segments sends off two pairs of massive conical processes, like 

the horn-cores of the skull, but of larger size, being broader and thicker in proportion 

to their length and rather more obtuse at the apex. The cone forming the tip of the 

tail-sheath (ib., figs. 1-3, c) is simple and cap-shaped. 

The area of the detached ring (Plate 64) is of a wide, vertically oblong, or ovoid 

shape, 6 inches in vertical, 5 inches in transverse, diameters, with a moderately smooth 

inner surface. A feebly developed medial longitudinal ridge projects downward 

or centrad from the upper part or key-stone of the arch. The outside transverse 

diameter of the segment, excluding the well-defined processes, is 6l> inches, the antero¬ 

posterior diameter or length of the ring is 6^ inches. The thickness of the bony wall 

near the hind border is from 8 to 10 lines, decreasing a little toward that margin ; 

* Phil. Trans., Vol. 171, 1880, p. 1037. 

4 B MDCCCLXXXT. 
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the front border thins off almost to an edge. This border was received by the hind 

one of the segment in advance ; the hind border, though somewhat mutilated, fits 

very fairly the front border of the foremost of the coalesced segments ; in its present 

state it is, in great part, formed by the hind borders of the bases of the two pairs of 

solid conical processes. 

Of these the upper or dorsal pair (Plate 65, figs. 1-4, a, a) are the largest and 

longest; the transverse diameter of the base of each is 4 inches ; the antero-posterior 

diameter is 3§ inches ; the height, taken from the outer border of the base of the cone, 

is 4 inches. The body of the cone is subtrihedral with the apex directed obliquely 

upward, outward, and backward. The medial and hinder facets are convex both 

across and lengthwise ; the antero-external facet is partly flattened across and is 

concave lengthwise. The surface of this horn-core is roughened by numerous small 

neuro-vascular foramina, like those upon the cephalic weapons, indicative of the 

activity of the sheath-forming periosteum. The second pair, or lateral cores (ib., ib., 

b, b) are much smaller, and are mammilloid in shape. Each measures 2-g- inches across 

the base and rises to the same height, measured along the outer basal border. The 

hind border of the ring, as here conserved, is continued directly upon the base of the 

core ; the extension thereto from the fore border is more gradual. From tip to tip of 

the dorsal cores (a, a) is 10 inches; the same admeasurement of the lateral pair (b, b) 

gives 9 inches. 

The cavity of the readjusted portions of the free caudal dermosteal girdle con¬ 

tained no corresponding endo-skeletal segment, nor any adherent parts of such. The 

vertebra had probably escaped the research of my friend. 

The anterior aperture of the antepenultimate coalesced segment exposed the 

corresponding caudal vertebra (Plate 64). 

The key-stone ridge, answering to that noted in the foregoing segment, was here 

confluent with the neural spine (ns.) of its vertebra; a like confluence attached the 

haemal spine (hs.) to the floor. Thus the area of the girdle was bisected by the 

vertebra. But the presence of a ridge (e, e) from each side of the inner surface of the 

girdle, and the fractured ends of answerable transverse processes (cl, cl) directed thereto, 

indicated that the surrounding wall had been strengthened by both transverse and 

vertical buttresses. The centrum of this caudal vertebra is compressed and is directly 

continued, by coalescence, with the bases of both neur- and haem-apophyses. The 

centrum contracts to both these junctions, and narrows transversely to its exposed 

anterior part, the broken surface of which indicates bony union with a caudal vertebra 

in advance. The neural canal (to) has a transverse diameter of 5 lines, the vertical 

diameter is less : a low ridge projects from the floor of the canal. The section of the 

haemal canal (p) gives a vertical ellipse 3 lines by 1^ lines. 

The inner surface of the bony girdle is moderately smooth, as in the anterior segment: 

the outer surface differs chiefly in the larger size of the lateral horn-cores (//). The 

upper or dorsal pair (Plate 64, a) present the same size as in the free segment, with 
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the same general form and direction, but sloping a little more outwards, so that their 

inner or medial surfaces meet along the upper mid-line of the supporting ring at a 

more open angle (Plate 64, a', a). The antero-posterior diameter of the base of each 

core is 4\ inches, and is coextensive with that dimension of the supporting girdle : the 

transverse basal diameter of each upper core is the same : the height or length of the 

core taken along the upper medial line is 5^ inches ; taken along the outer side of the 

cone it is 4^ inches. 

Of the lateral horn-cores (&', b') the fore-and-aft length of the base is co-extensive 

with that of its supporting ring: the height of the core from the upper border of the 

base is 2 inches. The apex is less obtuse than that of the antecedent lateral core. 

The under side or basal border of the core b' is directly continued into the under 

and outer surface of the girdle. The outside vertical diameter of the antepenulti¬ 

mate girdle is 6-g- inches, its transverse diameter taken at the interspace of the dorsal 

and lateral cores is 7 inches. The same diameter of the area of the girdle is 5 inches ; 

its vertical diameter is 4\ inches. The contour of the anterior outlet is subquadrate 

with the angles broadly rounded off, and the sides bulging a little inward opposite 

the caudal diapophyses. 

The penultimate segment presents a similar structure to the preceding, with some 

loss of depth and breadth, and a little increase of length, viewed laterally, as in 

Plate 65, fig. 1. The homologous processes, or horn-cores, are indicated by the letters 

a" and b" in figures 1-3 of that Plate. The apex of a" is directed backward and 

outward, that of b" is relatively less produced than in the antecedent segment. 

The terminal segment (ib. ib., c) is a simple cone, with a base of 3 inches in both 

transverse and vertical diameters, and a subobtuse apex directed backward. 

At the under surface of the preserved parts of the tail-sheath (ib., fig. 3) the last 

two segments have the line of confluence more feebly marked than above or at the 

sides, their respective contributions to the under surface being indicated by a shallow 

linear transverse depression. The under surface of the antepenultimate segment 

(ib., &*) is broadly heptagonal, with the anterior transverse border forming a low angle 

forward. The corresponding part of the free segment is, in great part, broken away. 

The whole of the preserved under surface of the above portion of the tail-sheath is 

flattened and shows marks of attrition against the surface on which the Megalama 

trod, as if ossification had there extended into the dermal coat. 

That the horny sheaths of the above-described bony supports or cores arming the 

end of the tail may have been applied to deliver blows upon an assailant, seems not 

improbable, and this part of the organisation of the great extinct Australian Dragon 

may be regarded, with the cranial horns, as parts of both an offensive and defensive 

apparatus. 

As with the cranial weapons, so with the caudal ones, examination and comparison 

were, in the first place, instituted in relation to all available specimens of existing 

Lacertilia; and the most notable instance of tail-armature seemed to be that of a small 

4 B 2 
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Uromastix, from Zanzibar, recently described and figured as U, princeps by my friend 

and colleague A. W. E. O’Shaughnessy, Esq., in the £ Proceedings of the Zoological 

Society of London,’ for June 1, 1880 (p. 445, plate 43). The striking character and 

proportions of the caudal weapons of this Lizard may, perhaps, weigh for admission of 

a copy of the above-cited figure, amongst the illustrations of the present paper 

(Plate 66, fig. 1). In this recent instance, however, the horns, or horny spines, are 

confined to the tail. 

As in Megalcinia they have an annular arrangement and are best developed on the 

dorsal and dorso-lateral parts of each ring. Those (ib., figs. 1-3, b, b) corresponding 

with the dorso-lateral horns in Megalcinia are the largest; the laterals, or medi- 

laterals (ib., c, c) are relatively smaller : the rest of the lateral and underpart of each 

ring is covered by oblong narrow, flat scales in two transverse series (ib., figs. 2, 3) ; 

the anterior (ib., d, d) short, the posterior series (ib., e, e) long,—an arrangement which 

seems to multiply the number of the cutaneous segments. The spines of second 

degree as to size which spring from the dorsal surface of the tail (ib., fig. 1, a, a) 

are six in number on each ring, arranged in the same transverse line : they are shorter 

than the dorso-lateral series, and slightly diminish toward the mid-line. 

All the spines are rather more compressed, more triangular, more sharply pointed, 

than in Megalania: the series a and b, especially the latter, are relatively larger and 

longer ; but it must be remembered that in the case of the great extinct Lizard we 

have only the osseous cores of these weapons, and that their sheath of true horny 

material may have greatly added to the efficiency of the strange and grotesque 

armature. 

In Uromastix, moreover, as was noted in Part II. (tom. cit., p. 1047) in reference 

to the cranial horns of Moloch, histological development has not advanced in the 

diminutive Lizards beyond the fibro-cartilaginous stage of the productions of the 

corium supporting the corneous sheaths. 

Pursuing this track of comparison it was wfith interest I found in the small 

existing Australian species that, although the caudal horns or spines are relatively 

somewhat smaller in Moloch horridus than in Uromastix princeps, they more closely 

repeated in number and arrangement the conditions of the caudal armature above 

described in Megalania prisca. 

The annular disposition is, in the main, maintained. Taking one of the cutaneous 

rings near the base of the tail the following horns are present (Plate 66, figs. 4, 5, and 6). 

The dorsals (a) are in a single pair, as in Megalania, with an interspace equal to 

their own basal breadth. External to these is a dorso-lateral pair (ib., b, b) divided 

from the dorsals by a space rather wider than their own basal diameter. Next come 

a “lateral pair” (ib., fig. 5, c) projecting from the middle of the side-surface of each 

annular series, but placed, in some of them, rather farther back than the dorso-laterals. 

Then come the spines of a ventro-lateral pair (ib., d) nearly on the same vertical line 

with the laterals ; but, as in Megalania, of markedly smaller size and projecting from 
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the margin of the under surface of the tail. On this part may be distinguished some 

still smaller spines, with a scattered arrangement. 

At the under surface of the basal part of the tail the horns (b, c, cl) appear as shown 

in fig. 6, the surface is flattened and finely tuberculate but without spines. Towards 

the hinder half of the tail the two horns of the lateral pair deviate from the transverse 

parallel arrangement, and assume a zig-zag one, but with longitudinal intervals in 

proportion to their gradually decreasing size : the dorsal spines longest retain their 

liorn-like proportions. 

Moloch horridus thus exemplifies a closer resemblance in the number and arrange¬ 

ment of the annular series of caudal horns to Megalania than does Uromastix princess, 

and a closer repetition also in the shape and proportions of the individual horns : they 

are not compressed, but are more regular cones than in the Zanzibar Lizard. If the 

apex of the cone be sharper in Moloch than in Megalania, such difference may be due, 

as before remarked, to the absence of their corneous covering in the massive bony cores 

exemplified in the fossils from “ King’s Creek.” 

It is probable that the arrangement of these singular caudal weapons in the part of 

the tail of Moloch, which part is wanting in our present evidences of Megalania, may 

indicate the character of the armature of such missing evidences. But that the tail in 

Moloch is different at its terminal portion from the corresponding part in Megalania is 

demonstrable and not any of the homy cones have bony bases. 

For a repetition of so singular a structure we must go to a higher class of Ver¬ 

tebrates. Before, however, entering upon comparative details afforded by certain 

members of the Mammalian class, some further notice may be expected of dermal 

ossifications, more especially caudal ones, in the class Reptilia. 

In the group of existing Lizards to which both Moloch and Uromastix are akin 

there are genera, e.g. Scincus, Tiliqua, in which the scales, or most of them, are 

supported by bones : in Cycloclus the degree of ossification is such as to raise the 

surface of the skin both of the trunk and tail into prominences, which, however, are 

obtuse. 

The chief dermal ossifications in the order Chelonia form, as is well known, the 

horizontal plates which become confluent with the neural spines and pleurapophyses of 

the dorsal vertebrae ; also with the sternum and sternal ribs : the marginal plates of 

the carapace are independent skin-bones. But as no such ossifications are associated 

with the caudal vertebrae, further notice of these Reptilia is uncalled for in the present 

relation. A bony basis of the horny armour of parts of the tegument is constant in 

the species of the order Crocodilia. Along the dorsal and lateral regions, but espe¬ 

cially the dorsal, in the neck, trunk, and tail, the outer surface of certain of such 

scutes is produced into a ridge. In the Alligators ventral as well as dorsal scutes 

have an osseous support. This character is so remarkable in the extinct Crocodilia of 

the Oolitic period that the Teleosaur of the Caen deposits was characterised by Cuvier 

as “l’espece la mieux cuirassee de tout le genre.”'" 

* 4 Ossemens Fossiies,’ tom. v., pt. 2, p. 139. 
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In the Wealclen Goniopholis the quadrangular dorsal scutes are united, tile-wise, 

by peg-and-socket joints ; the equally thick ventral scutes join each other by thick 

sutural borders, and an annular arrangement of the armour needs but little to be 

complete. 

This, in fact, is effected in a more closely mailed Saurian described under the name 

of JEtosaurus ferratus.t Nearly a score of these extinct Reptiles, in all their panoply, 

were discovered and exposed on one slab of “ Middle Keuper sandstone,” at Haslach, 

in Wirtemberg. The arrangement of the scutes is annular. The long axis of the 

dorsal ones is transverse and a single pair spans the back and corresponding surface 

of the tail: the ventral scutes are quadrangular, in four transverse pairs : there is 

a single large lateral scute on each side. Thus twelve scutes compose each dermal 

segment or circle. But in none is the outer surface produced into a ridge or spine. 

In Hylceosaurus the petrified osseous supports indicate the back to have been 

defended by long, compressed sharp-pointed triangular spines, probably in pans, 

resembling in shape and relative size the caudal ones of Uromastix princeps; but 

evidence of the dermal caudal armature of the above Dinosaur is wanting. 

To this part of Megalania the nearest approach in its cold-blooded class seems to be 

made by a Liassic Dinosaur (Scelidosaurus Harrisonii). 

The surface of this Saurian was defended by longitudinal series of massive dermal 

bones, those occupying the median and upper surfaces being arranged in pans upon 

the trunk and base of the tail. External to these were lateral series, at least two in 

number on the trunk, having a similar shape and ridged exterior ; but in some of the 

mid-dorsal series, the bony support of the horny tegument was developed into a stout 

conical shape, like those on the caudal girdles of Megalania. Each endoskeletal 

segment of the tail of the Scelidosaur was associated with an annular series of detached 

dermal ossicles of considerable size and thickness. Where best preserved, beyond the 

base of the tail, they are four in number (Plate 66, fig. 7). The largest (a) protects 

the upper surface of the segment, the next in size (c) the under surface, and a pah* of 

smaller scutes (b) are applied one on each side of the same segment. These plates are 

termed “ dermo-neural,” “ dermo-lisemal,” and “ dermo-lateral ” respectively, in the 

undercited monograph. J 

The dermo-neural plate of the segment figured in Plate 66 is of an oblong shape, 

with an excavated base, the sides of which converge to an apical elevated ridge, with 

a longitudinally convex contour. A portion of the left side of the base has been 

removed to expose the hollow, in which a small depression receives the summit of the 

neural spine : the fore part of the basal cavity rests upon the upper surface of a 

produced anterior zygapophysis of the inclosed caudal vertebra. 

* “ Report on British Fossil Reptiles,” vol. of the British Association, &c., for 1841, p. 70. 

t Oscar Fraas, ‘Monograph on 2Etosaurus,' 4to., 1877. 

t Volume, 4to., issued by the Paheontographical Society, for 1862, p. 22 of the “ Monograph on Liassic 

Reptilia.” 
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Tlie dermo-hsemal ossification (ib., ib., c) resembles the dermo-neural one (a) in a 

reversed position; its base is also excavated, and receives in a special depression the 

end of the haemal spine ; it is not situated exactly opposite the one above but is 

further back. In both bones the outer surface is finely rugose, the inner or concave 

surface is smooth. 

The dermo-lateral ossicles are oblong and sub-elliptic; similarly rugose externally, 

smooth in the inner surface, and not directly attached or applied to any part of the 

corresponding vertebra. In the segment selected for Plate 66, fig. 7—about the 

20th of the caudal series—the transverse processes of the vertebra have ceased to be 

developed. 

It is obvious that if these detached portions of the dermo-skeleton of a caudal 

segment of the Scelidosaur had been connected by continuous ossification in the 

intervening corium, a bony cylinder would have resulted, such as the extinct 

Megalania presents : but with the difference as regards the number of the outwardly 

projecting processes. 

The closer repetition of the Megalanian caudal character is presented by members of 

the Mammalian class. In the gigantic extinct species of the loricate family of the 

order Bruta forming the type of the genus Glyptodon* the extent of tail preserved 

measured in the specimen on which the genus was founded 3 feet 6 inches in length, 

and was inclosed in a defensive osseous sheath, showing an annular arrangement of 

the skin-bones. 

In the basal half of this sheath the constituent ossicles are arranged in segments, 

and each segment is composed of two annular series of ossicles, the proximal series 

presenting the rose-pattern of those of the main part of the carapace, the distal series 

of larger and more prominent ossicles repeating rather the character of the hinder 

marginal series of the carapaeial bones.t The constituent ossicles have more or less 

coalesced in each segment; and, of these, the seven basal rings remain distinct, 

allowing a certain extent of flexibility in that part of the tail. The terminal portion 

of the tail-sheath forms, as in Megcdania, one continuous osseous case, closed at the 

tip, near which it developes two lateral large and massive conical bosses, the apex 

being obtuse. A series of progressively smaller and less prominent lateral ones 

indicates six or more rings to have contributed to this bony sheath ; and smaller 

supplementary elliptical plates, above and below the larger lateral ones, complete the 

* ‘Appendix’ to Pakish (Sir Woodbine) ‘Buenos Ayres from the Conquest,’ 8vo., 1838, pp. 217 and 

433, plate 1 ; Proceedings of the Geological Society of London, March, 1839, p. 236 ; Trans. Zool. Soc. 

(2nd series), vol. vi., p. 81. 

t The figure of the carapace in my ‘ Catalogue of the Fossil Mammals in the Museum of the Royal College 

of Surgeons of England ’ is copied by Nodot (‘ Description d’un nouveau genre d’Edente fossiie,’ plate 4) : 

a more complete restoration of the entire exo-skeleton and exposed parts of the endo-skeleton forms the 

subject of plate 36 of the excellent work of Burmeister (German M. and Phil. D., Director of the Public 

Museum of Buenos Ayres), entitled ‘ Anales del Museo Publico de Buenos Ayres,’ 4to., 1870-1874. 
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complex defensive peripheral developments of the osseous tail-armour of Glyptodcm 

clavipes. But the species of Glyptodon of which the tail-sheath more closely resembles 

that of Megalania, as exemplified by the subjects of the present paper, is the Glyptodon 

(Schistopleurum) asper of Burmeister.* 

The bony tail-rings are nine in number (Plate 66, fig. S), and each ring is composed, 

as in Glyptodon clavipes, and, partially, in Uromastix princeps, of a smaller and larger 

series of ossicles (ib., d, e); but those of the hinder series (e) are each developed into a 

conical protuberance, smallest in the two proximal rings and increasing in size, 

prominence, and sharpness of apex, to the fourth ring; thence the horn-like bosses 

decrease in number, though hardly in size, to the terminal closed segment of the 

sheath. 

In an antecedent girdle may be distinguished one dorsal pair (Plate 65, fig. 5, a, a), 

a dorso-lateral pair (ib., b, b), a ventro-lateral pair (ib., c, c), and two smaller ventral 

pairs (cl, d'), of massive conical protuberances. 

In number and arrangement the pattern of the small existing Lacertian (Moloch) is 

adhered to ; but the great Armadillo, in the osseous basis of the protuberances as well 

as in their relative size, repeats more closely the armature of the terminal segments of 

the bony tail-sheath of Megalania, The relations of the exo- to the endo-skeleton are 

also essentially the same. The neural spine of the caudal vetebra, in Glyptodon, rises 

to contact with the roof of the overarching bone, but expands and divides to give a 

more extended support (ib., ib.). The haemal spine in like manner expands, but in a 

minor degree, upon the floor of the cylinder. Moreover, in the caudal segment, the 

subject of fig. 5, the transverse processes are developed and similarly expand to buttress 

the side walls of the dermosteal sheath. 

In the caudal segment of Megalania, the subject of Plate 64, both neural and 

hsemal spines do expand at their terminal confluence with the sheath, and if, as is 

probable, the lack of extension of the transverse processes (cl, cl) be due to accidental 

fracture and loss, the inward projections o£ the parts of the sheath against which, if 

entire, they abutted, indicate, also, expanded terminations. But the difference in the 

relative size of the endoskeletal element of the tail-segment is manifestly in favour 

of the Mammal. 

The unlooked for anticipation, so to speak, of the loricate character of tail of certain 

members of placental Mammals by a genus of oviparous Lacertians has suggested the 

following final remarks. 

The Pangolins (Manis) offer a singular exception in their high class to other 

Mammalia in the scaly nature of their tegument in which the imbricate arrangement 

of the horny tissue repeats the common condition of the covering of Lizards. I 

conceive this, with their toothless character, their gizzard and gastric glands, and 

then’ Reptilian retention of intra-abdominal testes, to contribute a more significant 

indication of their position in the scale of the warm-blooded, viviparous, and lactiferous 

* ‘ Anales del Museo Publico de Buenos Ayres,’ 4to., 1871, p. 411, plate 40. 
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class than the shape or substance of any portion of the deciduous appendages of their 

foetus. 

The dermal bones of the Armadillos (Dasypus) have been cited, in like relation to 

guidance as to status in the Mammalian series ; and now, for the first time, we are 

enabled to show that the singular annular arrangement of such ossifications, sustaining 

massive conical cores of corneous weapons, is a repetition of, or, as it were, lias been 

borrowed from, an antecedent cold-blooded, air-breathing class. 

And what are the Mammals that most resemble the scale-clad and bone-clad genera 

in other organic phenomena ? I refer not, now, to the Monotremes and Marsupials ; 

these, by common consent of Systematists, are deposed from the place they hold in 

the Cuvierian system, and are relegated to the lowest position in their class. They 

manifest marked differences amongst themselves, but there is an anatomical character 

common and peculiar to them. It is a cerebral one, in which the great commissure of 

the brain, as it exists in all other and higher Mammals, is represented by a rudiment, 

the connexions and position of which are best expressed by the term “ hippocampal 

commissure.” 

With the Pangolins and Armadillos are associated, also by a cerebral character, the 

Rodents, Insectivores, Bats, and Sloths. In every species of these Orders, as in the 

species of Bruta, the cerebral hemispheres are not extended over any part of the 

cerebellum, and, with few exceptions, are outwardly smooth or unconvolute. At such 

a stage of Mammalian development is it that we find, as in the Lizards and Snakes, 

species becoming torpid in winter, of which Dormice among the Rodentia and Bats 

among insect-eaters are notable instances. In such low Mammals the heart, as in 

Reptilia, retains the faculty of circulating carbonised or black blood. Again, as the 

Pangolin borrows the scales and the Armadillo the scutes of the Reptiles, so the 

Hedgehogs and Porcupines borrow, for their covering, the main part of the feather, 

that, namely, to which it is reduced in the wings of the Cassowary. 

The supernumerary neck-vertebrae and their free or floating ribs is an osteological 

character which has been continued from the Crocodiles to the Sloths ; and the latter 

smooth-brained Mammals show kinship with the antecedent cold-blooded air-breathing 

Vertebrates, by the tenaceous post-mortem irritability of the muscular fibre and the 

long continuance of its contractile response to stimulants. 

Description of the Plates. 

PLATE 64. 

Front view of the ante-penultimate caudal segment, showing the exo- and endo-skeletal 

parts; natural size : Megalama priscci. 

mdccclxxxi. 4 c 
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PLATE 65. 

Fig. 1. Side view of the four terminal exo-skeletal segments of the tail: Megalania 

prisca. 

Fig. 2. Upper view of the same segments. 

Fig. 3. Under view of the same segments. 

Fig. 4. Back view of the foremost segment. (The above figures are reduced in the 

degree shown by comparison with Plate 64.) 

Fig. 5. Front view of corresponding caudal segment, showing the exo- and endo-skeletal 

parts ; half the natural size. Glyptodon asper (Burmeister). 

r 

PLATE 66. 

Fig. I. Uromcistix princeps; natural size (after O’Shaughnessy'"). 

Fig. 2. Side view of exo-skeleton of the tail of ditto ; natural size (original). 

Fig. 3. Under view of the same part (original). 

Fig. 4. Upper view of two exo-skeletal segments of the tail; natural size. Moloch 

horridus. 

Fig. 5. Side view of three exo-skeletal caudal segments ; natural size. Ib. 

Fig. 6. Under view of three exo-skeletal segments, nearer the end of the tail ; natural 

size. Ib. 

Fig. 7. Side view of the endo- and exo-skeletal parts of a caudal segment; natural 

size. Scelidosaurus Harrisonii. 

Fig. 8. Side view of the exo-skeletal segments of the tail; one-eighth the natural size. 

Glyptodon cisper (after Burmeister). 

Fig. 9. Upper view of the five terminal exo-skeletal segments of the tail; one-eighth 

the natural size. Glyptodon asper (after Burmeister). 

Fig. 10. Under view of the same segments (after Burmeister). 

* Op. cit., Plate 43. 
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I. INTRODUCTION. 

It lias long been clear that the means placed at our disposal by photography for 

studying the solar spectrum enable us to construct maps of the region more 

refrangible than b on a much larger scale than those hitherto employed. 

At the same time, as our knowledge of the molecular conditions under which 

changes in spectra occur is increased, it becomes necessary to embrace more and more 

detail in the inquiry. 

Hence in former communications to the Hoyal Society I have pointed out that in 

order to increase our knowledge of the sun’s chemical constitution, and to have a 

MDCCCLXXXI. 4 D 



5G2 MR. J. NORMAN LOCKYER OR SPECTRUM-ANALYSIS 

ready and unfailing means of detecting cyclical changes, maps of the spectrum on a 

large scale must be constructed. 

By means of the photographic method described in the third Memoir of this series," 

and illustrated by its application to the mapping of the spectra of barium, calcium and 

strontium in the fourth,! I commenced in the year 1875 a new map of the solar spectrum 
° 

on four times the scale of Angstrom’s “Spectre Normal.” Specimens of this map in 

its earlier stages were laid before the Society, with a preliminary note, in November of 

that year. J After the presentation of this preliminary note, the construction of the map 

was carried on, until on January 10, 1877, I submitted to the Boyal Society a complete 

Memoir on the first part completed (W.L. 390-400 millionths millim.) with comparisons 

of the lines of 25 metals and complete tables, both of the solar and metallic lines. 

While this Memoir was in the hands of the referees, I received from my friend 

Mr. L. M. Butherfued, of New York, a magnificent reflection grating, with 17,280 

lines to the inch. This enabled me to attack the question of wave-lengths in a much 

more satisfactory manner than I had been able to do in the first instance. I therefore 

determined to reject my two years’ work and to do it all over again, in order, if 

possible, to introduce greater accuracy than the method of graphical interpolation, 

which I had been compelled to adopt in the first instance, had permitted. I therefore 

applied to the Boyal Society for leave to withdraw my paper, giving the above-stated 

reason for so doing, and at once received the required permission. 

I now beg to re-submit to the Society that part of the withdrawn Memoir which 

has reference to the spectrum of the sun, independently of the spectra of the metals. 

1 have determined to do this, not only because the reviewing of the wave-lengths of 

the metallic lines will take considerable time, but because during the time that the 

Memoir was in the hands of the Boyal Society, and that which has elapsed since I 

received it back, I have very nearly completed the survey of the whole of the metals 

for this region, so that the comparison can now shortly be given for the whole of the 

metallic elements united for this part. 

The section of the new normal spectrum comprises, as I have said, the Fraunhofer 

lines between W.L. 390-400 millionths millim. That portion of the map now in ques¬ 

tion is but a very small fraction of the whole region of the spectrum workable by 

photography, and my chief object in thus forwarding a fragment to the Boyal Society 

is to point out the necessity for, and to invite co-operation in, a work of such magnitude, 

and to publish full details of the methods I have found most effective for the use of 

those who may take up the research. For this reason, and because it may happen 

that a diffraction grating of the requisite brilliancy may not be forthcoming in all 

cases, I think it best to give a complete history of the production of the map, including 

that stage of graphical interpolation of wave-lengths which I have, by Mr. Butherfued s 

generosity, been able to supersede. 

* Phil. Trans., Yol. 1G4, Part II., p. 479. f Phil. Trans., Yol. 104, Part II., p. ,305. 

J Proc. Roy. Soc., 158, 1875. 
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II. REFRACTION MAP. 

A. Instruments, &c. 

The same general arrangement of the spectroscope, electric lamp, and lenses figured 

in the third of the present series of memoirs has been employed for obtaining the 

photographs used in the construction of the refraction map. 

The spectroscope used is one constructed on the model of Bunsen and Kirchhoff, 

by Schmidt and Hensch, of Berlin. It is provided witli a train of four flint glass 

prisms, viz., three of 45° and one of 60°. 

The prisms are levelled by Kirchhoff’s method, and adjusted as nearly as possible 

for the minimum deviation of the centre of the section being worked upon. 

The camera employed is provided with a simple quartz lens of 5-feet focus. The 

image of the spectrum formed by this lens falls on a sensitized glass plate, lG'Gx 5'8 

centims. The dispersion obtained by this arrangement gives a photographic impres¬ 

sion, in which the distance from G to K (using Cornu’s nomenclature) is about 

11 centims. and from H to K about 1 '3 centims. 

The focus is first fixed approximately by viewing the image of the spectrum on 

the ground glass focussing screen by means of a positive eye piece, and the final 

adjustment is determined by a series of trial plates, using the solar spectrum when 

possible, or, in the absence of the sun, the spectrum of some metal such as cerium, 

which contains an immense number of lines throughout its entire length. For fine 

definition it is requisite that if the beam of light which falls on the slit is not parallel, 

the light of the wave-length to be photographed should be brought to focus on it. 

B. Method of Mapping. 

a. Construction of Interpolation Curves. 

The relative positions of all the most prominent lines visible in an enlargement of 

the photographs employed were first laid down on a strip of paper and then transferred 

to the horizontal line ruled at the base of some curve paper to furnish the ordinates. 

The lines thus selected were referred to Cornu’s map, and their wavedengths fur¬ 

nished the abscissae. A wave-length scale was marked off on the vertical line, 4 millims. 

of which represented 1 millim. of Cornu’s map. In the case of lines assigned to 

particular metals by former observers, a photograph of the metallic and solar spectra 

confronted was found useful in this work of identification. The wave-lengths of the 

selected lines having been found, vertical lines are carried up from them, and horizontal 

lines marked across from the corresponding wave-lengths. Where the vertical and 

horizontal lines meet, a series of points is obtained, through which is drawn a curve 

with as much regularity as possible. The drawing of this curve at once reveals errors 

of identification or of wave-length in the map used. 

4 d 2 
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Two curves (A and B) were employed in the construction of this section. The 

first curve (A) was obtained from an enlargement on glass, and was available from 

about W.L. 386'0 to 399-98 millionths millim. The distance between K and H in 

this photograph is 3'5 centims., and it was employed in preference to Rutherfurd’s 

print, because being in much better focus it was more easy, in consequence, to compare 

it with Cornu’s map. 

The second curve (B) was constructed from Rutherfurd’s print, commencing at 

the point where the photograph referred to in the last paragraph fails ; this curve 

extends from W.L. 397'045 to W.L. 400'925 millionths millim. 

The wave-lengths are expressed in xth metres, and are given in two places of 

decimals. This has been found necessary in order to distinguish between lines very 

close together. The greatest error in the method of determining wave-lengths by 

graphical interpolation does not much exceed 2 millims. of the present scale millim. 

Cornu’s scale = _ . n millim. in the actual wave-length. 
20,000,00 0 O 

I have not thought it necessary to reproduce the curves, but at the end of the 

paper I give two tables which will show the accuracy which it is possible to secure by 

the method above described. The experience gained in constructing these curves 

(I had already completed the region W.L. 390-440 millionths millim. before I received 

the grating, of which mention has already been made, from Mr. Rutherfurd) leads 

to the following conclusions :—- 

I. The photograph of the solar spectrum employed should be on as large a scale 

as possible. 

II. The wave-length scale giving the abscissae should never be smaller than that 

used here. 

III. The photograph should be tested for distortion after enlargement. 

IV. The fundamental lines should be copied from the glass and not from an 

enlargement on paper. 

ft. Construction of the Map. 

The photograph used for the construction of the original refraction map is the 

original negative varnished and examined by a lens, or placed under a simple micro¬ 

scope of low magnifying power. Considerable loss of detail and sharpness, leading 

to the obliteration of faint lines and the fusion together of close groups, has been found 

to be an invariable effect of photographic enlargements. Thus in section W.L. 390-400 

millionths millim., there were mapped 333 lines in the refraction map as completed, 

whereas in the map of the same section exhibited to the Society in November, 1875', 

which was drawn from an enlargement, there were but 221 lines. I may add that 

the same holds good with metallic spectra. Thus the spectrum of cerium as first 

mapped from enlargements contained several broad and nebulous bands which the 

negatives now in use resolve into groups of distinct but closely-packed lines. 
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Tlie drawing of section W.L. 390-400 millionths millim., exhibited with the pre¬ 

liminary note before referred to, was utilised for the first revision of the refraction 

map, for which purpose it was sufficiently good, although not good enough for copying 

finally, having been produced, as before mentioned, from a photographic enlargement 

of this region of the spectrum. 

The method adopted in drawing the final refraction map was the following. A 

millimetre scale of the required length having been drawn near the top of a sheet of 

paper prepared for the reception of the map, the fundamental lines were first entered 

in their correct positions in pencil upon it, and afterwards made of their correct 

widths and intensities, as seen in the standard photograph, by means of a drawing 

pen and Indian ink. The width of these fundamental lines, where sufficiently great, 

was found by actual measurements on the curve. The spaces between these funda¬ 

mental lines being too large on the scale adopted for interpolating the intermediate 

lines accurately by eye, their places in the photograph were found and their corre¬ 

sponding wave-lengths determined by means of the curve. 

The lines obtained in this manner by the aid of the interpolation curves were 

entered in the map in the same manner as before. 

A skeleton map is thus obtained, in which no greater extent is left blank than 

8 or 10 millims.—a distance sufficiently small, considering the shape of the curve, to 

allow of the interpolation of the intermediate lines by eye. The standard photograph, 

placed under a microscope of low magnifying power, was accordingly made to furnish 

the details for the remaining lines, which were interpolated with the greatest possible 

care, the interpolation position being checked from time to time by actual measure¬ 

ments of the wave-lengths of the selected lines on the curve. 

In all cases the agreement was as close as could be desired. 

In order to save the cost of engraving, a third map was constructed from the finally 

revised copy on twelve times the scale of Angstrom’s. This enlarged map was photo¬ 

graphed down to the original scale adopted for this work, viz., four times the scale 
o 

of Angstrom. For this enlarged map I was greatly indebted tc Lance-Corporal 

Murray, II, E., who made the drawing with great skill and care. 

y. Determination of the Wave-lengths of the Solar Lines. 

I have no means for determining wave-lengths absolutely, but the accurate measure¬ 

ment of the wave-length of the chief lines in the ultra-violet portion of the solar 

spectrum by Cornu rendered it unnecessary to attempt any absolute measurements 

for the construction of the present map. The last degree of accuracy in the determi¬ 

nation of wave-lengths is also, I think, having regard to the objects I have had in view, 

of less importance than good maps showing the details of the spectrum. The idea was 

at first entertained of simply copying Cornu’s map on the scale now adopted, and 

interpolating new lines by eye ; but for two reasons this idea had to be abandoned. 
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In the first place, Cornu’s map, although by far the best ever published of this region 

of the spectrum, was found to be considerably wanting in detail when compared with 

the best negatives taken with the camera before described. For example, the follow¬ 

ing lines are represented as single in Cornu’s map :— 

Section 3900-4000. 

Approximate 
'wave-lene'th. 

O 

State in new 
map. 

3920-4 . .Double. 

3920-8 . . » 

3921-3 . .Triple. 

3935-2 . .Double. 

3937-8 . . 33 

3952-0 . .Triple. 

3965-0 . .Double. 

3965-9 . . 33 

3993-3 . . JJ 

3993-9 . 

3997-3 . 

. 3 ’ 

• * * * * * * * * 33 

In the next place, on the increased scale of the new map, the omission of lines by 

Cornu gives rise to blank spaces of too great an extent to enable one to interpolate 

new lines by eye with sufficient accuracy. 

Cornu admits that he has attempted to give groups of lines a natural appearance 

(when contrasted with photography), without special reference to the position of lines 
o 

within the groups. Slight errors thus introduced, although unimportant on Ang¬ 

strom’s scale, would be considerably exaggerated on the scale now adopted. 

The table of wave-lengths of the refraction map depends then (l) upon Cornu’s 

values as far as they are available, and (2) upon the interpolation curves for all the 

other lines. I have already stated the degree of accuracy which they may be expected 

to possess. 

III. DIFFRACTION MAP. 

A. Instruments, &c. 

The stand and collimator of the spectroscope of the Bunsen and Kirchhoff model 

already referred to were utilised, the train of prisms being removed and replaced by 

the grating. This grating, which as I have already said I owe to the great kindness 

of Mr. Rutherfurd, contains 13,321 lines 25 millims. long (17,280 to the inch). The 

ruled portion occupies the centre of a plate of glass 40 millims. square ; a deposit of 

silver is made on the ruled side, and then another plate is cemented with Canada 

balsam to the silvered side, to protect the surface. The grating is mounted with 
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wood at the back, over the centre of a brass circular plate free to move on another 

lower plate levelled by screws. 

The observing telescope, after a few preliminary observations to adjust the grating 

for verticality, was replaced by the long camera before mentioned. 

The focus for any one order was determined in much the same way as in the case of 

the refraction photograph ; that is, it was first roughly obtained by viewing the spec¬ 

trum on the ground glass screen by means of a fixed positive eye piece, but the final 

adjustment was likewise determined by a series of trial plates, and, when satisfactory, 

the sliding end of the camera was clamped up tight in order to keep the adjustment 

as rigid as possible. 

The spectrum of the second order was first obtained. 

In this the distance between the H and K lines was nearly 8 millims. 

With the angle between the collimator and the camera which I used, the H and K 

lines of the third order are brought to focus with the D lines of the second order, so 

that practically the grating and instruments generally are in the first instance adjusted 

for D, with the exception that the violet light is focussed on to the slit. 

In the photograph thus obtained the H and K lines are about 15 millims. apart, 

and the perfection of the grating is demonstrated by the definition of the photographs, 

except in those parts of them where, in consequence of the presence of the glass plate, 

the purity of the spectrum is marred by interference effects.* 

As the exposure for the third order spectrum was much longer than that required 

by the train of prisms, the photographs used were taken by means of a siderostat, the 

use of which gives great constancy to the direction of the beam of light employed. 

At times, an opera glass was used for obtaining a parallel beam; at others, the centre 

of the beam (of 12 inches diameter) thrown by the siderostat was grasped by an 8-inch 

object glass, and focussed on the slit. 

B. Determination of Wave-lengths. 

The small original negative was enlarged by many stages to obviate all chances of 

distortion, until a glass positive was obtained of sufficient size to commence operations 

upon. This was 24 centims. in length. The wave-lengths of the extreme points 

having been taken from Cornu’s map, it was divided into ten parts carefully by com¬ 

passes. It was then found that the intermediate wave-lengths did not correspond 

with those of Cornu. I at first feared that some distortion had, after all, been intro¬ 

duced ; and to test this I employed a photograph on which wave-lengths 38 and 40 

were taken as extreme points, and the distance between them divided into twenty 

portions in like manner. I then found that, although the point 39 was very slightly 

changed, all the rest of Cornu’s measurements between 39-40 fitted the photograph 

very well. That is, I found that the ten points between 39, as thus determined, and 

* Mr. Rutherfurd, who lias carefully studied these phenomena, ascribes them to the so-called “ Talbot 

Bands.” 
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40 fell as near the places assigned by Cornu as could possibly be expected, considering 

the great difference in the scale employed, and the vast increase in the details obtained 

by the grating. The new place for 39, which lies at 38’992 on Cornu’s map, was finally 

settled as the start-point. The distance from 39 to 40 on the glass plate was carefully 

divided into 1000 parts; a scale was made in ink, and from the glass plate, which 

now contained both the spectrum and the scale, an enlargement on paper was obtained 

slightly greater than the map to be produced from it. 

I willingly here express my great obligation to M. Cornu’s work, and add a tribute 

of admiration zo its value and completeness. The way in which it bears the severe 

test put on it by the larger scale I have employed is marvellous. 

C. Construction of the Map. 

Being thus in possession of an enlarged photographic print on which are marked the 

absolute wave-lengths, the next thing done was to study it side by side with a refrac¬ 

tion photograph brought up to the same scale. Owing to the cause I have before 

referred to, it was found that, though there was no difficulty in recognising the chief 

lines in both, still in the diffraction photograph the smaller details were in many 

places quite different, and in many others very difficult to harmonise, the intensities of 

the lines having been greatly changed. Although, therefore, I was able to use the 

diffraction photograph for the positions of the chief lines, I had to depend on the 

refraction photograph for the detailed work and the intensity of the lines. 

A trial map on the scale adopted was then very carefully made by the aid of 

the photographs and the original standard refraction negative. An enlargement was 
o 

then made on three times the scale, =: twelve times the scale of Angstrom. 

I tried several methods of conveniently comparing the drawing with the photograph, 

after the chief lines had been inserted in positions indicated on the scaled negative. 

The following I found most satisfactory, and, indeed, it has been of great service in 

the construction of the map. 

The board on which the large-scale map was drawn was placed in an upright 

position, and at about 10 feet in front of it a small sighting aperture of 3 millims. 

diameter was adjusted. 

The diffraction photograph with its accompanying scale was supported between the 

board and this aperture, care being taken to keep the line joining the eye-hole and 

the centre of the map at right angles to the plane of the map, and the plane of the 

photograph parallel to the same plane. The position of the photograph was so adjusted 

that the lines on the photograph and the map, thus viewed from the observing aperture, 

were absolutely continuous. In this manner I was able to correct any error in the 

positions of the lines in the enlarged map with the greatest certainty. The details 

and intensities were added afterwards by mounting the refraction photograph in the 

same manner. Having thus corrected, checked, and finished the large map in ink, it 
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was sent to the School of Military Engineering at Chatham, where, by the kind 

permission of the authorities, it was photographed down to the scale determined upon. 

IV. IMPORTANCE OF THE PHOTOGRAPHIC METHOD. 

The importance of applying photography to the violet and ultra-violet portions of 

the solar spectrum seems to have been fully appreciated by Angstrom.'" 

The classical “Spectre Normal” is avowedly incomplete about this region, both with 

regard to the number of lines and their wave-lengths. Even in portions of the spec¬ 

trum distinctly visible—such, for example, as from G to F—a good photograph shows 

a much greater number of lines than the corresponding region of the “ Spectre Normal.” 

Similarly with regard to metallic spectra : the most complete spectral maps hitherto 

published, those of Thalen,+ contain in a given region a much smaller number of lines 

than are mapped for the same region by means of photography, even when the 

spectra are purified to the greatest possible extent by the elimination of all known 

impurity lines. Numerical comparisons illustrating this superiority of the photo¬ 

graphic method over eye observation have already been given in the preliminary note 

before referred to. 
O 

Since the publication of the “Spectre Normal,” and of Angstrom and Thalens 

map of the violet portion of the solar spectrum, a map of the ultra-violet region has 

been constructed by MascartJ by means of photography ; but this map possesses the 

disadvantage of an arbitrary scale, and no metallic lines are introduced. A diffraction 

spectrum obtained by means of photography was published by Dr. Draper in 1872. 

This spectrum extends from beyond G to O, and although the best diffraction spec¬ 

trum hitherto published, the wave-length scale is too indistinct and blurred for use in 

very accurate measurements. The allocation of the lines with those of metallic 

spectra is, moreover, not shown, although the author states that he has photographed 

some of the metallic spectra, both by means of a grating and of a train of quartz 

prisms. The excellent photograph of the solar spectrum taken by Mr. Pujtherfurd, 

as might have been expected, contains a much greater number of lines than the 

“ Spectre Normal” for the same region, but being a refraction spectrum is of course 

not available for the purpose of directly determining wave-lengths. The most perfect 

map of the violet and ultra-violet solar spectrum at present in existence is that 

recently published by Cornu, who has determined absolutely the wave-lengths of 

thirty-six of the principal lines in the portion of the spectrum included between O 

(wave-length 3440) and beyond h (wave-length 4120), the remaining lines, about 650 

in number, being introduced by interpolation. This map was constructed by means 

* “ Quant a la lumiere violette et extra-violette, j’espere pouvoir, a l’aide de la pbotog’rapbie, en publier 

bientot un aper^u exact et detaille, surtout comme les tentatives, deja faites a cet egard par M. Thalen, 

confirment ces esperances.”—(‘ Recbercbes sur le Spectre Solaire,’ Upsal., 1869.) 

t ‘ Nova Acta Regise Societatis Scientiarum.’ Upsaliensis, 1868. 

+ “On the Rays of the Ultra-violet Solar Spectrum.’’ ‘Compt. Rendus,’ Nov., 1863. 

4 e MDCCCLXXXT. 
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of photography, and although very incomplete so far as regards metallic coincidences, 

it has proved of invaluable service in the construction of the present map. 

That the value of the photographic method has not been over-estimated will be 

rendered evident from the following considerations. 

In the first place, it is well known that a great extent of the spectrum totally 

invisible under ordinary circumstances can be recorded by means of photography. 

Thus, taking the length of spectrum which can be conveniently mapped by eye to 

extend from h (wave-length 4100) to near A (wave-length 7310), this map would be, 

on Angstrom’s scale, 3‘20 metres long. Taking about Q (wave-length 3177, Mas- 

cart) as the most refrangible limit of the spectrum conveniently workable by photo¬ 

graphy, we thus gain from this point to In, on the same scale, an additional length of 

nearly 1 metre. 

Next with regard to the amount of detail obtained from photographs compared 

with that observable by eye. To illustrate the advantage of the present method, 

it will be instructive to compare a given region mapped by eye and by photography. 

The portion first selected has been mapped by Angstrom, by Cornu, and likewise in 

the course of the present work. 

Solar Spectrum, Section 4000-4100. 

Eye observation. 
No. of 
lines. 

Photographic record. 
No. of 
lines. 

“ Spectre Normal” .... 32 Cornu’s map. 
Map constructed from Ruther- 

104 

furd’s print of the solar 
spectrum. 297 

Map constructed from nega- 
tires taken July, 1875 (inclu¬ 
ding lines glimpsed merely) 333 

In a region more easily visible than the above, the same superiority is exhibited by 

the photographic spectrum. 

Solar Spectrum, Section 4200-4300. 

Eye observation. 
No. of 
lines. 

Photographic record. 
No. of 
lines. 

“ Spectre Normal ” .... 94 Map constructed from Ruther- 

furd’s print of the solar 
spectrum. 

Map constructed from a nega¬ 
tive taken July 29, 1875 

275 

412 

Seeing the great advantages thus offered by photography, even in a part of the 

spectrum distinctly visible, I am persuaded that it will be necessary to re-map the 
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whole length of spectrum capable of being photographed, before the conditions set 

forth at the commencement of this paper are fulfilled. Experiments made in the 

course of the present work show that, with a bromo-iodized collodion, it is possible to 

photograph as far as E in the green (wave-length 5269), with exposure of from two 

to three minutes. Neither can there be much doubt that, in a short time, we shall 

be in possession of methods enabling us to photograph any part of the spectrum with 

equal facility. 

The importance of the photographic method will be still further enforced, if we con¬ 

sider that the maps of metallic spectra at present in existence, although constructed 

with the greatest skill, are necessarily incomplete, and are, moreover, not free from 

impurity lines. Before we can hope to arrive at any great generalisation in the theory 

of the spectrum, it is obvious that we must have pure spectra to deal with ; and, as I 

have previously shown, the photographic method is the only one which enables such a 

purification to be effected. 

V. PHOTOGRAPHIC PROCESS EMPLOYED. 

The silver bath employed contains 40 grains of silver nitrate to the ounce of 

distilled water. It is made as neutral as possible. 

Amongst many developers which were tried, I have found that used by Cornu to be 

best for these investigations, viz. :— 

1 litre.Distilled water. 

60 cubic centimetres . . Saturated solution of ferrous sulphate. 

30 ,, ,, . . Glacial acetic acid. 

30 „ ,, . . Alcohol. 

In course of these researches I have used many collodions, but Blanchard’s extra 

bromo-iodized is by far the best and most suitable for spectrum photography, as its 

power for imparting detail is greater than any other, and the granular appearance 

under magnification is less than that produced by others, although this defect is still 

great, and leaves much to be desired. 

The emulsion process and also the dry plate processes have yet to be more thoroughly 

tested in connexion with this work, but at present the time of exposure required has 

proved a fatal objection. 

Having obtained the negative, whether from the grating or a train of prisms, the 

next process is to produce the necessary enlargement. I have found no lens so well 

suited for these enlargements as Mr. Dallmeyer’s rapid rectilinear. The working- 

positive employed is a little below the scale of the map. The exposure required for 

transparencies is not so long as for a negative by about one-tliird. The intensifying 

solution should be passed over once, merely to secure the fine lines. The cyanide 

solution should be made rather weak for this work. 

4 E 2 
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It is most important tliat both the negative and transparency should not be var¬ 

nished, as the texture of the varnish will, when photographed, mar all fine detail. 

VI. CONCLUSION. 

In conclusion, I would remark that the accompanying map can only be regarded 

as provisional, seeing that when greater dispersion is employed, or a grating without 

the glass plate in front of it is available, much finer details will no doubt be revealed, 

and wave-lengths of all lines will be directly given. 

With regard to the detail shown, I believe that the map as nearly represents the 

actual state of the solar spectrum at the epoch as can be expected with the photo¬ 

graphic materials and dispersion at my disposal. There are some few lines which, 

when magnified, seem to show indications of being double, in some cases by a shading 

off on one side, in others by a trace of a central division. Such lines are, however, 

represented in the map as single, and the words “probably double” introduced oppo¬ 

site to them in the tables. 

I may also mention that in other cases a solar line, although single under the 

highest magnifying power, has also been suspected to be double, because in my work on 

metallic spectra the supposed components have been found to be coincident with two 

lines in the spectra of two distinct metals, which lines just graze each other without 

actually coinciding. 

The coincidence of the solar lines with those due to the vapours of the metals in 

this region I shall deal with in another paper. 

In the annexed plate I have not only given the map, as reduced from the photo¬ 

graphs in the manner described, but introduced a permanent enlargement of one of 

the photographs. It has not been possible to represent the intensities absolutely, 

on account of the varying tones of the absorption-lines themselves. The untouched 

photograph will allow of the detection of any errors of this nature. 

I must express my obligation to the authorities of the School of Military Engineering, 

Chatham, for the permission they granted to have the enlargements made, and the 

reduced copy of the map photographed, there. 

It is my duty and pleasure to record my deep obligations to my assistants, Messrs. 

Meldola, Ord, and Starling for the care, patience, and skill they have successively 

shown in carrying on the various branches of the work. My thanks are also due to 

Corporals Murray and Ewings, Ii.E., for their aid in enlarging the sketch maps and 

comparing them with the original negative. 

In the map the lines have been fined down as much as possible to show the double 

lines, and the shading near Id and K reduced to a minimum to show the finer fines in 

those regions. 
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Table I.—Fundamental lines used in the construction of Curves. 

Section 3900-4000. 
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Remarks. 

3897-0 (Fe.) Absent. 3897-00 0 Single : winged Absent Single .. 1 
3898-4 (Fe.) 3898-63 -•23 „ * >, 1 
3902-0 (Fe.) 3902 10 -•1 ’1 >' „ 31 . . 1 

*3904-8 3904-77 + •03 » 1 
3909-4 n 

3909-23 + •17 Single 1 .. 11 Double (?) 3, 2** **Probably double. Iden¬ 
tity with Cornu’s line 
doubtful. 

3913-4 3913-82 , , -■42 » Double (1) 2 2## #*Probably double. 
3916-6 3916-50 + 1 >> 11 Single .. 2 
3918-4 (Fe.) 3918-72 -•32 ,, >» 2 
3920-0 (Fe.) 3920-00 0 ,, „ 0) 1 Probably double. 

*3922-1 (Fe.) 3922-27 -•17 „ 11 1 
3927-2 (Fe.) 3927-30 -■10 }) 1 
3929 8 (Fe.) 3929-77 . , + •03 ,, . . 13 1 
3935-2 3935-17 + •03 Double .. 3, 3 
3937-8 3937-72 + •08 Single 2 
3940-0 3940-43 -•43 ,, 2 

3941-8 3941-80 0 2 
3943-1 3942-70 3943-30 -•20 ., winged Single 11 • • 1 
3946 9 Absent 3947 00 -•10 Absent Triple 3, 3, 3 
3947-9 )} 3947-85 . , + -05 i) * • * • 3) Single (?) 2 Probably triple. 
3950-0 

3951-50 
3950-22 -•22 ,, 

Triple .. 
2 

*3952-0 3951-72 + ■28 Single 2, 2, 2 
3955-0 Absent 3954’50 + 0 Absent Single .. 2 
3955-8 (Fe.) 3955-50 + •3 13 Triple .. 2, 2, 2 
3959-2 3959-48 -•28 Single .. 3 
3960-5 3961 20 3960-50 0 ,, winged Single 11 • * 1 
3963-6 Absent 3963-60 0 . . . Absent Dopble .. 3, 3 
3965-0 3965-05 — ’05 )) 3, 2 
3965-8 3965-80 0 2, 2 
3968-7 3968-40 + •3 Single .. 1 
3970-4 3970-32 3970-45 + -08 -•05 2 
3973-0 3973-00 3972-80 0 + •2 „ 0) 1 Probably double. 
3975-5 3975-27 3975-33 + •23 + •17 ,, Double (\) 3, 3** **Probably double. 
3978-9 3978-74 3979-00 + •16 --1 2. 4 
3981-0 3981-24 3981-20 -•24 -•2 „ 0) 2, 3** **Probably double. 
3983-7 3983-15 3983-40 + •55 + •30 Single .. 1 

*3986-1 3986-0 3986-18 3986 36 -•08 -■26 Double .. Single Double .. U 1 
3989-0 Absent 3989-12 3989-16 -■12 -•16 Single .. Absent Single .. 1 
3993-25 „ 3993-60 3993-30 -•35 -•05 Single .. Double .. 2, 2 
3997-5 3997-8 3997-72 3997-33 -•22 + ■17 Single 1, 2 
3999-8 Absent 3999-80 3999-80 0 0 Absent 2, 2 I A line in Angstrom’s Map 
4000-7 4001-24 -■54 Single .. 2 |-at wave-length 4001 "4 not 
4003-3 4003 40 -■] 3 J capable of being identified. 

*4004-4 (Fe.) 4004-7 4004-72 -•32 Single Double .. 1, 1 
4006-0 Absent 4006-28 -•28 Double .. Absent „ 2, 2 
4007-4 >> 4007-56 -•16 Single .. Single .. 4 
4008-6 31 4008-50 + -1 

Double .. 
2 

4009-40 13 4009-25 + •15 ,, • • • • 4, 1 

# Lines marked thus are those measured absolutely by Cornu. Lines marked (Fe.) are iron lines, assigned to this metal 

by Cornu, which have been identified by a comparison photograph of Fe and solar spectrum. 

N.B.—In the case of lines which the standard photograph resolves into groups of two or more, the centre is always taken 

for measurement. In the case of multiple lines, the intensities are placed in the same order as the lines are seen when looking 

at the map, i.e., the more refrangible on the observer’s left. The scale of intensities adopted is the same as that employed by 

Thalen for the metallic spectra—1 being the darkest and 5 the lightest. In the overlapping portions of curves A and B 

the .values given by B are adopted. 
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Table II.—Lines interpolated from Curves. 

Section 3900-4000. 
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Remarks. 

Absent .. Absent 3900-00 Absent Absent Double .. 3, 3 
3900-6 .. 3900-60 0 Single **• Single .. 2 
Absent (I) 3901-25 Absent ? yy „ 3 No distinct line in Cornu’s map. 
3903 0 .. 3903-10 -•16 Single.. yy • • 2 
3904-3 .. 3904-08 + •22 ,, yy 3 
3905-9 .. 3905 80 + •10 1 
3907-1 (?).. 3907-17 -•07 ,, yy • • 

Double .. 
4 Identity with Cornu’s line doubtful. 

3907-9 .. 3908-10 -•20 3, 4 

3909-9 (?).. 9 3909-87 + •03 Double ? yy 

Triple .. 
3, 3 

3911-6 .. 3911-30 + •30 Single . 3, 3, 3 
3912-9 .. 3912-80 + •10 Double .. 2, 2 

3915-2 .. f 3915-07 + •13 Quadruple 4, 3, 3, 3 

3917-8 .. 3917-85 -05 yy • • yy Single ? .. 2 Probably double. Represented in 
Cornu as beginning a broad band. 

3921-4 .. 3921-23 + ■17 Triple .. 3, 3, 3 Cornu's line in midst of shading. 
3924-0 .. ,, 3923-85 + •15 . . yy Single .. 3 

3924 3 .. 3924-42 -•12 ,, „ 3 

3925-3 .. 3925-28 + ■02 2 

3928-5 .. 3928 62 -•12 Double ?.. 3, 4** ##Probably double. 

Absent .. 3931-10 Absent Single .. 3 

Absent .. 3936-72 yy 4 

Absent 3939 50 yy . • 5 
Absent .. ” 3944-61 » • • ” 

3 Centre of a group of four, repre¬ 
sented in Cornu by a single line 
at 3944-2. 

Absent .. 3945-15 5 
3946-2 (1).. 3946-28 -•08 Single.. yy . • 3 Identity with Cornu’s line doubtful. 

3948-9 .. 3949-10 -'20 3 
Absent .. 3952-65 . . Absent 4 
Absent .. 3957-60 4 
3962 1 .. 3962-20 -•10 Single.. yy 2 
3971-1 (1) . 3971-40 -•30 3 Identity with Cornu’s line doubtful. 

3974-0 (1).. yy 3974-13 -■13 1 
yy • • • 2 Probably double. Identity with 

Cornu’s line doubtful. 

3976-9 (?) . 3977-18 -•28 2 Identity with Cornu’s line doubtful. 

3984-7 .. 3984-80 -•10 . . ] # „ 2 Probably double. 

3988-5 .. 3988-50 0 . . yy 2 
3990-3 .. 3990-49 -■19 . . 3 
3991-8 (?) . 3992-25 — *45 3 Identity with Cornu’s line doubtful. 

3995-0 (?).. 3994-63 + •37 1 Identity with Cornu's line doubtful. 

3995-80 .. 3995-25 + -55 • • 3 Identity with Cornu’s line doubtful. 

3996-7 .. 3996-75 -•05 1 
Absent .. y> 3998-35 Absent yy ” 

3 

N.B.—In the case of multiple lines the same arrangement holds good as in the last table. 
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Table III.—Table of Wave Lengths 390,000 to 400,000 thousand millionths 

of milllm. 

Wave Length. 
Intensity in 

Sun 
1 = greatest. 

Wave Length. 
Intensity in 

Sun 
1 = greatest. 

Wave Length. 
Intensity in 

Sun 
1 = greatest. 

390,000 1 391,518 3 393,435 5 
390,023 4 391,555 3 393,475 3 
390,048 3 391,570 3 393,495 3 
390,105 3 391,605 3 393,628 3 
390,135 2 391,648 2 393,672 4 
390,162 4 • 391,675 5 393,718 3 
390,180 4 391,700 5 393,745 2 
390,220 4 391,725 5 393,885 4 
390,240 1 391,754 2 393,920 5 
390,270 3 391,773 2 393,948 5 
390,290 5 391,815 5 393,975 2 
390,335 2 391,835 2 394,026 3 
390,373 5 391,865 5 394,050 3 
390,423 3 391,882 5 394,080 3 
390,441 4 391,915 5 394,136 5 
390,478 4 391,945 1 394,149 2 
390,500 1 391,978 3 394,178 5 
390,535 4 391,991 3 394,223 3 
390,585 2 392,008 2 394,250 3 
390,600 1 392,025 3 394,273 3 
390,622 3 392,050 3 394,300 1 

390,650 5 392,080 3 394,368 3 
390,673 5 392,123 r 

u 394,381 3 
390,692 4 392,165 5 394,422 3 
390,712 5 392,180 5 394,440 3 
390,732 4 392,200 1 394,481 4 
390,765 5 392,250 5 394,515 5 
390,785 5 392,265 5 394,568 5 
390,810 3 392,295 5 394,600 3 
390.825 4 392,338 4 394,650 3 
390,875 5 392,368 3 394,665 3 
390,900 3 392,438 3 394,680 3 
390,922 2 392,488 3 394,720 3 
390,968 3 392,523 2 394,731 5 
390,985 3 392,555 4 394,776 2 
391,010 3 392,568 4 394,815 3 
391,025 3 392,615 5 394,885 3 
391,040 5 392,665 4 394,938 3 
391,075 5 392,700 1 395,012 2 
391,102 3 392,735 3 395,038 5 
391,115 3 392,755 3 395,055 5 
391,128 3 392,762 3 395,070 5 
391,158 3 392,785 3 395,092 4 
391,223 3 392.830 3 395,110 5 
391,258 4 392,845 4 395,130 5 
391,275 2 392,883 4 39-5,160 2 
391,290 2 392,900 3 395,190 2 
391,335 4 392,950 1 395,210 2 
391,360 2 393,000 4 395,248 4 
391,375 2 393,023 3 395,278 4 
391,400 5 393,100 3 395,295 5 
391,425 5 393,165 3 395,338 4 
391,451 4 393,221 4 395,365 4 
391,480 4 393,270 1 395.385 5 
391,492 3 393,325 3 395,423 2 



395 
395 
395 
395 
395 
395 
395, 
395, 
395, 
395 
395, 
395. 
395, 
395, 
395. 
395. 
396. 
396. 
396. 
396. 
396. 
396. 
396. 
396, 
396, 
396. 
396. 
396! 
396. 
396. 
396. 
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397, 
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Table III. continued.—Table of Wave Lengths. 
© 

Intensity in 
Sun 

1 = greatest. 
Wave Length. 

Intensity in 
Sun 

1 = greatest. 
Ware Length. 

Intensity in 
Sun 

1 = greatest. 

5 397,148 4 398,598 1 

5 397,155 4 398,635 1 

3 397,200 4 398,678 5 
3 397,238 4 398,695 3 
3 397,275 1 398,728 5 
3 397,305 5 398,742 5 
2 397,338 3 398,768 5 
3 397,361 2 398,800 4 
3 397.392 2 398,848 2 
2 397,430 3 398,922 1 

5 397,448 4 398,972 2 
4 397,478 4 398,985 5 
5 397,495 4 399,045 3 
5 397,535 3 399,065 4 
5 397,555 1 399,100 O 

0 

3 397,578 3 399,155 3 
5 397,625 5 399,172 5 
3 397,685 2 399,215 2 
1 397,722 5 399,238 

o 
O 

3 397,741 3 399,250 5 
3 397,760 3 399,274 5 
4 397,785 3 399,288 5 
3 397,810 5 399,325 2 
2 397,830 5 399,348 2 
5 397,868 2 399.375 2 

3 397,880 4 399,398 3 
3 397,915 4 399,465 1 
3 397,975 4 399,498 5 
3 398,000 4 399,520 3 
2 398,023 4 399,533 4 
2 398,038 4 399,570 3 
2 398,065 5 399,610 5 
2 398,083 2 399,625 5 
4 398,105 3 399,648 9 

1 398,150 3 399,665 3 
2 398,168 3 399,688 1 

5 398,215 3 399,728 1 

5 398,240 3 399,750 2 
4 398,273 5 399,778 5 
3 398,320 1 399,798 2 
3 398,345 3 399,848 3 
5 398,360 3 399,875 5 
5 398,385 3 399,920 5 
2 398,423 3 399,958 2 
5 398,465 2 399,977 2 

3 398,550 2 
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INTRODUCTION. 

The following research is a continuation of that previously communicated to the 

Society on the “ Minute Anatomy of the Thyroid GJand of the Dog,” and published in 

the Philosophical Transactions for 1876 (Vol. 166, Part II.). It is based on a 

histological examination of the thyroid gland in the following vertebrate animals :— 

I. Mammalia. Dog, Cat, Horse, Babbit, Ox, Sheep, Seal. 

II. Aves. Pigeon, Fowl, Book. 

III. Reptilia. Tortoise. 

IV. Amphibia. Frog. 

V. Pisces. Skate, Conger Eel. 

(Altogether the glands of more than sixty animals have been examined in this 

research.) 

My examination of the human thyroid gland is unfortunately not sufficiently com- 
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jfiete to allow of its being included in this communication, partly owing’ to its great 

delicacy of structure, and partly to the difficulty of obtaining this gland perfectly 

fresh, a condition which is absolutely necessary in order to examine its minute 

anatomy. I shall therefore merely refer to this gland incidentally on one or two 

points in the course of the paper. 

BIBLIOGRAPHY. 

The following are the chief publications to which it will be necessary to refer in the 

present communication :— 

Leydig : ‘ Lehrbuch der Histologic.’ 1857. 

Henle : ‘Handbuch der Systematischen Anatomie des Mensclien,’ vol. ii. 1866. 

Kolliker : ‘ Handbuch der Gewebelehre.’ 5th edition, 1867. 

Peremeschko : “ Ein Beitrag zum Bau der Schilddrtise.” Zeitschrift flir Wissen- 

schafthche Zoologie, xvii. 1867. 

Bolleston : ‘Forms of Animal Life.’ 1870. 

Virchow: ‘ Pathologie des Tumeurs.’ French translation. Lect. 22, vol. iii. 1871. 

W. Muller : Jenaische Zeitschrift ftir Medizin und Naturwissenschaft, vi. 1871. 

Verson : Article “Thyroid Gland,” in Stricker’s ‘ Human and Comparative His¬ 

tology.’ Sydenham Society’s translation, by H. Power, vol. i. 1871. 

P. A. Boechat : ‘ Becherches sur la Structure Normale du Corps Thyroide.’ These. 

Paris, 1873. 

Frey : ‘ Histology and Histo-Chemistry.’ 4th edition, translated by Barker, 1874. 

Baber : “ Contributions to the Minute Anatomy of the Thyroid Gland of the Hog.” 

Philosophical Transactions of the Boyal Society, Vol. 166, Part II. 1876. 

O. Zeiss : ‘ Mikroskopische Untersuckungen uber den Bau der Schilddruse.’ Inau¬ 

gural Dissertation. Strassburg, 1877. 

Huxley and Martin : ‘Practical Biology.’ 4th edition, 1877. 

Klein: “Observations on the Structure of Cells and Nuclei." Quarterly Journal 

of Microscopical Science, vol. xviii., new series. 1878. 

MACROSCOPIC APPEARANCES. 

Before entering on the histology of the gland, it may be well to mention the 

following points in regard to its macroscopic anatomy which have been noted in this 

research (compare Simon, “ On the Comparative Anatomy of the Thyroid Gland,’ 

Phil. Trans., 1844; and Owen, ‘Anatomy and Physiology of the Vertebrata,’ vol. i., 

1866):— 

Mammalia.—In some of these (such as the Dog, Sheep, &c.) the gland consists of two 

distinct halves, situate one on either side of the windpipe. In other instances the 

two lateral halves are united across the median line. For example, on injecting one 

lobe of the thyroid of a Babbit (11 vreeks old) by the method of puncture, what 
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appeared to be a broad band of small lymphatics became injected, running across the 

trachea to the lower part of the opposite lobe. Sections of this connecting band, 

examined microscopically, showed that it contained a considerable quantity of gland- 

tissue, and was therefore a true isthmus. In the Kitten, on injecting one gland 

by the puncture method with Berlin blue solution, what was apparently a large 

lymphatic vessel became filled, running across the trachea to the lower part of the 

opposite gland. This probably also formed a delicate isthmus of gland-tissue, connect¬ 

ing the two lobes. 

Aves.—In the Birds examined (Fowl, Book, Pigeon) the thyroid gland was composed 

of two small round or elongated bodies, situate in the upper part of the thorax, and in 

close connection with the jugular vein and carotid artery on either side. 

Re pt ilia.—In the Tortoise the gland is single, and forms a yellowish, rounded, 

somewhat flattened organ, situate just above the base of the heart, between the right 

and left aorta. 

Amphibia.—Frog. The following extracts will show that observers are by no 

means unanimous in regard to the position and character of the thyroid gland in this 

animal. 

Leydig {op. cit., p. 376) says that the thyroid gland of tail-less Batrachians (Frogs 

and Toads) usually consists of only three large vesicles, provided with a fine capillary 

network and isolated from one another, whose contents are neither clear fluid nor 

colloid, but a finely granular and partly fatty substance. Bolleston {op. cit., 

pp. 184, 185) describes and figures the thyroid glands as placed just internally to the 

jugular veins. Huxley and Martin {op. cit., p. 181), on the contrary, state that 

“ the thyroid gland appears to be represented by two or more oval bodies, which are 

found attached to the lingual vessels, and between the aortic and pulmo-cutaneous 

trunks.” W. Muller {op. cit., p. 438) found that in young Frogs the thyroid lay on 

the two sides of the body of the hyoid bone, close in front of the point of attachment 

of the cornua tliyreoidea. It was surrounded on all sides by muscles, and possessed a 

thin connective-tissue capsule, from which the vessels with their connective-tissue 

adventitia stretched into the interior. The gland substance consisted entirely of closed 

vesicles, with a delicate membrana propria and a single layer of cubical epithelium 

without pigment, and a central cavity containing a transparent colourless fluid, without 

any structural elements. 

For some time I was unable to find in the Frog any body corresponding histolo¬ 

gically to the thyroid gland, but subsequently, by following W. Muller’s directions 

as just quoted, I discovered it in transverse sections of the head. My observations 

show that in the Frog there are two bodies presenting the structure of the thyroid 

gland. They are situate, one on either side, on the ventral surface of the hyoid 

cartilage (or bone), being usually, but not always, in direct contact with this struc¬ 

ture. They are found either between the hyoid cartilage and the hyoglossus muscles, 

or else immediately to the outer side of these muscles, on a level just anterior to the 

4 E 2 
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point of their convergence. In quite small Frogs the thyroid gland appears in trans¬ 

verse sections as a somewhat flattened body, lying on the ventral surface of the hyoid 

cartilage, partly between it and the hyoglossus muscle. In rather larger Frogs it 

presents in transverse section a somewhat triangular outline (see Plate 68, fig. 1, i, i), 

the base being applied to the ventral surface of the cartilage (Plate 68, fig. 1, i) and 

the apex projecting forwards by the side of the hyoglossus muscle. In still larger 

Frogs transverse sections show that the gland often extends forwards, but its develop¬ 

ment on the two sides appears to be irregular and unsymmetrical. In Frogs of full 

size it may, however, still be found flattened and extending very slightly forwards. 

I may here mention that the structure of this gland resembles that of the thyroids 

of other animals. It consists of numerous vesicles separated by a stroma of connective 

tissue, the whole being surrounded by a capsule of similar character. The vesicles are 

lined by a single layer of cubical or slightly columnar epithelial cells, which are devoid 

of dark pigment. It will be seen that the results of these observations on the Frog 

agree on the whole with those of W. Muller. 

Pisces.—In the Skate, as far as I have seen, the gland is single (with the exception 

of a few detached vesicles) and forms a yellow flattened, lobulated body, occupying the 

median line at the bifurcation of the branchial artery.* Anteriorly it sometimes 

presents a narrow process of gland-tissue running forwards, and behind it is limited by 

the bifurcation of the branchial artery. The vesicles of the gland, of various sizes, are 

distinctly visible to the naked eye. In the Conger Eel the gland occupies a similar 

position and forms a reddish flattened body. 

METHODS EMPLOYED. 

Methods of Injection. 

I. The gland of a freshly-killed animal was injected in situ with a solution of Berlin 

blue by the method of puncture. The gland being hardened first in a mixture of 

equal parts of methylated spirit and water, and afterwards in methylated spirit, and 

sections mounted in dammar or balsam in the usual way. 

II. The fresh gland was injected in a similar manner with •§- per cent, solution of 

nitrate of silver in water and hardened as before. 

III. The fresh gland was injected in situ by the method of puncture with per cent, 

solution of osmic acid in water. The gland being removed was cut up into small 

pieces, and these placed in solutions of the same acid ranging in strength from -fo to 1 

per cent, for periods ranging from 1 to 24 hours. The gland being subsequently placed 

in alcohol and sections mounted in glycerine or in dammar. 

* Handfield Jones (quoted by Owen, loc. cit.) has observed in the Skate a second body of similar 

structure situated some distance behind this. I have not observed this second gland, but cannot deny its 
existence. 
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IV. In tlie Tortoise a double injection of the gland was made by filling the blood¬ 

vessels from the aorta with Gerlach’s carmine mass, and after about 20 minutes 

injecting the lymphatics of the gland in situ by the method of puncture with Berlin - 

blue solution—the latter, however, did not run very well. 

In several animals also the blood-vessels only were injected with a solution of Berlin 

blue. 

Methods of Hardening. 

The method employed in by far the larger number of cases was that of placing 

portions of the fresh gland (injected or uninjected) into a mixture of equal parts of 

methylated spirit and water for a period varying from a few days to a couple of weeks 

(or longer), and afterwards into pure methylated spirit until sufficiently hard for 

cutting, the hardening being sometimes completed by immersion in absolute alcohol, 

although this is not necessary. Sections of the hardened gland were then stained 

with hsematoxylin or picrocarminate of ammonia and mounted in dammar or balsam. 

The following methods were serviceable for showing special points in the structure of 

the gland (which will be referred to subsequently). 

I. Thyroid of Sheep or Tortoise hardened in a \ to 1 per cent, solution of chromic 

acid for 17 to 25 hours and subsequently in alcohol, for showing the intercellular 

reticulum. 

II. Thy roid of Tortoise hardened in Muller’s fluid for four days, stained with 

hsematoxylin and mounted in glycerine, for showing the layer of connective tissue on 

the epithelial wall. 

The following methods gave specimens which were either inferior, showing nothing 

fresh, or else were entirely useless :—(«) Immersion in a saturated solution of picric 

acid for 18 hours, afterwards in a strong solution of gum for 18 hours, and, finally, 

in methylated spirit. This method was only tried in the Ox, in which animal, it is 

only fair to state, the results obtained by other methods were very disappointing. 

(/>) Solution of monochromate of ammonia (2-| and 5 per cent.), subsequent hardening 

in spirit, (c) Immersion for two days in a mixture of two parts of chromic-acid 

solution (f per cent.), and one part of methylated spirit, afterwards in alcohol. The 

three methods recommended by Klein (Joe. cit.) for showing intra-nuclear and intra¬ 

cellular reticulum were tried with the results mentioned below. 

The general histology of the gland is certainly best shown in specimens hardened in 

alcohol only, although the facility with which the minute structure of this organ can 

be examined varies greatly in different animals, and also probably at different times in 

the same animal (vide infra, p. 586). Boecihat (op. cit., p. 13) also found hardening- 

in alcohol the most successful method. The thyroid gland of no animal, as far as my 

experience goes, surpasses that of the Dog in the facility it presents for microscopic 

examination. 



582 ME. E. C. BABER OX THE STRUCTURE OF THE THYROID GLAR’D. 

MICROSCOPIC APPEARANCES. 

Speaking generally, the only points in regard to the histology of the thyroid gland, 

on which recent authors appear to be unanimous, are, that it consists of “ cavities ” 

lined by a single layer of epithelium and held together by a more or less dense stroma 

of connective tissue. Further, that numerous blood-vessels and lymphatics, also 

nerves, are found in the stroma, and that the whole organ is surrounded by a capsule 

of connective tissue, which is continuous with the stroma in its interior. On other 

points, such as the shape of these “ cavities ” (vesicles), the character of their epithe¬ 

lium, the nature of the contents of the vesicles, &c., the opinions of authors are at 

variance. In considering these subjects in order, it will be convenient to discuss 

them under the following heads. 

I. Vesicles. 

Literature.—The majority of observers {e.g., Henle, Kolliker, Verson, Frey, and 

Leydig) have described the vesicles of the thyroid gland as consisting of closed globular 

bodies, not communicating with one another. Virchow, and more recently Boechat 

and Zeiss, however, believe that this is not the case, but that the supposed closed 

globular bodies form a system of branched cavities in the gland. Virchow {op. cit., 

p. 201) finds that the apparently vesicular bodies are in multiple connection with one 

another. Boechat {op. cit., p. 43) considers that all the cavities of the thyroid gland 

communicate with one another. Zeiss {op. cit., p. 14) does not go to this length, but 

maintains that in the thyroid gland of young Children, of the Calf, of young Dogs and 

Sheep, a not insignificant part of the parenchyma is made up of branched cavities 

(branched tubes) ; but whether these all communicate with one another, and whether 

completely closed vesicles also occur, he leaves undecided. Both Boechat and Zeiss 

endeavoured to prove the existence of these branched cavities by injections by the 

method of puncture, but without success. Their failure they attribute to the injecting 

fluid entering the large spaces of the lymphatics or blood-vessels in preference to the 

branched cavities, which, as Zeiss points out, are filled partly with an easily coagulable, 

albuminous fluid and partly with the viscid colloid material. Although this observer 

has traced the epithelial layer running from one vesicle to another, he has never 

observed tubes passing from one lobule of the gland to another. Zeiss demonstrated 

these tubes by floating them out in a solution of common salt from small portions of 

the fresh gland of young animals, also after maceration in iodised serum or in dilute 

Muller’s fluid. Circular, oval, conical, or pyramidal cavities were thus obtained 

together with long tubes, sometimes extending “ right across the field of the microscope, 

having a narrow, wide, or irregular lumen, which divide and branch, and are provided 

at intervals with lateral protuberances or constrictions.” He considers that the tubes, 

so plainly seen by isolation or maceration, are rendered invisible in sections by the 

circumstance that they interlace so freely in all directions that in a section they must 
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always be cut across. W. Muller (loc. cit.), wlio appears to agree with the majority 

of observers in considering that in the fully developed state the vesicles are closed 

globular bodies, describes an earlier stage (in the development of the gland) in which, 

before the formation of vesicles the gland consists of a network of cylindrical tubes, 

at first irregular, but afterwards becoming more regular in character. They are 

composed of a very fine envelope of connective tissue, and are filled in the interior 

with short cylindrical epithelial cells, placed radially on the envelope. The tubes are 

separated by processes of the mesoblast, which have grown inwards from the con¬ 

nective tissue surrounding the gland. The tubes are at first solid, but are subsequently 

provided with a central lumen. After the lumen in the interior of the tubes has 

become more marked, the separation of different segments of the tubes takes place by 

the growth into them laterally of processes of the mesoblast, which results in the 

formation of gland-vesicles. The same observer finds that in the human thyroid the 

shape of the vesicles varies much from the fifth month of embryonic life to the age of 

three years. From this period to puberty the changes occurring are, he considers, 

that the number of glandular deposits continues to diminish and the follicles 

increase in size, by the accumulation of secretion, which shows a great tendency to 

become thickened, and they approach the spherical shape. Peremeschko (op. cit., 

p. 283) found the vesicles in young embryos regularly round ; in mature embryos 

mostly of irregularly polygonal form ; in young animals very seldom of regular round 

form, and still more rarely so in adult animals. In the latter the vesicles have, he 

says, the most different forms ; they are almost always polygonally round or poly¬ 

gon ally oval. 
Observations. 

My own observations on this subject may be summarised as follows :— 

Dog.—In the gland of young Dogs (aged five weeks and three months respectively'") 

I have observed that the gland-vesicles are very much branched and present numerous 

hollow ramifications (see Plate 68, figs. 2 and 3). In order to see these well in 

sections of hardened glands it is necessary that the sections should be thick, and then 

by careful focussing, the vesicles with their usual contents can be traced ramifying both 

upwards and downwards, and laterally in all directions. In the glands of numerous 

other Dogs of different ages I have ascertained with equal certainty that the vesicles 

present very few, if any, ramifications. When the vesicles present these branches, 

the intervals between them form the inflexions projecting into the interior of the 

vesicles, which have been already described by Verson (op. cit., p. 371) and myself 

(op. cit., p. 560). I have examined fresh portions of the glands of young Sheep in salt 

solution and in Muller’s fluid (according to the method recommended by Zeiss for 

floating out the tubes), but have obtained no appearances that might not be produced 

by the much-branched vesicles just described in the thyroid glands of young Dogs. In 

fact, there can be no doubt that these are the same structures as those which Zeiss 

* Tlie ages of most of tlie Dogs mentioned in this paper were only approximately ascertained. 
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obtained by flotation. Our observations also agree, inasmuch as Zeiss observed these 

tubes in the glands of young animals : at least be makes no statement to the effect 

that they have been found in the glands of adult animals. From the fact of their 

complete, or almost entire, absence in the glands of adult Dogs, I regard these much- 

branched vesicles merely a.s forming a stage in the growth of the organ, and consider 

that in its fully developed state the gland-vesicles form cavities more or less spherical 

in shape, which are very rarely, if at all, branched, or, in other words, in com¬ 

munication with one another. The presence of branched vesicles in a gland probably 

indicates that the number of vesicles is being increased by the growth into the vesicles 

already present of involutions of their walls, together with processes of the inter- 

vesicular tissue. Peremeschko (loc. cit.) figures this division of the gland vesicles 

both in the embryo and adult Pmbbit. He considers it probable that the division of 

vesicles takes place after intra-uterine life. W. Muller is also of opinion, from an 

examination of the gland at different ages in Man, that completely-formed follicles 

(vesicles) undergo segmentation by the growth into them of processes of the mesoblast. 

I shall have occasion to refer to W. Muller’s observations on the early stage in the 

development of the gland in speaking of the “ undeveloped portions.” 

The above conclusions refer to the thyroid gland of the Dog, as it is in this animal 

that I have chiefly studied the shape of the vesicles. 

In the thyroid gland of Birds (Book, Fowl, Pigeon), as far as I have seen, the vesicles 

are, as a rule, small and very rarely branched. In the last-named bird (Pigeon) the 

larger vesicles are usually found near the surface of the gland. 

In the Tortoise the vesicles are sometimes, but not usually, branched. 

In the thyroid gland of full-sized Frogs the vesicles are usually large. In smaller 

Frogs their size is generally less. They are occasionally branched. 

The gland-vesicles of the Conger Eel are often of large size and more or less 

branched. In the Skate the vesicles are also often large, and branched ones are some¬ 

times seen. 

In all these animals the exact age was unascertained. 

Whilst, therefore, branched vesicles may occur in the thyroid gland of adult animals, 

they do not, as far as I have seen, communicate with one another to any extent—• 

a conclusion which, it appears to me, is strongly corroborated by the fact that in the 

course of a large number of interstitial injections in the glands of different animals 

I have never succeeded in injecting any system of branched tubes. I cannot think 

with Zetss that the viscid contents of the vesicles would have the effect of preventing 

the injecting fluid from entering them, when we know that the viscid contents of the 

lymphatics has no such effect. 

The exact shape of the vesicles is of course of minor importance. My chief object 

in drawing attention to this point has been to show that in the adult state the vesicles 

form closed cavities, and do not consist of a system of tubes traversing the substance 

of the gland as Bo ecu at suggests. 
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In this connection it may be well to mention the following appearance which I have 

observed in the thyroid gland of several Conger Eels :—In the walls of the vesicles, 

which in this animal are often of considerable size in proportion to the whole organ, 

small vesicles are seen, as shown in Plate 68, fig. 4. These secondary vesicles (Plate 68, 

fig. 4, 3, 3) are provided with an epithelial wall, and with contents similar to the 

primary vesicles. From the fact that by their growth they have evidently flattened 

out to a greater or less degree the epithelium separating them from the cavity of the 

primary vesicle, it is probable that the two layers of epithelium separating the cavity 

of the small, from that of the large vesicle sometimes give way, allowing the contents 

of the two vesicles to mix. At the same time others of these small vesicles probably 

grow outwards becoming independent structures (Plate 68, fig. 4, 5, 5). It is possible 

that some of these small vesicles may be curved branches of a large one which are cut 

across in the section. 

II. Epithelium, Reticulum, and Basement Membrane. 

The wall of the vesicle is composed of a layer of epithelial cells, and also, according 

to some observers, of a basement membrane and reticulum. 

Results of previous observations. 

Epithelium.—Pecent observers are not yet in accord in regard to the shape of the 

epithelial cells. Verson (loc. cit.) describes the epithelial cells as higher than broach 

Boechat, on the contrary (op. cit., p. 20), considers that in the normal state their 

breadth exceeds their height. Peremeschko (op. cit., p. 281) is of opinion that in all 

animals, without exception, they are cylindrical, “ but where the vesicles are enlarged, 

as in old animals, the epithelial cells present the most bizarre forms, which without 

doubt results from the mechanical pressure.” Zeiss (op. cit., p. 20) finds their shape 

in the Sheep and Calf highly cylindrical; in Man and in the Pat, shortly cylindrical; 

in the Cat, Dog, and Rabbit, cubical. He insists that the normal shape of these cells 

is not flattened but cylindrical. He also states that he has never found cubical and 

cylindrical cells in immediate proximity, but has not uncommonly seen vesicles with 

cylindrical cells next to those containing a cubical epithelium. Processes attached 

to the base of the epithelial cell have been observed by Peremeschko and Zeiss. 

Peremeschko noticed that the surface of the cell turned towards the cavity of the 

vesicle (summit of the cell) has a bright margin. Zeiss confirms this observation (on 

fresh cells examined in saline solution), and describes the bright margin as a cuticula. 

Reticulum.—Zeiss (op. cit., p. 23) has observed between the epithelial cells a fine 

reticulum, similar to that described by Von Ebner and Schwalbe in other glands 

provided with a cylindrical epithelium. He describes it as a network of delicate rods 

on the two surfaces of the epithelium with fine processes, or lamellae, extending 

between the epithelial cells. In osmic and chromic acid preparations it presents 
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branched stellate figures, occasionally provided with nuclei having an indistinct 

contour. The reticulum extends on both aspects slightly beyond the level of the epi¬ 

thelium. He also describes in a profile view narrow rod-like structures between the 

cubical or columnar epithelial cells, resembling the club-shaped cells (“ Keulenzellen ”) 

described by Schwalbe in Brunner’s glands of the Dog. 

Basement membrane.—Kolliker, Henle, and Verson have described a very fine 

homogeneous membrane (membrana 'propria.) lying outside the epithelial cells. 

W. Muller also found a thin membrana propria in the vesicles of Man, Fowl, and 

Pig. Frey has been unable to see this membrane. Peremeschko (op. cit., p. 281), 

although he denies having seen a membrana propria, concludes that the cavities of the 

vesicles are formed by the epithelial cells, which are situated directly on the sur¬ 

rounding connective tissue, which forms a homogeneous, membranous limiting laver 

(“ Grenzschicht”). Boechat also denies its existence, and considers that the epithelial 

cells are in direct contact with the endothelium of the lymphatics at a great number 

of points. The two walls (the endothelium and epithelium) are, he considers, sepa¬ 

rated at certain points by the bands of connective tissue which form the framework of 

the gland, and by capillary blood-vessels which ramify between them (p. 39). Zeiss 

(op. cit., p. 15) has not been able to find any membrana propria of the above descrip¬ 

tion, nor any structure resembling the “ Driisenkorbe” of Boll. He has always 

observed between the endothelium of the lymphatics and the epithelium of the 

vesicles a very fine layer of connective tissue, in which he thinks that the capillaries 

ramify (p. 44). 

Observations. 

Epithelium.—The discrepancy of opinion of different observers in regard to the 

shape of the epithelial cells is, I think, attributable to three chief causes :— 

1. The varying shape of these cells in different animals. 

2. The different re-agents employed in examining and hardening the organ. 

3. The state of functional activity of the gland at the time of removal. 

With regard to re-agents I have chiefly examined these cells in specimens hardened 

in the usual way in alcohol—others, however, have been examined after being hardened 

with other re-agents, or in the fresh state. When it is found, however, that in the 

glands of the same species of animal prepared by a similar method, the appearance of 

the epithelial cells differs considerably, one is forced, I think, to admit the third factor 

above mentioned. Making due allowance for the two last-named elements of uncer¬ 

tainty, I have found that the general character of these cells in different animals is as 

follows:— 

In the Dog, Cat, Kitten, Babbit, Sheep, Book, Pigeon, and Frog the epithelial cells 

are cubical or slightly columnar. In the Seal and Tortoise they are distinctly 

columnar. In the Horse, Skate, and Conger Eel they are highly columnar in shape. 

The general tendency, therefore, of these cells throughout the vertebrate series, as 
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far as examined, appears to be to the columnar form—their exact height varying in 

different animals. 

A double line of demarcation is often seen on the summits of the epithelial cells 

(e.g., in the Tortoise). This doubtless corresponds with the cuticula described by 

Zeiss (vide supra, p. 585) and with the appearance of a membrane lining the summits 

of the epithelial cells which I described in the Dog (op. cit., p. 5G0). 

On examining with a moderately high power (Vericik, obj. 8) a transverse section 

of the wall of the vesicles in several animals, the appearance of a fine parallel striation 

has been observed in the epithelial cells running in the long axis of the cell, and 

extending for a greater or less distance from its summit (or free extremity) towards 

the base. Examination with a higher power (such as Zeiss, obj. F) does not, how¬ 

ever, render this striation more plain, and I have not found it sufficiently distinct to 

be drawn. Thinking that this appearance was perhaps produced by intracellular 

fibrils such as Klein has described (op. cit., p. 327), I treated portions of the thyroid 

gland of the Tortoise according to the three different methods recommended by the 

author of that paper (ibid., pp. 319, 321, and 327), but without being able to see the 

.intracellular reticulum distinctly. It must be borne in mind, however, that these 

cells are much smaller than those on which Klein made his observations. 

Plate 68, fig. 8, shows an appearance probably connected with this striation. It is 

taken from the thyroid of a Kitten, injected by the method of puncture with silver, 

hardened in alcohol, and stained with hsematoxylin. In addition to endothelial mark¬ 

ings of the lymphatic, which are clearly seen (i, i), on altering the focus the epithelial 

cells are seen studded with a quantity of dots and short lines, also stained with the 

silver, which I can only explain by supposing that the ends of intracellular fibrils have 

become stained by the silver, and are seen either endways or somewhat obliquely. 

The figure which Peremeschko gives (op. cit., Plate 16, fig. 1) of a profile view of the 

processes at the base of the epithelial cells, showing minute dots arranged in parallel 

rows running in the longitudinal axis of the cells, suggests the idea that it is these 

structures which produce the appearance of dots and lines, stained with silver, just 

described, and also possibly that of the intracellular striation. My own observations 

on the existence or non-existence of processes at the base of the epithelial cells have 

not led to any definite results. 

Reticulum.—On viewing from the surface the epithelium of the vesicle in the thyroid 

gland of the Tortoise hardened in chromic acid, a delicate network is seen running 

between the individual epithelial cells, which stains darkly with hsematoxylin. (See 

Plate 68, fig. 5. In this figure the epithelial cells present in the meshes of the reti¬ 

culum are not represented.) This reticulum, which is probably formed by coagulated 

intercellular substance, is seen to be thickened at intervals. When viewed somewhat 

obliquely the meshes of the reticulum appear to be made up of delicate larnelke run¬ 

ning between the epithelial cells, although it is difficult to speak with certainty on 

this point. In spirit, and in osmic acid preparations, this reticulum is also observed 
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in a surface view. In a profile view of the epithelium of the Tortoise (hardened in 

alcohol) there are seen at intervals amongst the epithelial cells, narrower cells with 

much elongated nuclei, which latter take the hsematoxylin stain more darkly than the 

nuclei of the epithelial cells. On examining these cells carefully they are found to be 

expanded somewhat like a fan at their summits, and also sometimes at the base, although 

the latter is not always the case. Probably these are more or less branched cells, which 

are situated in the swollen parts of the reticulum above-mentioned. The reticulum as 

well as tire club-shaped cells just described are very plainly seen in the thyroid glands 

of the Conger Eel and Skate. Plate 68, fig. 6, gives a surface view of the epithelium as 

seen in a section of the thyroid of the Conger Eel, hardened in spirit. Amongst the 

epithelial cells in this figure are seen the branched or stellate nuclei of the club-shaped 

cells. In this animal, as well as in the Skate, the club-shaped cells are often seen in 

great numbers in a profile view of the epithelium. It is a common thing to see two 

of these cells in close approximation to each other, almost suggesting the appearance 

of stomata opening into the cavity of the vesicle. That these cells however bear an 

important part in the absorption from, or secretion into, the cavity of the vesicle is, I 

think, probable, although I am unable to speak more definitely on this point. In the. 

Conger Eel the expanded summits of the club-shaped cells may often be observed 

projecting slightly beyond the surface of the epithelial layer. 

The reticulum is also seen in the thyroid gland of Mammals, such as the Sheep and 

Kitten. 

Basement membrane.—In a double-injected gland of the Tortoise in which the blood¬ 

vessels were injected with carmine-gelatine and the lymphatics with Berlin-blue 

solution, I have found that the arteries are surrounded more or less completely by 

their accompanying lymphatics ; the capillaries, on the contrary, run between the 

epithelium of the vesicles and the smallest ramifications of the lymphatics, which in 

this animal are found between almost all individual vesicles. This relation of the 

lymphatics to the capillaries and arteries can be easily seen in uninjected sections of 

the same gland, also in those in which the lymphatics only are injected by the 

puncture-method. Plate 68, fig. 9, exhibits this relation of the minute lymphatics to 

the capillaries in the thyroid of the Tortoise. It represents a transverse section of the 

walls of two adjacent vesicles with the inter vesicular structures. 2, 2 are the cavities of 

the two vesicles, 1, 1 their epithelial walls. In the centre is seen the small lymphatic 

(3, 3), and between this and the epithelium on each side the capillaries (4, 4, 4). 

As the ramifications of the capillaries are much more minute than those of the 

lymphatics, spaces are frequently left between the capillaries in which the endothelial 

wall of the lymphatic is not separated from the epithelium by a blood-vessel, and at 

these points the epithelial cells appear usually somewhat elongated. Two of such 

points are seen in the figure (Plate 68, fig. 9). In osmic acid preparations of the 

Tortoise, where the wall of a vesicle happens to be cut obliquely, lying outside the 

epithelium, is seen the nucleated membrane formed by the endothelial cells of the 
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lymphatics, and on this are observed fine wavy striae, which are evidently due to a 

delicate layer of connective tissue interposed between the endothelium and epithelium 

in which the capillary blood-vessels ramify (see Plate 68, fig. 7). Judgingfrom the 

appearance presented by this layer of connective tissue when examined from the 

surface, it is probable that it forms a continuous layer even at points where the 

lymphatics are not separated from the epithelium by capillaries, although in vertical 

sections I have not been able to trace this layer at these points. I have not observed 

any other form of basement membrane, nor have I been able to detect by maceration 

in Muller’s fluid, any basement membrane resembling the “ Driisenkorbe ” described 

by Boll. 

III. Contents of Vesicles. 

Literature.—Frey and Peremeschko describe the contents of the vesicles in the 

embryo as consisting of a finely granular substance in which cells and nuclei are 

embedded. Peremeschko figures these cells and says that they differ from the 

epithelial cells by their round shape and smaller nuclei. He finds that in larger 

embryos vesicles filled with colloid masses are met with here and there. In young 

animals the greater part of the vesicles are filled with this mass, and finally in adult 

animals it is very rare to meet with vesicles without colloid. 

Kolliker speaks of the contents of the vesicles in the healthy human thyroid gland 

as a clear, yellowish, somewhat tenacious fluid containing a large amount of albumen. 

Boechat alludes to the cavities as being first partly filled with a fluid of viscid 

appearance in which float granules in more or less abundance. Zeiss describes the 

small vesicles as being first filled with a clear fluid, soluble in water, which is related 

to albuminous substances in its chemical behaviour, and considers that it is not 

essentially different from the colloid masses, which often accompany, and subsequently 

replace it entirely. Numerous ill-defined, granular disintegrating cells, remains of 

protoplasm and nuclei, are present in it, also fat granules, cholesterine and octohedral 

crystals of oxalate of lime. 

Almost all observers allude to these contents of the vesicles being subsequently 

replaced partly or entirely by a substance to which the term of colloid is applied. 

Colloid substance.—With slight variations this body is described as a homogeneous, 

transparent, more or less yellow substance (Virchow, Frey, Kolliker, Boechat), 

viscid in character (Virchow, Kolliker, Boechat), and completely filling the 

vesicles in the adult state (Frey). Peremeschko finds that it usually fills the whole 

vesicle, but that in other cases it appears as smaller or larger transparent drops 

adhering to the wall of the vesicle ; in still other cases it appears as smaller or 

larger transparent granules (sago-grains, Ecker) suspended in a finely granular mass. 

Amongst these granules (according to Peremeschko) are found occasionally, even in 

adult animals, the above-named cells, and stanes of transformation of these into the 

transparent colloid granules may be observed. 
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Under the microscope the colloid substance is either quite amorphous and homo¬ 

geneous, or amorphous and slightly granular (Virchow), or it encloses cells, or debris 

of cells, and granules (Virchow, Kolliker). 

Boechat describes the appearance it presents when coagulated by re-agents, 

namely, that of bard masses of rounded shape with regular or jagged borders. 

Zeiss observed true colloid masses in the smaller follicles, appearing in specimens 

prepared in Muller’s fluid as homogeneous, round, bean or egg-shaped masses, which 

are rarely granular, with a peculiar bluish or yellow tint, and often consisting of 

concentric layers. He found that these are at first suspended in the clear fluid, but 

soon accumulate layer upon layer on their surface, until they completely fill the 

vesicle. 

The colloid substance is considered by Henle and Kolliker as pathological in 

character, whilst Boechat and Peremeschko regard it as a physiological product. 

Zeiss, although agreeing with the last-named observer in having found it present in 

all Mammals examined, expresses no opinion either way. Ley dig has also found it 

present in bony Fishes, Sharks and Bays, in Beptiles and Birds, and on that account 

he is not inclined to regard it as a pathological product when occurring in man. 

Observations. 

The following are the chief constituents of the contents of the vesicles which have 

been observed. They are considered entirely from a morphological -point of view, 

and are described as they appear in specimens which have been hardened in alcohol, 

unless the contrary is stated. (Some of the specimens had been previously injected 

with Berlin blue or with nitrate of silver.) 

(a) Homogeneous or granular material (“ Colloid ”). 

(b) Red blood-corpuscles. 

(c) Colourless blood-corpuscles. 

(d) Rounded masses, which stain darkly with hsematoxylin or of a bright 

yellow colour with picrocarminate of ammonia. 

(<?) Crystals and Pigment. 

(a) Homogeneous or granular material.—Dog.—It will be convenient to describe 

first more fully the appearance of this substance in the Hog, and afterwards to 

mention its characters in other animals. In my previous paper (op. cit., p. 560) I 

described in the vesicles of the Hog’s thyroid gland a peculiar material, which in 

hardened specimens shrinks away from the walls of the vesicle and forms a solid 

mass in the centre. In sections stained in picrocarminate of ammonia it appears as a 

finely granular substance, and stains of a more or less bright yellow hue. In specimens 

coloured with lnematoxylin, on the other hand, it presents the appearance of an opaque, 

grey, or greyish-violet mass which is generally uniform, but sometimes finely granular 

in appearance. This substance vras present in all the Hogs (10 animals) examined in 



MR. E. C. BABER ON THE STRUCTURE OF THE THYROID GLAND. 591 

the present research. In the youngest Dog examined (5 weeks old) the vesicles were 

almost filled with a granular material, with smooth outline, which assumed a grey 

tint on staining with haematoxylin. In the remaining Dogs the quantity present 

varied very much. At one time the vesicles appeared completely filled with it, 

whereas at another time it formed a shrunken mass only occupying a small portion 

of the cavity. The intensity with which this material took the haematoxylin or picro- 

carminate stain also varied much in different glands. It may be conjectured that 

this variation in the amount present corresponded to different states of functional 

activity of the gland. 

A substance apparently similar was found in greater or less quantity in the thyroids 

of all the other Mammals examined. It varied however greatly in amount. 

Birds.—A similar substance was observed in the thyroid glands of the Fowl and 

Pigeon. The thyroid glands of two Rooks were examined ; in one of these Birds the 

vesicles in both glands were found almost filled with a homogeneous material staining 

more or less with haematoxylin. In the second Rook, on the other hand, a very few 

vesicles contained this material, the great majority of them appearing either empty 

or much compressed. 

In the thyroids of all the Tortoises examined (14) the vesicles were found almost or 

entirely filled with this homogeneous material. 

In the Frog an apparently similar homogeneous material was invariably present. 

Its outline was usually much indented. 

Fishes.—In the Conger Eel the vesicles contained a homogeneous material, often 

with indented edges. In haematoxylin specimens sometimes, whilst this material 

presented a yellow colour, its central portion, to a greater or less extent, was of a 

bright violet tint. Rounded masses staining more or less with haematoxylin were 

often found in the vesicles. 

In the Skate in one instance the vesicles contained a comparatively small quantity 

of homogeneous material, which was much shrunk and contained numerous clear 

round spaces. In other glands the contents of the vesicles consisted of coarsely 

granular masses or of globules of various sizes. 

From the description just given there can be no doubt, I think, that, in adult 

animals at least, the homogeneous or granular material corresponds with the “ colloid 

substance” of authors, and from its almost universal occurrence in the gland-vesicles 

of adult animals, I have no hesitation in regarding it as a normal product of the 

organ. 

When this homogeneous material shrinks away from the walls of the vesicle its 

outline often presents an indented appearance, as if beset with pellucid drops (see 

Plate 68, figs. 10 and 11, taken from the Tortoise, and Plate 68, fig. 4, from the 

Conger Eel). These have been considered as drops of colloid adhering to the walls 

of the vesicle (see above—Peremeschko), For my own part I regard this appearance 

merely as the result of contraction of the viscid material (colloid) contained in the 
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vesicle, which probably takes place in the following manner :—The vesicle being full 

of the viscid material is placed in the fresh state into alcohol. This coagulates the 

viscid material and causes it to shrink. When this takes place, however, it is 

necessary either that the walls of the vesicles should fall in, or that the space left 

between the epithelial wall and the coagulated content should be filled with some 

other fluid. It is probable that a clear fluid exudes from the epithelial cells in the 

form of a drop from each cell, producing the indentations above mentioned. This 

will also explain the occurrence of a pellucid appearance around the large round cells 

found in the viscid material in the Tortoise, which will be described further on (see 

Plate G8, fig. 11). For in the latter case when the viscid material contracts, fluid 

probably exudes from the large round cells, and as it escapes equally all round, in 

the case of one of these cells lying singly, the pellucid appearance is more or less 

spherical in shape, as shown in the figure. 

I have seen no sign of this homogeneous substance consisting of “ concentric layers,” 

or of its accumulating “layer upon layer,” as described by Zeiss. 

(b) Red blood-corpuscles.-—Pmcl bloocl-corpuscles are not uncommonly seen in the 

vesicles of the thyroid gland. They have been observed in the glands of Dogs (whose 

age ranged from 5 weeks to 7 or 8 years), in the glands of several Tortoises, and in 

the Conger Eel. The blood-corpuscles, which from their being situate in the homo¬ 

geneous material (colloid) above described had beyond all doubt entered the vesicles 

during life, are sometimes few in number, but at other times they completely Jill the 

vesicle. They either appear collected (or fused) into a ball in the centre, or are 

scattered throughout the contents of the vesicle (see Plate 68, fig. 10, from the 

Tortoise). They are also frequently met with arranged in a layer close to the 

epithelial cells (see Plate 68, fig. 12, from the Dog). The corpuscles are observed 

in different stages of disintegration and decolonisation. In some instances in the 

thyroid gland of the Dog the epithelial wall of a vesicle containing red bloocl-corpuscles 

was seen to be studded with a quantity of minute yellow granules, no doubt due to the 

absorption of the colouring matter of the escaped red blood-corpuscles by the epithelial 

cells or inter-cellular reticulum. (Plate 69, fig. 13, 2, 2. & 3, shows these granules in 

the epithelial wall of two vesicles containing red blood-corpuscles.) Colourless blood- 

corpuscles are sometimes observed in the cavity of the vesicles mixed with the 

coloured ones. 

In the ten Dogs examined, whose age varied from 5 weeks to 12 years, one or more 

vesicles containing red blood-corpuscles were found, with one exception, in all instances 

either in one or both glands. (These glands were all uninjected.) The exception was 

that of a Dog (female, aged 12 years) in which appearances rendered it very probable 

that there had been an escape of red blood-corpuscles, but this could not be ascertained 

for certain. 

In one gland of a Dog from this series (female, aged 7 or 8 years) a very large pro¬ 

portion of the vesicles contained red bloocl-corpuscles in greater or less number (see 
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Plate G8, fig. 12). The opposite gland of this Dog also contained numerous vesicles 

with red blood-corpuscles. In the gland of another Dog (male, nearly 2 years old) 

numerous vesicles containing red blood-corpuscles were also present. (In these two 

Dogs the red blood-corpuscles were more disintegrated and less distinct than in many 

others, but from a study of the changes which the red blood-corpuscles undergo in the 

vesicles, I think there can be no doubt of these being of this nature.) From these 

observations it appears that in the Dog, at least, an escape of red blood-corpuscles is 

almost constantly taking place into a greater or less number of vesicles. As only a few 

sections from each gland were examined, it is obvious that the number of vesicles 

containing red blood-corpuscles in all probability greatly exceeded that actually 

observed. The frequency of the escape of red blood-corpuscles into the vesicles of 

the Dog, together with its occurrence in the glands of such different animals as the 

Tortoise and Conger Eel, I think, renders it very probable that the passage of red 

blood-corpuscles into the vesicles is a normal occurrence in the thyroid, gland. 

In the thyroid gland of a Seal (Phocct vitulina) which I obtained through the kind¬ 

ness of the late Professor A. H. Garrod, F.R.S., the epithelium of almost all the 

vesicles contained numerous dark red granules, which on close examination appeared to 

be minute crystals. Arguing from the appearance above-described in the epithelium 

of the Dog, I attributed these to the absorption of colouring matter from blood effused 

into the cavity of the vesicles. Subsequently also on careful examination I found that 

a large proportion, in some parts certainly the majority, of the vesicles contained 

structures which were very probably red blood-corpuscles, but, perhaps owing to the 

gland not being quite fresh, they could not be certainly identified with these. In the 

thyroid gland of the Rook, also, in one instance, yellow granules, some of considerable 

size, were seen in the epithelial wall of almost all the vesicles of both glands (see Plate 

G9, fig. 14), and yellow masses were found in the cavities of some of the vesicles which 

I was inclined to consider as fused red blood-corpuscles. A careful examination of 

these glands led me to believe that in this Bird an extensive hcemorrhage had taken 

place into the vesicles, and that the Bird was killed just as the colouring matter of the 

blood wTas being reabsorbed. 

It is possible, of course, that the glands of the Book and the Seal just mentioned, 

as well as those of the two Dogs (in which an extensive escape of red blood-corpuscles 

was observed), may be pathological in character, in which case considerable interest 

would also obviously attach to them. These observations, however, I think at least 

render it very probable that normally, under certain circumstances, an escape of red 

blood-corpuscles takes place into a large proportion of the vesicles of the thyroid gland; 

they certainly encourage to further research in this direction with a view, it possible, 

of throwing light on the function of the organ. 

The blood which thus escapes into the vesicles contributes, no doubt, to a large 

extent to the formation of the “ colloid ” material which they contain, and it seems 

highly probable that this escape of red blood-corpuscles into the vesicles, with their 

4 H TVIDCCCLXXXI. 
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subsequent disintegration, has an important bearing both on the physiology and 

pathology of the gland.'" 

I may mention that vesicles containing many red blood-corpuscles have also been 

observed in the thyroid gland of Man (male aged 4 years, and adult Man). 

The red blood-corpuscles in the vesicles have probably hitherto escaped detection in 

the physiological state of the gland, owing to the rapidity with which they become 

melted down, as it were, and thus rendered invisible. From the fact also that the red 

blood-corpuscles in the vessels in these specimens often present no distinct structural 

characters, it is quite possible that red blood-corpuscles may be present in the vesicles 

at the time of death, although they are not distinguishable as such in sections of the 

hardened gland. 

Although the following applies to a pathological state of the gland it is interesting, 

as showing that what I have described in the normal state has been already observed 

in abnormal conditions. In speaking of vascular goitre (“ Gefasskropf ’) Kolliker 

(op. cit., p. 482) says that in this disease, besides a hypersemic condition, there are 

numerous aneurysmal dilatations of the small blood-vessels which Ecker regards as 

arteries and coarse capillaries. By the bursting of these dilatations apoplectic vesicles 

of different sizes are formed, which may become modified in various manners by the 

blood undergoing different changes, &c. 

(c) Colourless blood-corpuscles.—On examining a section of the thyroid gland of 

the Tortoise, it is common to find in a large proportion of the vesicles, situate in the 

homogeneous material, a greater or less number of large round cells (see Plate 68, 

fig. 11). These cells when perfect are round in shape, and present a granular cell- 

substance. They are each provided with a single, round, or oval-shaped nucleus. Both 

the cells and nuclei are larger than those of the epithelium of the vesicle. In this 

respect they differ from the cells described in the vesicles by Permeschko (vide supra, 

p. 589). Their number in each vesicle often appears to be considerable, for in a section, 

which of course only includes a portion of the contents of a vesicle, it is not uncommon 

to find half-a-dozen or more of them. As they have been found in greater or less 

number in all the glands of the Tortoise, which have been sufficiently well prepared, 

I conclude that their presence in the cavities of the gland-vesicles is a normal pheno¬ 

menon in this animal. 

It was first thought that these cells might be parenchymatous cells, such as I have 

* Amongst other suggestions which occur to one in this connexion, it is impossible to avoid conjectur¬ 

ing, whether rightly or wrongly, that the ancemia which so commonly accompanies certain forms of 

enlargement of the thyroid gland (goitre) may be due to an excessive destruction of red blood-corpuscles 

in the manner above-described [see, for instance, Erichsen, ‘ Science and Art of Surgery,’ 5th ed., vol. ii., 

p. 297: “There is a remarkable connexion between tumoi’S of the thyroid gland of this kind (simple 

hypertrophy) and a general anaemic condition of the system. In London nothing is more common to 

find than a certain degree of bronchocele in pale and bloodless women and girls; indeed, so frequent is 

the coincidence that it is impossible not to regard it in the light of cause and effect”]. 
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already described as passing into the vesicles of the Dog’s thyroid gland ; but from a 

comparison of them with the fresh blood of the Tortoise, and from the occurrence of very 

similar cells in the blood-vessels in sections of the hardened gland of the same animal, 

I think there can be no doubt that they are colourless blood-corpuscles. It is scarcely 

necessary to mention that these cells can be easily distinguished from any post-mortem 

tailing in of the epithelial cells ; moreover, in these specimens the epithelium was 

usually intact. In specimens prepared in osmic acid these cells come out very clearly, 

and their cell-substance presents a coarsely-granular appearance. 

Some of these Tortoises were killed by decapitation, after a ligature had been tightly 

tied round the neck, but the method of killing could have had no effect in causing the 

escape of these cells, for they were found equally in those killed by simple decapi¬ 

tation without ligature. The appearances observed also left no doubt that they had 

entered the vesicles during' the life of the animal. 

A few large nucleated cells have been observed in the vesicles of the thyroid gland 

of the Rook, which were probably colourless blood-corpuscles. 

In one thyroid gland of a Dog (aged 9 weeks), many vesicles contained a quantity 

of cells with granular cell-substance and indistinct outline, both in them cavity and 

in the substance of the epithelial wall. The nuclei of these cells were smaller, and 

stained more deeply with hmmatoxylin than those of the epithelial cells. These cells, 

which I conclude were colourless blood-corpuscles, I am inclined to regard as a patho¬ 

logical appearance, as they were only seen in part of one gland of this Puppy. 

Their occurrence in the vesicles cannot therefore be compared with the migration of 

colourless corpuscles into the vesicles of the Tortoise, which from its being constantly 

present is doubtless a normal phenomenon. 

It appears, therefore, that a migration of colourless blood-corpuscles into the vesicles 

is a physiological occurrence in the thyroid gland of the Tortoise, but that it may also 

occur in other animals. 

(d) Rounded masses, embedded in the homogeneous material, have been observed 

in various animals. These are usually homogeneous in character, with smooth, or 

sometimes jagged outline, and stain darkly with hsematoxylin (more so than the sur¬ 

rounding homogeneous substance), or of a bright yellow colour with picrocarminate 

of ammonia. They have been observed in the thyroids of Dog, Rook, Fowl, Pigeon, 

Conger Eel, and Skate. In the latter they sometimes presented the following 

appearance. The central portion was deeply stained with hmmatoxylin, whilst the 

periphery remained almost colourless. Whether these are pathological in character 

or not, and what relation they bear to the homogeneous contents of the vesicle, I am 

unable to say. 

(e) Crystals were found in the homogeneous material in the gland-vesicles of the 

Tortoise and Rook, the latter being the bird in which it w7as concluded (as above- 

described, p. 593) that hoemorrhage had taken place into almost all the vesicles. The 

crystals in this case were present in considerable numbers. 

4 h 2 



596 MR. E. C. BABER ON THE STRUCTURE OF THE THYROID GLAND. 

Pigment.—Masses of brown pigment-granules were frequently seen in the homo¬ 

geneous material in the thyroid glands of the Frog. They are probably the result of 

an escape of red blood-corpuscles into the vesicles, but this point could not be ascer¬ 

tained for certain. Numerous brown pigment granules were also sometimes seen in 

the homogeneous material in the vesicles of the Conger Eel. 

IV. Parenchyma. 

In my previous paper on this subject (op. cit., p. 563) I described and figured, as 

normal structures in the thyroid gland of the Dog, some large round cells provided 

with a single oval-shaped nucleus, to which I applied the term “parenchymatous cells.’ 

From the different appearances they present and their different positions in regard to 

the wall of the vesicle, I concluded that a migration of these cells takes place into the 

cavity of the vesicles by displacement and compression of the epithelial cells. 

Zeiss (the only observer, as far as I am aware, who has since written on the sub¬ 

ject) has been unable to observe any such migration of cells into the vesicles. In 

order to see these cells well, it is of course necessary that the sections should be 

very thin. 

To the description of these cells in the Dog, as given in the above paper, I have little 

to add. I have since also observed them in the glands of young Dogs (aged 5 and 

9 weeks respectively). Whilst still maintaining the view that these cells migrate 

into the cavity of the vesicles, I think it is quite possible that some of them may 

originate between the epithelium of a vesicle and the capillaries, and from thence pass 

by compression or separation of the epithelial cells into the vesicle. 

In the thyroid gland of the Cat, parenchymatous cells are also present in consider¬ 

able numbers, although not nearly so numerous as in the Dog. They resemble very 

much those seen in the latter animal, and appear to migrate into the vesicles in a 

similar manner. A few cells, apparently of similar character, have also been seen in 

the thyroid of the Pabbit. 

In the thyroid of the Pigeon large groups are frequently seen, consisting of cells, 

which are larger than the adjacent epithelial cells (see Plate 69, fig. 15). They are 

round or oval in shape, and are provided each with a single spherical or oval-shaped 

nucleus. They resemble very much the parenchymatous cells seen in the Dog; but 

whether they, like them, migrate into the vesicles I am unable to say, as I have not 

observed any of them in the substance of the epithelial walls. 

Pound cells were sometimes seen in the epithelium of the Skate, but the nature of 

these could not be ascertained. In the Conger Eel groups of cells somewhat rounded 

in form were found amongst the cylindrical epithelial cells, but in all probability these 

were connected with the origin of the small vesicles in the walls of larger ones, as 

above described. 
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Y. Lymphatics and their contents. 

Literature.—Lymphatics.—1 have already described [op. cit., p. 559) and figured in 

the thyroid gland of the Dog a dense system of lymphatics consisting of lymphatic 

vessels, spaces, and canals, traversing the gland in all directions. In opposition to 

Frey (quoted by Henle, loc. cit.*), who I supposed was the last observer who had then 

studied these structures, I laid stress on their not ending in blind extremities, as 

described by that author, and on their being much more numerous than he supposed. 

After the publication of my observations I became aware that in 1873 P. A. Boechat 

[op. cit.) had described a very similar network of lymphatics in this organ. Boechat 

(p. 39) found that the lymphatics of the thyroid gland of the Dog form a vast hollow 

network, contained in the stroma of connective-tissue, which serves as framework of 

the organ. The network is formed of lymphatic sinuses, which communicate with one 

another largely. In its meshes are contained the thyroid cavities (vesicles) whose 

walls are at many points adherent to those of the lymphatics. He studied them in 

specimens injected with nitrate of silver and with Prussian blue. Peremeschko 

(op. cit.) had also described in the thyroid of the Dog a rich network of lymphatics, 

which surrounds small groups of vesicles; also large lymphatic canals, which fre¬ 

quently surround the arteries like sheaths, and under the capsule a network of 

lymphatic spaces (“ Gitnge ”). 

Since the appearance of my paper Zeiss (op. cit., 1877) has given a description of 

these vessels, which agrees on the whole with that given by Boechat and myself. He 

finds that the lymphatics form wide cavernous canals, which are not confined to the 

larger septa, but also as minute clefts (always lined by the same endothelium) encircle 

the follicles separately or in small groups of two, four, or six. As regards the endo¬ 

thelium, he finds its cells elongated and with wavy borders, the margins of neigh¬ 

bouring cells either fitting accurately into one another or else leaving between them 

small round or oval areas of cement-substance, which become more darkly stained 

than the gelatine (employed with the nitra/te of silver in injecting) and project some¬ 

what above the level of the endothelial cells. The lymphatic spaces frequently 

surround the arteries and veins for considerable distances. 

Contents of lymphatics.—In my former paper (p. 562) I described the appearances 

presented by the contents of the lymphatics, namely, that of a homogeneous or 

granular mass, and argued in favour of its being during life of a viscid consistence. 

I also drew attention to the close resemblance (amounting, as I considered, to morpho¬ 

logical identity) between the coagulated contents of the lymphatics and those of the 

vesicles, and urged its importance as tending to show that the material which is formed 

in the vesicles is carried off by the lymphatics. Zeiss has also noticed the coagulability 

of the contents of the lymphatics, but whilst admitting that they stain in similar 

* I have not been able to obtain tbe original article of Fret in the “ Viertoljahrsschrift der Naturfors- 

chenden Gesellschaft in Zurich,” viii., i., 1863. 
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manner with colouring agents, he points out that the contents of the lymphatics show 

an entire absence of the phenomena of contraction observed in the contents of the 

vesicles. 

Observations. 

Mammalia.—A system of lymphatics, resembling in its general characters that 

described in the Dog, has been observed in the thyroid glands of other animals (e.g., 

Kitten, Horse, Rabbit) by means of injections by the method of puncture. The extent 

of distribution of the network and the minuteness of its ramifications appear to vary 

in different animals. 

The homogeneous or granular contents of the lymphatics have been observed in the 

same vessels in the thyroids of other annuals (e.g., Horse, Sheep). This material occurs 

both in injected and in uninjected specimens. The quantity varies much in different 

glands of the same species of animal, it being sometimes present in large quantities 

and at other times being apparently entirely absent. With a view of ascertaining 

whether the occurrence of this material in the lymphatics was peculiar to either sex, 

or to any particular age, I examined the thyroids of Dogs of various ages in both sexes, 

but, as might be expected, without any definite result. It appeared to be present or 

absent regardless of the sex or age of the animal. The margins of the coagulated 

content of the lymphatics undoubtedly do not present the indented appearance seen 

in the vesicular contents, but this is, I imagine, simply due to the absence of epithelial 

cells, from which drops of clear fluid could exude (see above, pages 591 and 592). 

Aves. — In the thyroid gland of Birds, on the contrary, I have been unable to inject 

any system of lymphatics. My observations on this point are as follows :—On injecting 

the thyroid gland of a Pigeon by the method of puncture with Berlin blue, it swells 

up, and the injection is seen running in the jugular vein with which the gland is in 

close apposition. (It will be remembered that on injecting the Dog’s thyroid gland in 

a similar manner, the injection was seen emerging from the gland in lymphatic vessels, 

which ran to neighbouring lymphatic glands.) Examination of sections of the 

Pigeon’s gland, thus injected, shows that the injecting fluid has entered vessels con¬ 

taining red blood-corpuscles. The same vessels become filled on injecting in like 

manner with a solution of nitrate of silver. To ascertain whether by the puncture- 

method the blood-vessels really become injected, another gland was injected with 

Berlin blue from the lower part of the carotid artery, the artery at the same time being 

secured above the gland. In this case, in which the injection had entered the 

capillaries and veins, it was evident that these were the same system of vessels that 

had been injected by the method of puncture. It may therefore be stated that on 

repeated injections of the thyroid gland of the Pigeon, both with Berlin blue and with 

nitrate of silver, by the method of puncture, / have been unable to inject any system 

of lymphatic vessels, but have always found the injection in the blood-vessels of the gland. 

The blood-vessels of the thyroid gland of the Pigeon also present the following pecu- 
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liarities :—The capillaries, as usual, form a network running between the individual 

gland-vesicles, but in proportion to the size of the vesicles they do not appear so 

minute or to have such complicated ramifications as in the case of other animals 

(e.g., Sheep or Tortoise), but resemble more in their distribution the lymphatics in 

some of the Mammalia (see Plate G9, fig. I 7). The veins frequently surround either 

partially or entirely the arteries which they accompany (see Plate G9, fig. 18). Imme¬ 

diately under the surface of the capsule numerous large veins are seen, and in the 

fibrous capsule itself layers of red blood-corpuscles have been observed, which appear 

to be contained in blood-vessels communicating' with the veins in the interior. 

In a preliminary communication presented to the Society on this subject (Proc. 

Royal Society, No. 185, 1878), I mentioned that once or twice I had noticed in the 

large veins on the surface of the gland (under the capsule) in addition to red blood- 

corpuscles, and perhaps coloured injection, a greater or less quantity of a material of 

homogeneous aspect, presenting an appearance similar to the material seen in the 

vesicles, also to that described above in the lymphatics of the Dog. I do not, however, 

attach any importance to this, as the contents of the blood-vessels in the Dog, when 

coagulated, also sometimes present this homogeneous aspect. 

In the thyroid gland of the Rook no system of lymphatics becomes injected by the 

method of puncture, but the blood-vessels, presenting an appearance very similar to 

those in the Pigeon, become filled. 

Reptilia. — In the thyroid gland of the Tortoise a network of lymphatics can be 

injected by the method of puncture, of which the smaller ramifications run between 

almost all individual vesicles. In specimens injected with nitrate of silver the 

lymphatics are seen to be lined by a layer of endothelium, of which the cells are 

usually elongated and have a sinuous outline. The areas, stained dark with nitrate 

of silver (as described by Zeiss ; see above, p. 595), are well seen in this animal (see 

Plate 69, fig. 16). They vary much in size and shape, and often appear to have a 

double contour. Usually, though not always, they are situate on the boundary line 

separating two endothelial cells. In the Tortoise the lymphatics have not usually any 

visible contents, but they sometimes contain a granular material which stains scarcely 

at all with hematoxylin. 

Pisces.—In the thyroid gland of both Skate and Conger Eel an extensive system of 

vessels lined with endothelium becomes injected by the method of puncture. (A con¬ 

siderable portion of the injection, however, also passes into the meshes of the con¬ 

nective-tissue.) Being doubtful as to whether the vessels thus injected were of 

lymphatic or blood-vascular character, I injected the thyroid gland of a large Conger 

Eel with solution of Berlin blue from the blood-vessels (dorsal aorta and efferent 

branchial trunks); and from a comparison of the vessels injected in this case with 

those filled on injection by the puncture-method, I have been led to the conclusion 

that in the thyroid gland of the Conger Eel at least, as far as my observations extend, 

there is no evidence of any system of lymphatic vessels. Large veins, filled with red 
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blood-corpuscles, are frequently seen in this thyroid gland amongst the vesicles, and 

between these veins and the epithelial wall of the vesicles capillaries often ramify. 

VI. Blood-vessels. 

Literature.—The great richness of the thyroid gland in blood-vessels and the 

abundance of its capillaries, which form extensive ramifications on the surface of the 

vesicles, are generally acknowledged. 

Zeiss {op. ait., p. 34) describes, in specimens in which the blood-vessels are injected 

with Berlin blue, knotty dilatations forming dark blue drops situate laterally on the 

capillaries, or similar structures forming apparently the blind end of a capillary. 

He observed these in the Babbit, Cat, and Bat, and says he was unable to observe 

these peculiar bulging or drop-like dilatations in uninjected specimens, although he 

speaks elsewhere of the capillaries in uninjected specimens being wedged in between 

the epithelial cells, and forming small projections towards the epithelial layer. 

Zeiss considers that the presence in such great numbers of these nodules or dilatations 

on the capillaries may retard to a considerable extent the flow of blood through the 

vessels of the gland, thereby favouring any secretion from, or absorption into, the blood¬ 

vessels, which may take place either in connection with the vesicles or with the 

lymphatics. Neither Boechat nor Beremeschko make any mention of these dilata¬ 

tions, and in the figure which the latter observer gives of the blood-vessels no sign of 

them is visible. 

Observations.—In the thyroid gland of the Tortoise I have frequently observed, in 

transverse sections of the epithelial walls of the vesicles (in uninjected specimens), 

projections of the capillaries between the epithelial cells, towards the interior of the 

vesicles. I have endeavoured repeatedly to show these by injections of the blood¬ 

vessels of the gland in this animal, but without much success, owing to a shrinking of 

the epithelial cells. It appears very probable that it is through these projections of 

the capillaries that the escape of blood-corpuscles (red or colourless) takes place into 

the cavity of the vesicles. In fact, in one specimen I could see in a vesicle, close to 

one of the capillary projections, some red and colourless blood-corpuscles which had 

apparently just escaped from a blood-vessel through this channel. Some peculiarities 

of the blood-vessels in the thyroid glands of Birds have been alluded to under the 

head of lymphatics {vide supra, p. 598), and those of the Conger Eel have also been 

referred to above (p. 599). 

The relation of both large and capillary blood-vessels to the lymphatics has been 

discussed in considering the basement membrane (vide supra, p. 588). 

VII. Undeveloped portions. 

In the thyroid gland of the Dog bodies of considerable size are frequently seen, 

which differ entirely in structure from the rest of the gland (see Blate 69, fig. 19). 

They are rounded or flattened in shape, usually situate on the surface of the organ, and 
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possess the following structure (see Plate 69, fig. 20). They consist of a solid mass of 

more or less cylindrical rows of cells (Plate 69, fig. 20 i, i, i) which are much con¬ 

voluted and interlace in all directions. Between them run capillary blood-vessels and 

also probably some lymphatics. These “cylinders” are composed of cells resembling 

epithelial cells, columnar or cubical in shape, those on the surface of the cylinder, next 

to the capillaries, being arranged at right angles to those vessels (Plate 69, fig. 20, 3). 

Each cell is provided with a nucleus usually oval in shape. In very few, if in any, of 

these cylinders have I been able to detect any central canal. In Dogs aged three 

months and upwards I have usually observed these “undeveloped portions” as distinct 

bodies, not continuous with the normal gland-tissue, but separated from it by layers 

of connective tissue, and frequently lying in depressions on the surface of the gland 

(see Plate 69, fig. 19). They appear to be portions of gland whose development has 

become arrested at an early stage, and there was in these Dogs, usually, no evidence 

to show that these bodies were undergoing any further development. Exceptions to 

this, however, occur ; for example, in a male Dog (aged nearly 2 years) an “ undeveloped 

portion” was found which was not distinctly separated from the rest of the gland- 

tissue, and contained well-formed vesicles showing that it was undergoing further 

development. 

In the Kitten similar undeveloped portions are seen, which are sometimes observed 

to be continuous with the ordinary gland-tissue. In this case a formation of vesicles 

from the cylinders of cells appears to be taking place by the growth into them laterally 

of processes of connective-tissue with blood-vessels, and by their excavation into 

vesicles. In the Kitten the cylinders are less convoluted than in the Dog, and 

throughout the gland the fully-formed vesicles frequently appear grouped in rows, 

which have a more or less parallel arrangement. 

“ Undeveloped portions” have also been observed in the thyroid glands of the 

Sheep, Seal, and Book. In the Seal there was a large quantity of fibrous tissue 

between the cylinders, as well as between the vesicles in the ordinary gland-tissue. 

Somewhat similar, but much shorter, cylinders of cells have been seen in the thyroid 

gland of the Pigeon scattered throughout the gland. 

There can be no doubt that these bodies are portions of the gland of which the 

development has progressed no further than the stage described by W. Muller (vide 

supra, p. 583), in which the gland consists of a network of cylindrical tubes, at first 

irregular, but afterwards becoming more regular in character ; the tubes (according 

to Muller) being composed of short cylindrical epithelial cells, placed radially on the 

surface of the envelope and being at first solid, but subsequently provided with a 

lumen. I have also observed these cylinders in the thyroid glands of foetal Pigs 

(measuring about 2^ inches in length). The occurrence of these undeveloped portions 

continuous with the ordinary gland-tissue in the thyroids of young animals of course 

merely indicates that a formation of gland-tissue is taking place in the manner 

described by W. Muller. 

4 1 MDCCCLXXXI. 
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In the thyroid gland of the Dog, however, it is remarkable that although these 

bodies are of frequent occurrence, there is, usually, in Dogs aged three months and 

upwards no evidence to show that they are undergoing further development. It is 

an interesting question whether the undeveloped portions, which are distinct from the 

gland, may not under certain circumstances become developed into true gland-tissue, 

and either give* rise to the isolated lobes mentioned by various authors, or simply 

cause an increase in size of the gland itself. 

Masses of lymphoid tissue have been observed in the thyroid glands of Kitten and 

Pigeon. 

GEXERAL COXCLUSIOXS. 

1. In the Frog, in opposition to the statements of several observers, the thyroid 

gland forms two small bodies situate, one on either side, on the ventral surface of the 

hyoid cartilage (or bone) usually but not always in direct contact with this structure. 

They are placed either between the hyoid cartilage and the hyoglossus muscles, or 

else immediately to the outer side of the latter, just anterior to the point of their 

convergence. 
© 

2. In the thyroid gland of adult animals the vesicles form closed cavities which are 

not in communication with one another to any extent. Branched vesicles, which may 

be present in the glands of adult animals, probably merely indicate that an increase in 

the number of vesicles is taking place by the growth into them of involutions of their 

■walls. In the Conger Eel small vesicles are frequently observed in the walls of larger 

ones, into which they appear sometimes to burst by causing a flattening of the 

epithelial walls. 

3. Whilst the shape of the epithelicd cells varies much in different animals, the 

general tendency of these cells throughout the Vertebrate series, as far as examined, is 

to the columnar form. 

A delicate reticulum (as described by Zeiss) is found amongst the epithelial cells of 

the vesicles. In a profile view of the epithelium club-shaped cells are also often seen, 

which are probably more or less branched cells situate in the swollen parts of the 

reticulum. 

The only form of basement membrane observed has been a delicate layer of connective 

tissue between the epithelium and the endothelium of the lymphatics in which the 

blood-vessels ramify. 

4. The following are the chief contents of the vesicles which have been observed in 

the microscopical examination of specimens hardened in alcohol. 

(a) Homogeneous or granular material (“colloid substance ” of authors) has been 

observed with slight variations in all classes of the Vertebrata, and is undoubtedly 

a normal product of the organ. 

(//) Red blood-corpuscles are frequently found in the vesicles in greater or less 

number and in various stages of disintegration and decolorisation. 

In the epithelial wall of vesicles containing red blood-corpuscles, granules of yellow 
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pigment are sometimes seen, which, appear to be due to the absorption by the epithelial 

cells or reticulum of the colouring matter of the effused blood. Observations on the 

Dog lead to the inference that in this animal an escape of red blood-corpuscles is 

almost constantly taking place into a greater or less number of vesicles, and its occurrence 

in other animals also (Man, Tortoise, Conger Eel) renders it very probable that the 

passage of coloured blood-corpuscles into the vesicles is a normal occurrence in the 

thyroid gland. Further observations (Dog, Rook, Seal) also render it very probable 

that normally under certain circumstances an escape of red blood-corpuscles takes place 

into a large proportion of the vesicles of the thyroid gland. The blood thus effused 

contributes to a large extent to the formation of the “ colloid ” substance, and probably 

has an important bearing on the physiology and pathology of the organ. 

(c) Colourless bloocl-corpuscles are frequently found in the homogeneous material in 

the gland-vesicles of the Tortoise. A migration of colourless corpuscles into the vesicles 

is a normal occurrence in the Tortoise, but it may also take place in other animals. 

(d) Rounded masses, staining darkly with hematoxylin or of a bright yellow 

colour with picrocarminate of ammonia, are seen in the vesicles of many animals. 

Crystals sometimes occur in the gland vesicles (Tortoise and Rook) and brown 

pigment granules have been observed in the colloid material in the vesicles (Frog and 

Conger Eel). 

5. Parenchymatous cells, already described in the Dog, also occur in the glands of 

young Dogs and in less numbers in the Cat, in which animal they appear to migrate 

into the vesicles in the same manner as in the Dog. Large groups of round or oval- 

shaped cells, provided with a single nucleus, frequently occur in the thyroid gland of 

the Pigeon. 

6. A netwurk of lymphatics resembling in its general characters that previously 

described in the Dog, though differing apparently in the extent of its ramifications, is 

also seen in some other Mammals. The homogeneous or granular contents of the 

lymphatics in the Dog occur in both injected and in uninjected specimens and in very 

variable quantity ; the amount being apparently independent of the sex or age of the 

animal. 

In the thyroid gland of Birds (Pigeon) no system of lymphatics is injected by the 

method of puncture, but the injecting fluid enters the blood-vessels of the gland, 

escaping by the jugular vein. 

The thyroid gland of the Tortoise contains a network of lymphatics, of which the 

smaller ramifications run between almost all individual vesicles. The endothelium of 

these lymphatics presents well marked areas of irregular size and shape, stained darkly 

with nitrate of silver. In the thyroid gland of the Conger Eel no evidence of a system 

of lymphatics was obtained by injections. 

7. The arteries are ensheathed more or less completely in their accompanying 

lymphatics (Dog, Tortoise); the capillaries, on the contrary, run between the epithelium 

of the vesicles and the smallest ramifications of the lymphatics (Tortoise) leaving 

4 i 2 
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intervals between tliem, where the lymphatic is not separated from the epithelium by 

blood-vessels. Projections of the capillaries between the epithelial cells towards the 

cavity of the vesicles occur frequently in the Tortoise. In the Pigeon the inter- 

vesicular ramifications of the blood-vessels are not so complicated or minute as in 

other animals (Sheep, Tortoise) but resemble more the distribution of lymphatics 

in some Mammals. The veins, in the Pigeon, frequently surround either partially or 

entirely the arteries which they accompany. 

8. Bodies consisting of portions of the gland of which the development has proceeded 

no further than the stage of convoluted “ cylinders of cells ” described by W. Muller 

are frequently seen in the thyroid gland. The cylinders are composed of cubical or 

columnar cells, resembling epithelial cells, those on the surface of the cylinder being 

arranged at right angles to the capillaries, which ramify between the cylinders. In 

Dogs aged three months and upwards these “ undeveloped portions ” usually form dis¬ 

tinct bodies separated by layers of connective tissue from the rest of the gland. In 

young animals, such as the Kitten, they are often continuous with the ordinary 

gland-tissue into which they are evidently developing. 

In conclusion, I wish to offer my best thanks to Dr. Klein for his direction in this 

research, which has extended over a period of several years. 

Explanation oe the Plates. 

PLATE 68. 

Fig. 1. Transverse section of a portion of the neck of a moderate sized Frog, on a 

level immediately anterior to the convergence of the hyoglossus muscles. 

(Yerick’s obj. 0, oc. I. All the lenses employed in these drawings were 

Yerick’s, except an obj. F of Zeiss.) 

1. Hyoid cartilage. 

2. 2. Thyroid glands, situate directly on the ventral surface of the hyoid 

cartilage. 

3. Hyoglossus muscles seen in transverse section. 

Fig. 2. Outline of a branched vesicle from a longitudinal section of the thyroid 

gland of a Puppy (aged 5 weeks) hardened in alcohol. The section from 

which this was taken was purposely very thick, and the different portions 

of the vesicle, which are situate on different planes, can only be brought into 

view by repeatedly altering the focus. The epithelium is semi-diagrammatic. 

(Obj. F, oc. I.) 

Fig. 3. From a transverse section of the thyroid gland of a Dog (aged 3 months) 

hardened in alcohol. Showing the outline of a branched gland-vesicle. This 

body appears at first sight to be composed of three distinct vesicles, but on 

focussing the continuity of these three can be traced at i, i. (Obj. 6, oc. I.) 
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Fig. 4. Transverse section of a portion of the wall of a large gland-vesicle from the 

thyroid gland of a Conger Eel, hardened in alcohol and stained with hsema- 

toxylin. (Obj. 6, oc. I., tube half drawn out.) 

i. Cavity of the large vesicle. 

2,2. Its epithelial wall, of which the cells are represented semi-diagramatically. 

3, 3. Small vesicles, which are situate in the epithelial wall of the large vesicle 

and are separated by much flattened epithelial cells from the cavity of the 

latter. 

4, Another vesicle, separated by cells less flattened from the cavity of the 

large vesicle. 

5, 5. Vesicles distinctly outside the wall of the large vesicle, which appear to 

be growing outwards. 

The homogeneous contents of the small vesicles are seen with their jagged 

outlines. The vesicles represented in this drawing are not all quite on the 

same level. 

Fig. 5. From a section of the thyroid gland of the Tortoise, hardened in a 1 per 

cent, solution of chromic acid (17 hours) and subsequently in diluted and in 

strong alcohol, and stained with hsematoxylin. The intercellular reticulum 

is seen from the surface, but the intervening epithelial cells are not repre¬ 

sented. (Obj. F, oc. I.) 

Fig. 6. From a section of the thyroid gland of the Conger Eel, hardened in alcohol 

and stained with hsematoxylin, giving a surface view of the epithelial cells 

amongst which are seen the branched nuclei of the club-shaped cells. They 

are probably connected with the intercellular reticulum. (Obj. 6, oc. I., tube 

half drawn out.) 

Fig. 7. From a section of the thyroid gland of the Tortoise prepared as follows : 

injected by the method of puncture with -gth per cent, solution of osmic acid, 

hardened in a 1 per cent, solution of the same acid for five hours, and sub¬ 

sequently in alcohol, mounted in glycerine. It shows (at i) the epithelial 

wall of a vesicle cut obliquely, beyond which there projects (at 2) a membrane 

having delicate wavy strise on it. (Obj. F, oc. I.) 

Fig. 8. From a longitudinal section of the thyroid gland of a Kitten injected with 

nitrate of silver by the method of puncture, hardened in alcohol and stained 

with hsematoxylin. The drawing represents a portion of the wall of a vesicle 

seen from the surface. By focussing from the interior of the vesicle, three 

layers can be distinguished. First, the oval-shaped nuclei, at regular 

intervals, stained with hsematoxylin ; secondly, a layer of dots and short 

strise, stained with nitrate of silver, only represented in the centre of the 

drawing ; and thirdly, the outlines of the endothelial cells of a lymphatic, 

also stained with silver (1, 1). (Obj. F, oc. II.) 

Fig. 9. From a section of the thyroid gland of the Tortoise (injected with Berlin 



606 MR. E. C. BABER ON THE STRUCTURE OF THE THYROID GLAND. 

blue by the method of puncture, but the injection had not penetrated into 

this branch of the lymphatics), hardened in alcohol and stained with haema- 

toxylin, showing a portion of the walls of two adjacent vesicles with the 

intervening structures seen in transverse section. (Obj. F, oc. I.) 

1, 1. Epithelial walls of two vesicles. 

2, 2. Cavities of ditto. 

3, 3. Small branch of lymphatic running between the two vesicles. The nuclei 

of some of its endothelial cells are seen. 

4, 4, 4. Capillaries situate between the lymphatic and the epithelial cells. 

This drawing also shows certain points at which the lymphatics are not 

separated from the epithelial cells by capillaries. 

Fig. 10. From a section of the thyroid gland of the Tortoise, uninjected, hardened 

in alcohol and stained with hematoxylin. Section of a vesicle containing 

homogeneous material, with indented edges, embedded in which are nume¬ 

rous red blood-corpuscles partly separate and partly fused together to form 

a ball in the centre of the vesicle. Epithelium drawn semi-diagrammatically. 

(Obj. F, oc. I.) 

Fig. II. Section of another vesicle from the same thyroid gland as the preceding, 

prepared in like manner. The vesicle contains, embedded in the homo¬ 

geneous material, several large round nucleated cells (colourless blood- 

corpuscles). Epithelium semi-diagrammatic. (Obj. 8, oc. I.) 

Fig. 12. From a longitudinal section of the thyroid gland of a Dog (female, aged 

7 or 8 years), uninjected, hardened in alcohol and stained with picro- 

carminate of ammonia. Numerous vesicles are seen in section, almost all of 

which contain in addition to the usual homogeneous material a greater or 

less number of partly disintegrated red blood-corpuscles. The epithelium, 

which is somewhat flattened, probably from the effect of the re-agents, is 

represented diagrammatically. (Obj. 6, ocs. I. and III.) 

PLATE 69. 

Fig. 13. From a transverse section of the thyroid gland of a Dog (male, aged 

3 months), uniniected, hardened in alcohol and stained with hsematoxylin. 

(Obj. F, oc. I.) 

1. Epithelial wall of a vesicle, which at— 

2. 2. Contains numerous yellow pigment granules. At the right-hand lower 

corner the epithelium is cut somewhat obliquely, so that its inner margin is 

not wTell defined. In the interior of the vesicle are seen numerous red 

blood-corpuscles. 

3. Portion of the wall of an adjacent vesicle also containing many red blood- 

corpuscles. In this epithelial wall are likewise seen numerous pigment 

granules. 
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Fig. 14. From a transverse section of a thyroid gland of the Book, uninjected, 

hardened in alcohol and stained with hsematoxylin. Representing the 

epithelial walls of several vesicles containing yellow pigment-granules of 

various sizes. 

1, 1, i, x, i. Cavities of vesicles, whose contents are not represented. 

2. Epithelial wall of a vesicle, seen from the surface, showing numerous pig¬ 

ment granules. (Obj. F, oc. I.) 

Fig. 15. Large round cells from a longitudinal section of the thyroid gland of the 

Pigeon, injected from the artery, hardened in alcohol and stained with 

picrocarminate of ammonia and with hsematoxylin. (Obj. 8, oc. I.) 

Fig. 16. From a section of the thyroid gland of the Tortoise, injected with -g- per 

cent, solution of nitrate of silver by the method of puncture, hardened in 

alcohol and stained with hsematoxylin. Surface view of the endothelium of 

a large lymphatic, showing in addition to the endothelial markings areas of 

various size, stained darkly with nitrate of silver. (Obj. 8, oc. I.) 

Fig. 17. From a longitudinal section of the thyroid gland of a Pigeon, injected by 

the method of puncture with •§- per cent, solution of nitrate of silver, hardened 

in alcohol and stained with hsematoxylin. 

1, i, i. Small intervesicular blood-vessels, into which the nitrate of silver has 

run, containing red blood-corpuscles. 

2, 2, 2. Walls of ditto stained with nitrate of silver. 

3, 3, 3. Gland-vesicles stained with hsematoxylin. 

In this specimen the blood-vessels also contain coagulated fibres which are not 

represented in the drawing. (Obj. 6, oc. I, tube drawn out.) 

Fig. 18. From a longitudinal section of the thyroid gland of the Pigeon, injected by 

the method of puncture with Berlin blue, hardened in alcohol and stained 

with hsematoxylin. 

1, i, i. Gland-vesicles only represented in outline. 

2, 2. Two arteries seen in transverse or slightly oblique section. 

3, 3. Vein containing red blood-corpuscles and partly surrounding the artei'ies 

In addition to the blood-corpuscles the vein contains Beilin blue injection, and 

some homogeneous balls which are not represented in the figure. (Obj. F, 

oc. I.) (For explanation of these two figures see above, p. 598.) 

Fig. 19. From a longitudinal section of the thyroid gland of a dog (male, aged 

3 months), uninjected, hardened in alcohol. Undeveloped portion seen in 

section lying in a depression on the surface of the gland. 

i, i, i. Layers of connective tissue separating the undeveloped portion (2) 

from the ordinary gland-tissue, and also forming septa running into the 

interior of the gland. The connective tissue is also seen to be continuous 

with the capsule of the gland. Blood-vessels are seen in it in section. 
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2. Section of an “ undeveloped portion,” with an indication of its convoluted 

cylinders. 

3, 3, 3. Ordinary gland-tissue, the vesicles being represented diagrammatically 

and in outline. (Obj. 0, oc. I.) 

Fig. 20. From the same gland. Section of part of an “undeveloped portion” 

seen under a high power. 

1, i, i. “ Cylinders of cells.” 

2, 2, 2. Septa of connective tissue and blood-vessels separating these. 

3, A “cylinder” from which the epithelial cells have partly fallen out. 

(Obj. F, oc. I.) 
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The following investigation was originally undertaken as the foundation for certain 

researches on the theory of vortex rings, with especial reference to a theory of gravi¬ 

tation propounded by the author in the Proceedings of the Cambridge Philosophical 

Society (vol. iii., p. 276). As the results seemed interesting in themselves, and as 

they also serve as a basis for other investigations, more particularly in electricity and 

conduction of heat, I have thought it advisable to publish it as a separate paper, 

especially as I cannot hope to find leisure for some time to complete my original 

purpose. 

The word “ tore ” is used as a name for an anchor-ring, here restricted to a circular 

section, and lay “ toroidal functions ” are understood functions which satisfy Laplace’s 

equation and which are suitable for conditions given over the surfaces of tores. 

The first section is devoted to the general theory of the employment of two dimen¬ 

sional equipotential lines in certain cases as orthogonal co-ordinates in problems of 

three dimensions. From this we pass at once to the particular case where the two- 

dimensional lines are the system of circles through two fixed points and the system of 

circles orthogonal to them. It is shown that these satisfy the conditions of applica¬ 

bility. By revolution about the line through the two points we have functions suit¬ 

able for problems connected with two spheres. By revolution about the line bisecting 

at right angles the distance between the points we have functions associated with 

anchor-rings or tores. By the first system it is also possible to deduce functions for 

what may be called a self-intersecting tore, and by the second for two intersecting 

spheres. A second application is made for the particular case where the opening of a 

tore vanishes and there is a double cuspidal point at the centre. 

The second section is devoted to the development of zonal toroidal functions—that 

is, for conditions symmetrical about the axis'5' of a tore. It is shown that for space 

not containing the critical axis these are the same as zonal spherical harmonics of 

* Throughout tbe paper tbe axis of a tore is taken to be tbe line perpendicular to its plane through its 

centre; the circle traced out by the centre of the generating circle of a tore will be called the circular 

axis, and the circle by the two points above mentioned the critical circle. 
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imaginary argument and (wlien the whole of space outside a tore is in question) of 

orders (2?i-j-l)/2. For space inside a tore we have a corresponding analogy with zonal 

harmonics of the second kind. The properties of these functions are found to have 

analogies with those of the ordinary spherical harmonics, but with essential differences. 

The space outside a tore is different from that outside a sphere in being cyclic ; in 

general, then, the functions for space outside will not be determinate from the surface 

conditions alone. The above functions are suitable only when there is no cyclic 

function : it is shown how to obtain a function which will complete the solution. 

The third section deals with tesseral toroidal functions, which come into use for the 

most general case of non-symmetrical conditions. It is shown how the different 

orders and ranks depend on each other, so that they may be calculated in terms of 

two. Integral expressions are also obtained, as in the second section, which are needed 

in finding the coefficients in expansions in series. 

The fourth section briefly notices the functions suitable for tores without a central 

opening. These functions bear the same relation to the foregoing functions that 

cylindric harmonics (Bessel’s functions) do to spherical harmonics. 

In the fifth section a few examples are given of the application of the method, such 

as the potential of a ring, the electric potential of a tore and its capacity, the electric 

potential of a tore and an electrified circular wire whose axis is the same as that of the 

tore, the potential under the influence of an electrified point arbitrarily placed, and 

the velocity potential for a tore moving parallel to its axis, as well as the energy of 

the motion. 

Of previous writings on the subject, or nearly connected therewith, I am only 

acquainted with two. In IIiemann’s ‘ Gesammelte Werke * (chap, xxiv.) is a short 

paper of six pages, “Ueber das Potential eines Binges.” He arrives at the same diffe¬ 

rential equation as (7) in this paper, points out that a solution can be expressed as 

a hypergeometric series in several ways, and that each function can be expressed in 

terms of two, which are elliptic integrals of the first and second kinds. The paper is 

a posthumous one and is not developed. There is a note on the same subject by 

W. D. Niven in the ‘Messenger of Mathematics’ for December, 1880. Though not 

bearing on the same subject, a paper may be mentioned by C. Neumann, “Allgemeine 

Losung des Problemes itber den stationaren Temperaturzustand eines homogenen 

Korpers welclrer von irgend zwei nichtconcentrischen Kugelflachen begrenzt wird ” 

(H. W. Schmidt, Halle). This is a pamphlet of about 150 pages. He uses co-ordinates 

analogous to those in the present paper, but the method of development is very 

different. The functions are spherical and cylindric harmonics of real argument, and 

those of the second kind do not enter. He considers the stationary temperature in a 

shell bounded by non-concentric spheres ; in an infinite medium in which are two 

spherical cavities ; and similar cases when the boundaries touch. Its interest in con- 

* The greater portion of the following pages was completed before I became acquainted with this 

paper of Riemann’s or with that of Neumann’s mentioned below. 
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nexion with the following pages consists chiefly in the fact that the potential is 

expressed in a series of the form 

Gk(v) 

and that the orthogonal co-ordinates employed are closely allied. 

I. 

GENERAL THEORY OF CONJUGATE CURVILINEAR CO-ORDINATES IN THREE 

DIMENSIONS. SPECIAL CASE. 

1. It is well known that if Laplace’s equation be referred to a system of orthogonal 

co-ordinates u, v, w it takes the form 

where 

b_( u M , i/JLM . 6 (VLW\=0 
bu \VW burbv\UW bv)^bw \UV bw) ' 

Let us now take u, v to be any conjugate functions of p, 2; p, z being the cylindrical 

co-ordinates of a point. Also take w to represent a series of planes through the axis 

of z, so that 10= tan-1 yjx. 

Then u, v, w are orthogonal surfaces and 

So that equation (1) becomes 

b_ 

bu bw2 

In this write rf)=xfjlx/p, then 

0 

b^t 1 1 J bp:\h£'\ 
bu~ tr3 ~r2P2\bu j 

■xPp/bpp brp\ 

2 p [bu^bv*) 

4 K 2 

b-yjr 

~buf~' 
0 



G12 MR, W. M. HICKS ON TOROIDAL FUNCTIONS. 

Here since u, v are conjugate functions of p, z 

so that 

***** 
0 

(6p\*(6P\*_ 1 1 
\ bit) \bv) V 

(say) 

b-yjr b^yfr 1 f 
bid bv2 Vf 1 (2) 

By putting -~=0 we get the equation for functions satisfying conditions sym- 

metrical about an axis which by an obvious analogy may be called zonal functions. 

In general, put cos (mw-\-a), then \Jj' must satisfy 

b2\Jr' b-yjr' 4m2 — 1 

~W~ 
f=o 

When u, v are functions such that 1 /(p|)2 is of the form 4(/(zt) + F(r))J it is possible 

to obtain solutions of the form x/j=XX„uiY„ cos (mw-\-a) where 

^"=(4m*-l)/(«)X+»»X 

'W= (4m!-l)F(B)Y-»sY 

which are such that X,„.M are constant when u is constant and Y»,.« constant when v is 

constant. 

As an instance of functions satisfying these conditions we may take the elliptic 

co-ordinates 

p=ci cosh u cos v z—a sinh u sin v 

Here 

1_I__1_ 

/r£2 cos3 v cosh3 u 

And the equations for the functions X, Y are 

cF~X 

du3 + 
/4m3-l 

\4 cosh3 u 
~\~n~ ] X—0 

d~ Y 

ifo3" 

/ 4m2 — I 

\4 cos3 v 
± rA Y = 0 
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Tlie first prodaces functions analogous to those discussed in this paper—the second 

spherical harmonics of argument ^ — v, and order The surfaces ?; = const, give 

confocal spheroids. Since \/p = va cosh u cos v, it will result that </> is expressed as 

the sum of terms of the form {AP(m)+BQ(m)} (CP'^ + DQ^r)} cos (mw+/3), where 

Tv, Q' are spherical harmonics of argument ^—v, and P, Q are spherical harmonics of 

imaginary argument. 

In the applications that follow it happens that u, v are such that p~£l is a function 

of u only, say f(u); in this case we obtain solutions by putting = cos 

where 

Cp-^r / 0 4m3 — 1 \ 

du°~ V1 4/(«) ) 
xP=0 (3) 

The solutions of this equation for m = 0 may be called zonal functions, for n— 0 

sectorial functions, and for m.n general, tesseral functions. If U,„.„, U/.« are two 

independent solutions of this equation the general value of (p is given by 

\ p(f)=’£X{AJJ„lM cos (nv-\-a) cos A'U'mM cos (nv-\-a ) cos 

If (f> be given over any two surfaces u= const., it is clear that the constants can be 

determined in the above by means of Fourier’s theorem. This will be more fully 

discussed in the sequel. 

2. Before passing on to particular cases, there is one remarkable result to be noticed. 

If in the equation transformed as above, we put \jj = \p' cos then t// satisfies 

the equation 

bvr + 
tfjr' 

Tvj: 

Hence if xp' be any two-dimensional potential function, then i// cos (\w-\-y) is a 

three-dimensional potential function. Since this expression changes sign when id 

increases by 277 it is not suitable for all space; but a diaphragm must be supposed to 

extend from the axis of 2 to infinity in one direction, and to be impassable. Though 

the result is interesting it does not seem to carry important consequences, as there is 

not sufficient generality in the expression. We may choose the form of the surface, 

and certain other conditions, but all the surface conditions are not arbitrary. Thus let 

us take an anchor ring divided by a plane through its axis. Let us keep the curved 

surface and one end at zero temperature, then the distribution of temperature at the 

other end is determinate though its absolute magnitude is arbitrary. To prove this, 

we notice that if (a, h) be the radii of the circular axis, and generating circle respec¬ 

tively, and r the distance of any point from the circular axis 
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and 

, , r (p — ci)~ + z2 

^ =1°g log —jT" 

f=^A=loer ^ v, + ’ cos(|?r+y) 
2v P lr 

IT 
This is to be zero when v:= 0 .'. y=y and 

A 

’ v7P 

i (p — «)2 + ;d . 
lo8’-^- sm 

w 

9 

But now the distribution of temperature at the other end is given by 

(=2-Ud°g 

p—«p + : 

leaving only the absolute magnitude A at our disposal. Further, there must be 

supposed a generation of heat all along the circular axis. This example serves to show 

the artificiality of solution given by this form. 

3. For the case of an anchor ring, or tore, it is at once evident that the proper 

functions u, v to take are the well known ones given by 

u-\-vi=log 
p -\- ci -\~zi 

p—a + zi 

viz. : r= const, a series of circles through two points (±a, 0) and it=const, a series of 

circles orthogonal to them, and each containing one of the fixed points. If these be 

made to revolve about the line through the fixed points, we get functions proper for 

two spheres (u); or the surface formed by the revolution of a circle about a line cutting 

it (v). If they revolve about the axis of 2, we get functions proper for circular tores 

(u) ; or for two intersecting spheres (v). It will be useful to set down here in a com¬ 

pact form, formulae relating to these functions, which will be required later on. Most 

of them are easily proved and are set down without proof. 

v = 
d + (p + «F 

h log pr 

tan-1 1 +tan-1- 
p + a 

tan 1 

8~*-S+(p_a)» 

BA r 

0,0 o 
P~ +Z- — CI- 
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. e’l+vl + l ^ 
pJrZi_a-i+vi_1 

sinh u , 
0 nnali m — r>na 

z—a 

cosh u — cos v 

sin v 

cosli u — cos v 

(5) 

dv,_g_cosh u — cos v_sinh u 

dn a p 

whence the statement made above that p£=f(u). 

Let It, r be the radii of the circular axis and normal section of a tore (it); r the 

radius of a sphere (v); then 

RO 0 O 

cosli u=~ 

sinh u— 
i/R2—r2 « f" 

Sill v = 

(6) 

Further, if r, the radius of a tore to a point P (a, v) make an angle 0 with the plane 

of the ring 

cos 
r — R cos 0 

R—r cos 6 

sin v— 
\/R3—r3 sin 0 

R — r cos 0 

With the above values of (it, v) the general equation for toroidal tesseral functions is 

d?y]r  o . . 4m3 —I 

dit2 ^ 4 sinlAt 
xjj=0 (7) 

There is one case in which the functions used above become nugatory—viz. : when a 

is zero, or the tores are such that R=r and they touch themselves at the origin. In 

this case the proper curves are the two orthogonal families of circles, touching, the one 

set the axis of z, and the other the axis of p at the origin—-viz. ; 
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r 

and 

(u-\-vi)(pJrzi)=a 

“P 
U= 

P" + r 

v— ■ 
az 

o . o I 
p + 

cou 
P o i ■> ' u~ + v~ 

av 

die_y_ _, 

chi=Z^=^+?= ~a 

d:/r 4m~—1 
Jui-ni,-^*=0 

(8) 

It will be shown that between the latter surfaces and tores there is a similar rela¬ 

tion to that between cylinders and spheres, and between the functions to that between 

Spherical Harmonics and Bessel’s functions. 

4. The potential due to a ring of radius b, centre at (o.z) and plane perpendicular to 

axis of z, is 

bclO _ 

z')i + p3 + 63 — '2bp cos 0 

n dd 

0 \/« — cos 6 

In the case where it is the critical circle 

O , 0 , o 

«=-t£±^=coth 
2ci p 

and here 

dd 

* o \ /coth u — cos 6 

In general the distance between two points is (z—z):~\- p:-\- p'z—2pp' cos (w—id), 

which expressed in bipolar co-ordinates becomes 

2 a* 

(cosh u—cos A) (cosh v!—cos d) 
, ,7{cosh u cosh u—cos (v—v) — sinh u sinlr u cos (w—it/)} 
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II. 

ZONAL TOROIDAL FUNCTIONS. 

5. In the case where the conditions are symmetrical about the axis, (p is independent 

of iv and is of the form 

cf>= aJ 
cosh, u —cos v 

sink u 
Zxfjn cos [nv-\- a) 

where \pu is the general integral involving two arbitrary constants of the equation 

From the potential of a ring, at the end of the last section, it is at once seen that 
a particular integral for space, not including the critical circle, when n= 0 is 

i//0=^/sink v\ 
j 0 

dd 

y/ cosk u—sink u cos 9 

In the same way, calling the potential of the ring <p, it may be shown by finding 
b(f> 

bz 
- that 

dd 
l/q "v/shlf cj ^^cos]1 u _ u CQS 

From analogy with this we might assume 

_ _U dd 

v/smh U) 0(cosk^—sinh u cos 0)p 

2 n + 1 2n — 1 
and by substituting we should find it possible by putting p— —-— or ——-— to satisfy 

the equation. But the following, by making use of theorems already proved for zonal 
harmonics, seems to be more direct. Putting, in the differential equation. 

xp= \/sinh u. P 

—s-fcoth u— — {n — i)(«+i)P=0.(9) 

2n+ 1 
whence it is at once evident that P„ is a zonal spherical harmonic of degree —- , 

LJ 

with a pure imaginary for argument. Heine, in his ‘ Handbuch tier Kugelfunctionen,’ 
MDCCCLXXXI. 4 L 
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has to some extent considered spherical harmonics with imaginary argument, but he 

has not developed them, at least for fractional indices, in a form suitable for appli¬ 

cation here. Consequently they will be here considered independently and with 

especial reference to physical applications. Hereafter, C, S will be used in general to 

represent cosh u, sinh u, respectively. 

We have then in general 

f— v/C—cos v 2(A„P„+B„Q„) cos (nv-\-a) 

where P„, Qlt are two independent integrals of equation (9). We first discuss the 

integral already obtained 

iW 
P.= 2n +1 

(C — S COS 0) 2 
• (10) 

It is well known that this integral is the same as 

( (C—S cos ff) 2 clO . .(11) 
20 

the second solution obtained above ; this may be easily shown by the transformation 

(C —S cos 0)(C —S cos 0') — 1 or by means of the sequence equation (14) below. 

6. Discussion of P„. 

We have 

Whence 

Similarly from 

cU\ 

du 

2n+i\r s-c cos e 
2)i + 3 

(C —S cos 6) 2 

2S d P„ 

2n+1 du 
=P„+1-CP„ 

dPH_2y—] [*tn 

die 2 j 0 

2S d? 

l)i—l du 

I (C — S cos d) 2 (S —Ceos 6)b0 
J o 

“=CP„—P„ n x u—1 

(12) 

(13) 

Combining (12) and (13) we have 

(2n-\- l)P«+1 — 4«CP„+(27i— ^P^j—0 • • • (14) 

This sequence equation may also be deduced at once from (10) or (11). 
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In (14) put 

with 

then 

or 

where 

and 

It is clear from this that un is of the form a.nux—j3uu0 where a„./3„ are rational integral 

algebraical functions of 2C; an of degree n— 1, and of degree n — 2. The first 

three values are (writing 2C=x) 

u0=uQ 

«i=ux 

v^—xux-\u^ 

lh — (x2—cl)u1—^xu0 

We can now show that an, (3„ are of the form 

a*=+ an,xxn~?J JralloXn~5 + . . . d-anjxn~"r~l-\- . . . 

For supposing aa of this form, i.e., wanting every other power of x, it follows at once 

that an+1 is of the same form, and it is seen above that a3 is of this form, whence the 

statement is generally true, and so also for /3U. 

Now a/t satisfies the equation 

OLn-XCLn_x ......... (15) 
with 

a0=0 ax = l 

Hence substituting the above value for an we must have 

Mn.r — tt'n—i.r o.r— \ • 

Ct>i. 0 —• • • — f 

4 L 2 

_ (2n — 2)(2n — 4)... 2 

n~ (2%-l)(2%-3) ... 3. I n 

P o=uQ, P y=Ui 

v _oCV 
M»+2 ZUf'i + 1T 272.(2% + 2) W"—U 

— _C?G/+i^ ii^n 

(2» + l)» (272.+IF j/JL_L_ 
* 2%(2?l + 2) (272+1)2-1 “t"2V2« 272 + 2 

r — 1 
lU— 9. 

also 

(1G) 
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Hence 

From this 

Cl,  {pn—3 CL<-2.r-i + c«_3* 3.>— id~ • • • — 1.*'—l) 

tt«.i——(C„_2 + C«_3“t” • • • +cl) 

tt„.3= {cw_2(c;,_1.+ . . . +c1) + c„_3(c„_5+ . . -+Ci)+ • • • HCgCj 

= Sum of products two and two together, with the exception of all products where 

the subscript numbers are successive. 

Assume that ( — sum of products of the cm up to c#_2, r together with the 

exception of any in which successive subscripts occur. Then 

an.r+i=(—)r+1 {c„_2(prod. up to c*_4, r together, &c. . . .) 

-i-C„_g( 55 5 5 j • • • ) 

+ *.. } 

= ( —)?+1{Prod. (r+1) together up to c„_3 without successive subscripts.} 

Whence by induction the assumption is seen to be universally true. It may be 

thus stated, an%r is the sum r together of the terms 

52 T~ (2«-3)2 

2.4’ 4.G’ 6.8’ ' ‘ *(2w-2)(2w-4)’ 

all products being thrown out in which, regarding the numbers in the denominators as 

undecomposable, a square occurs in the denominator. 

We have 

a 
'//■O' 

1 

(4?i- 3)(n- 2) 
Cl„. i = — 

4(?i — 1) 

This result is of very little use for application. If the co-efficients (a„) are needed 

for particular values of x they can be very rapidly calculated by means of equation (15), 

while if their general values are to be tabulated, equation (16) will serve to calculate 

them in succession. 

Further, 2(3„ is the same kind of function as ally in every way except that it does not 

contain cx; in fact 2fiu is the same function of c3, c3, . . c„_2, that an_x is of cv c.2, . . . 

c„_3 ; calling this a,„_1 we can then write 
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Un—a^ui—n- 

ux, u0 may be expressed as elliptic integrals, viz. : 

where 

or 

and 

Hence 

1 rn cie /j-a*- 

'f° J o \/C—S cos 6 V sin2 0 

iq =1 \/C—8 cos 6d6= -7= [=a/I — &3 sin3 6<16= —t=E j 
Jo v k Jo V h J 

¥= 
2S 

C + S 
IFF 

1 

(C + S)2 

jt®=1_e-2« yl'/3=e-2» 

x=2C=F+}7 

(17) 

„(2»-2)(2w-4) . . . 2/ i /T7 / r\ 

p*-2~>-i)... 3 Itp w-iF 1 • 
(18) 

where we may suppose the numerical factor dropped if we are dealing with the 

differential equation, but not if we are dealing with the sequence equation. 

The value of P;t when u= 0 is 7r 

,, ,, u= co is co 

These statements are at once seen to be true. Since u becomes infinite alone: the 

critical circle it follows that the P„ are not the suitable functions to use by which 

to express functions which are finite in spaces containing the critical circle, i. e., within 

any tore. But it is finite and continuous for all space outside any tore. 

7. If we put for P„ in equation (9) IfiQk we find in the usual way 

P;/Q n—BP„ + AP„ 
u (hi 

oS~lV’ 

Begarded as an analytical solution of the equation this is complete, but in this form 

it is altogether useless for application. Now Heine”' has shown that the spherical 

harmonic of the second kind is expressible in the form 

Q« 
_cW_ 

(x— \/x2 — 1 cosli d)n 

* ‘ Krigelfunctionen,’ Ivap. iii. 
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We first show that this with a modification satisfies the equation (9). For putting 

cW 
Q,1  1 2n + l 

Jn (C + S cosh 6) 
(19) 

dQ 
du 

<C‘l 2a+ll _! 

2 J.(c- 

S + C cosh 6 7/1 

+ S cosli 6) 2 

d~Q„_ /2n +1\2^ 2%+l 

did' 

! 2n+ir d 2,1+3 
Qu-—1] sinlr *|(C+S cosh 0)~ ^cW 

2n+ l\sn 2?i + ll cosh 6dd 
2 ) 2S 2/1 + 3 

(C + S cosh 6) 2 

d~Qn , dQ f2n + l\~r. 2?i +11 CS+ (O— 1) cosh 8 in 
— + COth Q, jiT \ - 

•JO 
(C + Scosh#) 2 

4n3—1 
Q,t 

Here also as in the case of the P functions it can be easily shown that 

2S 

2n + l 

dQ„ 

du —Q«+i -CQ„ 

2S 

2»-l 

dQn 
du 

=CQ„-Q„_1 

and 

(2 n + 1)Q„+1 - 4?iCQ* + (2 n -1 )Q,_1 = 0 

Hence as before 

_ (2n — 2) ... 2 / 
Q/i (2il— 1' o(a/di oa «—l^o) 

where 

H 
dd 

Vi = 

o \/C + S cosh 6 

“ dd 

1 J o (0 + S cosh 6)* 
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In these change 6 into 20, then 

vu=2 
cie 

0 C — S + 2S cosh2 0 

_ ^ f" dd 

1 "J o (C — S + 2S cosh2 6)1 

Again, write cosh 0—sec <f>, then sinh d=tan </>, d0=sec ^d<f>, and when 0— 0 or co, 

Mor^ 

Hence 

d<j> 

Also 

Now 

and 

vn= — 9 
o\/C + S — (C — S) sin3 (f> 

= 2y/k'Y. 

cos3 <jjd<J> 

J0 (C + S-(C-S) sill3 0}* 

2 N A/3—/V3 sin2 0 

v/FJ o (1 -/■•'" sin2 '<f>yrV 

2F' 2Id N dtf> 

~ x/k'~ v/FJ o (1 -/A sin3 # 

fr //2 sill2 

C did J0 (1 —7/3 sin2 0)t 

_/V -#-„ 

.10 (1 —7a'3 sin3 </>)« 

/w 1 — 1F'—F' 
did id 

(20) 

and finally 

^=7F(f-e') 

(2K-2) . 
(2rc-l) . 2/^%(F-E')-K-iv^F' 31 \/i' 

(21) 

(22) 

The value of Q/( for u — 0 is oo, and for u— oo is zero. Hence Q„ is suitable for 

space within a tore, and not for space including the axis. 

8. The foregoing value of Q;i has been obtained from analogy with that for Vn; but 
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in the same way as P„ (for space outside a tore) was obtained from the potential of a 

ring, so also may Q/t be determined from the potential of a point at the origin, for 

space not containing it, i.e., for space within a tore. For the inverse distance of a 

point from the origin is 

1 

a 

0 —cos v 

C + cos v 

Hence 

—/„]■ — --=S(AJ?M+B„Q,) cos (nv+a) 
v7 C + cos v v v ' 

Now, firstly, since this is to be finite throughout all space not including the axis 

A„=0. Also it is clear since C> cos v that 1 V/C + cos v can be expanded in a series of 

powers of cos v, and therefore in a series of cosines of multiple angles only. If this be 

" done the coefficient of cos nv must be B„Q„. 

Hence by Fourier’s theorem 

7T 

9 
cos nOcW 

C -4- cos 0 

If we define Q/t so as to make 7rB„/2= (— l)H\/2, then 

a/2Q«= (-)“[" 
cos nddd 

J o -v/C + cos 0 

cos n6 

•' o v^C—cos 0 
dO. (23) 

We will now show that this expression for Qu agrees with the former one. Inte¬ 

grating by parts and dropping ^/2 as unnecessary in the sequence equation 

n r\ / U sin n0 sin 6 
2«Q„(-f — - 7---Q-.d0 

v ' Jn (C+ cos 0> q (C + cos Q)'1 

also 

! o (C + cos 0) 

=c( 
Jn C 

COS 710 fK COS 110 cos 0 

J o (C + COS 0)* J o (C + COS 0)5 

0«-H)Q»(-)"= C 
n COS 710 

o (C + c°s 0) H-f 
y cos (?i+1)0 

J o (C cos 0) • 

(2 n— i)Q«(—)"=—cf 
Jo 

cos ii0 cos n —10 

(C + cos 0) ‘ J q (C + cos 0)J 

Hence 
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/. (2n—l)Q«_1+(2w+l)Q*+1— (— )/Hlc[ 
J i 

=2(—)" cj To 

— Id — cos n+ 16 

0 (C + cos dy 

n sin n6 sin 6 

o (C + cos 6) 
d 9 

=4wCQ„. 

The same sequence equation as before. Hence it is only necessary further to show 

that Q0, Q: are the same in the two cases. 

Now 

tie 

when 

Qov/2 = f 
J n 0\/C + cos 6 

'** cW 

aJ C+l — 2sins| 

cie 

\/C + lj o \/l —A" sin~ 6 

\'2= 
C + l 

If C, S be eliminated between and &2=2S/(C+S) there result the equations 

h 
,_2+\ 

1 + A5 
Jc'= 

1 —X 

1 + \ 

Hence by the second quadric transformation 

Fv=(l+*')F' 
and since 

Again 

Now 

X'—2 k1/(1 + Id) 

Q0=2v/FF/. 

■Qi-v/2=XV2{a 
cos 26dd 

+1 — A/2 sin2 6 

=^{2EA,-(l+X2)¥vi 
A. 

E(X')=W^2+A?E(\') 

=+'f;'lM4+>F'+(l+0F' 

4 M MDCCCLXXXI. 
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clY 
which on reduction and substitution for — becomes 

E(A/) = ^—^7 (2E' —&3F') 

and 

•• -Q1v/2=v/2^{4E-2^F ~2(1+/^)F'} 

2y/9 

Q« = 2 

s/k 

(2n — 2) . . . 2 [ «, 

f(E-F) 

'** "(2«-l)...3l y/l 

We have in fact proved that 

dd 

(cosh n + sinh ?t.cosh 6) 
5±T=(-1)V af 
» 2 J n 

COS 

0 y/cosh w + cos 6 

By means of the identity 

or 

EF'+E'F —FF'=^ 

1 hr \ E-F=EQ_ef 

Q„ can be expressed in the following manner, viz.: 

_ (2a —2) . . . 2 f -7r«» _F7 «„E ± „ 

Q"-2 (2?l_l) . . . 3[2F y/k’ F (vX//7+£-) ;'-]F 

9. The following relations between P and Q functions will be useful in applications, 

viz.: 

(a) P«+iQ« P/iQ/i+i — 
9. 7T 

2w +1 

7T 

(/3) P'»Q«—P»Q'«=S- 

(y) PhQh+i—P/«+iQ'«=(2?i+i) y 

(24) 

They are easily proved, for substituting for P„+1, Q„+1 from their sequence equations 

it follows that 
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( 2ft + 1) (P,i + 1Q„ — P/tQ„ + 1) = (2ft — 1) (PaQw-i — P»/_iQ«) 

—PiQo poQi 

= 4{EF-F(F-E')} 

= 4(EF+FE'-FF) 

= 2n 

Again 

2S (P'„Q«—P„Q'„) = (2ft +1) { Q„(P«+1—CP„) — P„(Q«+i—CQ„)} 

—(2ft+i)(Pm+1Q„.—P«Q//+i) 

— 77 

In a similar way (y) may also be proved. 

10. As bearing on the question of the convergency or divergency of series occurring 

in any investigation it will be important to consider the values of P„.Q„ when n is 

infinite. Taking the expression for P„ 

it is clear at once that 

P.= "(C-S cos 6)^d6 
0 

P«+i< (C+S)Ps>P* 

Further since P;i increases with u, ^ is positive, hence P„+1>CP/; 

Also from 

cW 
Q*= i 2 71 +1 

(C + S cosh 8) ~"2“ 

Q»+i, SQ« 

Also since Q« decreases with u, is negative, and therefore Q,,^ > CQ„ 
Cl it 

Hence 

P„+1Q,+1<P„Q„ 

but tends to the limit unity, so that the series 

But the series 

except when 

2P«Q„ is divergent. 

2PrtQ„ cosft(yfi-a) is convergent, 

4 m 2 
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Further if u >u (P', Q', here standing for P (it), Q (u)) 

Hence the series 

VP O' < 

and is therefore convergent, 

convergent. 

Again if u'<u 

Much more then is the series 

P«+iQ »+i ■ L ±S.p' o 
CHS 

£P»Q'» COS u(v + a) 

and as before, the series SP „Q„ cos n(y-\-a) is always convergent. 

11. Both the functions P;j.Q„, except along the critical circle and axis respectively, 

make <f> finite, continuous, and single valued when n is integral. The first statement 

has already been proved, the second follows from the way in which y-, — are expres- 

sible in terms of two successive P„ or Q„, and the third is seen to be at once true by 

integrating ~ round a circuit lying on any tore u— constant, when is seen to 

vanish. Now the space is a cyclic one. Hence the above functions are not suitable 

for expressing any general conditions in the space without a tore, though they are 

suitable for any given surface conditions whatever. 

Still keeping to physical analogies in order to obtain solutions suitable to this case, 

we will consider the potential due to a vortex ring or electric current along the critical 

circle. This would give cyclic functions, but also certain surface conditions. In any 

particular case then it will be necessary to take account of these surface conditions 

by means of the P„ or Q„. This potential is measured by the solid angle subtended 

by the ring. 

The (solid angle) X/x can be expressed in the form c.s. denoting cos v, sin v,— 

or 

where 

/— . /7s-[nC + c—S cos <4 
2/xtt— Vsm vVC-c\ 8 , 

dcf) 

! + S2 sin2 </> y'C’ — S cos (p 

n Jcsinv f v/C + c+^/C-cTT/ 7X 
2^-^ 7==-5-n(»1./') 

I ^/0 + C — y/ C —C , 7N 

+“7ci=5+s-n(%J) 

«1 = 
2S_ 

—c3 + S 
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To complete the general expression for ift we must therefore add a term 

. . Ucosli u + cos v—sinh u cos6 
A sm v I 

J i 

d<p 

sin2 v + sinli2 u . sin2 </> -y/cosh u — sinh u cos cf> ■ ■ (25) 

We shall denote this by the letter AO, so that the solid angle varies as H\/C — c. 

III. 

SECTORIAL AND TESSERAL FUNCTIONS. 

12. The differential equation which has to be considered in the general case is 

rfh/r 9) 4m3 —1 
(0 

which in the case of sectorial functions becomes 

dHr 4m2 -1 

civ? 4 sinh he 
xp=0 

In the rest of this paper we shall call n the order of the function and m the rank. 

Calling the solution of (7) xpm,nJ we proceed to show how rfjnul can be expressed in 

terms of xpmiq, xpM^. 

Dropping the m for the time, assume 

^+i=^ -/(w)+^7^(w) 

Then writing (4m2—l)/4 = \, and substituting in the equation which xp,l+1 satisfies, 

making use of the equation for \Ij„ to express and , in terms of xk, and we 
du~ civ* cm 

shall get 

A 

— Vc | — {%n +1 )J +/" + 2 n2(f>'——j + 'I'*' {2/'+cf>" — 2 n +1 \4> 

Now choose f, j>, so that 

r-(2»+l)/+2»V'-fK| 
(p' — (2n+ !)</>+2/1 —0 

= 0 
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If we try </> = AS, we shall find that both the equations 

f" — (2 n +1) /+ 2 n~ AC=0 

2/'-2wAS=0 

can be satisfied simultaneously if f—nX.C. 

Hence, whatever \ be, the equation 

x/c+i=A^rCi//,,+S-J^ 

holds. 

Again, we may also determine f </>, so that 

In this case the equations for/and </> are 

4>" — (2 m — 

S du\Sj 
= 0 

> 

= 0 
J 

which are satisfied by (f>-— BS,/= — ??BC. 

Hence, v///,_1 = B(— 

The toroidal functions themselves are i/z/^/S, and the two particular integrals are 

represented by Pm n, Q„i w. For these functions the above equations become 

P»Z.« +1 = A„ { 2SP'M.V + (2 » +1) CPOT.„} 

Pw=B»{ 2SPh,, - (2n -1 )CP„,?,} 

and similar equations for the Q. 

Since the solutions P„Ui of the differential equation are multiplied by an arbitrary 

constant, we may, when we confine ourselves to one of the above equations, put A or 

B=l, and after solving the equation of mixed differences multiply the result by an 

arbitrary constant. But if we wish to combine both formulae so as to eliminate the 

differential co-efficient in them, then the P in both must be the same, and a relation 

will hold between A and B. This we proceed to find. Dropping the (m) as unneces¬ 

sary, write 

P„=A*., {2SP'„_1+(2» -1 )CP,_1} 

and substitute therein 

P,-1=B42SP'.-(2n-l)CP,} 

Whence 
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which since 

becomes 

Hence 

If we choose 

then 

P" I ^p' _^^ p ft p _ A 

x n\ g-1- n ^ x n g2J' n—^ 

P„={4m--(2,i-l)-|A,._1B„P„ 

1 
^-n——: f.-y 

m + n — l)(2m—n+ 1) 

— 2 (mfi-w) — 1 

tU =2(m—n) — 1 
Hi/. 

these conditions are satisfied, and. the formulae agree with those found for the zonal 

function when m = 0. Hence 

2SP m.n— (2mH-2w.fi- l)Pm/A+1— (2wfi- l)CPilu 

2SPfi,,= (2m-2n + l)P„llB_1fi-(2n — 1)CP„,„ 

From this there follows at once the sequence equation 

(26) 

(2mfi- 2n fi-1 )Pm.,(l+1 — 4wCPm,t+(2w— 1 —2m)P,il.H_1=0 . . . (27) 

In this write 

Then 

P = -*• on.'ii. 

whence, if 

(2m+2w-l)(2m+2w-3) . . . (2m+ 1) WM 

ri (2 n—l)2—4m2 

1+1 2w(2« —° 

(2w-l)2-4m2 
Qon'n. 

and al)i n, are the same functions of cmM, &c., as ad, a/„_1 are of cn 

p_(2w-2) (2n — 4) ... 2_ 

(2m + 2n —I)(2to + 2;.5. —31 . . (2m f I) { ^»i.s.Pm.l 2®^ m.n— lPm.Qj (28) 

These formulae hold for the two particular integrals P„ltW and Qm-W, and they 

express the tesseral function of any order and rank in terms of sectorial functions 
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and tesseral functions of the first order and same rank. In the same way as was 

proved in the case of zonal functions, it may he shown that 

P O — P O m.n+\yXim.n x + l 

(2ft—1 —2m)(2ft—3—2m) . . . (l-2m) 
(Pm.lQm.O Pm.oQm.i) • • • (29) 

also that 

(2ft +1 + 2m) (2ft — 1 + 2m) . . . (3 +2m) 

(2ft —1 —2m) . . . (1 —2m) P,uQ»».n-p^.oQ«.i P' o —P O' ■ 1 m.n^xim.n *- m.n~ (2 ft+ 1 + 2m) . . . (3 +2m) 2S • (30) 

13. In the same way as relations have been found between successive orders of 

toroidal functions, relations may be found between successive ranks. 

r Not putting the order n in evidence, write 

\fjm+l=fxfjm-\-(j) \fj'm 

Proceeding as before it will be found that f <j> must satisfy the equations 

/ 
2m +1 „ 4m2 — 1C 

2 S3 S —J Ui</> + 2w 
4m2 -1 

4S3 
<f> = 0 

1 

which are satisfied by 

leading to the relations 

</j=A, /= 
2vi+1 . C 

Pm+\—A>fl( P m WlgPrn 

In precisely the same manner it may be shown that 

P„_1=B,(P'„+m|p„ 

and that 

If we put 

then 

A P, — 1 — 

A„,= 

4 

4ft2 — (2m +1)2 

o 

B„,= 

2ft + 2m+ 1 

9 

2ft—2m1 
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and when m—0 the P0.„ have the same values as for the toroidal functions already 

discussed. 

Finally then, 

2SPV«— 2mCP»W2+ (2n-f- 1 d- 2m)SP w+1.» 1 

2SPV„= — 2mCP».„+ (2n+1 — 2m)SPw_1.„ J 

from which the sequence equation follows at once 

(2m+2 n -f-1 )SPW+1+4mCPW2+ (2m—2a — 1) SPM_X=0 

If we write in this 

P — 
2m(2m —2) ... 4.2 C\* 

then 

(2m + 1 + 2n)(2m — 1 + 2n) . . . (1 + 2»)\S 

, (2m-l)2-4#/S\2 
fn -I\2 -| ( r\ ) 'U'M—l—6 (2m —l)2 —1 \C 

(32) 

By combining the formulae (26) and (31) it is also possible to obtain relations between 

order and rank together. For instance, from the first of equation (26) and the second 

of equation (31), we get 

(2m + 2» +1 )P«.„+! == (+1) CP m.n+2 SP'OT.M 

= (2 n-\- l)CPM—2mCPOT.;2+(2/id-l —2m)SP,„_1.,i 

— (2 ii-\-1 —2m)(CP,B.w+SP„i_1.;2) 

with three other relations. 

The four formulae are 

(26a, 31a). P«.»+i—CPW.„—SP„2+1.,t=0 

(26a. 31/3). (2n-\-1 -\-2m) P„W2+1—- (2n-{-l — 2m)(CPM.„d-SPw_1.«) = 0 

(26/3. 31a). (2m-f-1 — 2w)(P^_1 — CP»2.„) — (2m+1 + 2w)SPOT+1.„=0 

{26/3. 31/3). (2m+l-2n) P^_l+(2m-l-h2n)CPw.„ + (2m-l-2»)SPw_1.„ 

We are now in a position to reduce still further the relations (29), (30). 

For putting n = 0 in the second of (32a) 

(2m+ 1)P?k.i— — (2m—- l)(CPOT#Q-f- feP»2_i.o) 

whence 

(2m +1) {P».iQ*.0“ P*oQ*.i} — (2m l)S(Pm.f|Qw_10 P/«-i.oQ«.o) 
MDCCCLXXXI. 4 x 

I 

) (32a) 

=oj 
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But (32) 

(2m — 1)SP*.0= — (2m—3)SP*_2.0—4 (m— 1)CP„,_L0 

Therefore the above 

— b {Pl.oQo.0 Po.oQl.ol 

But from the first of (32a) 

S(Pi.oQo.o P0.0Q1.0) — P0.1Q0.0 Pq.oQo.1~ -7r 
Hence 

and 

p n _p n _..n (2n-l-2m)(2n-3 — 2m) . . . (1-2m) ^ 
1 {2n + x + 2m)(2n-l + 2m) . . . (l + 2m) ,7T 

p/ pv _p ry _(2a 1 2T/i) ... (1 2rn) * 7r 
Ml, iu^Xjiil .11 Til.il / q 1I1O \ /1iO \ ci 

(2n+l + 2m) . . . (1 + 2m) S 

• ■ (33) 

In the same way, or by substituting in PV«Q/«.«—P^QV# the first of (26) or the 

first of (31), there follows 

-iQ* ' P — ^(P/« + i.rfQw.« P j».»Q«»+i.«) 

14. From the formulae now developed it is possible to find the complete integral of 

the general differential equation. But as in applications the co-efficients are deter¬ 

mined in terms of definite integrals it will be well also to consider the solutions from a 

different point of view. If any potential function be expanded in a series of multiple 

sines and cosines of v, w, multiplied by vC — c, we know that the co-efficients must 

be of the form AP+BQ. Now such a function is the inverse distance of any point 

from a fixed point. Let us choose as fixed point, to simplify the expression as much 

as possible, a point on the axis of x within the critical circle, say (u'.tt.O). Then the 

distance of (u.v.w) from this is 

p(trA+Wccr+c-ss'cos ^1 

Hence if —p.p. be expanded in a series, the coefficient of cos mw cos nv 
ViCC+c — SS cos w} 

will be of the form AP/Si„ + BQ„>n. Further, for points within the tore u' (i.e., u>u') 

A = 0, whilst for points without, and therefore including the axis (u < a ), B = 0. 

Hence 

/o+t(T 
Jo •'0 

cos mvj cos nvdvxlv 

•y/{CC + COS v — SS' cos w] 
AP,„.,t or BQ,„„ 

according as u^u'. 

Nowr if the fixed point be on the critical circle B is always equal to zero and 

(C' = S'=co) 
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AP„=pr 
• n Jo 

Here A = 0 unless n— 0. Hence 

cos mio cos nv 

o V {C—S cos id] 
r ckudv 

AP*i0=47t[ 
n cos md 

q y/ C—S cos 6 
do 

We have already found that 

P 
die 

2n. + l 
(C—S cos 6}~*— 

we are therefore led to expect that in general 

fi77 cos m6dd 
P M.HX 2)1 + 1 

{c—s cos e} 2 

which can easily be shown to be the case. 

By taking the fixed point at the origin we have 

BQ m.n^ 
f "■ pT cos miu cos nvdiodv 

Jo Jo \/C—cosv 

Here B = 0 unless m— 0, and then 

Q 
cos nd 

oc 
f" COS' 

J n a/ 0 — \/c— cos e dd 

an expression which has been already found. 

These expressions as single definite integrals are already known to be solutions of 

the differential equations, and are given by Heine in his ‘ Kugelfunctionen.’ They 

may easily be proved directly, and connected with the values found already by the 

sequence equations, and the values for P00, P01, &c. Thus writing 

cos mddO 
2n + l 

(C—S cos 6) 2 

the integral is easily shown to satisfy equations (32), and the only further condition 

requisite is that A shall be chosen so as to make it agree with V0 H, P,,.,^. 

Now 

dd 

(C —S cos 

4 N 2 
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Hence 

A=1 and P-„= 
cos 

= 'o(°-S 

cos mddd 
2/1 + 1 

— S cos 6) 2 

Returning to the general integral, since u, u enter symmetrically, and since if 

u^u, u>u, it follows that 

p cos mw cos nvdwdv 

0 •’0 y/CCf — cos v — SB"" cos w 
■ LP/b.ji' Q m.n 01 LP mji- Qa».« 

according as u^u, where L is independent of u or v!. Hence L may be determined 

by giving particular values to u or u. Suppose ur at the origin then 

RQ;h.//— hm„/_Q 

cos mvj cos nvdwdv 

o j Q y/CC/ — cos v—SS' cos w 

C77 cos mOdd 
2/1+1 

(O'-S' cos 0)~2 

To find the value of this expand the expressions under the integrals in ascending 

powers of S', which is ultimately to vanish. 

Then if 

p < m cos mw cos^ ivdw=0 
*'o 

p~vi j cos mw cos"' ivdw= j- 

p>m the integral is finite =1 

Hence 

wher re 

[" , c* cos mw 
cos nvdv 

— Jo_ Jo ~ cosv PQ/«.«= lim 

SS' cos w \m 

m ' CC'- cos v 
+ 

-} 

Q'2n+i cos mO (/3„ 
2 Jo \ 

S'™ cos™ 6 

C'm 
f • • • 

w 1.3.5 . . . (2m—1) 
,= CO. of xm in (1— x)~s —-—-p- 

P _ M (1 xf¥__<?* + l)(2n + S) • • • (2n + 2w—1) 
2 pm 

LQ„,„=“-s4 
Pm 

J c 

cos nvdv 
2../ + 1 

(C — cos r) 2 

Hence 
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This at once gives us an expression for Q/>u„ viz.: 

Q m.i/ 

cos nvdv 
2 ill +1 

(C— cos v) 2 

where M is some constant depending on m.n. This has now to be found. If we 

write 

Scos nvdv 
2iit+T 

_ 0 (C - cos v) 2 

it is easily shown that 

(2 n-\-1 —2;n)U m.u+\— 4/iCUw-„-f-(2 n— 1 -(-2m)UOTiW_1=0 

This will agree with (27) if 

Ntt (2w + 2»,-l) . . . (2m + 1) n 

m'n (2n -1 - 2m) ... (1 - 2m) Hm'n 

Hence 

and 

(2m-l + 2?t) . . . (2m+ 1) „ 

(2?i —1—2m) . . . (1—2m) 

C dv 
QW.0=NS" 2m +1 

(C— cos v) 2 

where N is a function of m only. 

Here again this is found to satisfy 

(2 m-\- 1)SQW+1.0—4mCQw.0+(2»i — 1)SQ,„_1<0—0 

which agrees with (32) if 

N= (— )'"N 
and 

n ft f’r ^v 
^°-0_JNJo7^hsT 

But from the known value of Q0 0 we see that N=l/\/2. Hence 

Qw///— 
(-)» (2?t-l—2m) . .. (l-2m)c< 

2 (2n — 1 + 2m) . . . (l + 2m) 

cos n6dd 
2 ni +1 

. (C — cos 6) 2 
(34) 
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A] so 

— \/ 2L». „ (say) 

Since the distance between two points is 

{CC' — cos (v—v') — SS' cos (iv—w')}1 
^/(C-oXCW) 

It follows that the potential for a unit point at (u'.v'.w') is 

for points outside the tore u'; whilst for points inside, it is y • • (35) 

where, when m— 0 or n= 0, half the above value for LmM must be taken. 

When u—0 P//;,,= 0 except when m— 0 when P0.;V=7r, which agrees with the 

value found in section II. 

Also Pynji behaves in a similar way to P0„j for increasing n, whilst P/„+].,l>Pm.,l when 

m is large, as is clear at once from the integral expression for P,iWi. 

Also since 

it is clear that when n=cc Qrn r = 0 for all values of m.n. Also Qm,„ behaves as Q0 ,; 

for increasing n. 

IV. 

TORES WITH NO CENTRAL OPENING. 

15. In the case where the hole of a tore vanishes the functions hitherto considered 

become nugatory. In this case we must have recourse to the co-ordinates already 

referred to in (8). It is not here intended to develop the theory with the fulness of 

the general case. The functional differential equation has been shown to be 
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In this write i/>= \/uG when 

cPCt 1 dG 3p rn~ __ 
7~ i-;-n Gx— — Lt — l) 

cm-4 w cn< Vj~ 

the equation of cylindric harmonics (Bessel’s functions) with imaginary argument. 

Let G.H be the two particular integrals corresponding to the cylindric function J.Y 

of the first and second kind. Then 

Gm(nu)=Jm(nui) 

Uill(nu)=Ym(nui) 

And the potential function can be expressed in the form 

cf)= y/u2-j-v2t%(AmGm(nu) -f BmHm(nu)) cos (nv-\-oi) cos (»ue+/3) 

Many of the properties of these functions can be at once written down from the 

analogous properties of J.Y. Thus 

So also 

and 

Gm(nu) = - 
(nu)% 

2.4 .. . 2m 

/d n*U' 

2.2m+ 2 1 2.4. (2m+ 2) (2m+ 4) 

= — cos (mi sin 6—m6)d6 

(pm) 

1.3.5 

&c. 

2 rT . t 

--- . cos (nz cos 6) sin'2" 
2m —1 7rJn 

ode 

d'G ul /- < 
U^Y(/ =VlGul—UGxm+1 

— llGm^ — rnGm [> 

Gm+x — G,„ fi- Gw_]_—0 

which equations the H also satisfy. 

The sequence equation has been solved by Lommell," so as to fully express Gm 

and Hm in terms of G(), G1? H0, H1. But in any particular case where the values are 

required it is best to calculate successively by means of the sequence equation direct. 

In the space within a tore u can become infinite, viz. : at the origin, and is never 

zero ; this is evident from the equation 

ap 

u=- O I o 
P~ + 3“ 

* ‘ Studien liber die Bessel’schen Functionen,’ p. 4. 
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Without, it may become zero along the axis but infinite nowhere, for as it approaches 

the origin u must approach a finite limit which depends on the circle along which it 

moves. Now when u is infinite, G is infinite. Hence the G functions belong to space 

outside a tore. We are led to conclude that the H functions belong to space within. 

This may be proved as follows : Amongst many integral expressions known for Y0 one 

is given by Heine,'" viz. : 

f e™cosh ed0 

H0(A)=a[ e-'lC0shecW 
Jo 

This is easily verified, for substituting in the differential equation it has to be 

shown that 

(sink3 6 — - cosh $)e~" coshecl0= 0 

which, on integrating the first term by parts follows at once. From this form we 

gather that 
r 

when u=0 H(J= cW= co 
Jo 

„ U — OD H(J=0 

whence H(l is the proper function for space within a tore. From the sequence 

equation this is seen to apply also to the H,« in general. 

V. 

EXAMPLES AND APPLICATIONS. 

In this section I propose to give a few examples of the application of the foregoing 

theory, to the solution of physical problems. 

16. Potential of a ring whose axis is the same as the critical circle. 

Let z be its distance from the plane of the critical circle, b its radius, u', v its 

dipolar co-ordinates. 

Then the potential is 
0 T f_cW_ 
1/X J o ^/(z-z')* + pi + ¥-2bfPP~6 

This expanded takes the form 

VC—cAA/(P/t cos (ra?+a„) 

for points outside the tore u . 

This suggests 

* ‘ Kugelfuncfcionen,’p. 191. 
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For a point on the axis, u=0 P/; = 7r and the above become respectively 

2/T7T\/r—C.S' 1 _ 
/oTnr —•=—jc and n\/l — cSA„ cos (nv+a„). 

v 2(C — cos v—v) v ' 

It will therefore be more convenient to determine the A„, alt from this simplified 

case. 

It is clear that 1/{C'— cos-v—v}1 can be expanded in a series of powers of cosines 

of (v—v ) and therefore of multiples of the same. 

Hence 
a,,= — nv 

and 
2/^S' 

2(0' —cos 6) 
, cos n6 

Therefore 
A _2/z.S' |'2ir cos nOdO 

77 "~(7JJ0 V^'- cost? 

But 
=- 4/xS'Qh 

7tA0=2/xS,Q/0 

Hence in general the potential for points outside the tore u is 

^=4^-,(oCZf)Ap..Q'. cos «(W)-4P„Q'0} 

Consequently the potential for points within the tore u is 

^=A(|A)!»sp''q" cos n-iP'»Q 

Both these series have been shown to be convergent. 

If M be the whole mass of the ring’ 

(36a) 

. . (36b) 

M= 27rb[i — - , 

It follows as a corollary that the potential for a mass M on the axis is, for all points 

not on the axis, 

2Ma/2 sin f 

(ITT 
\/Q-c{t.-)Q,lcoan(v—v)—l>Q0} • • • • (37) 

Also, putting M at O.A and —M at 0. —A, and making v zero and M infinite, the 

potential for a uniform field of force parallel to axis is 

//VC—ct*nQlU sin nv 

MDCCCLXXX1. 
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(33) 
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17. Electric 'potential of a tore and its capacity. 

Let Y be the constant potential of the tore {u). Then (A,,, a„) must be determined, 

so that 
rf>= v/C-TrS" A„P„ cos n{y-\-ct,) 

maj=Y for all values of v when u — u'. 

Hence a„ = 0 and 

7rA„P/H.= 2y[ 
* cos n6cW 

and 

j0f O'—cos 6 

7rAoP'o= v/SVQ'o 

.-.<(>= 22,P„ cos m-+'A P, 
7T 

• (SS) 

(C + S> 
Tliis series is easily seen to be convergent, since (§ 10) it is less than % 7Q/+g/p»> 

1 b<f> 
where C+S < C'+Sh 

To find the capacity of the ring we must take the surface integral of 

So, q denoting the capacity, 

over it. 

1 I2*’ dn' , b(b du 

q = 4ttYJ o L Up~ddCA'bu' dn 

-Ahri r_A -dl\] Q' 

tr AJ0 C-'c\2x/C-cPu+'//L' C~dv. I P 
COS nvdv 

or dropping the dashes, and writing 

du 2S 

(_2x/2«SQ„r 

r] p 9 n +1 
" -(P,+1-CP„) 

d , 2%+1/Pk+1 ^ 

Now 

dU 2S \ P; 

Ucos nvdv 

i„LCW=^2Q* 

cos nv 

a/ 0 —c 
dv 

and 

wnence 

dQn_2?? + l/r\ pr\ \ 

fy=A(2»+l)(P(+1Q,-P,Q,.+i)p- 
7T .1 

= 4o2,|+2a^by (24) . . . 
J- J- n 

(40) 
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This expression for the capacity in an infinite series is more convergent than 

When the section of the ring is not very large compared with the radius of its 

circular axis, 

<1=2ct( p’+ ) very nearly* 

or 

where 

(40a) 

2 
v/h2- 

R+ v/R2- 

Measured in terms of the capacity of a sphere whose radius is equal to a tangent 

from the centre to the tore, the capacity is 

03EE'—7r 

2 EE 

When 11=3 r the omission of the term depending on p - introduces an error of about 

‘27 per cent. 

Jc2 may be expressed in terms of the angle subtended at the centre by the tore, viz.: 

if this angle be 2 a, 

7, 2 cos« <,« 
Ar=—-=cos a sec 

1 + cos a Z 

7 / a 
k — tan - 

When 

F=sin 3° (about r=1-L0“ll) q= ‘733 X capacity of above sphere 

F=sin 6° (about r— 3 R) q=z-898 X . . . 

18. We may find the potential also for the electricity induced on a tore, put to 

earth, by a charged circular wire with the same axis as the tore. For the potential 

of the wire (u, v) for points within (u') is (3Gb) 

4*1= v/C—T {SP'nQ,! cos n(v—v') — \P'0Q0} 

whilst that for points outside the tore (utJ) due to the charge induced on it is 

v/C—cos n{y—cL,) 

* The expression given in the 1 Proceedings’ is incorrect. 

4 o 2 
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and the condition is that when u=u0 </>1+</>2= 0 

. . a,= v, A,r-„=-4,lbo' 

Whence 

aA=if, A,F\,= -J~T'nQ°n, and A0P»0 . p' QO 
7r 

^=:^v/crra{2^(FsQ,-Q»,P„) cos »(«-»')+^(I«oQu-Q,joPo) 
77 l 1 » 1 0 

. (41) 

and the general solution when the tore is insulated and has a charge of its own is 

found by adding the potential found in the last article. 

Also if the section of the wire be very small we can find the capacity of the system 

approximately, by supposing the wire to coincide with one of the equipotential surfaces 

near it. 

19. As an example of the use of tesseral functions with constant surface conditions, 

rwe will take the problem of the electrical induction on a tore under the influence of a 

point arbitrarily placed. We lose no generality by supposing it in the plane of (xz) ; 

let then its co-ordinates be (u'.v'.O). The potential due to this for points within n’ 

has been found at the end of Section III., viz., 

(f)—~ v/fU-cXC'-c7) SL„,„P',,«Q^ cos mw cos n(v-v') 

As before, the potential of the induced charge will be of the form 

<f>= \/C — c 2AWf»Pw.» cos mw cos n(v—v) 

and (the tore being u0) 

/Tv / 

\ po __v L r. P' no 
rs~/dji1' nisi— /x “ mji 

/ 7 n 77777 777 P' 
$=11 — " X ’* '1 6 -2L m,n —(P°«.«Q».rt —Q°,COS MIV COS 1l(v— v) . (42) 

When the point is on the axis, all these terms vanish (§ 14) except for m = 0. 

If necessary, also, the capacity of a tore and a very small sphere can be found 

approximately from these formuke. 

20. One more example illustrating the application to cases of differential surface 

conditions may be given. Take the case of a tore moving parallel to its axis through 

an infinite fluid with velocity V. Here the conditions are that if cf> be the velocity 

potential for fluid moving past it, 

<?*)=— Va-f ^ 

and 

b<f> , 
<— =0 when u~un. 
OIL 
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The expansion for z has already been given, viz. : (for points not on the axis) 

Hx/C — c sin nv 

To determine /x we notice that at the critical circle (as everywhere on the plane 

of xij) 

d<}} dv 

dv dn 

Taking a point outside the critical circle 

-y=/x 

= -v 

H-Qn 

The easiest way to calculate this is to make the point approach the critical circle, 

i.e., 11= <x>, when 

-V=Dim (C— l)!Qj 

=Pim(C-tf(C + Sc^ 

/* 
dd 

L, 
a J 2? cosh3 - a 4: y/'2, 

which gives the theorem 

Hence 

tnzQlt=i=f^ cosech3 

4«a / 2 ^ v -V x/C—cS(A„P/J sin —a,,) — nQ/t sin ny) 

£ i 
where y =0 when it=u0 for all values of v. The terms in cos nv would merely 

increase <f> by the series for a constant, we may therefore without loss of generality 

put otn= 0, and then, using dashed letters to denote differential coefficients, 

1 7r bcp 
=t 

4y/2 aY Sit [2-v/C 
;(A„P;<—nQ») + v/C-c(AJPk— toQ'*) \ sin ra; 

= 0 when u=un 

S{S(A«P„—nQ„) + 2(C—c)(A»P'»—sin%y=0 

A„+1Pk+1+Ak_1P'/_1-A/i(SP„+2CPk) 

= (n + 1)Q „+i + (w— 1)Q — «(SQ„+2CQ „ 
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Now it is easily shown that 

F,+1+F_]-(SP.+2CP/,) = 0 

with a similar formula for Q,„ we may hence write the above equation 

(A.ra+2 A«)P (A« A^_^)P /(—j—— Q »+i Q«_! 

with initial equation 

(A3-A1)Fa-A1F0=Q/s-Q'0 

To get a first integral of this write the successive equations in order, multiply those 

containing Pd+1, Pd_i by Pd and add, we get 

(A/<+1—A/()Pd+1Pd—A1P/1Pd=PdQd+1—P/1Qd+-r1(PdQd+1—Pd+1Qd) 

= PdQd+i—P'oQ 1+9 -o_1(-r+1) 

Put 

then since 

Hence 

and 

A _ A — AA+ii 
CL/(+l ■CX/t TV 

Qb+1 , (AjP'j —Q'^P'o . 77 n~ 

P' ̂ +1 PbP' 2 P' Y — UL il +1 

(A1P'1-Q'1)P'0=L„ £=*. 

2 = fijd+l '11+1 F"+1 Qd) 

A/i+i A„—C(+i+ 

— 2;t+ i{(n + liJTa)X*+l~ (ttS + a)EA} 

A __ A _(^ + !)8 + « _1_9N-'—-+-A y —-tfiy 
n)l+i -a-!— 2n+l 'l+l^—'24r2_i‘L- 3 -A 

. pi + l)2 4- a _ 4“ a 

A't+1 = 2vt + 1 Xn+l+ 2il 

A„ is undetermined to the extent of a; but since the velocity potential must be 

finite everywhere, a must be chosen so that the series £A,tP(l(to) shall be convergent. 

It will first be necessary to prove that An is finite when n is large ; a must then be 

chosen so that An vanishes for n infinite, and lastly, it will remain to show that with 
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this value of a the series SA„ P„(^) is convergent, from which the convergence- of </> 

will flow at once. Now 

_Q'n _ Qh-i - CQ„ 
Xn p- rip _ J) 

n n L n—i 

Qh-i—CQ„ 
^ C< o TA 

S2^1 lh-a 

CH» Q«_ 

CO co _J_ ^ 

Both the series on the right are finite, hence so also are —%] xr and —jxr, and 

An tends to a hnite limit with increasing n. It is therefore possible to give « a value 

which shall make this limit zero. It is given by 

whence 

o , 
co 7*" -f ci 

2S1 i^rrr'-“*«=0 

O . o . . nl + a n ,00 v•“ A « 

A*=2V-ix*-2S-sizrx' 
(43) 

Lastly it remains to consider the conve-rgency of the series 2A„P„(n). When n is 

which is very large — Ai!+1 tends to the limit — >1 + 1 

(n + l)2 + «/Q»_1_p Q« \ 

<(2»+l)S»^1 P»-J 

Also since u<u0 P,,(w) < P„. Hence the series under consideration is 

1 ^ v~ J Q,i_2PM pQ„_1P» ] 

<^(2^-1) llbl iaT J 

The sum of the first set of terms is < (C “ Q and of the second set is 
S" An — 1 

<—g2 ; both of these are finite. Hence the sum 2A„P„ is finite anrl d 

fortiori the sum 2A.,P„(w) sin nr. 

Finally then the velocity potential for fluid motion due to a tore moving parallel to 

itself through a fluid at rest at infinity is 

ff>=—v/2 V f C ■ 
IT 

■ c% ( A ,,P„sin nv 

where A.„ is given by (43) and 
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_os' - r2 Q'r 

■1 4/3 — 1 PC 

_r I - Q i" 
Yim —! 4?o_- ■1 PC 

and where PC. Qh stand for 
dP,-Q0) ^Q/Pti) 

dw0 ’ dw0 
We may now find the energy of the fluid motion. This is. the density of the fluid 

being unity, 

m I-* 7 deb 
1 = — 2lTp-r-clv . (h- 

J 0 r d o r dn 

and 

dn a 

dv C — c 

#_y£_y_§L_ 
dn r C — c 

«S 
P=n C—c 

.T = — 27t«2YS5 
(C-c) 

*<f>dv 

But 

„ 5TT7O,0 . . „ f^sm« sm nv 7 
-8v/2asV3S2SA„P„ 

Jo U~—CJ 

16\/2 ,TT.irt^ I -r. d /I (f \ f2,rcos (n— l)v— COS (7l + l)i; 7 
:-3- asV-SSA„P„-f g --=-dv 

a/C-; 

f> cos nv 7 

l„ 7nw*=3'/2Q” 

But 

• T— — — r/3Y3S2A P -CO' —O' ) 
3 ” j(/«SWh k'!+1' 

—Q'»+i= —2hSQw 

‘•T= -;-asV2S2*nAi,P„Q', (44) 

which is more convergent than the series for <£. 

In a similar manner may he found the velocity potential for any motion of trans¬ 

lation, or the magnetism induced in a uniform field of force. 
■ o 
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[September, 1881.—At tlie suggestion of one of the Referees I give a few additional 

numerical illustrations. The first is the ratio of the density of electricity at a point 

on a tore furthest from the axis to that at a point nearest the axis. The potential 

due to the distribution of electricity on the tore is given by (39). The normal force 

at any point of the tore is 

b(f> bit_ C — c bcf) 

bio bn a bio 

whilst for points furthest from the axis u — u', v — 0, and for points nearest u—u, 

v—tt. Putting these in, remembering that 2 8dPw/dot = (2n1)(P„+[ — CP„) and 

(2?2+l)(Pn+1Qil—PhQmu) = 277, it is easily shown that the above ratio is 

/C4l\i27rfe“?; + ^“ ' ' ' )_i(Qo+Qi) — 2(C + 1)2( — )"nQn 

C 1 27r(2Po+p^+p2+ • • • )+i(Qo~Qi) — 2(C— l)2wQre 

If the first n sequence equations in Q be added together there results 

4(C— l)^AQrt=(2w+ l)(Qa+i“Qli) + Qo —Qi 

whence 4(C— l)2nQrt=Q0 — Qx 

Further, putting (— )"Q,(=gq, the sequence equation for q is 

(2 n +1 )qn+1 + 4nCgq + (2n—l) q,^— 0 

whence as before 

4(C + l)^i —)"wQ)l— 4(C + l)2hn/(l—— (/0— — (Qo+Qi) 

Finally then the ratio of the densities is 

1 (-Y — ix 1—L 

1 + P\32T0 1 

-W 1 
*- 0 n 

If terms higher than P2 be neglected this is 

M+P\3E-2PE 

1 —kj E + 2PF 

I have not been able to find a finite expression for %\/Vn and — )"/P,„ but when 

the ratio of r to R is very small, the first two terms are sufficient. In any other case 

MDCCCLXXXI. 4 P 
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we can easily find the limits of error produced by neglecting terms after a given one. 

Thus suppose all after P,. be neglected, then § 10 

1 1 1 1 
P« C + S P»-i Glfi-i 

whence it follows that 
v 1 ov i 

■+! i/x B ^ 1 _^ (x _ky Tr 

Similarly it may be shown that, r being odd 

r 

Sr+1(-)-/Pn> 

< 

y 1-3F-2F5 : i 

1+hf (1-k'f ’Pr 

2k' f/l+/v'2\2 y i i 
1 + k'2 '1-7A/P, 

For the two cases of Jc'= sin 3° and Jc'= sin 6° (corresponding very nearly to R—lOr 

and 5r respectively) the ratios are '5171 and '2656. 

The ratio of the velocity of the fluid at the centre of a tore to that of the tore itself 

when it moves without cyclic motion, parallel to its axis, is easily found. The point is 

given by u= 0 v—tt which makes Pn=7r. The velocity of the fluid =y ~ 

IT 

therefore ratio = — 16XT( — )"n-hn 

In the table below are given the values in two cases of a, Al5 A2, T' (the effective 

mass of the fluid measured in terms of the fluid displaced), and V', the ratio of the 

velocity at the centre, to that at an infinite distance when the tore is held at rest in 

the stream. 

k’ CL Aj r V' 

sin 3° — •00645 -•00216 -■ooooo •99995 1 03456 

sin 6° -■01868 -•00871 -•00007 1-09449 1-13712 

Suppose the tore held in a uniform field of electric force parallel to its axis, 

potential of the field is 

= ^ ~*y(C—c)%nQ,„ sin nv 

The 
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Hence, supposing the tore to be at zero potential and to have no charge, the 

potential of the disturbed fieid is, dashed letters denoting functions of u, 

— _4l-- y(C—c)%n (q„,—p7- sin nv 

The density at any point of the tore is 

Now at the points where the osculating plane touches the tore z—r and p = Ii, 

whence 

C — c = Ss or c= 1/C s=S/C 

The greatest density on a sphere similarly influenced is —. The ratio is then 

_4\/2 S~ 4S I 

3 CHCPV CHVJ 

The value of this ratio for the cases already considered are 

for ti — sin 3°, *675 

,, k'= sin 6°, '698 

When the direction of the electric field is perpendicular to the axis, its potential is 

, S cos w 
(pi=[xp cos w—/xa~—— 

Hence clearly the functions for the expansion of this are the tesseral functions, P1(i 

QL)!, and the conditions, since the potential holds for space outside the tore, are that 

S cos w , _ 
/x«—+ v (J — c cos ivXAniJlM cos nv— 0 

when u=u' for all values of v. 

4 p 2 
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Hence 

or 

and 

But 
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4-1^/ . ^ n f“ cos nv 7 
ttAJP !.„+ 2/ittS —7; n7c=0 

Jod- — Of 

li}l ^aciv(Q —o 

A,.=^d(2«+l)(Q'0,,+1-CQ'0.») 

A»=^-(QV,-CQ'o,) 
A40 r 1.0 

From the first of (32«) 

sr,»=P„.,Tl-cp0.,=sf|T|(P0.„) 

which enables us to write the above in several ways. As before, the densities of 

electricity induced at points (u.0.0) and (u'.tt.Q) are easily found.] 
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XY. Polacantlius Foxii, a large unclescribed Dinosaur from the Wealden Formation 

in the Isle of Wight. 

By J. W. Hulke, F.R.S. 

Received January 3,—Read January 27, 1881. 

[Plates 70-76.] 

For the opportunity of studying the remains described in this note I am indebted to 

the courtesy of the Rev. W. Fox, of Brixton, Isle of Wight, who last autumn gave 

me free access to his rich collection of fossils obtained in that locality. 

Much shattered by being very hastily dug out, and since much damaged by the 

accidental breakages and the dissociations scarcely avoidable in the absence of a 

suitable place for their safe-keeping, there is risk of these remains becoming before 

long lost to the palaeontologist. In view of this not improbable eventuality I venture 

to offer to the Royal Society these notes, in writing which I have been reminded that 

it was to this Society the late Dr. G. A. Mantell, now more than fifty years since, 

communicated his first discoveries of Iguanodont and Hylaeosaurian remains. 

The remains of Polacantlius were found by Mr. Fox in 1865 in a bed of blue shaly 

clay, which occurs near the middle of the cliff, a short distance east of Barne’s Chine. 

The bed is easily recognisable by the large quantities of lignite which it contains. 

Professor R. Owen, to whom Mr. Fox showed some of these fossils soon after their 

discovery, suggested for the animal indicated by them the name Polacantlius—many- 

spined—P. Foxii, and this name Mr. Fox adopted in an account of his discovery read 

by him at the next meeting of the British Association. A brief notice of the discovery 

with a rude woodcut also appeared about the same time in the “ Illustrated London 

News.” Both these communications have only the value of preliminary notices by 

persons without anatomical training, and no description of the fossils sufficient for the 

use of palaeontologists has yet appeared. 

Mr. Fox’s MS., read at the meeting of the British Association, cannot now be found, 

and his paper does not appear in the “ Reports.” An abstract which I made of it in 

1869 gives the following list of the parts he believed he had secured. 

“ Sacrum and pelvis ; 7 lumbar, 7 anterior dorsal vertebrae with their ribs; 20 

caudal vertebrae; 2 femora; 1 tibia with fibula; 3 metatarsals, phalanges, and 3 

unguals ; 20 to 30 large dermal spines, and as many scutes.” 

The scattered remains which last autumn I succeeded in bringing: together again do o o o o 
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not quite agree with these numbers; the vertebrae, foot-bones, and dermal spines are 

fewer, and I was not able to identify any portions of Ilium, Ischium, or Pubis. 

Vertebral column.—This is now represented by 11 prsesacral, five sacral, and 15 

postsacral or caudal vertebrae. 

The 11 prsesacral vertebrae comprise six disconnected and five anchylosed in a 

continuous series. 

Of the six disconnected vertebrae three are fairly complete (Plate 70, figs. 1, 2). The 

form of the centrum is cylindroid; it is long relatively to its breadth, slightly con¬ 

stricted at its middle and expanded at its articular ends, which are plane or very 

slightly concave, the concavity of the posterior surface being most evident. The 

antero-posterior extent of the neurapophyses at their attachment to the centrum nearly 

equals the length of this latter. Their anterior margin rises nearly vertically from 

the centrum, wnilst their posterior margin has a strong forward slant. The spinous 

'processes of all the prsesacral vertebrse are broken off and missing. The transverse 

processes in this series show a double costal articulation. In the level of the crown 

of the arch is a large, conspicuous, capitular, costal facet borne jointly by the arch and 

root of transverse process. It is directed outwards, and against it in two instances 

the rib-head, of an expanded discoid form, still abuts. Above this, the process, 

slender and trihedral in cross-section, is prolonged outwards and upwards above the 

rib-neck. It bore at its free end, as is shown by detached pieces, an articular surface 

for the tubercle of the rib. The length of the vertebral centrum (represented in 

Plate 70, figs. 1, 2) is 75 millims. ; the horizontal diameter at the articular ends is 

52 millims., and the vertical diameter here 51 millims.; and the horizontal diameter 

at the middle of the centrum is 35 millims. The double costal articulation places 

these six disconnected vertebrse in the front of the trunk. Between them and the five 

anchylosed vertebrse several are doubtless missing, since these last are demonstrated 

to belong to the loins by the anchylosis of the hindmost of the series to the first sacral 

centrum. 

The lumbar centra (Plate 71, fig. 1) have a more attenuate form than that of those 

referred to the front of the chest. Their lateral surfaces slope inwards and meet 

somewhat angularly below. This is very apparent in the second in the chain. The 

spinous and transverse processes of all are broken off and missing. 

The average length of the centrum in this series is 75 millims., the horizontal 

diameter at the middle is 33 millims., 30 millims., 30 millims., 34 millims.; and that 

of the articular ends is 40 millims., 37 millims., 36 millims., 50 millims. 

Sacrum (Plate 71, fig. 1).—This has the usual dinosaurian structure ; it consists of a 

chain of five anchylosed centra much larger than the slender lumbar centra. Accidental 

cross-sections made by fractures show the form of the centrum to be remarkably 

depressed (fig. 2) ; it is, however, not improbable that this great excess of the 

horizontal over the vertical diameter may have been increased by pressure. These 

diameters are in the second centrum 70 millims. and 25 millims. respectively. The 
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under surface of the centrum is cylindroid ; in the three foremost centra a shallow 

median groove indents it longitudinally. The piers of the neural arches rest each on 

two centra, and the sacral nerves escaped from the vertebral canal across the middle of 

a centrum except the last nerve, which passed out intervertebrally between the last 

sacral and the first caudal vertebra. A stout lower transverse process stands out from 

the side of the sacrum along the line of junction of each two centra, and doubtless the 

outer ends of these processes coalesced in the usual looplike manner : all have been 

broken off, and are now missing. The upper transverse processes which project from the 

crown of the arch are small and inconspicuous ; they form, with the expanded summit 

of a dwarfed spinous process, the support of a stout dermal armour to be presently 

described. Comparison of the following measurements of the sacral centra with those 

of the prsesacral centra already given will make the greater bulk of the former very 

apparent. 

Sacral centra. No. 1. No. 2. No. 3. No. 4. No. 5. 

Horizontal diameter at the articular ends . . ■¥r 87 87 87 87 

,, ,, middle of centrum. 70 70 70 70f 82 

Length of centrum.. 67 67 67 62 58 

Post-sacral vertebra (Plate 72, figs. 1, 2 : ; Plate 73, figs. 1, 2 ; Plate 75, figs. 3, 4).— 

The 13 now remaining are certainly not a continuous series- —many intermediate ones 

are missing; most are from the root of the tail. 

The first caudal, known to be such by its exactly fitting the last sacral, differs from 

this most obviously by the centrum bearing entirely its own arch. It and those centra, 

which by their great size are referable to the root of the tail close to the sacrum, bear 

no chevron mark. These centra are short and wide ; their articular ends are both 

gently concave, and they have a depressed heart-shaped contour. In one of the best 

preserved the horizontal diameter of the articular end is 100 millims., that of the 

anterior end being about 90 millims., whilst the vertical diameters of the same ends 

are 64 millims. and 61 millims., and the length of the centrum measured along its 

neural surface is 52 millims. At their middle these centra are much contracted. The 

transverse process stands off from the side of the centrum horizontally just below the 

line of the neurocentral suture. The arch is low; the spinous process has a strong back¬ 

ward slant; the post-zygapophyses are large and prominent. Other caudal vertebra 

smaller than those just described differ from them mainly in the presence of chevron 

marks and in the greater concavity of their articular ends. At least 13, probably 

about 17 or 18, of the vertebrae in the fore part of the tail had transverse processes; 

two smaller vertebrae, which by their very small size belonged to near the end of the 

tail, have a simple cylindroid figure; the processes have disappeared, and the arch is 

reduced to a tubular hoop (Plate 7 5, figs. 3, 4). 

* Rather less than others. 

t The numbers in this line, except the last, are approximate. 
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Tlie osseous tissue of all the vertebras is coarse, and the outer surface wants the 

closeness of texture and the smoothness so observable in Iguanodont bones. This 

textural difference serves to distinguish very mutilated pieces. It is not peculiar to 

this particular skeleton, for it is equally apparent in a thoracic vertebra which I dug 

a quarter of a mile to east of the place where this skeleton was discovered—a distance 

which makes it almost impossible that it should have ever formed part of it. 

Ribs.—Many of these show a double vertebral articulation by head and tubercle. 

In those referable to the front of the chest, as has been already mentioned, the head of 

the rib is very swollen and the neck is relatively slender. These parts are wanting in 

all the disconnected ribs from this part of the chest, but they are fortunately pre¬ 

served in situ upon three vertebrae (Plate 70, figs. 1 and 2). In this region the neck of 

the rib is short, and it joins the body of the rib in an almost uniform curve. In ribs 

referable to the middle of the trunk a very decided angle marks the junction of the 

Tubercle and body (Plate 76, fig. 2). In all ribs with double vertebral articulation the 

neck is slender, and it is so compressed that the long diameter of its cross-section is 

vertical. Beyond the tubercle the upper border (here become outer) expands so widely 

as to deserve the term “surface,” whilst the lower (here inner) border continues thin. 

This gives a triquetrous form and great strength to this part of the rib. 

Limbs.—The femur (Plate 74) is remarkable for the largeness of its articular extre¬ 

mities and the slenderness of its shaft. Both ends are much damaged by pressure. 

My description is taken from the right, which is better preserved than the left. The 

proximal end bears at its inner angle a sessile sub-hemispherical head (cap.), external 

to which and nearly in the same level with it is a well-developed trochanter (tr.m.). 

The inner or posterior trochanter (fig. 2, tr.i.), characteristic of dinosauria, is also 

strongly developed ; it is rather nearer to the proximal than the distal end of the bone. 

The knee condyles are very large; the inner is somewhat the larger of the two ; a 

deep narrow groove separates them in front, and a wider, relatively shallow, depression 

divides them behind. The length of the right femur is 55-5 centims. ; the diameter 

of the distal end across the condyles is 15*5 centims., and that of the proximal end 

is 18 centims. The diameters of the caput femoris are 9 centims. and 8'5 centims., 

and that of the middle of the shaft is 8 centims. 

The Tibia (Plate 75, figs. 1,.2), the left one, is much shorter than the femur, being 

only 35 centims. long. It resembles the femur in the largeness of its joint ends and 

the slenderness of its shaft. The proximal end, distorted by pressure, shows obscurely 

a division of the articular surface into two parts answering to the femoral condyles (ccl ), 

and a remarkably large prsecnemial process (pro.). The distal end, flattened, is of the 

usual dinosaurian pattern, having a longer and narrower outer and a shorter and stouter 

inner division. When the bone is held vertically so that a line drawn between the 

proximal condyles is directed forwards, the longer axis of the distal end intersects 

this, making with it an angle of about 60°. This different direction of the ends makes 

the shaft appear twisted. Relatively to the large size of the articular ends the shaft 
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looks singularly short and slender. Its cross-section at the middle is roughly trigonal, 

and the diameters here are 4'5 centims. and 5'5 centims. Owing to the twist of the 

shaft, that which below is the inner border becomes as it ascends the broad anterior 

surface above; and the narrow surface at the upper end lying between the outer 

condyle and the prgecnemial crest as it descends becomes towards the distal end the 

broad antero-external surface. 

Of the fibula only a small fragment attached to the outer border of the antero- 

external surface near the lower end now remains. 

Foot.—The only parts of this which can with certainty be identified are two 

metatarsals (Plate 72, fig. 8). In the great size of their joints and shortness and 

slenderness of the shaft they repeat the most striking features of the femur and tibia. 

Their distal end has the usual pulley form. The condyles project strongly towards 

the sole, and the pits for the attachment of the lateral ligaments are large and deep. 

The proximal end is most expanded vertically. The length of the best preserved meta¬ 

tarsal bone is about 8’5 centims., the breadth of its distal end is 4'5 centims., the 

longer diameter of its proximal end about 7'5 centims., and the diameter of the middle 

of the shaft nearly 2 centims. 

Respecting the bones considered unguals by Mr. Fox I cannot speak confidently. 

Their form is broad, depressed, and blunt. 

Dermal armour.—Together with the endoskeletal bones a highly developed dermal 

armour was found. Mr. Fox told me that when he first laid this bare it formed so 

continuous a mail that his first impression was that he had exposed the carapace of a 

huge turtle. It measured 3 feet by 3 feet 3 inches, covered the loins, and it was 

thinner at its middle near the vertebral column than towards its borders. It is now 

I fear irreparably damaged and beyond reconstruction. Broken up into countless 

pieces through hasty and incautious removal from the cliffs, these have in 15 years 

cracked and fallen into numberless smaller fragments; the attempt to rejoin which 

would be a hopeless undertaking. 

Scutes of three forms are readily distinguished : a, simple flat scutes; /3, keeled 

scutes; and y, spined scutes. Those of the first kind are most numerous. Since 

none are now entire their shape and dimensions can only be approximately ascertained. 

They varied greatly in different situations, since some were certainly more than 

26 centims. across, whilst the breadth of others did not exceed 1 centim. Their 

thickness ranges between 3 centims. and 5 centims. Their deep or inner surface is 

smooth and their outer surface is studded with scattered tubercles. (Plate 71, fig. 3.) 

A smaller number of scutes are keeled. The keel, in some, itself unsculptured, rises 

within a circle of one or more rows of tubercles which are separated from the margin of 

the scute by a sunken groove, the inner lip of which is thin and projects. (Plate 70, 

figs. 3, 4, and Plate 72, fig. 4.) It is probable that into this groove fitted the thin 

edge of the adjoining scute, a mode of articulation giving flexibility with security 

against dislocation. The deep surface of these scutes is smooth and sinuous. A few 
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of the keeled scutes have the deep surface angularly excavated. (Plate 71, fig. 7. 

Plate 73, figs. 1-4.) 

The spined scutes are fewer than either of the other two forms. They are all 

asymmetrical. Their form is rudely triangular, the shorter are obtuse and the longer 

acute. (Plate 71, figs. 4-6. Plate 76, fig. 1.) 

Their base is very stout, its outline is a rhomboid. The blade projects in one of 

the most perfect, which, however, wants the tip, to 30 centims. beyond the base. 

The long diameter of the base of this scute is 21 centims. and the shorter 11 centims. 

One edge of the blade is relatively straight and the other is incurved. A similar 

difference in the direction of the borders is seen in the smaller scutes of this kind. 

When a spined scute is placed upon its base on a hat surface the slant of the blade is 

seen to be considerable ; one surface, which in this position is upper, is nearly plane or 

sinuous transversely, whilst the other surface is transversely convex. The plane or 

sin nous surface has its distal moiety deeply furrowed by vascular grooves. 

With regard to the distribution of the different forms of scutes we have to guide 

us : a, Mr. Fox’s impressions of the armour as he saw it first before it was disturbed 

and broken up—he says that from its relations to the other bones he thought it covered 

the loins as a continuous shield ; (3, inferences drawn from the scutes themselves ; y, 

the preservation of a few scutes in situ in two regions. 

The upper surface of the sacrum is still overlaid by a continuous flat scutal covering 

ornamented with tubercles, which dot it irregularly without definite grouping 

(Plate 71, fig. 3). I did not detect in it any marks of joints, and am therefore 

disposed to regard this as forming part of one large plate, which is certainly in 

its natural position. 

The fortunate recovery of the piece sketched in Plate 73, figs. 1-3, shows that an 

upper row of carinate angularly excavated scutes covered the neural, and a lower 

row of similar scutes embraced the haemal spines of the tail. One of these keeled 

hollowed scutes, which from its large size was probably situated at the root of the 

tail, is 21 centims. long, 12'5 centims. high, and the angular excavation of its base is 

4 centims. deep (Plate 73, fig. 4). Another from near the end of the tail is only 

2'5 centims. long by 5 centims. across, and its keel is quite dwarfed (Plate 75, fig. 5). 

The upper and the lower row of these keeled scutes did not quite meet, but they left 

a lateral interval filled by a series of smaller flat scutes (Plate 73, fig. 1). Both forms 

with the diminution of the bulk of the vertebrae underwent a corresponding reduction, 

and they became towards the end of the tail small button or buckler-like studs, one of 

which is shown by Plate 75, fig. 6. Thus the whole tail was sheathed in armour. 

It has been already mentioned that the spined scutes are asymmetrical. This alone 

would make it most unlikely that they formed a median dorsal crest. That they were 

not so placed in the lumbo-sacral region is demonstrated by the preservation of flat 

scutes there in situ. It is not improbable that the spined scutes and the unexcavated 

carinate scutes encircled with tubercles were grouped in lateral rows. 
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As no part of the endoskeleton referable to the scapular region and neck was 

discovered, it cannot be ascertained how far forwards the dorsal shield reached, 

neither from the material in its present state can any inference be drawn of the 

presence of ventral armour. The presence of a hsemal series of tail scutes suggests 

that the belly as well as the back may have been mailed. 

The tissue of the scutes is distinctly bony. The vascular canals in the cortex are 

large and very numerous (Plate 70, fig. 4), suggestive of a stout epidermal covering. 

These remains indicate an animal of low stature whose height at the rump probably 

did not exceed 3 feet. Its strongly marked bones and their large joints speak of its 

immense muscular power, whilst the shortness of its limbs and the anchylosis of the 

lumbar vertebrae welding the loins and the sacrum into a long inflexible rod suggest 

an absence of the lithesome and agile movements of a terrestrial carnivore, and give 

probability to its having been a slowly moving vegetable feeder. 

As regards its zoological position, its dinosaurian marks—the inner femoral trochanter, 

the lower end of the tibia, and the forked ribs—are so plain that its reference to this 

Order cannot be doubted. Its place within the Order is also not uncertain. From the 

Iguanodont family, as represented by its two best known genera Hypsilophodon and 

Iguanodon, Polacanthus differs widely in the form and proportions of its limb-bones 

and vertebrae, and by its very highly developed dermal armour, in comparison with 

which the scutes of Hypsilophodon and Iguanodon may without inaccuracy be called 

flimsy. In its stoutly sheathed, crested tail, and its strong body mail Polacanthus 

repeats two striking features of the Liassic Scelidosaurus. The scuted caudal vertebra 

of Polacanthus sketched in Plate 73, fig. 1, presents a resemblance to the figure 

of a corresponding vertebra accompanying Professor P. Owen’s “ Monograph on 

Scelidosaurus,” which must strike the most superficial observer. 

The trunk armour of Scelidosaurus is, however, much less developed than that of Pola¬ 

canthus, the spinecl scutes of the former, so far as these are known from the types 

preserved in the British Museum, are smaller than those of Polacanthus. The resem¬ 

blance of Polacanthus and Scelidosaurus is not restricted to their armour, for massive 

joints are a feature common to both; the differences of shape and proportion of the 

] imb-bones and vertebrae more than suffice, however, to prove their generic distinctness. 

Omosaurus armatus, Owen, of oolitic times, had as large dermal spines as Polacan¬ 

thus, but their shape is very different. The dermal spines of the Jurassic Stegosaurus 

figured by Professor 0. C. Marsh, in ‘American Journal of Science,’ vol. xix., March, 

1880, plate x., are apparently not smaller than those of Polacanthus, but their form 

differs from these ; - the limb-bones of Stegosaurus are also more slender and the femur 

wants the inner trochanter. From the lower chalk Acanthopholis (Huxley), which has 

also a somewhat similar mail, Polacanthus differs in the greater development of this 

protective covering and in its very dissimilar vertebrae. 

It is to the Wealden Ilylceosaurus that Polacanthus appears most closely related. 

4 q 2 



660 MR. J. W. HULKE OR THE POLACANTHUS FOXII. 

The resemblance of their dermal spines is very close, and their tibiae are remarkably 

alike. Indeed, I do not know in any public or private collection any bone which the 

tibia of Polacanthus so nearly resembles as the type tibia of Hylceosciurus preserved 

in the national collection and a tibia which a few years since I brought before the 

Geological Society and provisionally referred to this dinosaur.* It was obtained 

from Brixton Bay, the locality which yielded these remains of Polacanthus. We may 

not safely compare the metatarsals of this skeleton with those accredited to Hylceo- 

saurus, since the type specimen (No. 2556 Brit. Mus. Cat. figured in the Brit. Foss. 

Kept., Monog. Hylceosaurus, plate xi.) is only conjecturally assigned to it, and may 

have belonged to a very different animal, for the length and slenderness of these meta¬ 

tarsals are not in harmony with the Hylseosaurian tibia so short and with such 

expanded articular ends. Neither are the type specimens of sacrum and the dis¬ 

connected vertebrae in the British Museum available, because their reference to Hylceo- 

saurus is also conjectural and still requires confirmation. Such comparison, whatever 

its value may finally prove, however, shows that the sacrum of Polacanthus is much 

more massive and the thoracic vertebrae are longer and less stout than those reputed 

Hylseosaurian fossils. 

Explanation of Plates. 

PLATE 70. 

Fig. 1. Posterior view of a vertebra from the front of the chest, t 

Fig. 2. Oblique lateral view of the same. 

Fig. 3. Fragment of a large keeled scute with grooved margin and submarginal rings 

of tubercles. 

Jc. Beginning keel. 

Fig. 4. Sectional view at x in fig. 3. (This and fig. 3 are slightly reduced.) 

PLATE 71. 

(All the figures in this plate are represented rather less than one-half 

their natural size.) 

Fig. 1. Ventral view of sacrum and anchylosed lumbar vertebrae. The numerals 1-5, 

s., mark the sacral, and the letters l.l.l. the lumbar vertebrae. 

ng. Nerve-groove. 

* ‘ Quarterly Journal Geological Society,’ vol. xxx., 1874, plate xxxi., figs. 1, 2. 

f In all the representations of vertebrae, c. Centrum, ns. Neural spinous process, prs. Prcezyga- 

pophysis. psz. Postzygapophysis, cl. Diapophysis, p. Parapophysis. c.c. Capitulum cost®, r. Rib- 

shaft. 
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2. Cross sectional outline at fracture through the third sacral vertebra. 

3. Dorsal view of fragment of the large scutal shield resting on the fourth and 

fifth sacral vertebrae. 

4. Lateral view of a large dermal spine. 

5. Basal view of the same. 

6. Edge view of the same. 

7. Keeled scute with angularly excavated base. 

The border x in this and in fig. 4 correspond. 

PLATE 72. 

1. Oblique view of a caudal vertebra. 

2. Anterior view of the centrum of the same. 

3. Oblique lateral view of two metatarsal bones. 

4. Fragment of a large keeled scute with grooved border and submarginal ring 

of tubercles. 

k. Keel, 

g. Groove. 

PLATE 73. 

1. Lateral view of a fragment of the tail, sheathed by haemal and neural keeled 

scutes, between which are the remains of a lateral series of small peltate 

scute tubercles. The vertebral centra, c.c., are overlaid by bundles of 

ossified tendons, t. 

2. Sectional view of the fractured surface at c . 

c. Crushed centrum. 

k.h. Haemal and neural scutes. 

3. Foreshortened view of scute at x. b. marks the same border in this and in 

fig. 1. 

4. Lateral view of a large keeled scute with angularly excavated base. 

PLATE 74. 

1. Front view of the right femur (nearly y). 

2. Back view of same (nearly y). (This is represented upside down.) 

cap. Caput femoris. 

tr.m. Trochanter major. 

tr.i. Inner trochanter. 

PLATE 75. 

Fig. 1. Front view of the left tibia (nearly y). 
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Fig. 

Fig. 

Fig. 4 

Fig. 5 

Fig. 6 

Fig. 1 

' Fig. 2 

!. Back view of the same (nearly f). 

ccl. Condyles. 

pr.c. Prsecnemial crest. 

f Fragment of fibula. 

I. Side view of a caudal vertebra, where the transverse process has disappeared, 

and the spinous process has become dwarfed. 

. View of posterior surface of fig. 3. 

. Small keeled scute upon a vertebra from near the end of the tail. 

. Small buckler-like scute from near end of tail. 

PLATE 76. 

. Lateral view of a large dermal spine (slightly reduced).- 

;. Fragment of a rib. 
o 

/ 
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The following paper contains an account of observations upon Rana temjporaria, Bvfo 

vulgaris, Triton tceniatus, Triton cristatus, and Coluber natrix. In these animals I 

have examined the structure of the resting stomach and noted the alterations which 

occur in it during secretion. I have also estimated the relative amounts of pepsin 

contained by different portions of the stomach, and the amount of pepsin contained by 

a definite weight of the gastric mucous membrane in the resting and in the active 

state. I have further attempted to ascertain whether pepsin exists as such, or in a 

combined form, in the gland-cells. 

I do not propose to give a complete account of the structure of the resting stomach 

in each animal, although certain points in which my observations differ from or extend 

those of previous observers I may have to treat somewhat fully. 

I shall first describe the individual peculiarities which occur, and shall then discuss 

them with a view of drawing some general conclusions. 

RANA TEMPORARIA. 

Structure of (Esophageal and Gastric Glands. 

The oesophageal glands.—These glands have been described by Swiecicki,* * * § 

Nussbaum,! and Partsch.^ The glands are of the complex tubular type;§ amongst 

the proper secreting cells are mucous cells, these occur in smallest number in the final 

dilatations of the ducts. In the ducts ciliated cells are sometimes, though rarely, to 

be seen. The secretory cells are cylindrical or conical and are smaller than the gastric 

gland-cells. Nussbaum|| has shown that they contain in the fresh state conspicuous 

granules ; in a teased-out fresh preparation many of these granules are seen floating in 

the fluid : they are three to five times as large as the granules seen on teasing out 

similarly the gastric glands; they are even larger than the granules of the pancreas. 

The granules have the following reactions :—They dissolve readily in hydrochloric acid 

0’4 per cent., less readily in weak alkalies. Bile dissolves them almost instantaneously. 

Alcohol, varying in strength from 50 per cent, to absolute, dissolves them in part but not 

entirely; with each granule an undissolved residue is left. I conclude that the 

solution is real and not simply caused by the extraction of water, since a like effect is 

not produced by glycerine or saturated solution of sugar. On adding alcohol the 

granules sometimes run together before the partial solution takes place. Thus, in one 

* Swiecicki, Pfluger’s Arcliiv., Bel. xiii., s. 444, 1876. 

f Nussbaum, Max Schultze’s Arcli., Bel. xiii., 1877. 

X Paktsch, Max Schultze’s Arch., Bd. xiv., s. 179, 1877. 

§ I apply the term “simple tubular’’ to such glands as consist of one tube; when several tubes are 

given off by one duct, I call the glands “ compound ” tubular; when the tube or tubes arising from a duct 

divide, I call the gland a “ complex ” tubular gland. Klein describes the oesophageal glands as acinous 

glands (Stricker’s ‘Handbook,’ vol. i., p. 538). 

|| Op. cit., s. 748. 
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instance, I watched three granules lying close together; first one ran into its neighbour, 

then this into the remaining granule, the whole forming one large granule; in it 

several brighter spots appeared; later, the greater part suddenly vanished leaving 

four or five rather bright particles arranged so as to produce the appearance of a 

fragment of a small-meshed network. I have little doubt that the apparent network 

seen in the cells in alcohol specimens has its origin from these residual particles. 

I may mention that the zymogen grannies of the pancreas behave in a similar manner with alcohol, so 

that in alcohol specimens the granules of the inner zone are only the representatives of the actual 

zymogen granules. 

The granules are not obviously affected by irrigation with a 5 per cent, solution of 

ammonium chromate or bichromate ; they disappear however from the gland-cells when 

a piece of the oesophagus is left for one or two days in either of these fluids, the nuclei 

then show distinctly a network or a tangle of fibres. 

According to Heidenhain" the gland cells of the pancreas after a two to three days’ 

stay in 5 per cent, ammonium chromate show a marked striation in their outer por¬ 

tions. In similarly prepared specimens of the oesophageal glands I have not been able 

to observe a similar structure, although in osmic acid specimens the outer zone not 

infrequently has a faint striation. 

It was shown by NussBAUMt that the oesophageal gland granules are preserved by 

osmic acid. In treating glands with this reagent I usually use the following method. 

The tissue is placed in a 1 per cent, solution for twenty-four hours, removed to 50 per 

cent, alcohol for fifteen minutes, and then transferred to 75 per cent, alcohol. Sections 

are cut on the following day. In sections so prepared the granules are stained not 

very deeply and have a yellow-brown tint. The sections as a whole are less stained 

than similarly prepared sections of the stomach. The tint, of staining of the gastric 

gland granules tends to be brown-black rather than yellow-brown. 

Sewall and myself \ found that the oesophageal gland-cells occasionally showed 

clumps of highly refractive granules in their peripheral portions. To distinguish these 

from the proper granules of the cells, we called them “ border” granules. Further 

investigation has shown me that these are really fat globules. Their position is very 

constant and they give a striking appearance to osmic acid specimens. Quite similar 

fat globules are occasionally to be seen in the pancreatic gland-cells. They occur also 

in the gastric gland cells of the Frog, Toad, and Newt (see Plate 78, fig. 7), although 

their arrangement is not quite so regular. In a subsequent paper I hope to discuss the 

causes which influence the appearance of fat globules in the above and in other 

secretory gland-cells. 

The oxyntic glands.—I propose to use the term oxyntic glands (o^vveiv—to make 

* Heidenhain, Pfluger’s Arcbiv., Bd. x., s. 561, 1875. 

f Op. cit. 

X Langley and Sewall, Proc. Roy. Soc., Oct., 1879, p. 383; Jour, of Physiol., vol. ii., p. 283, 1879. 
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sour, to acidulate) for those glands in the stomach which are differently called by 

different observers “fundus,” “peptic,” or “rennet” glands. It is only after great 

hesitation that I venture to employ a new term, but without a new term I find myself 

reduced to circumlocution or inaccuracy. That the present nomenclature is unsatis¬ 

factory scarcely needs to be pointed out. In the Rat there are no glands in the 

fundus of the stomach; in the Rabbit the glands of the fundus proper differ in some 

important points from those of the greater curvature, yet both are called fundus glands. 

The terms peptic and rennet glands are inappropriate, since the pyloric glands also 

secrete the peptic and rennet ferments. The terms “simple” and “compound” glands 

suggested by Ebstein* are applicable only to the gastric glands of Mammals, for it is 

only in Mammals that compound glands, i.e., glands possessing both border- and chief- 

cells, occur. 

The one characteristic point of the “ fundus,” “ peptic,” or “ rennet ” glands in all 

r animals is the secretion of an acid fluid. This characteristic is suggested by the word 

“ oxyntic.” 

In the Frog, then, the glands which produce the secretion active in gastric digestion 

are 

The oesophageal glands. The gastric glands. 

The oxyntic glands. The pyloric glands. 

The oxyntic glands have been most fully described by Partsch.! The epithelium 

on the surface of the mucous membrane and that in the mouths of the glands consists 

of long cylindrical cells, which in their outer portions contain nrucigen. Each cell 

is prolonged into a fine process. In the necks of the glands are found, in the upper 

portion, nearly cubical cells, in the lower portion two or three very marked mucous 

cells. In the body of the gland are the proper secretory cells ; they are rather irre¬ 

gular in form, but have a tendency to be ellipsoidal. When the cells are partially 

isolated after treatment with neutral ammonium chromate 5 per cent, they are fre¬ 

quently seen to possess a short prolongation corresponding to the process of a mucous 

cell of the surface. The cells on the opposite sides of a gland-tube are usually so 

arranged that the nucleus of a cell on one side faces the junction line of two cells on 

the other. (See Plate 77, fig. 10.) 

* Ebstein, Max Schultze’s Archiv., Bel. vi., s. 538, 1870. The words “ simple ” and “ compound ” are 

so commonly used to describe the form of glands, that it would probably lead to some confusion to use 

them for glands consisting respectively of one or of two kinds of cells. 

t Op- cit. The earliest account I have met with is that of Heidenhain, Max Schultze’s Archiv., Bd. vi., 

s. 394, 1870. 
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When the muscular coat is removed from a fresh stomach and the mucous membrane 

pinned out with the muscularis mucosae uppermost, the glands do not as a rule show 

distinct granules, but present a ground-glass appearance. When the mucous mem¬ 

brane is thin and the light good, small granules of scarcely greater refractive power 

than the cell-substance in which they lie can be seen with Zeiss’ obj. D, oc. 2. The 

cells are not filled with obvious granules, as are the oesophageal gland-cells, but, on 

the other hand, they are not clear and transparent like the cells of the pyloric region. 

The small granules come out distinctly on teasing a portion of the mucous mem¬ 

brane in salt solution4' (0'6 per cent.) or, better, in water. The small size of the granules 

and their slight refractive power make it difficult to observe the action of reagents on 

the individual granules. The reagents, however, mentioned above as dissolving the 

oesophageal gland granules—viz : bile, dilute acids, and alkalies—soon make the cells 

transparent, leaving in them little or no trace of the granules which previously 

crowded them. It would appear, then, that the granules of the oesophageal and 

oxyntic glands resemble one another in certain general characteristics. 

On treatment with neutral ammonium chromate (5 per cent.) the nuclei of the oxyntic gland-cells 

show a network like, but less distinct, than that described by KiEiNf in the similar cells of the Newt. 

The glands in the junction of the oesophagus and stomach.—The characteristic 

oesophageal and oxyntic glands j ust described are separated from one another by inter¬ 

mediate forms. The last two or three millimetres of the oesophagus and the first one 

or two millimetres of the stomach contain many transition-forms between the two. 

Partsch has mentioned that near the stomach the oesophageal glands lose their 

complex tubular form and pass into the simple tubular gastric glands. They do not, 

however, regularly and in succession become more and more simple ; there are many 

irregularities. Here and there may occur what is little more than a depression of the 

surface epithelium, or there may be a return to the complex gland. The mucous 

membrane in this intermediate region is thinner than that either above or below it. 

Swiecicki, from the examination of hardened specimens, described the oesophageal 

glands as stretching into the cardia. What we, in fact, see when the fresh mucous 

membrane is stretched out is that in the intermediate region the glands are fairly 

equally scattered throughout, and are not arranged in packets with intervening spaces 

as in the oesophagus, but that, nevertheless, the first part retains the characteristic 

oesophageal gland granules. When this intermediate region is treated with osmic 

acid, and subsequently with alcohol, we find that the first simple tubular glands which 

occur have rather large yellow-browm-stained oesophageal granules (cp. Plate 77, figs. 1, 

2, and 3), whilst farther backwards these granules begin to be replaced in some of the 

gland cells by the small brown-black-stained oxyntic-cell granules. We have, then, 

* Salt solution makes the glands at first more cloudy; then the cloudiness disappears and the granules 
become obvious. 

t Klein, Quar. Jour. Mic. Soc., vol. xviii. (new ser.), July, 1878, p. 315, et se(jj. 
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glands with some cells resembling in the main the oesophageal, and others resembling 

the oxyntic gland cells. Farther from the cardia the oesophageal granules diminish 

still more in size, so that they are scarcely or not at all larger than the oxyntic-cell 

granules. In some cases the granules can be referred without much difficulty to one 

type or the other ; in other cases they cannot. Occasionally one or more cells with 

large “oesophageal” granules occur in oxyntic glands at some distance from the cardia. 

The granules in the anterior oxyntic glands are, as a rule, rather larger than those in 

the posterior. 

The 'pyloric glands.—The pyloric region of the stomach forms about one-fifth to one- 

fourth of the length of the wffiole stomach ; it is recognised under the microscope by 

the transparency of its cells. Partsch* compared the pyloric gland to the mouth and 

neck of an oxyntic gland. The comparison is, I think, just. The cylindrical cells of 

the surface of the pyloric mucous membrane become shorter and shorter, and pass 

r without any break into the sub-cubical cells which form the greater part of the 

glands; below these are usually, though not always, one, two, or more distinct 

mucous cells. When the glands between the oxyntic and pyloric glands are examined 

it is seen that the mucous cells at the lower part of the pyloric glands correspond to 

the mucous cells at the lower part of the neck of the oxyntic glands. 

If the stomach of a hungry Frog is hardened in alcohol, and sections cut, it is seen 

that the sub-cubical cells of the oxyntic and pyloric glands closely resemble one 

another, and further that both closely resemble the cylindrical cells. 

The outer portion of the cylindrical cell consists, as we know, mainly of mucigen. 

In alcohol specimens this mucigen portion is transparent and sharply marked off from 

the protoplasm which forms the rest of the cell. Now, in alcohol specimens the outer 

portion of the sub-cubical cells, both in the oxyntic and pyloric glands, is similarly 

marked off; that is, the outer portion of the sub-cubical cells also consists mainly of 

mucigen. The two kinds of cells, then, resemble one another in having a protoplasmic 

inner portion and a mucigenous outer portion. They differ somewhat in shape : the 

one is usually a four-sided wedge, tapering to a fine point; the other more approaches 

a cube in shape, with a process from the base which bends round and overlaps the cell 

next below it. If the process wrnre straightened and the cell elongated a little we 

should have a “ cylindrical ” cell. The position of the processes of the sub-cubical cells 

is exactly similar to the position of the processes of the mucous cells; probably, 

indeed, these cells differ from one another chiefly in the extent to which they form 

mucigen. In the above description I have added but little to the account given by 

Heidenhain, Parts.ch, and Nussbaum. 

Osmic acid specimens prepared as above described (p. 665) do not show the resem¬ 

blance of the cylindrical and sub-cubical cells equally clearly. The former have the 

mucigen border fairly well marked, but the latter are much more equally stained 

throughout: the mucigen border is only shown by a somewhat lighter yellow-brown 

* Loc. at. 
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coloration.'"' Neither show any granules. The distinction comes out, however, on 

keeping the specimens in glycerine (Plate 77, fig. 2), partly by the protoplasmic portion 

becoming darker, and partly, I think, by the mucigen portion becoming lighter. The 

distinction is also clear if the osmic-hardened stomach is left in alcohol a week or 

more before sections are made. In the sub-cubical cells the nucleus is placed in the 

outer portion of the cell and takes up nearly the whole of its transverse diameter. 

The. glands in the intermediate zone.—In the intermediate zone between the oxyntic 

and pyloric glands, the glands become shorter, the ellipsoidal cells of the oxyntic glands 

become fewer, and some of them are replaced by cells similarly shaped but containing 

few or no oxyntic gland granules; amongst these glands are found simple pyloric 

glands, which increase in number towards the pylorus until they form the sole con¬ 

stituent. Close to the intestine the glands are very irregular in form, and become 

more and more simple depressions of the surface epithelium. 

The Changes which occur in the (Esophageal Glands during Digestion. 

Sewall and myselft have previously given some account of the most striking 

event of secretory activity, viz.: the using up of the cell granules. We found that in 

the normal hungry Frog the cells were granular throughout and that very soon after 

feeding the animal the granules began to disappear, and continued to disappear until 

about the sixth hour ; at some later period which we left undetermined the granules 

began to increase, and increased steadily until the cells were again granular throughout. 

To this account I would make one or two additions. 

When a Frog is fed, the oesophageal glands near the stomach show greater signs of 

secretory activity than glands more remote. This is the case, at any rate, when only 

a moderate amount of food is given. The glands which are nearest the stomach are 

the first to show a clear zone, then those just above, and so on to the beginning of the 

oesophagus. 

Generally speaking, the smaller the amount of food given the more is the obvious 

effect confined to the oesophageal glands that are near the stomach, and within certain 

limits the more digestible the food and the greater its amount the more simultaneous 

is the change taking place in the glands. 

Hence, in comparing the state of the glands at different times after food has been 

given, it is important to take a strip down the whole length of the oesophagus; and 

in comparing the amount of pepsin in different stages of digestion it is important to 

take pieces of the oesophagus from a corresponding region. 

As the outer zone increases the granules in the inner zone become smaller, the 

* The mucous cells are also fairly equally stained in specimens treated with osmic acid only. This 

probably explains how it is that Bleyer (quoted by Partsch) failed to observe mucous cells in osmic acid 

specimens. 

f Op. cit. 
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diminution in the size of the granules is very marked in cells in which the outer zone 

takes up the larger part of the cell. After great activity there is also an obvious 

diminution in the size of the cells, and although it is difficult to be certain of the 

changes which take place in the first stages of activity, I have little doubt that the 

diminution in the size of the cell begins with the development of the clear outer zone. 

In specimens treated with osmic acid there is another effect of activity to be seen, 

viz. : the cell-substance stains more deeply than during rest. In the oesophageal 

glands the tint of staining is not in so constant a relation to the amount of secretion 

jnoduced as in some other glands, the extent to which the tint deepens seems to vary 

as the stimulation is produced by digestible food or by mechanical stimulation. These 

and some other apparent causes of variation have not been closely determined, but the 

main fact of an increase in the depth of staining has always been obvious. 

It was stated by Sewall and myself"’ that absolute alcohol added to the fresh 

teased-out gland altered the normal appearances; and I have said above that the 

granules are in part dissolved. Nevertheless, alcohol specimens of oesophageal glands 

taken during digestion show the two zones in the gland-cells ; the non-granular zone 

stains with carmine, and thus specimens can be obtained (Plate 77, fig. 8), which, 

except for the smaller size of the cells, closely resemble similarly prepared specimens of 

the pancreas. It is almost unnecessary to remark that the “granules” of the inner 

zone in alcohol specimens are not the granules present in the fresh gland. With Zeiss’, 

oc. 2, obj. E or F, the granular zone appears as a fine network. 

Nothing very definite can be said as to the time after feeding at which the changes 

in the oesophageal glands occur. When Frogs are taken as nearly as possible alike, and 

they are treated in the same way, then the results obtained correspond very closely, 

but when such results are compared with those obtained from Frogs at a different 

season of the year, with those obtained from Frogs which are older or younger, more 

or less healthy, or when different amounts of food are given, then considerable 

divergences occur. 

The changes occurring are in each case of the same nature, but the extent to which 

these changes take place varies largely. Hence any estimation made of the time 

taken for the first appearance of a clear zone, for its maximum development, and so on, 

can only be approximate. 

During the first hour or hour and a half after feeding, no distinct change is to be 

seen. After this period a diminution in the number of the granules in the outer half 

of the cell becomes obvious. Usually this is first seen in the glands close to the 

stomach. The disappearance of granules in the outer portion of the cell goes on, so 

that a clear zone is formed. The clear zone steadily increases until the sixth to 

twelfth hour, or even later, the time varying with the state of the animal and the 

amount of food given. The glands then begin to become more granular; the time of 

complete recovery varies enormously ; in some cases the glands are throughout granular 

* Op. cit., p. 283. 
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in twenty-four hours from the time of feeding the animal, in others they do not become 

so for several days. It will be noticed that the granules begin to increase before the 

food has left the stomach. 

The Changes which occur in the (Esophageal Glands when the Animal 

is fed with Sponge. 

Hitherto I have spoken of the effect of feeding with worm, i.e., with a readily 

digestible substance ; having in mind Heidenhain’s experiments on the isolated 

fundus in Dogs I was anxious to see what would be the effect on the oesophageal 

glands of mechanical stimulation of the gastric mucous membrane. To this end a 

number of Frogs were fed with sponge. 

If the piece of sponge is small so that it can pass the pylorus a slight effect only is 

produced : usually a thinning of granules in outer portion of the cells of the anterior 

oesophageal glands, and a small zone in the posterior oesophageal gland-cells. 

When the piece of sponge is too large to pass the pylorus, it serves as a continual 

stimulus to the oesophageal glands. The extent of the change produced is within 

certain limits the greater the larger the piece of sponge; it varies, too, widely with the 

condition of the Frog. The changes produced are like those produced by feeding 

with worm, but go on very much more slowly. The first distinct thinning of granules 

is usually not seen for three or four hours, and may not be obvious till even later. 

Tire glands near the stomach are first affected. The disappearance of granules then 

goes steadily on. 

It will be remembered that in the worm-fed animal the granules begin to increase 

in six to twelve hours. After feeding with sponge no such increase occurs until at 

any rate some days. 

The extent to which the disappearance of granules proceeds varies in different cases : 

in many cases two days after feeding* with a rather large piece of sponge, occasionally 

in a less time, scarcely any granules are left; and in some glands not a granule is to be 

seen (Plate 77, fig. 6 (a), 6 (6)). 

When the clear zone is largely developed there are usually to be seen in it, often in rows, fine granules 

much smaller than those which form the remains of the granular zone (see Plate 77, fig. 6 (&)). 

At this stage the diminution, both in the size of the cells and in the size of the 

granules, is very striking. Moreover a very characteristic appearance is imparted to 

many of the glands by the large size of the lumen. The diameter of the lumen varies 

considerably in neighbouring glands; in some it is more than half the length of the 

cells ; when granules remain they form a kind of ragged fringe to it (Plate 77, fig. 5). 

* Nussbatjm (op. cit., s. 749) made some observations upon the direct stimulation of the oesophageal 

mucous membrane, the cardia being ligatured before the auimal was fed with sponge. He found under 

such circumstances that the granules entirely disappeared from the cells in three to five hours. Sewall 

and myself (op. cit., p. 285) were unable to observe any such rapid action. 
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If at any time the sponge is vomited by the Frog, or if the sponge be removed, the 

glands begin at once, or almost at once, to return to the normal state; and in one 

to two days the lumen is no longer visible, and the cells are crowded with large 

granules. 

We know from the experiments of Heidenhain that in Mammals the mechanical 

stimulation of one part of the stomach causes only a temporary secretion from the 

glands of other parts. In the Frog the case is different, the mechanical stimulation of 

the stomach causes a considerable secretion from the oesophageal glands—a secretion 

which lasts several days at least, 

On some Disputed Points in the Histology of the (Esophageal Glands. 

In the account of the changes in the oesophageal glands given by Sewall and myself 

there were two points which clashed with the earlier observations which Nussbaum 

made on osmic acid specimens. He described the gland-cells of the normal hungry 

Frog as having a large clear zone, and found that on feeding the animal the granules 

increased so that in three to five hours a clear zone was no longer to be seen. 

Grutzner’s* results suggest an explanation of the divergence between the account 

of Nussbaum and that of Sewall and myself. He finds that in the normally hungry 

Frog the oesophageal glands are granular throughout and diminish in granularity 

during digestion ; but finds also that if a Frog is kept longer than usual without 

food a clear zone is then formed in the oesophageal glands and that on feeding 

there is at first an increase of granules. Thus according to Grutzner, Nltssbaum’s 

results would represent what occurs in a pathological and not what occurs in a normal 

condition. 

During the last year and a half I have made a considerable number of observations 

with the view of determining the points at issue. As regards the state of the glands 

in the normal hungry Frog I have seen no reason to alter my first-formed opinion. 

In some Frogs a large clear zone in the oesophageal glands does occur, namely, in 

those in which there are signs of general inflammation. In nearly all cases in which 

I have found a marked clear zone in the gland-cells of a hungry Frog, the animal had 

some mark or other of an ill state of health. I have frequently selected lively, active 

Frogs, and sluggish, unhealthy ones from a batch brought to the laboratory, and in 

a few days examined the oesophageal glands. The gland-cells in the former wrere 

granular throughout ; those of the latter had almost always a clear zone. 

There is one condition in which I have found apparently healthy summer Frogs, 

kept without food for three or four days, show a clear zone in the oesophageal glands, 

viz.: when they have remaining in the stomach some piece of stick or leaf, or other 

undigested substance ; such undigested material causes a continuous secretion from 

the oesophageal glands (see action of sponge, p. 671). 

* Grutzner, Pfluger’s Arch., Bd. xx., s. 395, 1879. 
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During prolonged fasting a diminution of granules occurs. The amount of diminu¬ 

tion varies in different Frogs, and varies with the time of year: it is less in winter 

than in summer. In most cases the granules only become fewer at the outer borders 

of the cells ; in others a clear zone is formed. Thinning of granules, however, rather 

than the formation of a clear zone, seems to me to he the normal effect; for in all the 

■perfectly healthy December Frogs I have examined, the granules, though fewer at the 

outer part of the cells, still extended to the periphery. Some diminution in the size 

of the cells also takes place. 

I conclude, then, that in a healthy Frog during the winter months fasting does not 

necessarily produce a distinct noil-granular zone in the oesophageal glands. In other 

months when the tissue change is more rapid, fasting may produce a non-granular 

zone, but I think the most usual and effective cause of such a zone is some alteration 

in the general condition of the body, independent of fasting, by which the normal 

equilibrium in the gland-cells is disturbed. 

My experiments have only been made on Rana temporaria; in other species of Frogs, 

fasting may have a greater effect, just as the effect is greater in Triton tcenialus than 

in Triton cristatus. 

It remains to consider how far an increase of granules takes place immediately after 

feeding. Nussbaum considered that the granules always increase in the first hours of 

digestion, but it is to be remembered that his observations were made on Frogs in 

which the oesophageal glands had a non-granular zone before feeding. Giiutzner onlv 

found an increase of granules in the first hours of digestion when a clear zone had 

been previously developed in the oesophageal glands by long fasting. In both cases, 

then, the increase is only described as taking place in glands having a non-granular 

zone to start with. 

The method of experimenting contains an obvious source of error. We do not know 

with certainty what is the state of the glands before feeding, and therefore cannot say 

positively whether an increase or decrease of granules takes place. My own observa¬ 

tions lead me to conclude that in a normal hungry Frog no increase of granules takes 

place in the first hours of digestion, and that in abnormal Frogs, i.e., in those having 

already zones in the oesophageal glands, an increase may or may not take place. I 

have seen only one instance of apparent distinct increase, and I am by no means 

certain that it was not simply apparent. 

I am not prepared to deny that a slight increase may not take place in all cases, for 

I think our present methods do not allow us to detect slight differences in the amount 

of granules contained by gland-cells. Further, I am strongly of opinion that a forma¬ 

tion of granules goes on during the whole digestive period, and I can readily conceive 

that under certain circumstances the formative might overbalance the excretorv 

processes in the first hours, as they certainly do in the last hours of digestion. 

4 s MDCCCLXXXI. 
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The Changes which occur in the Oxyntic Glands. 

Partsch is the only observer who has described any alteration in the gastric glands 

during activity. His observations were made upon alcohol-hardened specimens. 

According to him, when a Frog is fed the cells of the gastric glands increase in size 

for twelve to eighteen hours, and subsequently to this diminish, so that in about 

twenty-four hours they have returned to their normal condition. This account I 

cannot in any point confirm. 

I will first briefly state what the changes are which I find do occur. Some are like 

those which occur in the oesophageal glands, viz. : the cells become smaller ; the granules 

become smaller and less distinct; the lumina become apparent; there is an increase 

in the cell-protoplasm of substance staining with osmic acid. These are the only 

changes which normally occur in those glands which immediately follow the inter¬ 

mediate region between the oesophagus and stomach. The number of these glands is 

not constant; within certain limits the larger the meal the fewer glands there are which 

do not undergo the changes to be presently described. 

In the remainder of the oxyntic glands, forming a considerable majority, there are 

other additional changes which strongly contrast with those which take place in the 

oesophageal glands ; we have seen that in the oesophageal glands the granules dis¬ 

appear from the outer portion of the cells during activity, in the majority of the oxyntic 

glands, on the contrary, the granules disappear from the inner portion of the cells 

during activity. The other and less important differences which exist will be considered 

in the course of the following description of the glands. 

Examination of fresh specimens.—Several of the changes mentioned above cannot 

be satisfactorily seen hr fresh specimens of the oxyntic glands ; in the pinned-out 

mucous membrane it will be remembered that the glands do not show distinct 

granules, so that any alteration in their number and size cannot be well observed. 

The active glands are, however, much more transparent than the resting; this is in 

part no doubt due to the cells having become smaller and the membrane consequently 

thinner; but it is also due to a diminution in number and size of the granules, for a 

distinct difference in granularity is seen in the two specimens on adding salt solution 

0’6 per cent. 

During strong activity the oxyntic glands near the pyloric region may become almost 

as transparent as the pyloric glands; nevertheless, they can still be fairly readily dis¬ 

tinguished ; they are more refractive than the pyloric glands, and with a not too 

bright light have a very faint yellowish tinge. The oxyntic and pyloric glands of the 

Newt and Snake show in similar circumstances similar differences. 

The increase in the size of the lumen can be seen ; it is usually most obvious in the 

gastric glands near the pyloric region. It is only at the height of digestion after a 

Op. cits. 193. 
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very heavy meal, or in certain abnormal circumstances, that the lumen becomes large 

and conspicuous. 

The disappearance of granules from the inner portion of the cells is little or not at 

all marked in the fresh specimen. No distinct zones, such as occur in the oesophageal 

glands, are formed. 

Examination of specimens treated with osmic acid.— In order to make out more in 

detail the changes which take place, the stomach is pinned out in osmic acid for 

twenty-four hours and then put into alcohol. The best preparations are obtained 

when the tissue is left in alcohol for several days before sections are made, so that the 

cells are stained of a black instead of a yellow-brown tint. 

In the resting state the glands show no lumina, the cells are crowded with fine 

granules, and through the granules the nuclei appear as clearer spots, the cell outlines 

being very faintly marked (Plate 77, fig. 9); the cell-substance is almost unstained. 

It will be convenient to consider first the changes which take place in a healthy 

summer Frog fed with a worm small enough for the stomach to have emptied itself 

completely in twenty-four hours. 

In one to two hours after feeding, the lumina begin to be obvious, and the granules 

to disappear from the inner borders of the cells. This causes the glands to assume a 

very characteristic appearance. When examined with obj. C or D (Zeiss) a clearer line 

is seen to run down the middle of each gland; it is usually of a zig-zag or corkscrew 

form; the form being naturally dependent upon the arrangement of the cells in the 

gland-tube (Plate 77, fig. 10). 

Up to about the fifth hour these changes become more and more pronounced, and at 

the same time the cells and the remaining granules they contain become distinctly 

smaller, and the cell-substance stains more deeply. 

It is noteworthy that the granules do not disappear simply from that part of the 

cell which immediately borders the lumen, but to some extent also at the sides of the 

cells where they are in contact with one another (see Plate 77, fig. 11). The dis¬ 

appearance of granules at the sides of the cells does not extend to the basement 

membrane. 

At the period of maximum change the nucleus is much larger compared with the 

cell-substance than it is during rest; it is still surrounded by finely granular proto¬ 

plasm and is sometimes placed near the outer border of the cell, in this differing from 

the nuclei of gland-cells hitherto observed. Very frequently the granules appear to 

be most numerous in the cell-substance immediately on the inner side of the nuclei. 

The return to the normal appearances begins about the fifth hour; so that during 

the greater part of the digestive period the formative processes go on whilst the 

excretory are still active. In twenty-four hours the glands have nearly or altogether 

returned to the hungry condition. 

The above I regard as the normal round of changes in the oxyntic glands of the 

Frog during digestion. 

4 s 2 



G76 MR. J. N. LANGLEY ON THE HISTOLOGY AND 

In the oxyntic glands, however, as in the oesophageal, the times and extent of the 

changes vary enormously with the amount of food given and the general condition of 

the Frog. 

If a Frog is fed with several worms so that the stomach is much distended with 

digestible food, the changes are greater and persist for a much longer time. The 

diminution in the size of the gland-cells makes itself obvious in a diminution in the 

length of the glands. In twenty-four hours the glands instead of having returned to 

the hungry state are still small and consist of somewhat small cells with a more or less 

distinct inner non-granular border; the lumina are frequently large. These points 

will be seen in Plate 77, fig. 11, taken from a Frog twenty-four hours after feeding 

with four worms. In such specimens we are better able to observe the increase in 

size of the lumen. Generally speaking, as the cells become smaller the lumen becomes 

larger, but we have to reckon not only with the size of the cells but with the pressure 

of the surrounding tissue. It is probably due to local variation in this respect that 

the glands in different regions of the same stomach have lumina of very different size. 

Usually the lumina are most conspicuous at the base of the glands. 

In Frogs to which an excess of food has been given, the non-granular inner zone is 

usually most obvious about the eighteenth or twentieth hour after feeding. The cells 

then have increased and are still increasing in size ; the greater clearness with which 

the non-granular zone can be seen is then probably due to the nett increase in the 

cell-granules taking place more slowly than the increase in the cell-protoplasm. A 

slower nett increase of cell-granules might clearly result either from granules being 

used up more quickly or from granules being formed more slowly. 

The effect of fasting is not very great in winter Frogs which are subjected to the 

ordinary winter temperature. The glands and their cells become somewhat smaller, 

but the granules do not ordinarily disappear from the inner part of the cells. 

But in Frogs at other times of the year, or winter Frogs which are kept in the 

warm, fasting produces a fairly marked secretory appearance; the glands are small, 

the cells of the posterior gastric region have a small non-granular inner portion, and 

the lumen is to be seen. When Frogs in this condition are fed the ordinary secretory 

changes set in, except that in twenty-four hours the glands have not or have scarcely 

recovered their initial condition. They still differ considerably from normal glands. 

We have seen that in the oesophageal glands the maximum change is produced by 

feeding the Frog with sponge. It is not so with the oxyntic glands ; in these feeding 

with readily digestible substance, as worm, is the most effective means of producing a 

change. When the oxyntic glands are examined twenty-four to forty-eight hours 

after feeding the Frog with sponge, no very great divergence from the normal hungry 

state is to be observed. The gland-cells are smaller, but there is very little sign of a 

non-granular inner zone, and the lumen is seldom obvious. The amount of acid 

contained by the sponge shows that the secretory processes have been going on. 

If however a Frog that has been fed with sponge two days previously be fed with 
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worm, very marked signs of secretory activity result. The chief feature is the diminu¬ 

tion in the size of the gland-cells ; the nuclei are usually oval, frequently lie close to 

the basement membrane, and are surrounded by only a small amount of darkly staining 

cell substance (see Plate 78, fig. 1). It is to be noted that this gland is much more 

highly magnified than the rest). The recovery, too, is long delayed, and an inner non- 

granular zone is visible in the posterior oxyntic glands for some time after the cells have 

begun to increase in size. The amount of change produced here—and in the case of 

feeding fasting summer Frogs—seems to be greater than that produced by a like 

treatment of normal hungry Frogs. I say the change seems to be greater, since it is 

hazardous to institute a comparison between the amount of change produced in glands 

which start secreting in different states. Assuming, however, that the comparison is 

just, a not unlikely conclusion is suggested, viz. : that the formative processes require 

certain elaborated material, and that during the stimulation of the glands of the 

fasting Frog with sponge, the elaborated material is largely used up, so that the 

rapid waste brought by the presence of digestible food cannot be made good so 

quickly as normally. 

It is worth remark that the oxyntic and oesophageal glands do not necessarily show 

a parallelism in the amount of change they respectively undergo in digestion. Under 

special circumstances the one or the other may be most affected. 

Lastly, we have to consider whether on feeding a Frog there is a preliminary increase 

in the size of the oxyntic cells or in the number or size of the granules contained by 

them, before the decrease sets in. From what I have already said, it will be seen that, 

as far as my observations go, the preliminary increase, if it takes place, can only last a 

short time. Even of such brief increase I have seen no instance. I am not, however, 

inclined to deny that it might under certain circumstances take place. 

Changes occurring in the Pyloric Glands and in the Necks of the Oxyntic: 

Glands during Digestion. 

The changes are of a like nature in both, but usually more strongly marked in the 

former, and, as might be expected, the changes do not run a parallel course in the 

two portions of the stomach. My observations have been made upon osmic acid 

specimens. Of the early stages of digestion I cannot speak with any confidence. The 

mucigen border in all cells frequently appears to be larger and to bulge more at its 

free surface; this I am inclined to attribute rather to a swelling of some constituent 

of the outer part of the cells than to an increase by metabolism. However this may 

be, there is, at the height of digestion with a heavy meal, a very considerable 

diminution in the amount of mucigen in all the cells.'1' The cylinder cells of the 

surface are affected in a similar manner although to a less degree. All the cells, too, 

are smaller. The inner portion of the sub-cubical cells in osmic acid specimens instead 

* Sewail and myself found similar changes take place in the mucous cells of the oesophagus and of the 

oesophageal glands during digestion. (Journal of Physiol., vol. ii, p. 284, 1879.) 
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of appearing homogeneous, shows a network with inter-fibrillar substance. The inter- 

fibrillar substance takes the form of granules. In sections cut the clay after the tissue 

has been placed in alcohol, the granules are only slightly stained, but if the tissue be 

left in alcohol for several weeks before sections are made, the granules then stain 

deeply and are very distinct (Plate 77, fig. 4). The network with its contained 

granules makes its first appearance at the junction of the protoplasmic and muci- 

genous portions of the cells (see Plate 78, fig. 1), and as secretion goes on encroaches 

more and more on the mucigen. A similar network is seen during digestion in the 

cylindrical cells of the surface of the mucous membrane, but it is usually confined to 

the junction of the protoplasm of the cell with the mucigen. 

The changes which take place in these cells differ somewhat, but not essentially, 

from the changes which take place during secretion in the mucous salivary glands 

of Mammals. The protoplasm around the nucleus and the protoplasmic network 

throughout the cell grow ; the growth is more rapid in the peripheral protoplasm. 

It is not quite clear, however, why the inter-fibrillar substance increases in power of 

staining with osmic acid. 

We have seen that during fasting the granules in the pepsin-forming cells slowly 

diminish, in the distinct mucin-forming cells the amount of mucigen goes on increasing 

for some time after the granules of the pepsin-forming cells have begun to decrease. 

The maximum amount of mucigen is contained by the pyloric and similar gland-cells 

after a moderately prolonged fast. The minimum amount of mucigen is contained by 

these cells twelve to eighteen hours after a heavy meal; it is then only with difficulty 

that the mucous can be distinguished from the sub-cubical cells. 

Similar changes to those above described are seen in the stomach of a Frog one to 

two days after feeding with sponge; the main difference is that the tint of staining is 

usually lighter than after feeding with worm or other digestible substance. 

It is worth remark that although the mucous cells of the necks of the glands in 

alcohol specimens closely resemble the mucous cells of such glands as the sub-maxillary 

of the Dog, yet in fresh specimens they differ in one important respect. In the sub¬ 

maxillary gland of the Dog the cells are in life densely crowded with distinct granules, 

whilst the mucous cells of the stomach and, generally speaking, of the alimentary 

canal are transparent and show no trace of granules. 

The Pepsin-content of the (Esophageal and Gastric Glands. 

Swiecicki concluded from his observations that the oesophageal glands are at any 

rate the chief source of pepsin, and that the gastric glands produce little, perhaps 

indeed none.* 

* He says: “ Alle diese Thatsachen spi’echen hiernacli dafiir dass bei den Froscben die Pepsinbildung 

vorzugsweise, ja vielleicht nur allein in dem GEsophagus von statten geht, wahrend der die Belegzelleu 

fiihrende Magen die Saiire bildet ” (s. 452). 
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Nussbaum suggested that the pepsin arose from the oesophageal gland granules. He 

found a correspondence between the number of granules in the gland-cells and the 

amount of ferment contained by the glands. 

Sewall and myself, whilst differing from Nussbaum as to the times of increase and 

decrease of granules, came nevertheless to the conclusion that the granules were con¬ 

nected with the formation of ferment. To this conclusion we came partly on general 

grounds, partly by comparing Gjuutzner’s results on the times of increase and decrease 

of pepsin with our own on the times of increase and decrease of granules. 

I have made some experiments- to determine this point. Since the oesophageal 

glands are affected during digestion to such different degrees in different Frogs, I have 

paid no especial attention to the alteration in pepsin-content of the oesophagus which 

occurs in successive hours after feeding. 

I proceeded in the following manner: hungry Frogs and Frogs fed with worm or 

sponge were taken, and (1) the granularity of the gland-cells observed ; (2) the relative 

amount of pepsin contained by equal weights of dried oesophagus estimated. 

The Frogs were taken as much as possible alike in size and general condition. Part of the oesophagus 

was observed fresh, part after treatment with osmic acid and alcohol—the rest of the mucous membrane of 

the oesophagus was dried and a definite quantity weighed out, this was treated with HOI. 0'2 per cent.— 

3 cub. centims. for O'Ol grm.—for twenty-four hours. The filtrate from this was tested for pepsin in 

the ordinary manner by Geutzner’s colorimetric method. Only those specimens which were analysed for 

pepsin on the same day were compared. 

In some cases of slight difference in amount of granules the results were not constant, 

this I attribute to the imperfection of the method ; equal weights of dried oesophagus 

do not necessarily contain equal weights of secretory gland-cells. 

In all cases where there was a marked difference in the amount of granules there 

was also a marked difference in the amount of pepsin. 

Hence, then, the greater the amount of granules the greater is the amount of pepsin 

to be obtained from the glands. I think we can fairly conclude that the granules give 

rise to the ferment. 

We can now consider the question, Do the oxyntic glands form pepsin 1 I have 

suggested above that Swiecicki was inclined to attribute the pepsin found in the 

gastric mucous membrane to an absorption of the pepsin secreted by the oesophageal 

glands. In this I cannot agree with him. The amount of ferment found in the 

mucous membrane of the stomach is far too great to allow of any explanation except 

that it is formed by the gastric glands. It is true that when equal iveights of the 

mucous membrane of the oesophagus and stomach are taken and their relative pepsin- 

content compared, the amount is found to be considerably greater in the former than in 

the latter, yet the latter contains a not inconsiderable amount. Thus in the experi¬ 

ment given below an acid extract of the gastric mucous membrane is made in the pro¬ 

portion of 1 grm. of dried tissue to 2,000 cub. centims. of hydrochloric acid—0'2 per 

cent. Of this acid-extract 18 cub. centims. are added to 2 cub. centims. of swollen 
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carmine-fibrin. Without warming a coloration = YI. of GrIttzner’s scale is produced 

in eight minutes, and 1-| cub. centims. of the fibrin is dissolved in three-quarters 

of an hour. 

Moreover, if the pepsin were simply absorbed, how could we explain the enormous 

difference in pepsin-content which exists between the latter part of the mucous mem¬ 

brane with oxyntic glands, and the adjoining mucous membrane with pyloric glands ? 

For whilst the acid-extract of the mucous membrane of the median portion of the 

stomach produces a coloration =VI. of the scale in eight minutes, a similar extract 

of the pyloric mucous membrane does not produce a trace of coloration with 2 cub. 

centims. of carmine-fibrin in three-quarters of an hour. 

In favour of the view that the gastric glands do not produce pepsin, Swiecicki 

adduces the following experiment:—He ligatured the oesophagus, and introduced into 

the stomach bits of flesh through an opening in the duodenum ; in twenty-four hours 

the flesh was not digested, and contained only traces of pepsin. 

The experiment seems to me to contain many sources of error ; the ligaturing of the 

oesophagus seriously interferes with the peristaltic movements of the stomach ; nothing 

is said of collecting the jelly-like masses of mucin which are secreted after such an 

operation, and which contain the greater part of the pepsin. 

I have not repeated this experiment, because of the difficulty of removing com¬ 

pletely the contents of the stomach and the consequent impossibility of deducing any¬ 

thing from a positive result were it obtained. But the following experiments, I think, 

show clearly that the gastric glands do form pepsin. Having destroyed the fore¬ 

brain in a Frog, I lay bare the stomach, and ligature it a little below the cardia, then 

cut open the stomach longitudinally, and remove all mucus and fluid from the mucous 

membrane. On the mucous membrane a piece of sponge is then placed. Several 

Frogs are treated in the same manner. In two, four, six, and eight hours respectively 

the sponge and the mucus that has been secreted by the stomach is tested for pepsin. 

Within certain limits the longer the sponge has been left in contact with the mucous 

membrane the greater is the amount of pepsin found. 

The oxyntic glands, then, form pepsin. We have seen that the oxyntic glands 

contain granules, although smaller than those contained by the oesophageal glands. 

Have the granules in the former a connexion similar to that which exists in the 

latter'? There seems to me to be little doubt that they have. Reasons exactly 

similar to those which lead us to refer the ferment produced by the pancreatic and 

oesophageal gland-cells to the granules contained by them lead us also to refer to the 

granules of the oxyntic gland-cells the ferment produced by the oxyntic glands. As 

in the oesophagus so in the stomach—the fewer and smaller the granules contained by 

the cells the less is the amount of ferment contained by a definite weight of dried 

mucous membrane. 

There is another point that deserves mention. We have seen that the anterior 

oxyntic glands contain, as a rule, somewhat larger granules than the posterior, and, 
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further, that in some of the former, granules like those of the oesophageal glands not 

infrequently occur. If, then, the granules are connected with the formation of 

ferment, we should expect a definite weight of the anterior gastric region to contain 

more ferment than an equal weight of the median gastric region. This, in fact, is 

the case (see experiment given below); part of the difference in amount is, however, 

probably due to the difference in the size of the glands in the two regions. 

Lastly, we can consider the pyloric glands. The acid extract of the dried mucous 

membrane does contain some pepsin, for it dissolves carmine-fibrin more quickly than 

hydrochloric acid alone; but the amount is very small, and we know that a small 

amount of pepsin is found in nearly every tissue. I have not compared the ferment- 

content of the pyloric region of the stomach with that of other tissues, since it seemed 

to me that even if any pepsin is produced by the pyloric glands the amount must be 

so small as to be unimportant in digestion. There seemed to me to be no reason for 

ascribing any special function of producing pepsin to the pyloric glands in the Frog, 

and consequently no reason for ascribing any such function to the cells of the necks of 

the oxyntic glands. 

The following experiment will show the method I have used in determining the pepsin-content of the 

oesophagus and different portions of the stomach :— 

Experiment.—Frog killed by destroying brain and spinal cord. GEsophagus and stomach removed, cut 

open longitudinally, and pinned down with the mucous membrane uppermost. A moist sponge is passed 

once over it, starting from the pyloric end, and thus the greater part of the mucus or other stomach 

contents removed. To remove the remaining fluid or mucus the surface of the mucous membrane is 

carefully pressed with blotting paper, then moistened with salt solution, and again pressed with blotting 

paper. 

The oesophagus and stomach are then spread out on a glass slide with the mucous membrane down¬ 

wards and the muscular coat removed. The character of the glands is examined under the microscope 

and the intermediate regions between the different kinds of glands are cut away—i.e., the junction of the 

oesophageal and gastric glands is removed, and that region which contains both oxyntic glands and pyloric 

glands. The oxyntic gland region is then cut through transversely into two, as nearly as possible, equal 

portions. Thus we obtain the mucous membrane of 

(1) CEsophagus. 

(2) First portion of stomach. 

(3) Second portion of stomach, containing no pyloric glands. 

(4) Third portion of stomach, the pyloric region containing no oxyntic glands. 

The glass slide with these four pieces of mucous membrane is put in a warm chamber at about 33° C. 

for one day, and then kept till required in a bell jar over strong sulphuric acid. 

The oesophagus and stomach of several Frogs are treated in the same way. Of (1), (2), and (3), 

003 grm. is weighed out; of (4) 0'015 grm.* 

To each of (1), (2), and (3) 3 cub. centims. of hydrochloric acid (0’2 per cent.) is added, to (4) l-5 

cub. centim. They are then put in small stoppered bottles, and left for twenty-four hours at 33° C. 

To (1), (2), and (3) 9 cub. centims. hydrochloric acid (02 per cent.) is added, to (4) 4'5 cub. centims. 

Each is well shaken up and filtered. 

* Of the Frogs I have used, two give about 0'03 grm. of (1), three give about the same weight of (2) 

and (3), nine to twelve give about the same weight of (4). 

4 T MDCCCLXXXI. 
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Four equal-sized test tubes are taken; in each, is placed 15 cnb. centims. of hydrochloric acid (0'2 per 

cent.), together with 2 cub. centims. of carmine-stained fibrin swollen to a jelly by hydrochloric acid 

(02 per cent.). To these 3 cub. centims. of the filtered fluid from (1). (2), (3), and (4) respectively are 

added; in five minutes the test tubes are shaken well, and the fibrin allowed to settle. In eight minutes 

the coloration is compared with Geutzner’s scale freshly made. 

(1) tint considerably deeper than x. of scale. 

(2) = viii. 

(3) =vi. 

(4) =0. 

There is an obvious difference in the amount of fibrin undissolved in (2) and (3). 

In three-quarters of an hour the following is the state of things:— 

(1) Mere trace of fibrin nndissolved. 

(2) Small quantity fibrin undissolved. 

(3) About twice as much fibrin left as in (2). 

(4) No trace of coloration. 

This shows clearly enough the difference in pepsin-content of (3) and (4). In order to bring out more 

clearly the difference in (1), (2), and (3), a smaller quantity of the acid extract must be taken. 

3.20.—One cub. centim. of (1), (2), (3), and (4) is added respectively to four test tubes, each of which 

contains 15 cub. centims. hydrochloric acid (0’2) and 2 cub. centims. swollen carmine-stained fibrin. 

3.27.—(l)=v. 

(2) =i. 

(3) =0. 

(4) = 0. 

3.37.—(1) = vii-viii. 

(2) == iii. 

(3) = 0. 

(4) — 0. 

3.45.—(1) Nearly all fibi’in dissolved. 

(2) About half fibrin dissolved. 

(3) Small amount dissolved. 

(4) No fibrin dissolved. 

At 4.45 (4) still shows no coloration. On the next day, however, only a trace of fibrin is left. Under 

similar circumstances hydrochloric acid (0'2 per cent.) alone takes two days to produce a like effect. 

Swiecicki gives the following table (s. 450) :— 

Hana temporaria; hungry ; winter time. 

Time. 2.35. 2.45. 2.50. 2.55. 3.0. 

GCsophagus. >1. I.-II. III. IV.-Y. V. 

Cardiac region ..... 0. I. I. II. <11. 

Pylorus. 0. 0. >1. I. II. 

So that in twenty-five minutes the pyloric region has dissolved very nearly as much fibrin as the cardiac 

region, and the cardiac region about half as much as the oesophagus; and yet Swiecicki concludes that 

the stomach forms no pepsin. It wall be seen that my experiments show much wider differences in the 

pepsin-content of the various portions, in great part, I think, since I have been careful to obtain each 

gland form without any admixture of the neighbouring gland forms. It is possible, too, that the winter- 

frog used by Swiecicki contained very few grannies in the oesophageal glands—i.e., that the pepsin- 

content wras in these glands below normal. 
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BUFO VARIABILIS. 

Histology of the (Esophageal and Gastric Glands. 

Much less attention has been given to the structure and arrangement of the pepsin¬ 

forming glands in the Toad than to their structure and arrangement in the Frog. 

Swiecicki* apparently considers that in both these points the two are alike. He 

treats the question, however, very briefly, simply mentioning at the end of his paper 

on the oesophageal and gastric glands in the Frog, that as regards the estimation of 

pepsin, he obtained in the Toad results similar to those obtained in the Frog. 

PartschI denies that any glands resembling the oesophageal glands of the Frog 

are to be found in the oesophagus of the Toad. He found in the latter no pepsin¬ 

forming, but only mucous glands. 

My own observations lead me to take up an intermediate position between these 

observers. Of the oesophageal glands of the Toad a very considerable number are, it 

is true, mucous glands, but pepsin-forming glands also occur ; these, however, differ 

in many points from the pepsin-forming glands of the oesophagus of the Frog. 

In the Toad it is less easy than in the Frog to tell exactly where the oesophagus 

ends and the stomach begins, for there is no constant constriction between the two 

regions, nor is there any change in the character of the glands sufficiently abrupt to 

enable a distinction of oesophageal and gastric regions to be drawn, and, as was 

observed by Partsch, the cylindrical cells of the surface of the oesophageal mucous 

membrane are devoid of cilia. 

There is, however, one means of distinguishing the oesophagus from the stomach, 

viz., by observing the closeness of attachment of the muscular and mucous coats. In 

the stomach the two coats can be much more easily separated than in the oesophagus. 

It is by the use of this method that I have judged where the oesophagus ends and the 

stomach begins. It seems to me that if this method is rejected there is no alternative 

but to consider all the glands, mucous glands included, as occurring in the stomach, for 

there is no abrupt change in structure in passing from mucous to pepsin-forming glands. 

The question is, however, not an important one, the important question being, Is 

there any differentiation in the structure and function of the glands, such, for instance, 

as occurs in the Frog \ 

In examining sections of the mucous membrane which has been treated with osrnic 

acid, proceeding from the beginning of the oesophagus onwards, we first find short 

simple mucous glands as described by Partsch, then in the mucous glands are found 

one or two cells containing a few large granules; further on these cells become more 

frequent and contain more granules, until we come to the regular oxyntic glands ; in 

these the body is usually long, and frequently coils or branches at its end ; the mucous 

cells are confined to tire necks of the glands. The granules contained by any one cell 

* Op. cit. f Op. cit. 

4 T 2 



684 MR. J. N. LAXGLEY OX THE HISTOLOGY AXD 

vary not inconsiderably in size; but apart from this there is a considerable diminution 

in the size of tlie granules in passing from the beginning to the end of the oxyntic 

gland region. The latter portion of the oesophagus contains the majority of the glands 

with large granules. The difference in the size of the granules in the anterior and 

posterior pepsin-forming regions is much less in some Toads than in others; there is 

also some variation in the extent to which the glands with granular cells stretch into 

the oesophagus. The cell-substance of the glands in the resting state stains very 

slightly with osmic acid. The pyloric glands resemble the pyloric glands of the Frog ; 

the fully-formed mucous cells are, however, usually more numerous. 

It is not so easy in the Toad as it is in the Frog to observe the glands in the 

pinned-out mucous membrane owing to the greater amount of sub-mucous tissue. In 

a small Toad, however, it can be seen that the latter oesophageal and anterior oxyntic 

glands contain in the fresh state obvious granules; they are less conspicuous than the 

r granules in the oesophageal glands of the Frog, but much more conspicuous than those 

in the oxyntic glands of the Frog. Towards the pyloric region the glands become 

less granular and more transparent, and resemble fairly closely the Frog’s oxyntic 

glands; the lumen, however, is frequently distinct. The pyloric glands need no 

special notice. 

Changes which occur in the (Esophageal and Gastric Glands. 

During digestion the changes which are common to the oesophageal and oxyntic 

glands of the Frog occur also in all the granular pepsin-forming glands of the Toad; 

the granules become smaller and diminish in number and size, the cells become smaller, 

and the cell-substance stains more deeply with osmic acid. Apart from this, there is 

in the Toad a slight gradual alteration in the character of the changes in passing from 

one end of the pepsin-forming region to the other. 

In the pepsin-forming oesophageal glands we find a very feeble picture of what 

happens in the oesophageal glands of the Frog. During activity the outer portions of 

the cells become more sparsely granular, though very seldom showing an outer clear 

zone. 

In the anterior oxyntic glands of the stomach the gland-cells are as a rule equally 

affected throughout; there is no alteration in the relative distribution of the granules. 

In the posterior oxyntic glands the granules disappear rather more from the inner 

than from the outer part of the cells. An inner non-granular border is however 

seldom so distinctly seen as it is in the corresponding glands of the Frog. 

In the Toad then the changes which the cells of the different parts of the pepsin¬ 

forming region undergo in digestion are much less divergent than they are in the 

Frog; moreover, in the Toad there is a gradual alteration in the character of the 

changes from the beginning to the end of the pepsin-forming region, whilst in the 

Frog the intermediate forms are largely confined to the junction of the oesophagus and 

stomach. 
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During tlie latter part of the digestive period there is in the Toad as in the Frog, a 

more or less complete restoration of the normal quiescent state of the gland-cells. 

The restoration, however, does not take the same course in all animals ; usually as the 

cell increases in size there is a corresponding increase in the number of the granules ; 

this is not always the case, for in some Toads, especially in the gastric oxyntic glands, 

the formation of granules does not keep pace with the growth of protoplasm. 

One other variation on the normal course of events is worth mention : occasionally 

there is no perceptible change in the anterior gastric glands during the first three or 

four hours of digestion ; since it can scarcely be doubted that the glands secrete during 

this time, we are led to infer (cp. below, p. 704) that the apparent absence of change 

is due to the formative keeping pace with the excretory processes. 

Fasting causes changes like those which occur in the first stage of digestion, with 

the exception that the mucous cells of the necks of the glands become more instead of 

less prominent. This is perhaps only the case when the fasting is not too prolonged. 

The posterior oxyntic glands are usually more affected than the anterior. 

Feeding with sponge does not cause very great changes in the oesophageal or gastric 

glands, although a very acid secretion with a high peptic power is obtained : the cell- 

granules become smaller, but I have not observed that they are more affected in one 

part of the cell than in another. 

The Pepsin-Content of the (Esophageal and Gastric Glands. 

As in the Frog so in the Toad, the amount of pepsin contained by a definite weight 

of dried mucous membrane is less as the cells become less and less granular during 

digestion. I have made no experiments to determine the pepsin-content of the 

mucous membrane in successive hours after feeding, but have analysed for pepsin only 

such cases in which I could be certain of a difference in the amount of granules 

contained by the respective gland-cells. 

I have also compared the amounts of pepsin contained by the different parts of the 

oesophagus and stomach. The method of proceeding was like that described above in 

the case of the Frog. The amount of pepsin contained by the parts was found to vary 

directly with the amount of granules contained by them. The latter part of the 

oesophagus and first part of the stomach contains most pepsin; the amount of pepsin 

is rather less in the succeeding part of the stomach ; the posterior gastric region in 

which these glands are not markedly granular in life contains considerably less pepsin 

than the preceding ; the pyloric region contains only a very trifling quantity. 
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TRITON T^NIATHS. 

Histology of the Gastric Glands. 

The pepsin-forming glands of the Newt may be conveniently divided into anterior 

oxyntic glands, posterior oxyntic glands, and pyloric glands. There is no abrupt 

transition in passing from the anterior to the posterior oxyntic glands, although the 

extreme forms of the two differ not inconsiderably. 

The oxyntic glands are of the compound tubular type, several secreting tubes coming 

off from a common neck. This form is most pronounced in the anteriorly-placed 

glands. Klein''' described a ring of acinous glands as occurring just above the cardia; 

this was confirmed by Partsch.I These “ acinous ” glands are the most anterior of the 

oxyntic glands in which the compound tubular form is most developed; they occur, as 

was mentioned by Sewall and myself,| under a ciliated epithelium, 

r The glands of the anterior oxyntic region occur in groups separated from one another 

by a considerable amount of connective tissue; this is most marked at the cardia, and 

becomes less and less towards the posterior oxyntic region, where the glands are not 

obviously arranged in groups, and are separated by only a small amount of connective 

tissue. In passing from the anterior to the posterior region, the mucous cells diminish 

in number, and the diameter of the glands decreases ; the glands are longest in the 

first part of the posterior oxyntic region. 

All the oxyntic glands both in the fresh condition and when treated with osmic 

acid are granular throughout. In osmic acid specimens the nuclei of the cells here 

and there appear as a clearer spot through the granules, but they do not form a 

marked feature in the glands; the cell-substance is scarcety at all stained (Plate 78, 

fig. 2). The posterior oxyntic glands stain somewhat darker with osmic acid than 

the anterior; the cell-granules contained by the former are smaller than those con¬ 

tained by the latter (Plate 3, fig. 3). The granules behave with reagents much as 

do the granules of the oesophageal and gastric glands of the Frog. Hydrochloric acid 

0'4 per cent, causes them to disappear suddenly without any progressing diminution 

in size. When treated with bile they become smaller and smaller until they dis¬ 

appear. Alcohol, even 50 per cent., partly dissolves them, leaving a small slightly 

refractive mass behind. Some of the granules are much more readily acted on by the 

above reagents than others. Salt solution up to 20 per cent, leaves them unaffected. 

The pyloric glands seldom contain mucous cells. They are transparent in the living- 

con dition ; treated with osmic acid they remain homogeneous and stain yellow-brown. 

The nuclei are large compared with those of similar cells, and show when treated with 

appropriate reagents—as do all the gastric gland cells of the Newt (Klein)—a very 

* Klein, Steickee’s Hdb., vol. i., p. 542. 

t Op. cit., s. 198. 

t Op. cit. p. 290. 
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distinct network. During digestion the cells of the pyloric glands frequently bulge 

in a very marked manner at their outer border; but from the inconstancy with which 

the bulging occurs I am not inclined to consider it a genuine result of secretion. 

Changes which occur in the Oxyntic Glands. 

The e ffect of fasting is more marked in Triton tceniat us than in any other animal 

which I have examined. In the anterior oxyntic glands a more or less distinct outer 

non-granular zone is formed : in the posterior oxyntic glands the clear zone is less 

distinct, but other changes are obvious ; the cells are smaller, the lumen usually 

distinct, and the cell-substance stains more deeply with osmic acid. The mucous cells 

in the necks of the glands increase in mucigen—at any rate up to the time when 

the outer zone begins to be distinct in the anterior oxyntic glands. 

Changes during digestion.—The diminution of granules which takes place in the 

living glands of a Newt after feeding it, has been described by Sewall and myself. '' 

This diminution can also be seen in osmic acid specimens of the gastric mucous mem¬ 

brane, in such specimens some other changes can be seen which are less obvious in the 

fresh tissue. The anterior differ somewhat from the posterior oxyntic glands in the 

changes they undergo ; in the former the outer clear zone is usually more distinct 

during digestion than in the latter, and in the latter the increase of the lumina and 

decrease in the size of the cells and granules is usually more distinct than in the 

former. These changes go on in all the glands, but to an unequal degree in the two 

glandular regions. 

When the living glands are examined in the first or second hour of digestion the 

granules frequently appear at first sight larger than normal;! this is, I think, only 

caused by many of the granules having disappeared, so that instead of a confused 

granular mass, the separate granules can be distinctly seen. Osmic acid specimens 

show that at any rate about the second hour the granules are smaller. It is note¬ 

worthy that as the granules become smaller during cell activity they vary much more in 

size than do the granules of the resting gland (see Plate 78, figs. 3 and 4, 2 and 6). 

The extent and time of the changes vary widely under varying circumstances. In a 

normal hungry Newt fed with a small worm the following is the ordinary course of 

events as followed in successive osmic acid preparations. 

A thinning of granules at the outer border of the cells is visible in half-an-hour to 

one hour; the nucleus and cell-substance begin to stain slightly. Usually at the end 

of an hour a decrease in the size of the cells and the cell-granules is to be seen. 

These changes then proceed rapidly, the time of maximum change being three to 

four and a-half hours from the beginning of digestion. The cells and cell-granules are 

then very distinctly smaller (see Plate 78, figs. 3 and 4), and a more or less distinct 

* Op. cit. 

f They were so described by Sewall and myself from the examination of fresh specimens. 
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outer clear zone is present. Under ordinary circumstances the granules of the inner 

zone are not massed around the lumen but spread out through the inner two-thirds or 

even more of the cells; different glands vary widely in this respect. The small size of 

the granules at the time of maximum change often makes in the living glands the 

outer zone appear larger than it realJy is. 

In about four and a-half hours the cells begin to return to their normal state. The 

changes above described disappear with astonishing rapidity, and in six to eight hours 

the granules are large and stretch to the outer border of the cells. The anterior 

glands, indeed, then differ very slightly from normal “hungry” glands. What differ¬ 

ence still exists gradually disappears during the remainder of the digestive period. 

The recovery of the normal condition proceeds more slowly in the posterior than in 

the anterior oxyntic glands. 

Since it takes twelve to twenty-four hours for the stomach to empty itself, it is 

obvious that the regenerative processes go on very actively at a period when the 

secretory processes are also still active. 

The time and the extent of the several changes are very greatly affected by the 

condition of the animal and the amount of food given to it. 

Thus, if it is fed with several worms instead of with one, not only are the changes 

more pronounced, but they also continue much longer; so that in twenty-four hours 

from the beginning of digestion the gland-cells may be somewhat small and darkly 

stained and possess comparatively few and small granules. 

A like alteration in the extent and duration of the changes is produced by feeding 

a Newt which has long fasted. At the time of maximum change after such treatment 

the alteration from the normal “ hungry ” state is most remarkable. The great 

majority of the glands are devoid of granules and devoid of mucous cells as such; the 

gland-cells are small, the greater part of the cell being taken up by the nucleus ; the 

cell-substance stains deeply with osmic acid. Plate 78, fig. 5, represents an anterior 

oxyntic gland in this condition. The amount of change which takes place here sug¬ 

gests that in the fasting animal the formative processes go on more slowly than 

normally (see Frog, p. 677). 

Another interesting variation commonly occurs when the food for some reason or 

other is digested with unwonted slowness. The rapid diminution in the size of the cells 

during the first four hours of digestion does not take place, but the cells diminish 

in size and the granules in size and number for many hours, the former more slowly 

than the latter; it is under such circumstances that the distinction of the outer and 

inner zone is most plainly seen. 

The question of an increase of granules during the first hours of digestion is in 

much the same state as the similar question with regard to the oesophageal glands of 

the Frog (see p. 673). Apparently in some Newts, the oxyntic glands of which are 

already less granular than normal, a preliminary increase takes place, but in the 

normal hungry Newt I have failed to observe any such increase. It will be noticed, 
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too, that the time during which it can take place is shorter even than in the Frog, for 

in the Newt a distinct decrease is generally obvious in half an hour to an hour. More¬ 

over, in some cases of fasting Newts, i.e., Newts with gastric glands diminished in size 

and containing granules diminished in number, I have observed a distinct diminution 

in a quarter of an hour which steadily progressed up to six hours. 

The effect of sponge feeding on the oxyntic glands is much more marked in the Newt 

than in the From There are wide variations in the extent and duration of the changes 

depending on the condition of the animal. But apart from this, the character of the 

change produced tends towards one of two types : the first, a diminution in the size 

of the cells and in the number and size of the granules without a very distinct forma¬ 

tion of inner and outer zones ; in the second, a distinct formation of zones without any 

very great diminution in the size of cells and with only a moderate diminution in the 

size of the granules. It will be observed that these types correspond respectively to 

(l) the type of change in normal rapid digestion; (2) the type of change with abnormal 

slow digestion. That which chiefly affects the character of the changes in the glands 

is, so far as I have observed, the amount of sponge given,* i.e., the strength of the 

stimulus. In both cases the changes proceed very slowly, the first effect being obvious 

in about four hours, and steadily progress for one to two days; about this time 

the glands begin slowly to recover. Sometimes after feeding a Newt with a relatively 

large quantity of sponge the glands lose all or nearly all their granules and approximate 

in appearance to fig. 5, Plate 78. This is especially the case if the Newt has fasted 

for some time previously. When the sponge is removed the glands recover, although 

not very rapidly, their normal appearance. Glands in which the first type of change 

has occurred form small granules which soon stretch throughout the cells; the cells 

and their granules then together become larger. Plate 78, fig. 7, shows the 

first stage of this return ; the granules are small, and though absent from the outer 

part of the cell do not form a dense zone around the lumen. (Dark clumps of fat 

globules are seen at the periphery, cp. p. 670.) Glands in which the second type of 

change has occurred continue to show distinct zones for some hours after the granules 

have begun to increase. Plate 78, fig. 6, shows the condition of the anterior oxyntic 

glands in a Newt which had been fed for eighteen hours with sponge, and the stomach 

of which was put in osmic acid six hours after the removal of the sponge. 

The Pepsin-content oe the Gastpjc Glands. 

In the same manner as that given above for the stomach of the Frog I have analysed 

the amount of pepsin contained by the anterior oxyntic, the posterior oxyntic, and the 

pyloric glands in Triton tceniatus. 

The amount of pepsin contained by the pyloric glands is very small; in both oxyntic 

* I may mention Chat the most marked instances of the second type of change I obtained in February, 

1880; of the first type of change in the autumn of 1880. 

MDCCCLXXXI. 4 U 
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regions a considerable amount is found. It will be remembered that in the oxyntic 

glands alone obvious granules occur in the fresh state ; hence, then, pepsin is found in 

quantity only where obvious granules occur. 

A definite weight of gastric mucous membrane taken from the posterior oxyntic 

region contains a somewhat greater quantity of pepsin than an equal weight of mucous 

membrane taken from the anterior oxyntic region. We have seen that in the latter 

the glands are shallower and are separated from one another by much more connective 

tissue than in the former, or that a definite weight of mucous membrane taken from 

the anterior region contains a less amount of granules than an equal weight taken from 

the posterior region. Hence probably the difference in the pepsin-content of the two 

parts. 

In the Newt as in the Frog and Toad a diminution in the cell-granules, such as 

occurs in fasting or during digestion, is accompanied by a diminution in the amount 

r of pepsin contained by a definite weight of mucous membrane. 

TRITON CRISTATUS. 

The gastric glands of Triton cristatus are in the resting state very like the resting 

gastric glands of Triton tceniatus. There is, however, much less difference between 

the glands found in the anterior and posterior oxyntic regions in the former than in 

the latter. The anterior oxyntic glands of Triton cristatus are in groups and consist 

of several tubes coming off from a single duct, but the granules contained by the cells 

are as a rule not much larger than those contained by the cells of the posterior oxyntic 

glands. Further, the digestive changes in the glands are much less marked in Triton 

cristatus than in Triton tceniatus. Even at the period of maximum change with worm- 

or sponge-feeding it is rarely that an outer non-granular zone occurs. In one or two 

glands, usually either at the beginning or at the end of the oxyntic region, the outer 

portion of the cells does not contain granules, but even then the line between the 

granular and'the non-granular zones is not a sharp one. Both in the fresh and in 

osmic acid specimens fewer granules are found towards the outer portion of the cells 

during digestion ; there is a diminution in the size of the cells and some increase in 

the diameter of the lumina. In the latter period of digestion these changes are more 

or less completely repaired. 

We have seen that during fasting a clear zone gradually appears in the oxyntic 

glands of Triton tceniatus, in the glands of Triton cristatus I have not seen a corre¬ 

sponding change under similar circumstances. 

The time of maximum change with sponge-feeding is in the animals I have observed 

about twenty hours. Osmic acid specimens then show that the cells are much smaller 

than normal; the cell-substance stains much darker; the granules in the cells are also 

fewer and smaller; the granules are most numerous in the inner portions of the cells 

but are seldom absent from the outer portion. The lumen is enlarged often con- 
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siderably. Of the pyloric glands little need be said ; like the pyloric glands of Triton 

tceniatus, they do not contain any definite mucous cells. 

Pepsin-content of the gastric glands.—What has been said (p. 689) above on the 

pepsin-content of the gastric mucous membrane of Triton tceniatus holds also for that 

of Triton cristatus, with one or two slight modifications. 

The difference in the pepsin-content of the anterior and posterior oxyntic regions is 

greater in the large than in the small Newt. This is, as before, in correspondence with 

the relative amount of granules contained by the two parts. It will be remembered 

that in Triton tceniatus the granules are considerably larger in the anterior than in the 

posterior oxyntic glands, and that in Triton cristatus the difference in the size of the 

granules in the two regions is only slight. The less frequency of the glands in the 

anterior region is, then, more compensated in the small than in the large Newt. 

We have seen that there is less disappearance of granules during digestion in Triton 

tceniatus than in Triton cristatus; we find also that in the latter there is a less difference 

in pepsin-content in hunger in digestion than in the former. 

COLUBER NATRIX. 

Histology op the Gastric Glands in Hunger and Digestion. 

The end of the oesophagus and the beginning of the stomach can be readily distin¬ 

guished ; in passing from one to the other the mucous membrane becomes suddenly 

thicker and more opaque ; the junction line of the two is not a circle, but an oval, the 

glands occurring first on the ventral side of the alimentary canal. 

Tiie epithelium of the oesophagus near the stomach consists of long and unusually 

thin cylindrical cells, which have at their free ends suffered some amount of mucous 

metamorphosis. Partsch* described the epithelium near the stomach as consisting 

of ciliated and goblet cells ; I have not observed either of these. There are no proper 

oesophageal glands ; there are some few clippings down of the surface epithelium, 

but the cells do not markedly change in character. 

The most anterior glands are, as in the Newt, separated by more connective tissue 

than are those in the remainder of the stomach. They are arranged in groups, and 

several tubes are connected with each neck ; the tubes, moreover, usually divide in 

their course. In passing towards the pylorus the glands consist of a smaller number 

of tubes, but remain, as a rule, complex glands. 

In the fresh state all the oxyntic glands are densely granular, and little difference is 

to be seen in them except that the most anterior are larger in cross section. The pyloric 

glands are transparent and non-granular; the intermediate region is comparatively 

large. 

If three Snakes are fed each with a Frog, and the gastric glands are examined in 

* Op. cit. 
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the fresh state in one, two, and three days respectively, it is seen that the changes 

which take place in the gland-cells are first obvious in the posterior oxyntic region, 

and steadily progress towards the anterior region. No zones are at any time dis¬ 

tinctly formed, but the granules contained by the cells become fewer and less obvious; 

so that the posteriorly-placed oxyntic glands appear in the fresh state nearly as devoid 

of granules as the pyloric glands. The two gland-forms can be, however, still distin¬ 

guished ; they have a different general look. Compared with the pyloric glands, the 

oxyntic glands have a faint yellow tinge and almost oily appearance; sometimes, too, 

the rounded outline of their cells can be made out. 

The greatest change that I have observed was in a Snake examined sixty hours 

after feeding. The glands in the latter third of the oxyntic region showed scarcely any 

granules ; in the middle third the glands contained many less granules than normally; 

they contained, however, more and more in passing towards the anterior oxyntic 

region, where the glands were densely crowded with granules. That is, the changes 

increase in intensity in passing from the beginning to the end of the oxyntic region. 

This is very similar to the manner in which the glands of the Rabbit’s stomach are 

affected during digestion. 

In osmic acid specimens some other points can be made out: The glands become 

longer and narrower in passing from the beginning to the median portion of the 

stomach ; thence to the pyloric region they become shorter—at first gradually, then 

more rapidly. In the Snakes which I have examined the pyloric glands are simply 

mucous glands ; the sub-cubical cells which form the sole constituent of the pyloric 

glands in Newts and a partial constituent of the pyloric glands in Frogs are absent in 

the Snake. Partsch, however, found exactly the contrary : sub-cubical cells he 

observed, but no mucous cells. 

Osmic acid specimens of the gastric mucous membrane of a hungry animal show no 

great difference in the characters of the cells throughout the oxyntic gland region ; all 

contain granules fairly equally distributed throughout their substance. The granules 

vary in size ; the larger ones closely resemble those in the oesophageal glands of the 

Frog or in the anterior oxyntic glands of the Newt. The granules are, as a whole, 

largest in the most anterior oxyntic glands, and, generally speaking, the farther the 

glands are from the beginning of the stomach the smaller are the granules they 

contain. The cell-substance stains very slightly, but more in the posterior than in the 

anterior oxyntic glands. The necks of the glands, especially of those in the median 

gastric region, differ from the necks of the gastric glands in other animals ; sub-cubical 

cells are usually absent. 

When osmic acid specimens of a digesting stomach (sixty hours) are examined there 

is little or no change to be seen in the anterior portion; the granules are large and the 

cell-substance unstained (Plate 78, fig. 8). In passing towards the latter third of the 

gastric gland region certain changes become more and more obvious : the granules 

* Op. cit., s. 200. 
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become smaller and fewer, the cell-substance begins to stain, the cells are smaller, and 

the lumen often visible (see Plate 78, figs. 9, 10). These changes are most pronounced 

in the latter third of the oxyntic gland region. The lumen is never large ; it may be 

either straight or zig-zag, depending on the position of the cells in the gland tube. It 

is to be remarked that osmic acid brings out a number of granules in cells which in 

the fresh condition showed scarcely any. In this respect osmic acid specimens show a 

less striking difference between the anterior and posterior oxyntic glands than is shown 

by the fresh specimens. 

I have not noticed any great change from normal in the glands of the fasting Snake. 

The cells become somewhat smaller; this is marked in the posterior gastric gland 

region by an increase of the lumen ; the cell-substance, too, especially in the posterior 

gastric region, stains more deeply with osmic acid, and contains smaller granules. 

In the posterior oxyntic region during digestion the granules disappear somewhat 

more at their inner than at their outer portion (see Plate 78, fig. 9) ; this is, however, 

so far as I have observed, much less markedly the case than in the Frog. 

The Pepsin-content of teie successive Eegtons of the Stomach of the Snake. 

Having observed that in the digesting stomach the diminution in the number of 

the granules became more and more marked in passing from the anterior to the 

posterior region, I made some experiments to determine whether there was a corre¬ 

sponding diminution in the amount of pepsin. I divided the mucous membrane 

containing gastric glands into four parts, throwing away a strip between each part. 

The four pieces were then put aside to dry in a bell-jar containing sulphuric acid. A 

definite weight of the dried mucous membrane of each part was taken and treated 

with dilute hydrochloric acid for twenty-four hours. The details of the method of 

proceeding were in the main like those given above (p. 681) in the account of the 

pepsin-content of the stomach of the Frog. 

The first experiment was on a Snake that had been fed with a Frog twenty-four 

hours previously. Only that part of the Frog which was in the posterior portion oi 

the stomach had been much digested. The glands of the posterior portion of the 

stomach were distinctly granular, although they were, as a rule, rather more thinly 

granular at their outer portion. The analysis showed a steady diminution in the 

amount of ferment from the beginning to the end of the stomach, the first part con¬ 

taining more than the second, the second than the third, the third than the fourth. 

The fourth part contained very much more than an equal weight of the mucous 

membrane of the pyloric region. 

The second experiment was made on a Snake sixty hours after feeding with a Frog. 

The legs of the Frog, which were in the anterior part of the stomach, were still nearly 

intact. Examined in the fresh state, the first part of the stomach showed many 

granules ; the second part showed less than the first, but still a considerable number; 

the third part few granules ; the last part very few. 
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The analysis showed that the diminution in the amount of ferment in passing from 

the beginning to the end of the stomach was much more rapid than in the previous 

case. In parts three and four a comparatively feeble pepsin action was found—in 

three, rather more than in four ; the difference in rapidity of action between the 

second part and the fourth was considerably greater than between the fourth and the 

pyloric region. In the normal hungry Snake the amount of pepsin contained by a 

definite weight of dried mucous membrane also diminishes from the anterior to the 

posterior portion, but to a much less extent than in the digesting animal. The 

amount of pepsin contained by the pyloric region is very small, although, as hi the 

Frog, Newt, and Toad, quite appreciable. In the Snake I compared the amount ot 

pepsin contained by equal weights of oesophagus and pyloric gland region; from the 

former I obtained no pepsin reaction. 

It will be noticed that in all cases the amount of pepsin contained by a definite 

weight of mucous membrane varied directly with the granularity of the gland-cells. 

In the above experiments the dried mucous membrane was extracted with dilute 

hydrochloric acid; quite similar results are, however, obtained if the dried mucous 

membrane be extracted with glycerine, and the glycerine extract tested for pepsin. 

I have made some experiments to determine whether the gastric glands of the 

Snake contain pepsinogen. Since I propose considering in detail in a later paper the 

question of the formation of pepsinogen in gastric glands, I will here only mention 

that the stomach of the Snake contains a very considerable amount of a substance 

insoluble in glycerine, but which when treated with dilute hydrochloric acid gives 

rise to pepsin, and that this substance is in greatest quantity in the anterior region of 

the stomach, and diminishes in amount in passing towards the posterior region. 

General Conclusions on the Secretory Processes in Pepsin-forming Glands. 

From the preceding details some general conclusions can, I think, be drawn. 

Pepsin is formed from the granules seen in the gland-cells in the living state. 

An account has been given above of the pepsin-content of the stomach and of 

various parts of it in Rana temporaria, Bufo vulgaris, Triton tceniatus, Triton cristatus, 

and Coluber natrix. By the method used, viz.: extraction of the dried tissue with 

hydrochloric acid 0'2 per cent., the total amount of free and combined pepsin* present 

in the tissue was obtained. 

* Grutzner (Neue Hnters. ii. d. Bildung u.Ausscheidung d. Pepsins § 26, 1875) lias pointed out that 

this method only gives accurate results under certain conditions, viz.: (1) when a relatively large 

quantity of hydrochloric acid is used for extraction; (2) when the extraction proceeds for at least ten 

hours; (3) when the amount of tissue is not too great compared with the amount of pepsin. The first 

two conditions were complied with in all my experiments. With regard to the last, it may result that 

the amount of pepsin contained by the pyloric glands is greater than that which I have found. 
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In each of the animals studied we have seen that the amount of pepsin contained 

by any part of the stomach (or of the pepsin-forming region) is directly proportional 

to the amount of granules contained by the gland-cells of that part. 

In each of the animals studied we have seen that the cell-granules diminish in 

number and size during digestion. Grutz inter found in the animals'"' investigated by 

him a diminution, during digestion, in the amount of pepsin contained by a definite 

weight of the stomach. Without examining in detail the amount of pepsin contained 

by the gland-cells at different digestive stages, we have seen above in each of the 

animals considered that a definite weight of gastric mucous membrane taken at a 

stage of digestion when the granules are markedly diminished contains a markedly 

diminished amount of pepsin. 

Further, we have seen that during fasting the number of granules contained by the 

gland-cells diminishes, and we know from GRUTZNEii’st experiments that during 

fasting the amount of pepsin contained by a definite weight of gastric mucous mem¬ 

brane diminishes. 

Lastly, it has been shown by Sewall and myselff that in the Rabbit the amount of 

pepsin contained by any portion of tire stomach is in direct proportion to the number 

of granules contained by the “chief” cells of that portion in the living state. 

Hence, then, in all the cases which have been investigated the amount of pepsin is 

in direct proportion to the amount of granules. From this, I think, we may fairly 

conclude that the granules in the gland-cells give rise to pepsin. We have at least 

as much reason to conclude this as we have to conclude that granules in the pancreatic 

gland-cells give rise to trypsin. 

It may, however, be said that since the cells diminish in size during secretion, the 

diminution in the amount of ferment might be caused by a diminution in the cell- 

substance and not in the granules. The following consideration will, I think, show 

that this cannot be the case. Although each gland-cell becomes smaller, there is in 

most cases no obvious diminution, and in some there seems to be an actual increase in 

the amount of cell-substance. The removal of the granules alone is sufficient to cause 

the diminution observed in the size of the cell. Further, since the glands are smaller, 

to obtain an equal weight of resting and of digesting mucous membrane, a larger area 

of the latter, i.e., a greater number of glands, must be taken. 

* Grutzner, Neue Unters. ti. s. w., § 36 et seq., Dog, Pig, Rabbit, and Cat. Pfluger’s Archiv. 

Bd. xvi., 1878, § 118, Dog ; § 120, Oesophagus of Frog. 

f Grutzner, Neue Unters. u. s. w., § 52, Rabbit; § 61, Dog, Cat. Pfluger’s Arcliiv., Bd. is., 1879, 

§ 407 and 408, Oesophagus of Frog. 

+ Journal of Physiol., vol. ii., p. 291, et seq., 1879. I may mention that the arrangement of the 

gastric glands in the Guinea-pig is similar in main points to the arrangement described by Sewall and 

myself as existing in the Rabbit. 
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The gland-cells do not store up pepsin as such, hut store up zymogen, out of which 

pepsin arises when the cell secretes. 

The researches of Heidenhain* have shown that the cells of the pancreas do not 

store up trypsin but store up a substance which under certain conditions can give rise 

to trypsin. 

Since it had been shown by Ebstein and GnuTZNEid that the gastric glands of 

Mammals contain a certain quantity of a substance capable, when acted on by sodium 

chloride or by dilute hydrochloric acid, of giving rise to pepsin, Heidenhain introduced 

the word “zymogen” to include the antecedent of the ferment in both these and in 

any later found cases. 

In the pancreas the conspicuous granules in the cells consist in part or wholly of 

zymogen. The zymogen can then in this instance be distinguished from the rest of 

the cell-substance. 

When we compare in the Frog the pancreatic with the oesophageal gland-cells, and 

observe the close resemblance which exists between the two, especially as regards the 

granules they contain, it seems in the highest degree improbable that they should 

differ so widely as that one should store up zymogen and the other store up ferment. 

We have seen that the gastric glands of the Newt closely resemble the oesophageal 

glands of the Frog as regards the reaction and behaviour of the granules they contain : 

the other gastric glands we have investigated above, differ in some points from both 

of these glands, but in the important point of the behaviour of their granules show a 

general similarity to them. In these glands then, too, the microscopical appearances 

seem to me to render it far more probable that the granules stored up should consist 

of zymogen, than that they should consist of ferment or other ready-formed secretory 

product. 

I know of no satisfactory instance in any gland in which the substances found in the 

secretion are found stored up in the cells. In the liver-cells none of the characteristic 

constituents of bile are found. It may be objected that in these no substance is 

stored up, and that the cell protoplasm in activity forms straightway and excretes the 

constituents of bile. From many observations carried on during the past twelve 

months on the liver of the Frog, Toad, Newt, and Snake, I have been able to satisfy 

myself that in these cases also granules are stored to be used during secretion. 

In mucous glands the evidence is against the substance stored by the cells being 

actually the mucin found in the fluid secreted. It is probably a pre-product closely 

related to mucin. 

In the serous glands the facts known are not sufficient to be of much use for or 

against. 

* Heidenhain, Pfluger’s Arcliiv., Bd. x., s. 557, 1875. 

t Ebstein and Gbutzner, Pfluger’s Archiv., Bd. viii., s. 122, 1874. 
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When the secretion produced by a gland contains undissolved particles, these particles may be stored up 

by the gland, thus fat globules are apparently stored up by the cells of the Harderian and Mammary glands. 

I do not overlook the fact that a glycerine extract of the fresh Mammalian gastric mucous membrane 

contains a good deal of pepsin, but I believe this to be due simply to the zymogen being more easily split 

up in these glands than in others. It will be remembered that the granules of the “chief” cells which 

probably consist in part or wholly of zymogen are not preserved by osmic acid; i.e., these zymogen 

granules split up with osmic acid, whilst the other zymogen granules we know of do not. Further, as 

mentioned above, Ebstein and Grutzneb have shown that the gastric glands of Mammals do contain 

some zymogen. 

The general course of reasoning given above, led me to make some direct experi¬ 

ments on the subject. The result completely confirmed the justice of the deductions 

drawn from microscopical examination. Since I propose to discuss in a later paper 

the whole question of the formation of pre-products by gland-cells, I will here only 

briefly mention the main facts which show that zymogen and not ferment is stored up 

by the glands we are considering. 

If the oesophagus or stomach of a Frog be placed in glycerine as rapidly as possible 

after removal from the body, the glycerine extract has only a weak peptic power. 

If the oesophagus or stomach of a Frog be kept moist for twenty-four hours before 

it is placed in glycerine, the glycerine extract lias a very much greater peptic power. 

If the oesophagus and stomach which has been extracted with, say, 5 cub. centims. of 

glycerine for a week be washed free of glycerine and treated with 5 cub. centims. of 

dilute hydrochloric acid, then an enormously greater amount of pepsin is found in the 

acid than is found in the glycerine extract. 

The glycerine extracts increase somewhat, although only slightly, in peptic power 

when treated with dilute acid for twenty-four hours. 

Since in testing a glycerine extract for pepsin, hydrochloric acid is added, it is possible that even the 

small amount of pepsin found in it may arise from the splitting up by the acid of combined pepsin. 

These facts, I think, show that both the oesophageal and gastric glands form zymogen 

which under certain conditions, and particularly when acted on by dilute acids, give 

rise to pepsin. The zymogen is only slightly soluble in glycerine. 

Similar observations made on the gastric glands of Triton tceniatus give similar 

results. In the Snake, lack of animals has prevented me from comparing the pepsin- 

content of glycerine extract of the fresh with glycerine extract of the exposed stomach, 

but the experiment mentioned above (p. 694) shows that the gastric glands of the 

Snake also contain zymogen. 

Since the pepsin of the oesophageal and gastric glands which we have considered 

arise from granules which are visible in life, the fact that the pyloric glands show no 

granules in life and yet apparently form pepsin may seem to require explanation. 

We know that there are many cells which consist of protoplasm* and inter-proto- 

* I use the word protoplasm for all living substance. I take the network which Klein and others 

have shown exists in so many gland-cells to be protoplasm, and the interhbrillar substance to be chieflv 

at any rate stored up material. 

MDCCCLXXXI. 4 x 
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plasmic substance, i.e., of protoplasm and of the products of its metabolism which are 

kept imbedded in the cell; and that further in a great number of such cells the proto¬ 

plasmic and inter-protoplasmic portions are not optically distinguishable from one 

another in the living cells. Whether they are distinguishable or no depends mainly 

upon the refractive index of the inter-protoplasmic substance. The antecedent of 

pepsin in the above-mentioned gastric glands differs from the protoplasm sufficiently 

in refractive power to be visible in life. 

In the pyloric glands the inter-protoplasmic substance is almost altogether mucigen, 

having much the same refractive power as the protoplasm which formed it. It seems, 

then, not unnatural that the small amount of the antecedent of ferment contained by 

the pyloric gland-cells should be unable to render the inter-protoplasmic substance 

obvious in life. 

Since the pepsin of different animals differs somewhat in its properties,* it is pro¬ 

bable that both pepsin and its antecedent differ in different animals somewhat in 

chemical constitution. I can then readily imagine that the gastric gland-cells of some 

animals may form an inter-protoplasmic substance giving rise to a large quantity of 

pepsin, and yet having so nearly the same refractive index as the cell-protoplasm as to 

be very slightly or not at all visible without the action of reageuts. 

Since the inter-protoplasmic substance gives rise to pepsin, it is in the highest 

degree improbable that the cell should form pepsin in any other way than through 

the medium of the inter-protoplasmic substance. This means in the gastric glands we 

are considering, that pepsin is formed in the cells only through the medium of granules. 

If, then, two gastric glands secrete an equal amount of pepsin, they will have used up an 

equal, or, allowing for a slight difference in the chemical composition of the granules, a 

nearly equal, amount of granules. This deduction we shall have occasion to allude to 

later. 

During secretion the three chief phenomena which can he recognised in gland-cells, 

viz.:—(a.) a using up of granules, (b.)-a fresh formation of granules, (c.) a growth 

of protoplasm—go on simultaneously. The different aspects of the gland-cells 

depend upon the relative activity of these three processes. 

This view has been already put forward by Heidenhain to account for the changes 

which take place in the pancreas. He says :—t 

“ In the cells a continuous change takes place ; a using up of substance in the 

* See Hoppe-Seyler, Physiol. Chemie., s. 218, 1878. 

t “ An den Zellen findet ein forfcwahrender Wandel stafct; Stoffverbrancli innen, Stoffansatz aussen. 

Innen Umwandlung rier Kornchen in Secretbestandtheile, aussen Verwendung des Ernahrungsmaterials zur 

Bildung homogener Snbstanz, die sich. ihrerseits wiedernm in korniges Material umsetzt. Das Gesammtbild 

der Zelle liangt von der relative:! Geschwindigkeit ab, mit welcber sich diese Processe vollzieken. Die 
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inner portion, an addition of substance to the outer portion. In the inner portion, 

change of the granules into secretory constituents; in the outer portion, employment 

of the nutritive material for the formation of homogeneous substance, which on its 

part is changed into granular material. The appearance of the cell as a whole depends 

upon the relative rapidity with which these processes proceed. The first digestive 

period is characterised by a rapid using up in the inner portion and a rapid addition 

to the outer portion. In the second digestive period the most active changes proceed 

at the junction of the inner- and outer-zone, inasmuch as the substance of the latter is 

converted into the substance of the former.” 

Heidenhain* draws a just analogy between the changes which take place in the 

pancreas and those which take place in the gastric and in the serous and mucous 

glands; since we now knowt that in these latter the cells form granules to be used up 

in activity, the analogy is even closer than that drawn by Heidenhain. 

The changes described by Heidenhain as occurring in the gastric glands differ some¬ 

what from those which he describes as occurring in the pancreas. The differences 

mainly arise from his conclusions about the gastric glands having been made on alcohol 

hardened instead of on fresh specimens. Thus instead of speaking of the granules of 

the chief cells he speaks of the non-staining substance, and instead of the homogeneous 

protoplasm of the living cell he speaks of the cloudy or finely granular protoplasm 

which is seen in the cells of alcohol specimens. He says:| “ In the earlier secretory 

period the in-come is as a rule in excess of the out-go in the chief cells of the glands 

of the fundus, hence ensues an increase in the size of the cells. At the same time 

however there is an active formation of non-stainable substances (pepsinogen and pepsin) 

from the protoplasm, hence the cloudiness of the cells is for the time only slight. As 

digestion proceeds the out-go becomes gradually in excess of the in-come, hence the 

cells diminish in size; at the same time the change of the albuminous substance still 

continued to be taken up by the protoplasm goes on more slowly, hence the cells 

become more cloudy, richer in protoplasm, and more deeply stainable.” 

erste Verdauungsperiode charakterisirt sioh durch schnellen Verbrauch innen imd schnellen Ansatz aussen. 

In der zweiten Periode vollziehen sich die lebliaftesten Veriinderungen an der Grenze der Innen- und 

Anssenzone, indem die Substanz der letzteren sick in die Substanz der ersteren nmwandelfc.”—(Pfluger’s 

Arch., Bd. x., s. 569, 1875, and Hermann’s ‘ Handbucb d. Physiol.,’ Bd. v., s. 202, 1880.) 

* Hermann’s ‘ Handbucb,’ s. 147, 1880. 

t Journal of Physiol., vol. ii., p. 261, et seq., 1879. 

+ “ Beim Beginne der Absonderung uberwiegt in den Hauptzellen der Fundusdriisen in der Regel die 

Aufnahme iiber die Abgabe, deshalb tritt Vergrosserung der Zellen ein. Gleichzeitig aber findet nocli 

lebhafte Bildung nicht farbbarer Substanzen (Pepsinogen und Pepsin) aus dem Protoplasma statt, deshalb 

wild die Triibung der Zelle vorlaufig eine nur geringe. Beim Fortgange der Verdauung wird allmahlich 

die Abgabe yorherrschend iiber die Aufnahme, deshalb schwellen die Zellen ab ; gleichzeitig geschicht die 

Umwandlung der immer noch yon dem Protoplasma aufgenommenen Albuminate langsamer, deshalb 

werden die Zellen triiber, protoplasmareicher, und starker farbbar.”—(Hermann’s ' Handbuch d. Physiol.,’ 

Bd. v., s. 146, 1880.) 

4x2 
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He points out'" two differences between the changes which occur in the pancreatic 

and gastric glands. First, that the regeneration of the used-up material takes place 

in the pancreas whilst the gland is still secreting, but does not in the gastric glands. 

Secondly, that in the pancreas the granules are formed out of the homogeneous outer 

zone, and in the gastric glands out of the finely granular cell protoplasm. As to the 

first point of difference, we have seen that in the Frog, Newt, and Toad the used-up 

material is regenerated more or less completely whilst secretion is still going on. The 

second point of difference chiefly rests on the assumption that the protoplasm of the 

fresh cell is finely granular, since in alcohol specimens an increase of protoplasm in the 

cell is marked by an increased cloudiness. 

The differences which exist with regard to the formation of granules in those cells 

which acquire an outer non-granular zone in activity and those which do not we shall 

discuss later. We have first to consider what facts we have to support the view given 

r above as to the changes which take place in the pepsin-forming glands during 

secretion. 

We have to show that (a) the using up of granules, (6) the formation of granules, 

and (c) the growth of protoplasm all go on from the beginning to the end of secretion. 

(a.) Since it has been shown that the granules give rise to pepsin, and since we 

know of no other origin for pepsin, we may conclude that as long as pepsin is formed, 

i. e., as long as the secretion goes on, granules are used up. 

(6.) We have seen that in all cases in the latter half to two-thirds of the digestive 

period the granules increase. There can be no doubt that during this time a secretion 

is going on ; this is indeed shown by feeding a Frog or Newt with sponge. It is then 

seen that the simple mechanical stimulation caused by the presence of a foreign body 

in the stomach is sufficient to cause a secretion lasting for two or more days. 

Heidenhain, too, has shown that in the Mammal secretion of gastric juice goes on as 

long as food remains in the stomach. But since a secretion means a using up of 

granules, there is during a large part of the digestive period a using up and formation 

of granules going on at the same time. 

We have also seen that in certain circumstances an increase of granules occurs in 

the first hours of digestion. During this time there is also a using up of granules, 

that is, the two processes go on together, sometimes at any rate in the first hours of 

digestion. 

Now, when we consider that the using up of granules is continually going on, and 

that the formation of granules certainly takes place in the latter digestive period and 

sometimes in the first digestive period, and further consider that the formation of 

granules can only become obvious in the glands when it takes place at a faster rate 

than the using up, the conclusion seems irresistible that there is a formation of granules 

during the whole digestive period, but that during the first five to ten hours it is not 

sufficiently rapid to cover the loss from the using up of granules. In certain circum- 

* Hermann’s ‘ Handbucli d. Physiol.,’ Bd. v., s. 202, 1880. 
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stances the loss may be, though it is not normally, covered during the first one to three 

hours. The number of granules contained by any gland-cell at a given time during 

secretion depends then upon the relative rate of formation and using up of granules. 

(c.) There is, I think, also sufficient evidence to justify us in believing that there is 

a continuous though not uniform growth of protoplasm during activity. The organic 

substances in the fluid secreted are formed, for the most part at any rate, by the cell- 

protoplasm. A growth of cell-protoplasm sufficient to cover the loss of the organic 

substances secreted must then, at some time or other, take place. Does this growth 

take place in “rest” or “activity”? The following consideration will, I think, show 

that although there may be a slight growth in rest, the growth takes place, in the 

main, during activity. With the exception, perhaps, of the oxyntic glands of the 

Snake, all the glands above considered have normally nearly returned to their hungry 

condition by the end of the digestive period, i.e., at the end of twelve to twenty hours 

of secretion. The protoplasm which has been continuously diminishing, owing to the 

continuous formation of zymogen, is hardly appreciably in less quantity than at the 

beginning. The protoplasm, then, has grown during secretion. I know of nothing 

which tends to show that the growth of protoplasm is limited to any particular period 

of digestion ; there are, on the other hand, several facts which go far to prove, if 

indeed they do not prove, that the growth is continuous during digestion. 

In the second stage of digestion the cells increase in size, since we have no reason 

to imagine that the stored-up substances, the zymogen and so forth, occupy a greater- 

space than the protoplasm from which they are formed, we may, I think, fairly refer 

the greater part at any rate of this increase in the size of the cells to a growth of the 

protoplasm ; further, since the cells are during this period still losing substances to the 

fluid secreted, the total growth of protoplasm must be very considerable. 

We have seen that under certain circumstances it may happen that there is a similar 

increase in the size of the cells, i.e., a similar growth of protoplasm in the first one or 

two hours of digestion ; we might then adopt a course of reasoning like that adopted 

in considering the formation of granules, and conclude that the protoplasm is growing 

also in the first stage of digestion when the cells are diminishing in size. We have, 

however, more direct evidence to show that this is the case. 

It is true that the cells diminish in size during this stage of digestion, but they do 

not diminish sufficiently in size to warrant us in supposing that there is no growth of 

protoplasm. The mere extraction of the granules which have disappeared would leave 

the cells very much smaller ; this fact becomes the more striking when we reflect that 

in the meantime more protoplasm has been used up to form granules. The changes 

which take place in the oesophageal glands of the Frog after the animal has been fed 

with sponge will serve as an instance. When the granules have entirely disappeared 

from the cell, is it to be supposed that the cell is simply as it was at the beginning of 

secretion, except that it has lost all its granules and a part of its protoplasm, viz.: that 
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which has been converted into granules. Clearly were this the case the cell would be 

very much smaller than it is. 

Further, in the first stage of digestion the cells increase in power of staining with 

carmine and other similar reagents. This is only what has been shown to take place 

by Heidenhain and others in a great number of gland-cells. The increased staining 

power is usually considered a proof of the increase of protoplasm. From this, too, then 

we should conclude that the protoplasm is growing, although the cells are diminishing 

in size. 

There can, I think, be little doubt that these three processes also go on simultaneously in the serous 

glands during secretion. The increased staining power of the cell with carmine indicates that fresh 

protoplasm has been formed. I have previously shown that a using up of granules takes place. If we 

grant, as from analogy I think we may, that the granules give rise to the organic substances in the 

secretion, it would, as in the gastric glands, appear unlikely that these substances should be formed from 

the cell-protoplasm, otherwise than through the intermediate step of grauules. But from this I think it 

follows that the granules are formed during secretion as well as in rest, for with a corresponding amount 

of solids excreted, the visible diminution in the number of granules is less in the sub-maxillary than in 

the parotid of the Rabbit, so that more new granules must have been formed by the sub-maxillary gland- 

cells than in the parotid. Further, the total amount of organic solids obtainable by protracted stimulation 

of the secretory nerves of the parotid seems to me too great to allow them to be referred to the granules 

present to start with. 

Some remarks on the difference of rate with which the above-mentioned three processes 

go on in the gastric glands, according as the animal is fed ivith digestible or with 

non-digestible food. 

If we compare the granular content of the gastric gland-cells at different periods 

after an animal has been fed with worm, with the granular content at different periods 

after an animal has been fed with sponge, we find that the main point of difference 

is that in the latter case the diminution in the number of granules lasts much less 

time, but is, during that time, much more rapid. 

The explanation of the appearances which accompany sponge-feeding seems simple ; 

the stimulation causes a slow nett using up of granules ; after about twenty-four hours 

the stomach becomes accustomed to the presence of the sponge, and the stimulation 

becomes less and less ; as the stimulation becomes less the tendency of the cells to form 

granules gets the upper hand of the using up of the granules, and they slowly increase. 

In the worm-fed animal we have to account for the more rapid using up during the 

first hours of secretion, and the more rapid formation during the last hours of secretion. 

Heidenhain has shown that in the Mammal the presence of digestible food causes 

a more rapid flow of gastric juice than the presence of noil-digestible food. He 

referred this to a chemical stimulation caused by the absorbed products of digestion. 

The same explanation will probably serve here. It seemed not unlikely that the 

peptone formed might be the particular product causing increased secretion. I have 

made some experiments upon the effect of injecting peptone into the lymph-sac and 
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into the stomach of the Frog ; but the results, although on the whole favourable to 

the view that peptone causes a secretion, yet present some exceptions which prevent 

my forming any decided opinion on the subject. 

The increase of granules and the growth of the cell during the last hours of digestion 

is in all probability due to the presence of the assimilated products of digestion. 

In a worm-fed Frog, from the eighth to the eighteenth hour the secretion is going 

on at least as rapidly as in a sponge-fed animal, and yet the granules increase in number 

in the cells. We have seen reason to think that the first absorbed products cause an 

increased using up of granules, so that during the eighth to the eighteenth hour of 

digestion there must be some additional factor causing the formation of granules. It 

seems to me most likely that this additional factor is the presence of some of the 

digestive products which have been converted into a fit state to be assimilated by the 

gland-cells. 

The effect of digestible substances in increasing the rate of growth of the cells and 

the formation of granules is strikingly shown in such an experiment as the following. 

Three Frogs are fed with sponge. In twenty-four hours the sponge is removed 

from two of these Frogs ; one of the two is fed with worm. All three are killed in 

twenty-four hours more, and the oesophageal glands examined. We have, then, 

specimens of glands from Frogs all forty-eight hours from the time of feeding with 

sponge, but (1) has been stimulated by the sponge during the whole time, (2) has 

been stimulated during the first twenty-four hours only, (3) during the first twenty- 

four hours with sponge, during the last twenty-four hours with worm. 

Now, it is found that the gland-cells of (1) are small and contain very few granules, 

whilst those of (3) are large and contain many granules ; yet the gland-cells of (3) 

have poured forth at least as much and probably more secretion than those of (1), i.e., 

at least as many granules have been used up in (3) as in (l), and yet (3) contains very 

many more granules. 

Further, the size of the cells and the number of the granules is not very different 

in (2) and (3), i.e., the gland-cells of (2) which have used up no granules during the 

twenty-four hours before examination are not more granular than those of (3), in 

which a very considerable using up of granules has taken place. 

We see from (2) that when the stimulus is removed the cells form granules, although 

no digestive products have been absorbed ; the more rapid formation of granules which 

takes place when digestible substance is given I attribute to an increased supply of 

those substances which serve as food to the cells. 

The same conclusion results from comparing the effects of sponge and of worm¬ 

feeding on Triton tceniatus. The details of such experiments are given above ; it is 

unnecessary to discuss them here. 



704 MR. J. N. LANGLEY ON THE HISTOLOGY AND 

The differences in the changes produced by secretion in different gland-cells is due 

'partly to variations in the relative rates with ivhich the using up of granules, the 

growth of protoplasm, and the formation of granules go on both in each cell as a whole 

and in various parts of it; partly also to variations in the power of the gland-cells to 

move the granules towards the lumen. 

We have seen that in any one form of cell the three processes go on at different 

rates at different periods of secretion. We should bed priori inclined to conclude that 

they would go on at different relative rates in the gland-cells of different animals. A 

comparison of the extent of the changes during activity presented by the gastric 

glands of Triton tceniatus an.d those of Triton cristatus makes this conclusion, I think, 

necessary. 

If a Newt of each species be taken and each fed with an amount of worm sufficient 

to moderately distend the stomach, the apparent using up of granules is much greater 

in the gastric glands of Triton tceniatus than in those of Triton cristatus. But we 

have no reason to think that one has secreted proportionately more gastric juice than 

the other, that is to say (see above, p. 698), we have no reason to think that one has 

used up more granules than the other. 

Since, however, we observe a marked difference in the total loss, and know further 

that in both the loss as it goes on is partially replaced, the conclusion naturally follows 

that in one the replacement is more active than in the other, i.e., that the com¬ 

paratively slight change observed in the gland-cells of Triton cristatus is due to the 

formative processes going on at a rate closely corresponding with that of the excretory 

processes. The effect of sponge feeding in the two species of Newts also leads to the 

same conclusion. In both cases an acid secretion of good digestive power is obtained, 

but the observable diminution in the number of granules in the cells is very small in 

the one compared with the diminution observed in the other. 

But although variations of this kind may serve to explain certain of the differences 

which we find in the behaviour of the gland-cells of different animals, they still leave 

a great deal to be explained. Why do some cells form a non-granular zone at their 

outer border, others at their inner border, whilst others again form no non-granular 

zone at all ? 

We may attempt to explain these differences, still having recourse to the three 

main changes which we have seen take place in all the cells. We may suppose that 

these three processes proceed at unequal rates in the outer and inner portions of the 

cells. Obviously a non-granular region might be formed in any part of a cell either 

by a more rapid using up of granules, or by a more rapid growth of protoplasm in 

that part. 

I shall not here discuss the cause of the non-granular border which is formed in 

the inner portion of cells, such as those of the gastric glands of Frogs. For although 
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I think that it is due to the granules being used up in the one part of the cell faster 

than in the other, I am unable to offer any satisfactory proof that it is so. 

On the cause of the outer non-granular zone which is formed in the oesophageal 

glands of the Frog, I would, however, offer a few remarks. I take the oesophageal 

glands only as a convenient example, my remarks will equally apply to the gastric 

glands of the Newt and other glands in which an outer non-granular zone is formed 

during secretion. 

In the oesophageal glands we have seen that the cell-granules diminish in size 

during activity ; if, then, in any part of the cells the granules are being used up more 

quickly than in another the granules will be smaller in that part than elsewhere. 

The diminution in the size of the granules tabes place, however, equally in all parts 

of the cell, consequently we may conclude that the non-granular zone is not caused by 

any variation in the rate of using up granules in the inner and outer portions of 

the cells. 

We have then to fall back on local variations in the rate of growth of the cell- 

protoplasm to explain the appearances. Will the assumption of a rapid growth of 

protoplasm at the outer part of the cell suffice to explain the formation of the outer 

non-granular zone ? I think not, for several reasons. It seems to me necessary to 

assume that there is another factor in the result, viz.: a translation of the granules 

towards the lumen by the cell. 

In the oesophageal and other similar glands the first sign of the subsequent zones is 

a diminution in the number of granules in the outer portion of the cell. If this is 

due to a growth of protoplasm the protoplasm must grow in the outer one-third to 

one-half of the cell. How, then, can the further increase of protoplasm give rise to a 

non-granular outer zone and a densely granular inner one at all sharply marked off the 

one from the other ? In passing from the granular to the non-granular zone there 

should be a very obvious region where the granules become fewer and fewer. 

In certain circumstances the oesophageal glands of the Frog contain compara¬ 

tively few granules, these being scattered throughout the cells (see Plate 77, fig. 7). 

During activity such glands show distinct zones. How could zones in such a case be 

produced by a growth of protoplasm unaccompanied by a direct movement of the 

granules in the cells ? 

Again, in glands when the granules have completely disappeared, can we suppose 

that the protoplasm has completely regrown from the periphery ? 

An observation of Heidenhain’s* upon the pancreas of the Rabbit is, I think, in 

favour of the view that the granules are moved towards the lumen. He found that 

when a piece of fresh pancreas was warmed to about 50° C. the granules moved out¬ 

wards into the clear zone, and returned to their original position when the tempera¬ 

ture fell. He, too, pointed outt that cells which were granular throughout, on being 

removed from the body gradually developed an outer non-granular zone as they died. 

* Pflugek’s Archiy., Bel. x., s. 563, 1875. 

f Op. nit., s. 559. 

4 Y MDCCCLXXXT. 
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It may no doubt be objected that no one has seen any such movement in the living 

cells ; but then it is to be remarked that observations on living cells have not been 

numerous, and that no particular cell-granule has been observed to disappear although 

numbers do disappear. 

In the cell-protoplasm there is daring secretion an increase of substance capable of 

reducing osrnic acid. 

In all the cases investigated above we have seen that the protoplasm of the 

“ quiescent ” gland-cells stains very slightly with osmic acid, whilst the protoplasm of 

the active cells stains more or less deeply. 

This is opposed to the observations of Nussbaum, but Nussbaum, I think, directed 

his attention so much to the 'granules contained by the cells that he overlooked the 

r cell-protoplasm. 

I have not been able to satisfy myself of the meaning of this increase in staining- 

power of the protoplasm. Since the granules split up during activity, we might 

imagine that the cells do not at once cast out the whole of the substances formed, but 

retain a certain proportion, and that this diffused throughout the cell causes it to stain 

more than normally with osmic acid. 

There is, however, another way of looking at the fact. Generally speaking, the 

formation of granules goes hand-in-hand with a diminution in the power of staining of 

the cell-substance. In the latter period of digestion, when the granules are increasing 

the cell-substance stains less and less with osmic acid. In Triton tceniatus during the 

rapid increase in the granules which takes place from the fourth to the eighth hour of 

digestion there is a rapid diminution in the staining power of the cell. 

This would indicate that the protoplasm of the cells, in passing through those 

changes which result in the formation of granules, uses up the substance stainable 

with osmic acid. This substance might be either taken up by the cell during secretion 

to be further assimilated, or it might be an integral part of the cell-protoplasm. 

The facts we have at present are, I think, insufficient to allow any satisfactory con¬ 

clusion to be drawn on this point; but whatever the cause of it may be, it is, I think, 

a very general phenomena of cells to stain more deeply with osmic acid during active 

secretion than during rest. I have on a former occasion* pointed out that this is the 

case in the parotid, sub-maxillary, lachrymal, and infra-orbital glands of the Rabbit. 

In parotid and sub-maxillary glands the resting cells treated with osmic acid show 

lightly-stained cell-substance with darker-stained granules ; when the cells are 

similarly treated after a period of secretion the cell-substance is distinctly more 

deeply stained, the depth of staining increasing within certain limits with the length 

of time during which the cells have secreted. 

In the lachrymal and infra-orbital glands the resting cells treated with osmic acid 

* Proc. Royal Soc., vol. xxix., p. 377, 1879 ; Jour, of Physiol., vol. ii., p. 261, 1879. 
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show a networked appearance, from the presence of a lightly-stained protoplasmic with 

a darker interprotoplasmic portion. When the cells are similarly treated after a period 

of secretion the networked appearance disappears from the outer portion of the cells ; 

it now is homogeneous—the protoplasm stains deeper than before. After prolonged 

secretion the cells stain equal and fairly darkly throughout. 

In all these glands, however, the increase of substance in the cell-protoplasm 

capable of staining with osmic acid, although distinct, is not so marked as it is in the 

gastric glands. 

Grutzner" has independently come to a somewhat similar conclusion. He found in 

all the salivary and gastric glands investigated by him a difference of tint in osmic 

acid specimens of the resting and of the active glands. The former he found to be 

grey-green, the latter a dirty (schmutzig) brown. This, indeed, represents not unfairly 

the general difference in tint of the glands in the respective states when examined 

with not too high a power. I should prefer to call the tint of the one yellowdirown 

and that of the other brown-black. Grutzner applied his description to the cells as 

a whole; the yellow-brown tint is, however, in the main due to the staining of the cell- 

granules, the brown-black tint in the main to the staining of the cell-protoplasm. 

It will be noticed that my views on the processes taking place during secretion are 

opposed to the lately-advanced views of Stricker and Spina, and on the whole similar 

to those of Heidenhain. The theory of Stricker and Spina! is based upon some 

interesting facts observed by them in the glands of the web and nictitating membrane 

of the Frog. The theory so deduced holds, they think, for all secretory glands ; they 

attempt to show that it holds for the salivary glands. 

I may be pardoned for not entering into a discussion of the question as long as the 

objections raised by ITeidenhainJ remain unanswered. I will only remark that in my 

observations on serous and mucous salivary glands, on gastric and pancreatic glands, 

and on the liver, I have seen nothing in favour of the theory of Stricker and Spina, 

but many things against it. 

The observations, an account of which has been given in this paper, were made in 

the Physiological Laboratory of the University of Cambridge. I cannot too much 

thank Dr. Foster for the kindness and generosity with which he has placed at my 

disposal all the material and apparatus belonging to him. 

* Grutzner, Pfluger’s Arch., Bd. xx., s. 399, 1879. 

t Stricker and Spina, Sitzb. d. k. Akad der Wissensch. z. Jena, Bd. Ixxx., abt. iii., 1879. 

X Heidenhain, Hermann’s ‘ Hdb. d. Physiol.,’ Bd. v.., Th. i., s. 414, 1880. 
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DESCRIPTION OF FIGURES. 

Unless otherwise stated the specimens from which these drawings were made were prepared in the 

following manner. The tissue was placed for twenty-four hours in osmic acid 1 per cent.; removed from 

the osmic acid and washed for ten minutes in 50 per cent, alcohol, then placed for twenty-four hours in 

75 per cent, alcohol. The sections were mounted in a mixture of one part glycerine to one part water; 

they undergo after mounting certain slow changes ; the protoplasmic poi’tions become dai'ker, the mucigen 

portions more obvious, the outlines of the cells, nuclei and nucleoli, come more or less distinctly into 

view. It is almost unnecessary to point out that parts of several of the figures are drawn in outline only. 

PLATE 77. 

(Esophageal and Gastric Glands of Rana temporaria 

(Plate 77, figs. 1 to 11, and Plate 78, fig. 1). 

Figs. 1, 2, 3. To illustrate the transition from the oesophageal to the oxyntic glands. 

Fig. 1. X 360. Oblique section of end-tube of oesophageal gland. The granules are 

large and vary somewhat in size. The outlines of the cells are indicated ; 

in the specimen they were only with difficulty to be made out. 

Fig. 2. X 250. Gland of the intermediate region. The form of the gland resembles 

the form of the oxyntic rather than that of the oesophageal glands; the 

granules are larger than the oxyntic gland granules, but smaller than those of 

the oesophageal glands ; they resemble closely the oesophageal gland granules. 

Some characters of the resting cylindrical and sub-cubical cells are also 

shown here. 

Fig. 3. X 370. Oxyntic gland, from latter part of anterior oxyntic region. The 

cells contain many granules, which are, however, much smaller than those 

in the cells of figs. 1 and 2. 

Tbe above three specimens were taken from a Frog (February, 1879) which had been fed 

with a large amount of food (0‘5 grm. worm) forty-six hour’s previously. The last remnants of 

the food were still in the stomach. All the glands have slight signs of activity, especially the 

glands of the intermediate regioD, in which a small outer zone is seen. 

Fig. 4. X 410. Longitudinal section of neck of oxyntic gland ; the specimen illus¬ 

trates also the changes which take place in the sub-cubical cells of the 

pyloric glands. Specimen prepared from a Frog (April, 1879) which was killed 

twenty-five hours after a heavy meal (four worms). The tissue was allowed 

to stay a month in alcohol before sections were cut, hence the distinctness 

of the interfibrillar substance (granules) in the mucigen portion. An earlier 

stage of this change in the mucigen portion of the cell can be seen in Plate 

78, fig. 1. 
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Fig. 5. X 290. End-tubes of oesophageal gland. From Frog (September, 1879) 

forty-five hours after feeding with large piece of sponge. The granules are 

much diminished in size, and form only a narrow zone around the enlarged 

lumen. Several end-tubes in this specimen had lost all their granules. 

Fig. 6 («). X 330. End-tubes of oesophageal gland. The granules have disappeared 

from the cells, except at one place where a few small granules border the 

lumen. From Frog (September, 1879), twenty-five and a half hours after 

feeding with sponge. In no other Frog which I have observed did the 

granules disappear in so short a time. In this and the preceding figure the 

striation of the cells is much too distinct. 

Fig. G (b). X 410. Same specimen as preceding after three months’ stay in dilute 

glycerine. The striation and the very fine granules which are often seen 

in the clear zone are here brought out. 

Fig. 7. X 350. End-tube of oesophageal gland. Frog (September, 1879) fed with 

sponge; after twenty-two hours sponge removed; 1*5 cub. centirn. strong 

aqueous solution of peptone injected under skin of back; animal killed twenty- 

six hours after this. The granules are comparatively few, and although more 

numerous in the inner portion of the cells, occur also in their outer portion. 

Fig. 8. X 340. End-tubes of oesophageal gland. Tissue placed in absolute alcohol 

for twenty-four hours, then in dilute carmine for twenty-four hours. Shows 

stained non-granular and unstained granular zones. Frog (September, 1879) 

fed with sponge thirty-five hours ; sponge then vomited ; animal killed ten 

hours after. 

Fig. 9. X 410. Anterior oxyntic gland. Hungry state. The cell outlines are 

scarcely or not at all to be made out ; the granules are distinct, numerous, 

and scattered throughout the cells. The nuclei and cell-substance is very 

slightly stained. Frog (July, 1879) killed five days after a good meal. 

Fig. 10. X 580. Posterior oxyntic gland. Three hours’ digestion. The granules 

are smaller than normal, and have disappeared from the inner border of the 

cells, leaving a small homogeneous zone. The nuclei and cell-substance stain 

darker. The nuclei are placed in the outer portion of the cells, in this speci¬ 

men indeed more so than usual. The corkscrew-shaped lumen is obvious. Frog 

(April, 1879) several days’ hunger, then fed with worm, killed in three hours. 

Fig. 11. X 370. Posterior oxyntic gland. Twenty-five hours after heavy meal. 

Frog (April, 1879) several days’ hunger, fed with four worms ;. killed twenty- 

five hours after; stomach still distended with debris of food, although a con¬ 

siderable amount fills out the intestine. The cells bulo-e out into the larue 
o o 

lumen ; the homogeneous inner zone is distinct. 
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PLATE 78. 

Fig. 1. X 640. Oxyntic gland, middle region of stomach. Frog (September, 1879) 

fed with sponge forty-six hours, then with worm ; killed in three hours. There 

is a small inner non-granular zone ; the cells are much diminished in size (note 

the amount of magnification), the granules are small and comparatively few. 

The sub-cubical and cylindrical cells also show marked secretory signs. 

In the actual specimens the non-granular inner zone is more distinct than in the above 

figures, since in the figures (owing to the method used to reproduce the drawings) the inner 

zone appears very finely granular instead of homogeneous ; further, in the actual specimens the 

granules disappear more from the sides of the cells than is here represented. 

r 
Gastric Glands of Triton tceniatus (Figs. 2 to 7 inclusive). 

Fig. 2. X 420. Anterior oxyntic gland. Resting state. Granules conspicuous, 

extend throughout the cells; here and there nuclei show through them. 

Nuclei and cell-substance very slightly stained. Mucous cells in necks of 

the gland tube are shown; they are less obvious than this in the freshly 

mounted specimen. Newt (February, 1879), several days’ hunger. 

Fig. 3. X 420. Posterior oxyntic gland. Resting state. The granules are smaller 

than those in the anterior glands. (Newt, September, 1879.) The granules, 

which largely hide the nuclei in the actual specimen, are not drawn here. 

Fig. 4. X 420. Posterior oxyntic gland. Four hours after feeding with worm. 

(Newt, September, 1879.) The granules are fewer, smaller, and vary more 

in size; there is a small, ill-defined outer clear zone; the nuclei and cell- 

substance stain darker. The cells are smaller. 

Fig. 5. X 440. Oxyntic gland, latter part anterior region, six hours after feeding 

Newt (July, 1879), which had long fasted. The cells have become much 

smaller, and lost all their granules ; the cell-substance stains deeply. In the 

most anterior glands in this specimen a few granules were left. 

Fig. 6. X 325. Anterior oxyntic gland. Newt (July, 1879) fed with sponge ; in 

eighteen hours sponge vomited ; killed six hours later. The zones are sharply 

marked the one from the other. (2nd type, see p. 689.) The cells are nearly 

of normal size, the granules somewhat smaller than in the normal hungry 

animal. In the actual specimen they vary more in size than is here figured. 

Fig. 7. X 280. Posterior oxyntic gland. Newt (December, 1879) fed with sponge 

forty-eight hours. The granules are small, and although they are absent 

from the outer region of the cells, yet do not form a distinct non-granular 

zone. (1st type, see p. 689.) This is an early stage of recovery. Deeply 

stained fat-globules are seen in groups in the outer portions of the cells 

(see p. 655). 
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Gastric Glands of Snake. 

Figs. 8, 9, 10 are drawn from different regions of the same stomach, viz.: that of 

a Snake which was killed sixty hours after having eaten a Frog. A con¬ 

siderable part of the legs of the Frog were still nearly intact. 

Fig. 8. X 380. Oxyntic gland from anterior region of stomach. 

Fig. 9. X 380. Oxyntic gland from front part of the middle region of the stomach. 

Digestive changes are obvious. Only the lower part of the gland is drawn. 

Fig. 10. X 420. Posterior oxyntic gland. The digestive changes are here very 

marked; in this, as in preceding glands, the tubes usually branch; they are 

not drawn here. 

Fig. 11. X 280. Oxyntic gland, middle region of stomach. Hungry Snake ; only the 

lower part is drawn. This represents fairly closely the general condition 

of the glands drawn in figs. 9 and 10, before digestive changes set in. 

In this figure the protoplasm of the cells is made rather too dark, and most of the granules 

rather too small. 
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The object of this paper is to present in a shortened and simplified form the processes 

and the results of Abel’s famous memoir ‘ Sur une propriety generale d’une classe tres- 

etendue de fonctions transcendantes,’ composed and offered to the French Institute in 

1826, but first published in the ‘Memoires des Savans Strangers’ for 184l(pp. 176-264). 

The generality and the power of this memoir are well known, but its form is not 

attractive. Boole indeed in a paper on a kindred subject (Phil. Trans, for 1857, 

pp. 745-803) says: ‘'As presented in the writings of Abel . . . the doctrine of the 

comparison of transcendants is repulsive, from the complexity of the formulas in which 

its general conclusions are embodied.” Boole’s theorems however escape this charge 

only with loss of the generality which makes Abel’s valuable. 

But this complexity is rather apparent than fundamental. It is here attempted, by 

re-arrangement of parts, by separation of essential from non-essential steps, by changes 

of notation, in particular by the introduction of a symbol and a theorem discussed by 

Boole in the paper already referred to and by the addition of examples of the pro¬ 

cesses and results, to reduce this part of an important subject to a shape more simple, 

while no less general, than the original. 

The first of the three sections into which the following paper is divided contains 

(arts. 1-10) the investigation of the principal theorem of Abel’s memoir : these articles 

correspond to pp. 176-196 of the original, but are much simplified by the aid of 

Boole’s proposition : the theorem is written at the end of art. 8 in the form 

and answers to Abel’s equation (37), p. 193. 

In art. 11 three examples are given of Abel’s theorem. Those have been chosen of 

which the results were well known (e.g., the circular and elliptic functions) with a 

view to the comparison of this and less general methods.* 

* For other methods of solution compare Leslie Ellis, B.A. Reports for 1846, p. 38; Legendre, ‘ Fonc. 

Ell.,’ t. iii., p. 192; Boole, loc. cit., arts. 18, 24. 
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In the second section (arts. 12-20) it is shown to follow from the results of the first 

that the sum of any number of integrals of the form considered may be expressed in 

terms of a definite number of such integrals, and the question what is the least 

value of this definite number is discussed : the result is stated at the end of art. 20. 

These articles correspond to pp. 211-228 in the original; they are rendered more 

direct by the nomenclature of ‘major terms’ and ‘sets/ the introduction of the 

letter r, and various minor changes of notation. 

Art. 21 contains an example of the method of this section. 

The third section contains two distinct parts : first, a generalization (art. 22) of the 

theorem of Section I., showing that a similar expression to that obtained there may be 

found for the sum of any number of such integrals each multiplied by any rational 

number positive or negative, integral or fractional; secondly, an investigation (art. 23) 

of the conditions necessary that the algebraic expression obtained for the sum of the 

integrals considered in Section I.—i.e., the right-hand member in the main theorem— 

may reduce to a constant. This article corresponds to pp. 196-208 in Abel, but the 

demonstration is greatly shortened and simplified by its being placed after (instead of, 

with Abel, before) Section II. 

Abel concludes by applying his methods to the case of integrals of the form 

I have succeeded in shortening the necessary work, but my process and result are so 

similar to those of the original as hardly to be worth reproducing here. 

An appendix contains an algebraical lemma and a list—it is hoped complete—of 

the errata in the original memoir. It appeared to the writer worth while to attempt to 

save subsequent readers the considerable inconvenience these errata had caused 

himself. 

There follows an addition from Professor Cayley, wdjerein it is shown that the 

expression found in art. 20 for the least value of the number of conditions connecting 

the variables of the integrals we sum is equal to the deficiency (Geschlecht) of the curve 

represented by the equation y(aq y) = 0. That this least value is equal to the deficiency 

is a leading result in Rjemann’s theory of the Abelian integrals ; the assumptions 

made in the text as to the form of the roots of the equation y(.r, y) = 0 considered 

as an equation for the determination of y are equivalent to the assumption that the 

curve x(x) y) — 0 has certain singularities; and it is in the addition shown that the 

resulting value of the deficiency, as calculated by the formulae in Professor Cayley’s 

paper ‘On the Higher Singularities of a Plane Curve/ Quart. Math. Journ., vol. vii. 

(1866), pp. 212-222, has in fact the foregoing value. 
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Section I. 

1. The general question to which an answer is sought in what is called the Theory 

of the Comparison of Transcendants may be stated thus:— 

Is it always possible to establish, between the values for different variables of the 

integral of am algebraic function hoivever complex, algebraic relations: the variables 

themselves being connected by any requisite algebraic laws P 

If, for example, 

jXcfe=F(x) 

where X is any algebraic function of x, rational or irrational, integral or fractional, is 

it necessarily possible by connecting xx, x2, . . . xn by any requisite algebraic laws to 

obtain an algebraic (or logarithmic) expression for the sum 

F(*1)+F(x2)+ . . . +F(x„) ? 

This question is suggested on the one hand by such well-known results as 

and 

if 

Ffoj + F(x2) = constant, where X=—/p==p', if xp-\-xf=l 

F(xj) + F(xc) + F(x3) = 0 where X== 
ffl-xil -k3X* 

4( 1 — xf) (1 — xf) (1 — xf) = (2 — xf—x2z—xf+Jdxpxlx 32)3, 

and on the other hand by the possibility of finding algebraical expressions for many 

symmetric functions of the roots of equations though these roots may not separately 

be so expressible. 

It is in fact this combination of the theory of integrals and the theory of equations 

which furnishes the key to the problem ; enabling us to express the requisite algebraical 

laws very concisely by a single equation of which the variables are roots, and whose 

coefficients are not independent but connected by a corresponding number of relations. 

2. The expression of the function to be integrated. 

To escape the inconvenience of fractional and irrational forms we first introduce two 

new functions and a fresh variable. 

Whatever be the nature of the function X—the subject of integration in the 

transcendants we are considering—it may be written 

Ax> y) 
4 z 2 
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where f is a rational (but not necessarily integral) function of x and y, while y is 

determined as a function of x from the equation 

x(y) =?/' +Pn~jyn~] +p,_o?/_2 4- ... +pl y+p0=o 

the p’s being rational integral functions of x. 

This is clear since any explicit irrational function is the root of an equation with 

integral and rational coefficients, in which, by a suitable change of variable, the highest 

coefficient can be made unity. 

4. The shape in which it is most convenient to deal with f(x, y), and in which we 

shall in future assume it to be expressed, is obtained when its denominator is made the 

product of x'(y)—the differential coefficient of y(y) with respect to y—and a function 

of x only. 

This can always be done ; for let 

/(*> y)= 
FiQ, y) 

f2Gl y) 

fi(-l v)x(y) 

f30l y)x(jj) 

fivL y)x (y)FaC'B y2)F2Ql y$) ■ ■ • f3(^-;j y») 
x(y)^o(x, yx)Fs(®, y2)Fs(x, ys) . . . t\(x, yu) 

y1} y.2 . . . yn being the n roots of the equation 

x~o 

and therefore functions of x; and yx being the root which we have before denoted 

ky V- 
Now the product F2(,r, yx) . . . Fo(.t, yn) involving only symmetrical functions of the 

y s may be expressed as a function of x only ; while, using the equations 

and, lastly, 

the product 

tyr —tyr—yl 
r=2 r=1 

V = 71 S=/l 1 S = 11 T— 

- tyrys=t tyry-yltyr 
r=2 s=2 r=l s=l r=2 

&c. = &c. 

y yy?, ■••!/ , 
. (—y% 

Vi 

y»)F2(®, 2/3) • • • F2(x, y,) 

can be expressed as a rational function of x, y ; while F,(,c, y) and y'(y) are rational 

and integral functions. 
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So fix, y) the subject of integration is reduced to the form 

/iCl ?/) 

mxiy) 
in which it will hereafter be used. 

5. The equation whose roots are the variables of the functions we compare. 

This equation is clearly not arbitrary ; for if it were we could choose it linear ; and 

having then only a single integral, should be required to find for it an algebraic (or 

logarithmic) expression, a thing generally impossible. 

We shall find it sufficient to take, for this equation, the result of eliminating y 

between y and any other integral function of x, y; which, by the use of y, can, of 

course, be made of (at most) the (a— l)*1' degree in y. 

Let this second function be 

1 + T-hyn 3+ • • • + 2i2/+<Zo 

and let the result of elimination, viz.:— 

%i)%3) • • • %») 
be denoted by E. 

0=0 may be called the equation of condition. 

We assume q0, q} . . . qn_x to be rational integral functions of x ; while any number 

of the coefficients in these functions are arbitrary : call them ax, cq, . . . 

E will then be a rational integral function of x and these quantities cq, a.2, . . . 

We may then either (l) take the roots of the equation E=0,—cq, cq, . . . being con¬ 

sidered absolute constants—as the upper limits of our integrals (of which alone we view 

these integrals as functions); or (2) since by a due alteration of the c/’s we may produce 

any possible simultaneous alteration of the x’s, we may consider the variables x in 

the different integrals as, in the passage from the lower to the higher limit, always 

connected by the equation E = 0, in which now cq, cq, . . . are a system of variables 

with which the variation of x has to be connected. The latter, as the more general 

and powerful hypothesis, is to be preferred. 

E = 0 may be called the equation of the limits, or the equation of transformation. 

6. It may happen that, owing to a relation connecting the as, the equation E=0 is 

satisfied by values of x independent of these new variables. This relation, since one 

of the &s of which E is the product will vanish for this value of x and 0 is linear in 

the cc’s, must be a linear relation. We v/ill then suppose 

E(cc, cq, cq, . . . ) = F0(£c)F(x) 

.where F0(,r) is independent of the «’s; and, the degree of F(x) being y, let its roots be 
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x1} x2, ... Xp; let the corresponding values of y, the root of ^ with which we are 

concerned, be yn, y12, . . . yllt* 

7. Having expressed f(x, y) in a convenient shape we have next to transform the 

dx of our integrals into the differentials of the new variables. 

If 8 denotes the operation of differentiating with regard to our new variables we 

have from the equation F = 0 by which x is connected with them 

But 

therefore 

Again 

therefore 

Y\x)dx-\- SF (x) = 0 

SE=F0(x)SF(x) 

SE 
dx= 

Fo(®)F/(®) 

E=%i)%2) • • • %n) 

* As an example of these processes let 

X= —1 — 
x/1 + .M 

A natural assumption is 

x(y)=!r—(. l+*4)=0 

so that 

/o> 

Take for the second function the form 

e(y)=y—(i+aix+v2) 
and on elimination we find 

E(.r, av a7)=(a^—l)rc3 + 2a1a2^2+ (a12 + 2a2).T + 2a1=0 

Now, if we had 

a1 + a2= — 1 + \/2 (a linear relation) 

E = 0 would he satisfied on making x= 1 and we should have 

while 
Fo(®)=®—1 

F (,v) = (a2~— 1)®- + (2a1a.2+ — 1),t + cf + 2a1u2 + 2 «22 + u2— 1 

and may be expressed in terms of al alone. 

We should also have 

/(n V) y 2)j x'(yl 
so that 

fx(*» y)=2, /°(®)=h 
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Now (using as before y or yx indifferently for the root with which we are concerned), 

we have 6(y1) = 0: whence if \(x, y) be any rational function 

\(x, y)hE=\(x, y)tj^y§0(yr) 

E 

= HX> 2/i)^yS%i) 

all the other terms in % vanishing, 

=3x- y'] mS0(yr) 

if we introduce a set of vanishing terms. 

We have then obtained an expression for dx and a convenient modification of the 

result when the differential is multiplied by any function A. of x and y. 

So, finally, 

f(x, y)dx A(x,y) . 
x'(y)Mx) Fo(®)F'(a0 

i_Nd/iOo y,)_ E 
/a(®)ro(®)F'(®)r=i x(yr) 6{yr) 

«%r). 

8. From this point a symbol and theorem due to Boole"' furnish a short path to 

the result. The symbol is thus defined :— 

“ If <f)(x)f(x) be any function of x composed of two factors <p(x), f (x), whereof <f>(x) 

is rational, let ®[<£(x)]/(cc) denote the result obtained by successively developing the 

function in ascending powers of each simple factor x—a in the denominator of (f>(x), 

taking in each development the coefficient of adding together the coefficients 

thus obtained and subtracting from the result the coefficient of ^ in the development 

of the same function $(x)f(x) in descending powers of as.”t 

Boole’s theorem is the following :— 

“If <f>(x) be any rational function of x and if E = 0 be any equation, rational and 

integral with respect to x, by which x is connected with a new set of variables oq, a.2, . . . 

then, provided that cfj(x) does not become infinite when E = 0, we have 

. ,, . cl lop; E ” 
%<l>(x)=-®[<f)(x)] ~x - 

the % indicating summation for the various roots of the equation E = 0. 

* Phil. Trans, for 1857, pp. 751, 757. 

f Cauchy employs in his ‘ Calcnl des Residus ’ a symbol £ only differing from Boole’s 9 by not 

including the subtractive term last mentioned. Any theorem can be instantly transferred from the one 

-notation to the other. 
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Assuming the truth of this theorem we may proceed with the investigation as 

follows :— 

Since f(x, y)^6y is a rational integral function of x, y and may therefore be 

expressed in the form NPry'. P,- being a rational integral function of x and r a positive 

integer not greater than n—1, while y is a root of the equation y(y) = 0, we have, by a 

known theorem of partial fractions,* 

E, 
Mx>y)-s7*Qy 

2--_p 
x\y) 

n—1 

We have then, by art. 7, 

By Boole’s theorem this 

v r -u-! >■ 

U-1 
- cl log F 

— rJ 
L/8(*)f0(*)F(*)J clx 

p«-i F'(aj) 
— 

_MxWo(x)F'(x). F(U 
i 

— 
_fi (a;)Fo(a')_ Y(x) 

For since P„_1 is an integral function it contributes nothing to the interpretation of 

© by being within the square bracket : and, if we assume that ~F'(x) and F(a') have no 

common factor (which is also the case for F'(x)—which contains the as—and Fu(a;) and 

F2(£c)—which do not), we shall have in the expansion of «-i 
f2(x)Y0(x)T(x) 

no term involvint 

the reciprocal of a linear factor of F'(.r), which therefore may also be brought out of 

the square bracket. 

The expression last obtained 

= 0 
1 E y) My 

FO) x'(y) 6lJ 

= © q F„(x).: 
y;(r, y) My 

x(y) °y 

Under this form the sum is immediately integrable, for the new variables (of which 

alone this is now a function) occur only in the factor 

Integrating we find 

i[fix, y)dx — tV},dx=© 
J v Udx)x(y) L/alUU (x)_ 

By' 

F0(x)S^log^+C. 

* See also note on art. 10, (i.). 
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This is the general theorem for the summation of integrals of any form of which we 

were led to suspect the existence. 

It corresponds to that Numbered (37) on page 193 in Abel’s Memoir (and which 

should be called “ Abel’s Theorem,” though that name is frequently given to the very 

narrow case of it discussed on page 255), while it is more concise through the intro¬ 

duction of the symbol ©, and more intelligible through the absence of the letter vf' 

9. In general, as has been said, the function E has no factor independent of the a’s, 

i.e., F0(a;) = l. 

In this case the formula of the last article takes the simpler form 

fix, y)dx—® 
_/s (®). 

fed 

* xiv) 
log %+c 

As an example of the expansion of © suppose f2(oc) = (x — a)m. 

We have then 

coefficient of — in the expansion of log: 6y 
X — a L (x—a)m f\y) ® J 

u’o{ 

i.e., of ( _f,;'r('z) + (3'-«irU)+. • .} 

to 
__ i (a) 

i.e., = 
1 d 

TO —1 da 

6A 

%(A) g 

where A is the value of y corresponding to x= a ; and—representing by Cx\(x) the 

1 . 
coefficient of - in the descending expansion of X(oc)- 

f(x, y)dx=t ffx>y) dx 

1 d 
I TO — 1 da\ 

m—1 Jf*, A) 
%(«) 

log 6A. I — C , 
fM y) 

—- log 6y l ~h C, 

which is identical with Abel’s formula (44). 

10. Before proceeding to examples of the use of the general theorem one or two 

points in the proof and the result should be alluded to. 

(i.) A limitation to the form of the function 6. 

In choosing this function we may not make qx= 0, q3=0, . . . y„_, = 0 simultaneously: 

* The want of clearness spoken of is due to an ambiguity in the important sentence (p. 187) in which 

Abel implicitly defines the letter v which is to appear prominently in his enunciation of the final theorem. 

But it is hardly necessary to dwell on a difficulty which the method of the text avoids. 

MDCCCLXXXI. 5 A 
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in other words, our function must not reduce itself so as to contain x only. This is 

clear a priori; for if it should so reduce itself we might choose for qQ a linear function 

of x, which is generally impossible (art. 5). 

It will be useful to examine at what point the assumption vitiates the subsequent 

demonstration. We should, in fact, have 

so that 

E = %i)%2) • • • %») 

= 'Mo • ■ Wo 

=%n 

and this vanishes for all the values of x obtained by putting E = 0, so that the right- 

hand side of the equation 

f(x, y)dx= 
/2cz)f0o*)F(*r xXvr) 

is identically zero, and the whole process invalid.* 

* There is one case in which the function 0 may be legitimately reduced to the single term q0; viz. 

the case when x is a linear function of y. 

It is plain that, as n — 1, we have not the difficulty of repeated roots which generally vitiates the result 

of this assumption. 

In fact, let 

.x(ii)=y + * 
while 

Then 

and, as by p. 718, 

we have 

6 — clq -j- a^x -j-. . . + x" 

E=F(a)=0 

cF(® 
Y\x)~ 

se 

xX 
2ydx=^ ■ cla0+'2w-da1+ ... +2 

OCX 1 

0' cla„_ j 

As an example of which formula, let x—x 

so that 

Put vi—0 and we have 

But 

whence 

while 

+ 1 

+ i—I20tC^'o+l“W^ai+■ ■ ■+1“ & clan-^ 

-^■=|4w+l4wi+ • • • 

- 2.r = a„_i 

2--, = 0 if lc<n — 1 

And this is the theorem (easy to prove otherwise) which was assumed in the course of the general 

demonstration on page 719. 
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(ii.) The assumption (in Boole’s theorem) that <j> is not rendered infinite by the 

values which satisfy the equation E=0; and the assumption (in art. 8) that F(x) and 

F'(a;) have no common factor. 

These assumptions are identical: for </> is rendered infinite by the vanishing of 

f.2(x)F0(x)F,(x), and, since the roots of F are all functions of the a’s, they cannot satisfy 

the equations f2(x) = 0, F0(t) = 0, into which no a enters. 

If then F and F' have no common factor, the first assumption is justified. 

We assert in this that F = 0 is not an equation possessing equal roots—i.e., that 

xY, x2,. . . x/x are all unequal. Suppose, on the contrary, that we have equal roots—say 

x]=x2=x3//' If then y1} y2, ys are the corresponding roots of y we shall have 

%i) = °> %3) = o5 %3) = ° 

for the same value x} of x; and therefore in the expression of 

__1_jX'SJr) ' E 
fi(x)'F0{x)F,{x) x\Vr) 6Vr Jr 

we have a term of the form viz. : that due to the root x=xx, and it will be three 

times repeated. 

We see then the character of the difficulty introduced by the equality of roots. It 

does not altogether vitiate the solution ; it only requires that we should modify it by 

using, instead of the equations 6(^y1) = 0, 0(y2) = 0, 6(ys) = 0, the equations 

%i) = 0, 
T6yx 

dx2 

The manner in which all the steps of the analysis and the final result are aftected 

by this change is obvious. 

11. It will now be natural to give examples of the application of the general 

theorem, and those are chosen the results of which are well-known, as furnishing 

comparison between this and other methods of research among transcendants. The 

second and third are treated by Boole, in the paper frequently referred to, as examples 

of his less general theorem. 

I. The function sin 1 x. 

Let 

and take 

X 
v/(l-*2) 

x(y)=y2+x2~1> 

* The reasoning will be applicable to any other number of equalities among the roots. 

5 A 2 
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so that 

f(x> y)=~y; y)=2; Mx)=1 • 

Also let 

0{y)=y+x—a* 

Eliminating y we get 
2a;2—2ax+a3—1 = 0 

as the equation of the limits. 

If xx, x2 are the roots of this equation we easily find 

xy-\-x,2~=l. 

The theorem then gives 

r 

^7(1 lo° (y-a + x) + C 

y — a (?/ —a)2 .1 
— 2C4 %-[ log x-\- 

x y\ 2x2 

But 5f-=0, wherefore the right-hand side reduces to a constant, and we have the 

result that 

is constant if 

and so 

f*» dx 7 dx 

W(W)+W(i-*: 

Xl*+x*= 1, 

1 dx 

=1 

and this is, of course, the well-known theorem that # + if sin2 d-f sin3<£=l, 

(the angles being restricted to the first quadrant). 

II. The elliptic functions. 

As a second example take 

X= 
a + bx2 

(1 + nx2) 7 (1 — x*) (1 — c2x2) 

and let 

x(y)=y°-(l~x*)( t-cV) 
so that 

IX./,-1 2(a + W) rfe 1 

4
 § tc
 

7
 

A
 

and 

/i(«, 2/) = 2(a-f6x3) 

f2(x)=l+nx\ 

* To choose the more general form y + bx—a leads by similar steps to a less interesting result. 
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Also take 

%) = V~ (1 +px+qx2), 

so that removing the factor x=0 (see p. 702), we get by elimination of y between 

X and 6 
E = (cf—cz)x?J+2pqxr-\- (p2+2^+c2 -f-1 )x+2p = 0. 

It is clear that, in general, no linear relation connects the coefficients of this 

equation, so that F0(x)=l ; and the formula reduces to 

t X-dx — y) 

x\y) 

© 
u 

1 T" TldC?1 

va -f foe2 

V 

log By 

log {y — (1+pT+qx2)} 

n 

ci -T for" 

y 
log {y— {l+px + qx2)} 

where, as usual, l= x/ — 1. 
b 

r / a — 
Therefore nl, XcLc= — —-£ -- log 

J 2i y & 
1 vp 

\/n 

b 
a- 

\\/'n<_P 
2t y 

log; o i + 
pi 

P n 

i 1 -f TlP 

Now the last term in general vanishes. 

_nQ} a + bz2r log {y — (l+px + qx2)} 

For v 1 Qg {y - (i +pz+wC ^ log (—gs8) r 

y ~ y 

log 1 
px +1 — y 

qx2 

and 

while Ci in the term 
X 

and this vanishes. 

£ 
log 14 

2-=0 
y 

px+l —y 

qx? 
is % A 

yy 

Therefore the first term of the descending expansion of % involves x 3, while that ol 

a + bx2 

1 + nP 

wherefore 

2 begins with x° ; 

Ci a + bx2^ log {y-(l +px + gx2}_0 # 

x 1 “f" TlX" y 

n—0 ] , a + bx2 
* There is an exceptional case if ^ _j_ q j , for then the expansion of pqypb begins with x2; and the 

Ci is not necessarily zero. 
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Next, the two values of y under the sign % being 

y=± (i+: 1+ , or say ±- 
n 

the first two terms in the expression of vXjXdx compound into 

a/n na — b , 

ST 

jn_ 

\/n l 
k 

n 

Yc 

n 

u/ n na — b , 

= — nr los 

(n — g)2 — (k +_p y/n t)2 

(n—q)2 — (k — p v7 niY 

which is easily rationalised, and gives 

. na — b , 
n—;— tan 1 

2pkx/ 7, 

(n — qY +pPn — k~ 

which, substituting for Jr its value (1 -\-n)(c2-\-n) 

Ip 

,-iia — l . q“— c 
\ 1 -A- 

— tan' 

]+« 1 
P*-(g-fl)8l 

?2-c2 J 

Now, if £cls xz, aq be the roots of the equation E=0, we get at once the relations 

2p 
Xlx,x3=-—-* 

q~ —c 

■p + x.p -f a.p —- 2 — g2Xi2x22x32 = 2 
q--c2 

rp~-(q+l)2 
(i-xY){i-xY)(i-x32= \—~n 

2 
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We have then finally the following theorem. 

If iJj(x) = 
a + bx2 

0(1 + nx2) \/ { (1 - ®2) (1 - c2^'3)} 
dx 

then, provided that xv x.2> x3 are connected by the single relation 

(2—x2—x.2~—Xo2 + c2x2x2x3Y=4 (1 — £Cx2)( 1 — x2) (L — xs2), 

we have 

’K^i) + + Hxs) — \f i a-tan ,-i ■ \/ {n(n + 1) (n + c2) 

If we write sin 0 for x we have the corresponding expression 

a/ (n + l){n + cl \ n 

b\ _1 — </{n(n + !)(»+ c2)} sin 0X sin 02 sin 03 
a-tan 

1 +n{l + cos 01 cos d3 cos d3) 

for the sum of three integrals of the form O 

f a + b sin 26 

] 0(1 + n sin ~0)\/(1 — c2 sin 29) 
dd 

whose variables are connected by the relation 

(1 —cos ~0[ — cos 'do — cos 2d3— c2 sin z0i sin 3d., sin 2d3)3=4 cos ~6l cos 202 cos 2d3t. 

From the formula just proved we can deduce without difficulty the well-known 

theorems connecting the elliptic functions of each order whose variables are connected 

by the equation 

1 — cos ~dj — cos ~6.:— cos 3d3— c2 sin ~01 sin 202 sin 3d3 + 2 cos 0l cos 0.2 cos d3 = 0| 

which is only another form of the familiar relation 

cos 0{ = cos 9.2 cos d3+ sin 0.2 sin 03 A 9V 

* It is liere assumed that n{n+\)(ii-\-c2) is positive. If this is not the case the imaginary tan--1 is 

replaced by a real logarithm. 

t The exceptional case 
n — 0 1 . 

h =f= 0 
in which there will be an additional term due to CM must not be forgotten. 

t We take the negative sign in the ambiguity. 
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For the first kind. 

Here we put 
a= 1, b — 0, n = 0. 

This does not fall under the exceptional case; and our formula gives 

m)+F(02)+F(03) = O. 

For the second kind. 

Here we put 
a=\, b=—cz, n— 0. 

This gives rise to the exceptional case. 

The right-hand side of the formula vanishes. It remains to find the value of 

1 _w2,v>2 

— Ci2——log Or, 
X J 

~ 1 — dot? , 1 + px + qx3 — t/, 
=—Cl- -iog- 

Vi . +px + qx1 —yl 

where yl = (1 — x3) (1 — c¥) 

= 2Cj(l— c~xz 
X 

which, clearly, 

1 Ih 
1 +px + qx2 J (1 + px + qx3)3 

fl“-+.. 
! 9X 

(c2.r4— . 

I i 

,.)(i 
_Sp \ 

9X ‘ ‘ 7 , 

1 qF 
+ 3 q3X6 

~r 

= 2cz( 

r\ 0 Zpc* 

r-cr 

= —c2 sin 0L sin 6, sin 05. 

Therefore E(01) + E(0o) + E(#3) = — cs sin 6l sin 0,2 sin d3. 

For the third kind. 

We have to write a= 1, 6=0, and get 

n(», 01)+n(n, 02)+ll(n, 0Z) 

=-v; tan" 
n(n+ l)(n + c3) sin 0X sin 0» sin 03 

(n-rl)(n-\-c3) “““ 1-Hfil — cos 01 cos 0.2 cos 03) 

(or the corresponding logarithmic expression if n(n-\- l)(w-f-c2) is negative).'"' 

* Catlet, ‘Elliptic Functions,’ art. 132. 
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III. c‘ Abel’s Theorem.” 

As a third example, consider a problem analogous to that of Boole, art. 20 ; but 

more easily reduced by Abel’s theorem than by his. 

Let 

<K«D 
m 

{yjr(x)}n 

where is a rational integral or fractional function, is a rational integral 

function, while m and n are positive integers prime to one another. 

To this form any expression containing only a single term can be reduced. 

Let 

x=y"-t' 
while 

#=X2y— 

XL and X2 being rational integral functions : also let 

Then, eliminating, 

and, in general, 

So 

so that 

Therefore 

e=xl—x/iy 
¥0(x) = l. 

x= 0i(g) nvu 

03 (% h(x)x'(y) 

fi{x> y)=ny“~*<l>i(x), 
Mx) =MX)- 

y 

©
 

II s
 

" 1 

02 0^0 
t log (X2y—XL)+C 

1 
= 0[0(x)]S-log (X^-XJ+C 

But, if 1, o)l; Wo, . . . <rn-i are the nth roots of unity the values of y are 

m m m 

0% 0™<yl5. . . 0La,,-!- 

So the last expression becomes (putting co0 for 1) 

f w— 1 

2 
0 

©[0(x)]0 n < 'Z OJ log Xo+ 2 CO log ( coxjj'1 — 1 ) > -fC 

91—1 
$ 
o 

since 

m f 'ii—1 / m \ 

= ©[0(cc)]0 n j S co log (oo\Jjn-J> -f-C 

n—1 

S«J=0. 
0 

5 B MDCCCLXXXT. 
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As a particular case of this result what is often called Abel’s Theorem may be 

adduced. 

Let 

x M 
(x-a)</ 0x7)027) 

We have to write in the previous work 

for <KX) 
/7) 
x — ci 

for 0(7 0i (702(7 

for 
m 

n 
1 
2 

The right-hand side becomes 

0 
77) 
Cl> CC 

1 v 
70x7)77) o g 

CO 70x7)027) 

f he two values ot co are + 1, -1. 

Therefore the above 

= 0 77) 

x — a y/0x7)027) 

i 7 A> y/ 0i 7) 027) 
10°’- . 

This assumes a more symmetrical shape if, with Abel, we write, not y/<£1(777)= 
Ao 

but A/5 so that y/0x o i a*) x2 

With this alteration we get 

7)037) = 
A0i(7 

x., ‘ 

f /7)<& Q 77) ~ 1 

7“«)70i7)027) _ x — ci 7 017) 7 7) 
log 

7 y/0x7) X.,y/037) ™ 
Xx \t 0i7) "t X, y/ 0.> (f) 

/(«) 
y/ 0x(a)0g(a) 

log 
X] («) \/t 0i(a) X.) f ^0 \d (p2(ccj 

\(a) y/ 01(a) + X2(a) y/ 02(a) 

•a /7) 
'(x—a)y/0x7) </>o(«) 

log 
Xi(U.') \/0x7) \2(x) y/ 

A7) y/0x7) T X,(®) y/(jL7) 

which is the well-known theorem referred to. 

We see it to be only a particular case of a particular case of the theorem called in 

this paper Abel’s Theorem, 
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Section II. 

12. The expression (in a form algebraic or logarithmic) of the sum Xf~Kdx having 

been shown to exist, and having in fact been found, Abel proceeds, in his art. 5, to 

investigate the condition that this expression should become a constant. Of the pos¬ 

sibility of this we have been assured by the result of the first example and of the first 

case of the second example of art. 11. This investigation, as subordinate to the main 

purpose, may be conveniently postponed to the second principal inquiry with which 

the memoir is concerned. 

This inquiry presents itself in two forms. 

I. Mention was made at tlie outset of the “requisite algebraical laws” which 

connect the variables when the summation desired can be effected. And in the case 

of the elliptic functions we have found that in order to express the sum of three func¬ 

tions it is requisite that the variables should be connected by a single relation. We 

are naturally led to investigate the number of relations necessary for the same effect 

in the case of more complicated forms. This number, it must be said, depends not at 

all on the number of the functions we consider but only on their form. 

II. We ma}7 also consider the matter thus 

Representing by \jj(x) the integral JXc/x, we have shown how to express, by the use 

of an operative symbol ®, the sum 

Hxi) + '/'(%) + • • • +#*>) 

where aq, aq, . . . ay are the roots of an equation 

F(x)=0. 

Now this equation involves a number, a, of arbitrary quantities cq, ci2, as . . . 

Its [x roots are functions of these a quantities. We can then find expressions for 

cq, cq, . . . , in terms of a of these roots, say aq, aq, . . . xa ; and substituting these 

expressions in those which give xa+l . . . ay shall have these g — a. roots determined 

as functions of the other a* 

The result then is an expression for the sum of a series of functions 

#*h)+ • • • +#&«), 

* This is most conveniently effected by 

(1) solving for <q, a2, . . . the « equations—linear in a’s— 

%i)=°> %3) = ° • • • » 0(Va) = O, 

where the equation &(y1) is the factor of E which supplies the factor x—x1 to F(;r), and 

(2) substituting* the values so obtained in F(®), which then becomes divisible by 

0 — *2) • • • (pS — Xa), 

and gives as quotient an equation of the degree /<,—« whose coefficients are rational integral functions 

of Oq, l/i), &c., and whose roots are the quantities xa+l, xa+z, . . . xjL which it is required to determine, 

5 b 2 
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xi • • • xa being any quantities whatever, in terms of an algebraic function and a 

number of functions of the same form whose variables are themselves definite functions 

of the quantities 

The question then arises, What is the smallest number of functions in terms of 

which the sum may be expressed ? and can the sum of any number of functions be 

expressed in terms of this smallest number 

13. Required the least value of which the difference between the number of roots 

possessed by the ‘equation of the limits’ and the number of constants introduced by 

the ‘ equation of condition ’ is susceptible. 

This difference is expressed by /x— a. We must put each term under a different 

form. 

(i.) For a. 

Let us express the index of the highest power of x in a function 3{x), supposed 

rational and integral, by the symbol J (x). 

Then m general the number of coefficients in J (x) is J(x) -fi 1 ; and as in 6 one 

coefficient may without loss of generality be written unity 

«— number of coefficients in 0(=qn_-{yn~l -\- . . . +'/,,) 

= Sq-fi-n— 1. 

Two corrections must be introduced. 

For the existence of each linear factor of F0 implies a linear relation between the 

as, and diminishes the independent number by unity. We have on this account to 

subtract F0. It may happen, however, that the particular form of the function 

renders the number of necessary relations less. Write then F0—A as the quantity to 

be subtracted. 

Suppose again that some of the constants are so chosen as to reduce the degree 

of E.t 

In general /x and a are thus equally reduced ; but it may happen that the form of 

the function renders necessary a less number of conditions. If this lessens /x by a 

number greater by B than the lessening of a we have to use instead of F0—A, 

F~-A-B. 

We will however for the present drop the A and B, which would appear without 

alteration throughout the process, and replace them at its conclusion in the shape of 

a correction to the result. 

* In an earlier memoir (Abel’s works, vol. ii., xi.), this question is dismissed with the remark “ il n’est 

pas difficile de se convaincre que, quelque soit le nombre /t on pent toujours faire en sorte qne n—/i 

devienne independant de Here the actual value of this constant is investigated. 

t For example, in the case of p. 725, we put \/l—.r2.l—c3a:2= 1 +px + r/.r2, and the assumption of unity 

as the first term on the right reduced the resulting equation from a quartic to a cubic. 
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We have then 

(ii.) For fi. 

Since 

it follows that 

So 

Now 

a—tq+n— 1 — F0. 

■ ■ ■ %.)=FoF 

%Q{y)= F0+F = F0+p, 

[x—a='Zld(y) — %q—n+1.* 

%)=?#" 

=q,+ry 

and it becomes necessary to find yx, y2, . . . yn. 

14. We require the following Lemma. 

The quantities yx, y2, . . . yn, are, in general equal in sets. 
7)1 

For let yx=—; this being a fraction in its lowest terms (and we will take the 

denominator positive). 

Then one root of y being, when expanded in descending powers of x, 

mx 
y=Ax>h-\- . . . 

the expressions 
m x 

y=A(i)xxF-{- . . . 
771 j 

y— Aajyc'ii+ . . . 

y— &c- 

(where 1, ojx, co2 . . . are the /xth roots of unity) are also roots, and if these are y.2, y3 . . . 
we have yx=yz= . . . , the number equated being clearly a multiple of gx. Let it 

be nxgx; and write 

Vi-y%= • • • =y*x where hx — nx[xx 

y*.+i = • • • =yit. where h /i ^ '—’ ^2/^2 

&c. = &c. 

2^+1= • • • = Jh where k—h~i — n/jx/ 

and h = n\ 

* Here 6(iy) means the degree of 6{y) when rendered a function of x by substitution for y from the 

equation x(?/)=0. 

f This lemma is the second of the theorems laid down by Abel in his important memoir “ Sur la 

resolution algebrique des equations,” of which consists the last article (it was never finished) in the 

second volume of his works. 
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Also let us write, for shortness, 

vu Too 

— °"lJ —-2> 

Pi Pi Pi 
=or, 

and let these be in descending order of magnitude, so that 

cr, > Co > cr, . . . > 07. 

Tft 
We have then nx sub-sets, each of /y terms, with index —, nz sub-sets each of 

Pi 
m,o 

terms, with index —, and so on. 
Pi 

These quantities mx, /x,; m2, /x3; &c., can be speedily determined when y is given by 

r Newton’s method. 

Thus, write A.W for y in the equation, and determine cr by the condition that in the 

resulting function of x the indices in two or more terms may be equal and greater 

than in any other term (while the condition that the sum of these terms shall vanish 

will determine A).* 

These conditions are obviously necessary for the existence of a root y=Axa-\- . . . : 

and it is easy to prove directly that we can thus determine values of the quantities <x 

unique, and in descending order. 

For suppose the indices after substitution to be ncr\ (n— l)<x+cq; {n—2)cr+a3; . . . 

Then putting 

ncr— (n —k:)<x+cq. 

we have cr= 
Ok 

k ’ 

* As an examjile, suppose that y is determined by the cubic 

x=yz+PiV2 +ihv +Po= 0 

ri=3; Bo=2- 

3cr, 2<7-1-1, <7 + 3, 2. 

while 

Writing Kx* for y the exponents are 

It is clear that the conditions are satisfied by making 3<7=<7 + 3, i.e., <7=f, while a quadratic is obtained 

for A, so that there are two corresponding’ terms and Vi-Hy 

They are also satisfied by making <7+3=2, i.e., <7= —1, and a simple equation is obtained for A. 

We have, then, 

—°i—f- j n\—1, 
J“i 

—2 = <7 __1. n _1 
Pi 2 



MR. R. C. ROWE OR ABEL’S THEOREM. 735 

and if we choose k so that j‘ is the greatest of the series ~ , we have, deter¬ 

mined as a unique value, what we will provisionally call cq. 

Next put 

(n—k)cr-f- tik =(n—s)crJras 

whence <j=——— 
S — K 

Now this value is to make 

{n—k'j<T-f-QjJc^ (n~t^jcr(hi 

or {t—k)as—(s—k)at>(t—s)ai,; 

and since by interchanging s and t we get the contradictory of this inequality, it is 

impossible that by putting 

(n—k)cr-\-aic—{n—t)(j-\-at 

each of these could be made > (n— s)o--{-as. 

Therefore the second step is also unique ; and 

as — Ok Ojc 

s-k <k 

Cis Ctjc 
since — < 

s K 

so that the second a is less than the first and may be called oq. 

Now, resuming the process of art. 13, divide the terms of the expression 

• • • +2i2/d-2o 

into sets : calling the first /q of them the first set, the next k2—kl the second set, and 

so on, the last ki—ki_x constituting the Ith set. 

Also call that term of the first set in which when y1 is written for y the highest 

resulting index of x is the largest the major term of the first set, call that term of the 

second set in which on the substitution of y.2 the same happens the major term of 

the second set, and so on. 

Then I proceed 

(i) to show that by a proper choice of the quantities y,_l( (/n_3, . . . qx, q0, which 

are at our disposal, we can make the major term of the first set an absolute major (for 

the substitution yj, i.e., furnish a higher index of x than is furnished by any other 

term ; the major term of the second set an absolute major (for the substitution yj), and 

so on, 

(ii) to show that the condition of (i) is necessary in order that p —a may have the 

-smallest value of which it is susceptible. 
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(iii) to find this value. 

The proof of (i) is most simply conducted by successively investigating the 

conditions 

(a) that the major term of any (say the ?’th) set should furnish a higher power of x 

(for the substitution yr) than any other major term furnishes, 

(b) that this major term should furnish a higher power than any other not-major 

term furnishes. 

In investigating (b) the conditions of (a) are to be supposed to hold. It will only 

be found necessary to supply to them a slight additional restriction in order to satisfy (b). 

17. The condition for (a) is that whatever values (of course lying between 0 and 

n— 1 inclusive) are given to r and 5 we should have 

qPr + pr<Tr > qPs + psVr, 

where we have taken qPr yPr to be the major term of the rth set. 

We will write this, for brevity, in the form 

so that 

M+P w,-> [p J+ftw 

M=if 

If we make successi vely the substitutions 

r=m+1 
s=m 

r—m 

s=m+ 1 

we find that the above inequality requires the following 

[/WiJ [pj ^ (p« pm+i)(rm+i 

(pm P>ii+\)o"m 

If then we write 

we have 

[P'«+i] [pj—(p>« P»i+ i)r», 

r ,n or M+^ 

If we use also for pm—pni+1 the abbreviation Bpm we have 

(A) 

CP"2+lJ l P»>\ — Spm-T,,, 

[pj — [Plj + ^Pl-Tl+ • * • +§P/«-i*L«_i 
k=m— 1 

= [pi]+ 2 S pi.Tt. 
ic= 1 

(B) 

and it follows that 
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The condition expressed by this equation is then necessary if the inequality (A) is 

to hold. 

It is also sufficient, as is easily shown. 

For from it we obtain 

if V>S [p,7\ — [p,s] = Sps. Ts + §/L+r Tj + i -f . . . +8 pr_vTr-x 

> (Sp,+ Sp s+l + . . . +Spr_1)r,_1 

> {pS — pi)Tr-i 

> (p,—pr)<rr 

if r<s 

$pr-Tr — tyr+l-Tr+i— ■ ■ • “8 
>—(8p,-H-Spr+1+ . . . -fSPs~])t,- 

>{ps — p,)(Tr. 

The relation (B) (in which [pj is entirely arbitrary and the r’s are only subject to 

the necessity of lying between consecutive <x’s) expresses the necessary and sufficient 

condition for the satisfaction of (a). 

18. Let us next examine (8). 

The condition is expressed by the inequality 

\_PJ fh pm^ \_®- ] ffi ® O'm 

where a is any term of the series 0, 1, . . . (n—1) which is not one of the p’s. 

Let a belong to the Xth set so that 

[a] + acrA < [pA] + pAcrA 

and let 
[«] + ao-A = [pA]+pAcrA — Aa. . . . (C) 

A0 being a positive quantity. 

We have then to make 

[p*] + /o»o-*>LpAJ+pAa-A+a(o-* — crA) — Aa . . . . . . (D) 

Now this inequality clearly holds when m = X. Again it holds when X-j-1 

provided that 

lp\+1] — W > — Pa+1^+1 + Px<rA -h «(o'a+ 1 — crA) — Aa 
i.e., if 

(pA — Pa+i)ta> — pA+l°'A+l + PAO'A + a(o'A+l — O-a) — Ab. 

But this will always be possible if 

i.e., if 
(Pa — Pa+i)u"a > —pA+i^A+l +PaO-a+ “(o’a+i — O-a) — A.a 

(a — Pa+i)(o-a — o-a+1) > — Aa, 

a relation which is always true since a—pA+1 and crA — <xA+1 are both positive. 

5 c MDCCCLXXXI. 
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Once more, it holds when m=X—1 if 

i.e., if 

i.e., if 

[/h- l] — M > — pK+1 crA+1 + pAo-A+CL (©*_! — o-A) — Aa 

{pK — p\-\)T\-\> — px+iCTA+1+pAo-A + a(o-A_1 — crA) — Aa 

(p\-i — /3a)ta_1 < /3A_1crA_] — p \ — a( crA_1 — crA) + Aa 

and this can, as in the last case, be shown to be always possible. 

Now if the inequality (D) holds, m being greater than X, it will hold when for m 

we write m-\-1 provided that 

I P®*+J [pjd- Pm+L<rm+1 PmCm ^ »i+\ CT »t) 

i.e., if 

Pm(o'm+\ ctriij cr 

but 

pm ^ Ot, (T,n X"* CTOT_|_2 

therefore this relation does hold. 

But the inequality (D) is true when rn = X +1. It is therefore true for all larger 

values ofm* 

It can similarly be shown that if the inequality holds, m being less than X, it will 

hold when for m we write m—1 ; and that, since it holds when m=\—1, it holds for 

all less values of m. 

It is therefore proved universally. 

We observe that, as was stated at the outset, the consideration of the case (b) has 

only introduced a restriction into the conditions of the case (a)—viz. : that the t s are 

no longer merely subject to the necessity of lying between consecutive cr’s, but must 

satisfy the closer conditions expressed by the inequalities 

, . >pAoX — pA+1crA+1 + a(crA+1 — crA) — Aa 
\P\ — P\+i)T\ / \ I A 

<Pk<T\—/3A+iCTA+1 + a(crA+1 — crA)H-Aa 

where in the first line a denotes any one of the numbers of the Xth, in the second any 

one of the (X+l)th set. 

19. We have next to consider the second proposition of page 735, viz. : The condi¬ 

tion of (i) is necessary if p.— a is to have its smallest value. 

* It must be observed that this method of proof could not be used to deduce the case m +1, \ + 1 from 

the case m, A; for it would not be necessarily true that pm is less than a.. 
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Writing down a series of equations similar to (C) we have 

%i) = [pi]+dicri = [« — !] + («  1)CT y + Am_x - -N 

=M+/>i°T=[n — 2] + (n — 2)cr1 +An_2 
First set 

&c. = &c. = &c. 

+ (n—kjcr-y + A n_;Ci - 

%**+1) = [/b]+PF'2=[n—ky— l]+(w —Aq— 1) o' 2+An_/fi. -1 
Second set 

&c. = &c. =&c. - 

&c. II O
 II O
 ]&c. 

and, adding all these lines together, 

^{y)=[_n~■ l]+[w—2] + . . . +[0]+(w—1 + . . .-\-n—k1)a1 

~h(n— /q—1+. . . -|-n—k2)or,2-\-. . .+ SA. 

or 

%0y—%q={n—1+. . .-\-n—k1)cr1-\-(n—k1—1+. . — &2)cr3+. . . + SA 

Now, if the condition of (i) were not satisfied, some at least of the signs of equality 

connecting the first and second vertical columns must have been replaced by the 

sign >; and as those between the second and third column would have remained as 

before, the equality at the head of this page would have become an inequality—i.e,, 

the value of XOy—Xq would have been greater than it is—i.e., y — «. would have been 

greater. 

It only remains to consider the term 2 A. 

The smaller we can make this sum, and therefore, all the terms being positive, the 

smaller we can make each term, the less will be our value of y — a. 

Now from the general equation 

M + /R°V= [«] + acrA+ Aa 

we see that, since [pA] and [a] are integers, Aa consists in general of two parts—an 

integer and the proper fraction which added to (a — pA)cr,v will make it integral. 

Now we can make the integral part vanish for every value of a ; for to do so will 

only require a relation between the major term and the other terms of each set; 

so that, given the degree in x of the major term, those of the others in its set can be 

written down. 

As the conditions (i) only connect with one another the major terms of different 

sets, this last condition is independent of them and can always be satisfied. 

5 c 2 



740 MR. R. C. ROWE ON ABEL’S THEOREM. 

20. To find the value of y — a we must investigate the fractional parts. 

Considering any set (say the Xth), they are, with the notation of the Lemma (p. 746), 

of the form 

(/A — 

/**. 

where a takes each value from n—kA-1 — 1 to n—kA; and kK—= ?y.Ap,A. 

But mK and yK are prime to each other. 

Therefore, by the result of the Lemma, the sum 

= nk 
1 

So then finally, giving to 2A its least value, we have 

S6i/—%q={[n— !) + • • • -\-(n—k1)}o-1-\-{(n—k1—1) + . . , 

-\-(n—k2)}cr.2-\-. . .+ NI»(/x — 1) 

This expression 

=Pi°'i(2^—^’i—1)-{--^k^crf^n—k^— k%—!)-(-. . .-\-%i>n(y— 1). 

Now Zq — -J-Wo/Xg j &c. = &c.n = ki—■ n^y^-J-nky.i-\- . . . 

Substituting we obtain 

nimi(~Y~ 1+n.2Pz+ • • • +my}j 

+ %h^3^3+ • ’ • JTn. 

+ • • • 

+ %i(/r-l) 

=tnrmrnsys+ffrdmy-\-f%ny—— ffnm. 
sf-r 

Now, returning' to the values of art. 13 and inserting the numbers A and B for the 

correction there explained and writing instead of %ny its equivalent n, we have the 

result following. 

The least number of functions in terms of which the sum of any number may be 

expressed is independent of everything but the form of the function considered (he., the 

form of y given as a function of x by the equation y(//) = 0), and if this equation has 
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mx m2 

n1[xl roots of the form y—Cart n2y2 of the form y=Cx^ + • • • > and s0 01l> 

the number is 

= %nrmrnsp3-\-\'tn~mp—\'tnm—ff<n—^n-\r1—A —B .... (G) 
s>r 

(the last two terms —A — B corresponding to a correction which is in general zero).45' 

21. It may be well to render these methods and formulae plainer by applying them 

to an example. We will choose for this purpose the simple case already considered in 

the note on p. 734. 

Our last formula for the value of /x — a gives, if we assume that, as in general is 

the case, the values of A and B are zero, writing 

= 3 

/H = 2 
)ii — 1 i — I 

m2 — — 1 

7b— 1 

n,= 1 <r.2= — 1 

F-a=3(l)+i(6-l)-i(3-l)-i(2)_f+l 

= 3. 

We wdl next find the values of<70, <24, q.2, or, as we have written them, [0], [l], [2], 

We have 
Pi = 2 or 1 

/h> = 0 

Let us take px = 2.t 

Then, by the formulae (F), 

[2]=[2] 

[1]=[2]+|-Ai; so At=n [1]=[2]+1 

[0]=[0] 

* In the most simple case, when 

yn+P1yn~l+ • • • +p«-i!/+pn 

is the completely general function (y, *, l)n 

n^n, 73^=1, /(j—1 
and 

/< — a.— |re2—\n-\-\=\(n-~-Y)(n—%) 

= deficiency of general -re-tic curve. 

This is a case of the result shown by Professor Cayley in the Addition to be universally true, 

f We might have taken px—1 with a similar result. This multiplicity of solution will generally occur. 
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and by the definition of r 
[0]-[2]=2r1 

while from the conditions (E) 

2t1>3—fa—Aa, i.e., >3 — 5, or 3—f—\ 

<3—|-afi-Aa, i.e., <3 

so that 2t1>0<3 

whence [0]=[2], [2]+l, [2]+2, [2] + 3, 

and so if the degree of q.2 be denoted by 0 that of qx is 9 +1; and that of q0 may be 
either 9, 9+1, 9+2, or 0+3. 

We have, then, by art. 13 (i) 

a:=[0]+[1]+[2]+2 = 36>+3, 30+A, 30+5, or 30+6 

while 

P=( M+PWi) + nstH{ M+P-P*} 
= 2(0+3)+ {0, d + 1, 9 + 2, 0+3} 

= 30+6, 39+7, 30+8, 30+9 

So that, as on the last page, 

fx — a —3. 

We have proved then that the sum of any number of integrals of the form indi¬ 

cated by the fact that they are rationalized by the introduction of y, where 

y*+l+f+2+J+Po=°> 

can be reduced to the sum of three; the equation of condition being qyy~+qiy+qo— 0, 

where qx — q2+1, and q0 lies between q.2 and q2+3 inclusive. 

Section III. 

22. We have shown that the sum of any number whatever of similar functions such 
as are discussed in this paper can be reduced to an expression algebraical or logarithmic 

added to a fixed number of such functions whose variables are functions of the variables 
of the given functions, this fixed number depending only on the form of function 
considered. 

From this a more general theorem may be shown to follow, viz. : that a similar 
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expression may be found for the sum of any number of such functions each multiplied 

by any rationed number positive or negative, integral or fractional. 

If all the rational numbers are positive and integral the theorem follows at once by 

supposing the functions whose sum we have shown how to express to be equal in sets. 

And this suggests the method of treating the general case when the numbers are any 

whatever. 

Let 9=g— a=fixed number to which the sum of the functions has been shown to 

be reducible. 

Then, by previous work (compare pp. 731, 732). 

*/']0L)+Vb(X2)+ • • • fXlJa{Xa)=V— . . . Jr(^a + g)(xa + g)} 

t/,i(X1) + ^o(X3)+ . . . +^a'(Xa-) = Y— {i/v+1(Xa,+1)+ . . . Jr\jja-+e(X.a.+0)} 

where a and a are any numbers whatever ; xa+l . . . xa+g are functions of x1 . . . xa; 

and Xa,+1 . . . Xo/+0 of X, . . . Xa, and v, V are algebraical and logarithmic functions. 

Subtract: and let the last 6 of the terms on the left-hand side of the second be 

(both as to functional form and variable) identical with those in the bracket in the 

first. Then, writing (3 for a'—6, we have 

Mxi)+ ■ ■ • -b^aK)—^(Xi)— . . . — ipp(Xp)=v—'V-b{t//a/+1Xa+1+ . . . -\-xjja+e(Xa+e)}. 

Equate all the functions on the right to zero. 

This will give 9 relations between the cc’s and X’s. 

Now making the functions on the left equal in sets, and dividing by any requisite 

integer, we have a result which may be written 

~b ’ • ' m) = Y7 

where the fs are similar functions, m is any number whatever, W is an algebraical 

and logarithmic function of the y s, which are themselves connected by 9 relations, and 

the h’s are any numbers wdiatever. 

If we express 0 of these variables as functions of the rest and call them zs, putting 

n for m — 0, we can write 

Jr • • • fhrfn(yn)=iv-\-Icl<f)'l(zL) + . . . -\-ke<f) e(zg). 

Or making, as we may, the Jc’s each=unity we have shown how to find the 

expression required. * 

* The subscript letters attached here, and not before, to the functional symbols introduce no novelty. 

They are only intended to suggest the fact that what we have written t/'■(aa), • • • are reaTy VYi’ V\)-> 

p(x%, y%), . . . ; while y1 and y2 . . . are not necessarily the same functions of Xj, cr2 . . . This has not 

been hitherto overlooked, it is only more clearly put in evidence now. 
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23. We may conveniently investigate at this point, as a corollary to previous work, 

the conditions necessary that the ‘algebraic and logarithmic function’ often referred to 

already should become a constant; in other words, that the term involving © in the 

expression of Abel’s theorem should disappear, and with it the arbitrary quantities 

«i, ct2 . . . 

We will assume F0(a;) = l for the sake of simplicity, and have therefore the formula 

of Art. 9. 

The first condition is that 

Mx)=1.(A) 

for otherwise the terms contributed by it to © will introduce the arbitrary 

quantities a. 

Next, we must have 

Q^^log%=0 
xiy) & J 

or, which comes to the same effect, 

ctAMMz=0 
■ %(y) Qy 

and since 86y=6y, 8 indicating differentiation with respect to ci’s, and consequently 

not altering the degree of a function in x, 

and the condition to be satisfied is 

'A (xv) 
x(y) 

<-i 

when, for y, any whatever of the series yx, y.2 . . . yn has been substituted. 

Now J\(x ly), being integral and rational, can be expanded in the form 

r=n— 1 

% 
r= 0 

X P,f. 
r— 0 

We require then that, for all values of k and r from 0, to n — 1 

¥r+ryk—fi{y,)<—\. 

Now 

xfa)=(yi-yi)&-y-2) ■ • • (^-^--i)(y*-2/*+i) • • • {yk-yn) 

whence • • • +yi-i+(n-k)yl 

Pr<—1 +2/i+ • • • +2At--i“Kn~ k—r)yk so that 
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Now, to write k +1 for k is to change the right hand side of this inequality by 

yk — (n—k—r)yt + (n—k—r—l)y^+1; i.e., by (n—k—r—l)(y,c+1—y,). 

This is negative if k<n — r—1 

vanishes if k—n—r—1 

is positive if k>n — r—1. 

So there is a minimum value when k—n — r—1, and we must therefore have 

Pr< —1+2/1 + 2/2+ • • • -\-yn-r-l- 

Let n — r—l=ka + (3 (and lie between ka and ka+1), 

then Pr< —. . . Jr namaJrl3mo+l 
A^ad- 1 

Therefore 

£ni'rn,+/3 
\i=1 

— I. (B) 

If this is to be true whatever r is, it must hold when we put a=0 ; 

wherefore Pr^Ef/3—\ — 1 ^E(/3cr1)— 1 

where r is one of the numbers n—1, n — 2, . . . n — /q and f3 is Jess than kx: for 

/3=n—r— 1. 

Now P,. cannot be negative, therefore the smallest value assignable to /3 is the least 

which makes 

E(£oq)=l ; i.e., is (p'= )E^ +1. 

We must then have yn~^-1 as the highest term in j\{x, y). 

Tliis condition, necessary—and, as we see without difficulty, sufficient also ; for the 

values assigned by equation (B) to Pr are clearly positive when a is greater than zero— 

can always be satisfied unless j3'=n. 
1 1 

This can only happen in two cases, viz. : when a—-7 or cr=- In these two cases 
J ri n — 1 n 

it can be easily shown that a single integral of the given form can be expressed by 

MDCCCLXXXI. 5 D 
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means of algebraic and logarithmic functions; so that Abel’s theorem becomes 

unnecessary. 

Except then in these two cases it is always possible by satisfying the conditions 

(A) and (B) to render the sum of the series of functions equal to a constant.* 

The number of arbitrary constants, being equal to the number of relations con¬ 

necting the variables of the functions which we sum, will by art. 20 (G) be 

t nrmrnsps-\-^tnzmp—^2lnm—^Zn—^n-{- 1. 
s~>r 

It is not necessary that we should assume F0(«r) = l for the correctness of the 

processes of the last two pages. 

Our equations will be the same if for any other reason F0(x) disappears from the 

general formula, and reduces it to the case of art. 9. 

But this will happen if in the denominator of —— % 
/si®) 

also occurring in F0(x) ; and this will be so if F0(.r) and 

the same value of x. 

JMy) i 

wrIog 
xf) 

ffx> y) 

Qtj there is no factor 

do not vanish for any 

If this condition hold the results just arrived at will remain true. 

APPENDIX. 

Lemma. 

To find the values (i) of the integral parts, (ii) of the fractional parts, (iii) of the 

complements to the fractional parts of the series of terms 

a a + i a+2b a-\-(n—l)b 

n n 5 n ’ n 

where n is a positive integer, and a and h are integers positive or negative. 

By the integral part of a term we mean the integer next less than or equal to 

it; by the fractional part that positive fraction (zero included) which added to the 

integral part gives the number ; by the complement of the fractional part that fraction 

which added to the given number produces the next higher integer. 

Let these functions of the term be denoted by the symbols E e e'. 

* A notable particular case is that in which ffv, y) consists of a single term, xJcy1’1; where m is so 

chosen as to satisfy the condition (B) above, and k so as to satisfy the equation (i) of the last page. 
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Then, by the theory of numbers, if b and n are prime, the integers 

a ct-\-b ct-\-n —1.5 
ne-, ne-, . . . ne - 

n n n 

will he (in some order) the series 0, 1, 2 . . . , n—1 ; while if b and n are divisible by 

c, c being their greatest common measure, the integers 

cc a + 5 a+ n —1.5 
ne~, ne —,. . . , ne- 

n n n 

form an arithmetical progression whose common difference is c, repeated c times; and 

the smallest term of this progression is the remainder when c is divided into a. 

If this remainder be called d we have 

whence 

and 

t e^±^=y{d+(d+c)-h(d+2c)-|- ... to ^ termsj 
1 = 0 n ii l 

= d- 
n — c 

1 ,a + lb ,_h_1 ct + lb 
t e-—n— £ e- 

i=o i=o n 

= -d 
n + c 

ct + lb ^ a + lb 

i=o n n 
-d- 

ii+ c 

' y 

Corollary i. 

If c the greatest common factor of b and n also divides a, then d— 0, and we have 

the simpler forms 

. / n-\-c n— c 
2e Se=——. 

Corollary ii. 

The sum of the fractional parts of any n terms of the series (repetit ions being allowed) 

differs from the sum of the fractional parts of the values of the same terms when a is 

put equal to zero, by an integer. 

For, if the sum of the coefficients of b in the numerators of the n terms be X, then 

5 d 2 
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2e,=<x+ —SE, in the first case 
n 

2e2=——$E0 in the second 
n 

(the notation being obvious) 

wherefore 2e—^e'=a + SE:—XE7 = an integer 

which is the required result. 

List of Errata. 

In Abel’s Memoir the followino’ slighter mistakes should be corrected :— 

Page 184, 11. 12, 13, 

192, 1. 4, 

200, 1. 3, 

207, 1. 9, 

231, 1. 2, 

231, 1. 3, 

233, 

240, 

243, 1. 2, 

252, last line, 

for F read T 

for 6xx—/3 read (x—(3)v. 

for hym 

for xy 
for Zj 

for z.2 

for y 

for sm 

for nS2,7r 

for 

read hy'x\ 

read y'y. 

read z2. 

read z3. 

read r throughout. c> 

read sm throughout. 

read nSo 

read s„ 
P‘ 

255, last line but one, for 2 

1- 
read 2. 

There are besides these the inaccuracies referred to by M. Libri (the editor of the 

paper) as occurring on pp. 226-8. 

These are too numerous to be treated otherwise than by re-writing the pages, which 

has therefore been done ; and they immediately follow. 

“ Alors l’equation (92) donnera les suivantes :— 

/(12)=/(11)-*—A,,*, 
/(10)=/(11) + |-A3i, 

/(9) =/(6) -t-Ash 

/(8) =/(6) -f-A/, 

m =/(6) -i-A/, 

/(5) =/(6) +5~'A7U, 

m =/(4> -i-A^, 
./(“0 —f{^) 1 A10in, 

/(l) =/(4) -1-AU“ 

done A0' = f /(12)=/(11) —2. 

done A^ =| /(10)=/(11)+1. 

done A3i; =f /(9) =/(6) — 1. 

done A/ =f /(8) =/(6) — 1. 

done A/ = £ /(7) =/(6) — J. 

done A A =} /(5) =/(6). 

done A9;ii =4. /(3) =/(4) — 1. 

done A10iii=0 /(2) =/(4) — 1. 

doncAniii=l /(l) =/(4) -2. 
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d3> 0* 

Pour trou'ver maintenant f(0), il faut ckercher leslimitesde 9X, 02, 

h- 
Or les equations (103), qui determinent ces limites donnent 

a . H~«i SAf' 1_1. n . 1_L. 
6l> 5 17 ’ d ^ 5 17 ’ ° ’ 5 17 

11-aj , 3AP* ,, v - 2 . 6 3,9 4 12 
®l< 5 17 ; dou °\ <5 + 5.17 ; 5“*"5.17 ’ 5"*“5.17 

• 1 • 4-3-’ 
’ ’ 5^5.17 

“ II suit de la que 

“ On a aussi 

“11 suit que 

< 
40 

85' 

e,> 
6 — «3 5Apil 

2 ~ 
dou 0.2> . . 

1 1 

2 7 

e,< 
6-«3 5Apm 

2 “R 2 

2 3 
d’oil 03<-, .,+ 

_5_ 

14’ ' ' ' 

0> 
14 

<1 

„ . 4-*g n, , ^ A 1 12 3 
2- ; dou 03>O, J, j- 

II suit que 

^<4. ,r ; d’oii d3 < 1 

6»3>i<1. 

Maintenant l’equation (97) donne 

1 

4 

jt iPm) j (Pm—l) (pm—l P>n){9 m-= m—\ d- 1 9 m~m) 

,/ (/}/«) “7,/ {p»i~l) (pm—\ “pm}{9 m—i&m—lH- -- " 9 ,») 

on d ,w_1 est la plus petite, et ddi-i la plus grande valeur de ; done on trouvera, en 

faisant m — 2, 3, 4, 

/(6)-/(ii)>5(Mi +r-HI ); (=1+It) 

/(6)-/(ll)<5(fB +WH )■. ( = 3 + W) 

/(4)-/(6) >2(*| -w**); (=-i) 

,/(4)-/(6) <2(1.| -ITii ); ( = f) 

/(0)-/O) >4(i--7+T^I--~l); (=-») 

/(0)-/(4) <4(14+W-1T); (=-2) 
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done on aura pouri/(6)—f{ll),f{4) —f{4) ]es valeurs suivantes :— 

/(6)-/(ll) = 2, 3. /(4)-/(6) = 0. /(0)-/(4)=-3, -2. 

d’ou 

/(ll)=/(6)-2,/(6)-3;/(4)=/(6); /(0)=/(6)-3, /(6)-2 

/(12)=/(6)-4,/(6)-5 ; /(10)=/(6)-l, /(6)-2 

/(9)=/(6)-l ; /(8)=/(6)-l ; /(7)=/(6)-l, /(5)=/(6) 

/(3)=/(6)-l ; /(2)=/(6)-l ; /(l)=/(6)-2 

“En exprimant done toutes ces quantites par /(12) on voit que les fonctions 

P12, g'u, • • • % sont respectivement des degres suivants :— 

(12) (11) (10) (9) (8) (7) (6) (5) (4) (3) (2) (1) (0) 

0, 0+2, 0+3, 0+3, 0+3, 0+3, 0+4, 0+4, 0+4, 0+3, 0+3, 0+2, (0+2, 0+1) 

ou 

(12) (11)' (JO) (9) (8) (7) (6) (5) (4) (3) (2) (l) (0) 

6, 6+2, 6+3, 6+ 4, 6+4, 6+4, 6+5, 6+5, 6+5, 6+4, 6+4, 6+3, {6+3, 6+2) 

ou 6 est le degre de la fonction q12. 

“ De la suit que 

et 

e’est a dire 

a=/(0)+/( 1)+ • • • 4/(12)+ 12= 130+47, 130+48 

130+57, 130+58 

d —^/(Pi) + Pi^j + 

= 3/(ll) + 44 + 5/(6) + 6 + 4/(4)-8+/(0) 

fi=l 36+95, 130+96 

130+105, 130+106 

“ La valeur de p— a deviendra done 

p— a = 38 

comme nous avons trouve plus haut.” 
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Addition to Mr. Rowe’s Memoir. 

By Professor Cayley, F.R.S. 

Received May 27,— Read June 10, 1880. 

In Abel’s general theorem y is an irrational function of x determined by an equation 

x{u)= 0 (or say y(x, y) — 0) of the order n as regards y: and it was shown by him that 

the sum of any number of the integrals considered may be reduced to a sum of y 

integrals; where y is a determinate number depending only on the form of the equa¬ 

tion x(x, y) = 0, and given in his equation (62) p. 206: viz., if (solving the equation so 

as to obtain from it developments of y in descending series of powers of x) we have* 

n1/x1 series each of the form 

771 <j 

n2y, „ „ y—xF* 4- . . . , 

niyu y — x^ + 

(so that 7L = n]iJLld~n.:fxi . . . -\-nyit), then y is a determinate function of n1; m]5 y1; 

%, m2) y-2 ’ • • • nfo mh yic- 
Mr. Rowe has expressed Abel’s y in the following form, viz., assuming 

mn mo fflj 
— >—■’ • • • >— , 

i AO AU- 

* The several powers of x have coefficients: the form really is y=A1a>1 + . . . , which is regarded as 

representing the /q different values of y obtained by giving to the radical each of its /q values, and 

the corresponding values to the radicals which enter into the coefficients of the series: and (so under¬ 

standing it) the meaning is that there are ?q such series each representing /q values of y. It is assumed 

1 /yyi 772 X 

that the series contains only the radical aid, that is, the indices after the leading index —1 are —--, 
f'l /h 

772-1—2. 

———, . . . ; a series such as ^=A1al+B1a°+ . . . , depending on the two radicals ad, xi represents 15 

different values, and would be written y=A1%ii+ ..., or the values of and /q would be 20 and 15 

respectively: in a case like this where — is not in its least terms, the number of values of the leading 

coefficient Ax is equal, not to /q, but to a submultiple of /q. But the case is excluded by Abel’s assump¬ 

tion that —, — . . . , are fractious each of them in its least terms. 
ili h 



752 PROFESSOR CAYLEY’S ADDITION TO MR. ROWE’S MEMOIR. 

then this expression is 

y—tnrmrnsiJis-\-^tnzmix—^%nm—\%n—\n +1, 
s>r 

or what is the same thing, for n writing its value S«/x, 

y=Sn,mrnsfxs+^%n2vip — \tnm——\%n-\-l, 
s>r 

where in the first sum r, s have each of them the values 1, 2, . . . k, subject to the 

condition s > r; in each of the other sums n, to, and /x are considered as having the 

suffix r, which has the values 1,2, k. 

It is a leading result in Riemann’s theory of the Abelian integrals that y is the 

deficiency (Geschlecht) of the curve represented by the equation y) = 0 : and it 

must consequently be demonstrable d ‘posteriori that the foregoing expression for y is 

in fact = deficiency of curve y(x, y) = 0. I propose to verify this by means of the 

formulae given in my paper “ On the Higher Singularities of a Plane Curve,” Quart. 

Math. Jour., vol. vii., pp. (1866) 212-222. 
11% 

It is necessary to distinguish between the values of — which are >, =, and < 1 ; 

and to fix the ideas I assume k=7, and 

m, TO, TOo 
—, —", — each > 1, 
AR AR AR 

—=1; say to4,=/x4 = \; and n±—Q, 
AR 

TO5 vp TO 
5 

AR At 
each <1, 

but it will be easily seen that the reasoning is quite general. I use S' to denote a 

sum in regard to the first set of suffixes 1, 2, 3, and %" to denote a sum in regard to 

the second set of suffixes 5, 6, 7. The foregoing value of n is thus 

n = %'np ~f Xd-f- 2"n/x. 

Introducing a third coordinate z for homogeneity, the equation y(x, y) — 0 of the 

curve will be 

where it is to be observed that ( )ni'*1 is written to denote the product of iq/q different 
»i «ii . . . 

series each of the form yz^~l—Apc^ . . . ; these divide themselves into nx groups, each 

a product of series; and in each such product the /q coefficients are in general the 
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/X] values of a function containing a radical a^ and are thus different from each other : 

it is in what follows in effect assumed not only that this is so, but that all the n1fxl 

coefficients Aj are different from each other:* the like remarks apply to the other 

factors. It applies in particular to the term \y—xKj , viz., it is assumed that the 

coefficients A in the X6 series y=Aah+ , . . , are all of them different from each other. 

These assumptions as to the leading coefficients really imply Abel’s assumption that 

—, . . . — are all of them fractions in their least terms, and in particular that - is a 

fraction in its least terms, viz., that X — 1: I retain however for convenience the 

general value X, putting it ultimately =1. 

In the product of the several infinite series the terms containing negative powers all 

disappear of themselves; and the product is a rational and integral function F(cc, y, z) 

of the coordinates, which on putting therein z=l becomes =x(x> V)- The equation of 

the curve thus is F(:r, y, z) = 0; and the order is = 1?r1/x1+ . . . -|-Xd-|-«5/x5 + . . . , 
/A 

=m1nl + • • • + Xd + J2g/X5-f- • • . ; viz., if K is the order of the curve x(x> V)~0, then 

’K='Z'nm-\-X6-\-'Z"nfi. 

The curve has singularities (singular points) at infinity, that is, on the line z— 0 : 

viz.— 

First, a singularity at (z= 0, x— 0), where the tangent is x—0, and which (writing 

for convenience y = 1) is denoted by the function 

Xmij 

where observe that the expressed factor indicates n1 branches (z—) , or say 
m x m, 

partial branches z—tc’^-^that is ^(^ — /Xj)partial branches z—Apc’^-Mi-j- ..., 

with in all n1(m1—p,:) distinct values of A:; and the like as regards the unexpressed 

factors with the suffixes 2 and 3. 

Secondly, a singularity at (z=0, y= 0), where the tangent is y= 0, and which 

(writing for convenience x— 1) is denoted by the function 

. . . ; 

/ Ms )» 

where observe that the expressed factor indicates n5 branches (z—y) , or say 

* This assumption is virtually made by Abel, p. 198, in the expression “ alors on aura en general, 

excepte quelques cas particuliers que je me dispense de considerer: li(y’—y") = hy’, &c. viz., the mean- 

ing is that the degree of y' being greater than or equal to that of y", then the degree of y'—y" is equal to 

that of y": of course when the degrees are equal, this implies that the coefficieuts of the two leading terms 

paust be unequal. 

5 fi MDCCCLXXXI. 
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n5(fi5—m5) partial branches z—that is w5(/i5 —m5)partial branches z = Au/^-mq- ...; 

with in all w5(/x5 — m5) distinct values of A5: and the like as regards the unexpressed 

factors with the suffixes 6 and 7. 

Thirdly, singularities at the 6 points (z= 0, y — Ax=0), A having here 6 distinct 

values, at any one of which the tangent is y—Ax—h), and which are denoted by the 

function 

. but in the case ultimately considered \ is = 1 ; and these are then the 6 ordinary 

points at infinity, (z=0, y—Aa;=0). 

According to the theory explained in my paper above referred to, these several 

singularities are together equivalent to a certain number S'+A of nodes and cusps, 

viz., we have 

8' = Pt—fS(a-l) 

A= %-l), 

hence 

S'+A=iM-P(a-l) 

and (assuming that there are no other singularities) the deficiency 

l(K-l)(K-2)-SW 

is 

=i(K-l)(K~2)-iM+i%-i) 

this should be equal‘to the before-mentioned value of y, viz., we ought to have 

(K — 1) (K — 2) — M + 2 (a. — 1) = 2 £ nrmrnsys -fi % nhi i y — %nm—'tny—%n-fi2 
s>r 

or, as it will be convenient to write it, 

M — Iv~ — 3 lx -|-S(a — l) — '2%Ttrm/nsjxs— 
$>r 

which is the equation which ought to be satisfied by the values ol M and S(a l) 

calculated, according to the method of my paper, for the foregoing singularities of the 

curve. 

We have as before 

K = S'nm fi- %"ny + 0\. 

The term ^,?irmrns[is, written at length, is 
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= ^hmi(nilx-2Jr a.ilx:iJr eX-\-n^r>+no/xG+niH) 

+n2m.2( 11.3P-3 + ^ + P-o/h “t" n&tJ'G H- ^7/^7) 

+'>hms( +n5fi5+n6fi 6+w7/r7) 

+ ex ( n5/x5 + 5?6/x6 + W7/A7) 

+ '»5m5( Wfl/Xfi + W7/X7) 

+ «6*6( n7/r7), 

which is 

= E«rmr)?#s+ 6XCt'nm-\S' iifi) -\~h'nm.l<"n[ji-\-l<"nrmlnsfiSl 
*>r *>r 

We have moreover 
^ 0 
Zlrinfi = EbFm/x -f 0~X~ + S"n~W[j., 

%nm = %'nm -\-6X -)-X'mn, 

tll/JL :=E??/r d- 0X -f- E P/L 

=En + 0 +E"r. 

We next calculate E 

For the singularity 

(a-l). 

to, \m,(to,—/u,) 

(2 
— . . . 

/ mx \mx—fj-i __ ^ ^ ^ t . . 

each branch (2—gives a = m1—/xl5 and the value of E(«—1) for this singu¬ 

larity is ?h(wi—/M— l)+%(m2—1^2— l)-hw3(m3—^3—1)» which is 

= — Eb?,u — Eh?. 

For the singularity 

cs—ms I 
ns(fis—ms) 

(v-s # 4 .... 
z—yp*-™*) gives a=/x,5 —m5, and the value of 2(a—1) for this smgu- 

larity is nb(fj.- — ra5— l)-|-??0(|U6--m6 — 1)-f-u7(/x7 — ?n7 —■ 1), which is 

= E Tljx- ■t"n. 

For each of the 6 singularities 

/ A\ A.0 (y—x~K j 

we have a=X and the value of E(a— I) is = 0(X—I) : this is =0 for the value \=1, 

which is ultimately attributed to X. 

0 E 2 
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The complete value of %(<x— 1) is thus 

=%'nm—% "nm—%'np -f- %"n y—%'n — %"n—6k—0. 

Substituting all these values we have 

M = (%'nm-f-%"nff -f- 2 6\(%'nm -\-%"ny)Jr(6\)2 

-3(%'nm-\-%"ny) — 36\ 

+%'nm—%"nm—%'ny+2'bip—%'n — %"n -\-6X—6 

—2%n,mrnsys—26\(%'nm-\-%"nix)—2%'nm.%"ny—2%''nrmrnsiis 
s>)' s>r 

— %'rrm y — (OX)2—% "n2my 

-f %'nn i + 6\-f-%"nm 

■f%'ny-{-6\Jr%"ny 

-\-%'n-\- 6-\-%"n, 

or reducing 

M = (%'nm)'2 — %'nm — %'rrmy —2%'nrmrnsys 
s>r 

+ (%"ny)2 — %"ny—%"n2my — 2%"nrmriisys; 
s>r 

and it is to be shown that the two lines of this expression are in fact the values of M 

belonging to the singularities (z—xm'~^) . . . , and [z—y^-^J . . . 

respectively. We assume X= 1, and there is thus no singularity (y—xK) . 

I recall that, considering the several partial branches which meet at a singular 

point, M denotes the sum of the number of the intersections of each partial branch 

by every other partial branch (so that for each pair of partial branches the inter¬ 

sections are to be counted twice). Supposing that the tangent is £=0, and that for any 

two branches we have z1 = A1a^’1, z2=A pf- (where px, p., are each equal to or greater 

than 1), then if p2=ph and zL —— — A.2)xPi where A]—An not=0 (an assumption 

which has been already made as regards the cases about to be considered), then the 

number of intersections is taken to be —px; and if px and p.2 are unequal, then 

taking p2 to be the greater of them, the leading term of zx—z3 is = A1xPl, and the 

number of intersections is taken to be —px; viz., in the case of unequal exponents, 

it is equal to the smaller exponent. 
/ to, 

Consider now the singularity (z—ccmi-Mi) . . . ; and first the intersections of a 

Wi 
partial branch by each of the remaining —/x}) — 1 partial branches of 

nv 
the same set: the number of intersections with any one of these is =--—; and con- 
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seqiiently the number with all of them is =——— [n1(m1—fa)— l]. But we obtain 
mi— AL 

this same number from each of the —/ax) partial branches, and thus the whole 

071/ 
number is /x2) -1—[^(toi—/iq) — l], =n1m1[n1(wi1—— l]. 

mi~fh 

Taking account of the other sets, each with itself, the whole number of such inter¬ 

sections is 

which is 

— /x1) — 1 ] -(- n,2m.2[n.2(m.2—/x3) —■ 1 ]+n3m3[w3(m,—/x3) — 1 ], 

— %'nzm2—%'n2ni[x — %'nm. 

Observe now that — > — that is — < and that, these being each < 1, we thence 
fix fx.2 Wj m3 

have 1 — 'w‘> 1 — that is —1 1 > : and we thus have 
/a, m0 7771 77?o 

m. 
< 

nu 
< ——. 

071’-^ jJL i 071 o jJj.') 07l§ fl.^ 

mx \ n ) 

Considering now the intersections of partial branches of the two sets (z— 

(in, \ w,(roa—|u.'a) m,1 

z—) respectively, a partial branch z—gives with each partial 

OTh 

branch of the other set a number =——1— ; and in this way taking each partial branch 

of each set, the number is n1(ra1—/x^.n^m^—fx.2).—7Hl_} =7?17n1n2(m2—fx2) ; and thus 

for all the sets the number is 

= npn1%(mo — ,a3) + —/x3) + n.2m2ns(m3 —/x3), 

which is 

= Y n,m;nsms—Y nrmrnafis, 
*>r 

where in the first sum the %' refers to each pair of values of the suffixes. But the 

intersections are to be taken twice ; the number thus is 

= 2 Hnrmrnsms— 2Y nrmrns[xs. 
s>r 

Adding the foregoing number 

^ / O 0 ^ / 0 v* * 
Y n~m~ — Y n-'m/x— Y nm, 

the whole number for the singularity in question is 

= (Sumy- — Y 'nm— Sn~m/x — 2Snrmrnsjxs. 
s>r 
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Similarly for the singularity (z— 

number of intersections is 

Ms \its(flt-,lls) 

; taking each set with itself, the 

5^o[n50*5-ms)- !] + —me)-!] + ffi/rtW/k“tot)~11 
which is 

= 2, n~ju,- n-vi/jL — z rifx. 

We have here —5>-- and each of these being less than 1, we have 1-2<1 — ", 
Mg Mg ' Ma Mg 

m- 

that is or Ms 
Mg Mg /X - 972/- 

; and so 

__Mt_< Mg < % 

Mv—m7 Me-m6 Ms-'ms’ 

/ Ms \its(/x--ire5) / __Ms_\'M s(Ms-''M«> 

Hence considering the two sets (z—y^s-m5j and (z—, a partial 

branch of the first set gives with a partial branch of the second set -G intersec- 

tions : and the number thus obtained is M5(p,5—m5).?t6(p,6—m6).-—, = n5n6/r6(/a- — m5). 
Me-mc 

For all the sets the number is 

^6^6(M5-^5) + ^Vk/*7(^5-m5)+^G?kM7(/*6-TO6) 

or taking this twice, the number is 

= 2 %"nr[xrnsjxa—2%"nrmrnsns 
s>r 

where in the first sum the S" refers to each pair of suffixes. Adding the foregoing- 

value 
v^// o O >rA // O -W/ 
2 rr/r'—2 n^nifi— 2 n/x, 

the whole number for the singularity in question is 

s>r 

and the proof is thus completed. 

Referring to the foot-note ante (p. 753), I remark that the theorem deficiency, is 

absolute, and applies to a curve with any singularities whatever : in a curve which has 

singularities not taken account of in Abel’s theory, the quelques cas particuliers que 

je me dispense de considerer,” the singularities not taken account of give rise to a 

diminution in the deficiency of the curve, and also to an equal diminution of the value 

of y as determined by Abel’s formula ; and the actual deficiency will be = Abel’s y — 

such diminution, that is, it will be = true value of y. 
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XVIII. On Riocati’s Equation and its Transformations, and on some Definite 

Integrals which satisfy them. 

By J. W. L. Glaisher, M.A., F.R.S., Fellow of Trinity College, Cambridge. 

Received and read June 16, 1881. 

Introduction. 

The present memoir relates chiefly to the different forms of the particular integrals of 

the differential equation 
dh 6 
— — am— 
dr-. 

p(p +1) u (1). 

and to the evaluation of certain definite integrals which are connected with this 

equation. Transforming (1) by assuming u=x~pv, it becomes 

that is, writing n—1 for 2p, 

Tv_2p 

dx2 x 
——a~v= 0 
dx (2), 

d-v n — 1 

dx} x 

ch 

dx 
— a~v=0 (3). 

and this equation may be transformed into 

a~z~J -v=0 (4), 

by the substitution x—~7d, where q=~- The equation (4) may be regarded as the 

standard form of Riccati’s equation (see § III., art. 17). 

It is well-known that these equations admit of integration in a finite form if p = 

an integer, n = an uneven integer, and q = the reciprocal of an uneven integer, 

respectively. 

The contents of the memoir are as follows : 

In the first section (§ I.) six particular integrals of the equation (1) are obtained, 

and the relations between them are examined. When p is not an integer, all the six 

integrals extend to infinity, and in this case the relations between them present no 

special peculiarity. When p is an integer, two of the series terminate, and we thus 

obtain two particular integrals of (1) which contain a finite number of terms. The 
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series terminate in consequence of the occurrence of zero factors in the coefficients of 

the terms, but if they are continued, zero factors occur also in the denominators, so 

that, after a finite number of zero terms, the series may be regarded as recommencing 

and extending to infinity. If the terminating series are supposed to recommence in 

this manner, so that all the series extend to infinity, then the relations between the 

particular integrals are the same as when p is not an integer; but if the series are 

supposed to terminate absolutely when the zero terms occur, the relations are quite 

different. As the finite portions of the particular integrals satisfy the differential 

equation, it is more natural to regard the series as terminating absolutely, and on this 

supposition the relations between the particular integrals exhibit a remarkable diversity 

of form according as p is or is not an integer. 

The second section contains what is believed to be a new form of the solution of (l) 

in the case of p = an integer. It is shown that if p = i, a positive integer, this 

equation is satisfied by the coefficient of hl+l in the expansion of in ascending 

powers of h. The six particular integrals given in § I. of the equation (1) and the 

relations connecting them are obtained by different expansions of this expression. 

The third section contains the six particular integrals of (3) and (4) corresponding 

to those of (1), from which they are deduced by means of the transformations stated 

above. 

The fourth section relates to the particular cases in which the differential equations 

admit of integration in a finite form. If a differential equation is satisfied by an 

infinite series, and if for certain values of a quantity involved in it the series termi¬ 

nates, then in this case we may present the integral in a different form by commencing 

the finite series at the other end, and writing the terms in the reverse order. 

Thus, for example, a particular integral of (1) is u = P, where 

1 -PxPppp T7+*o. 
V P(P~\) 2! P(P~i)(p-1) 3! 

but, if p = a positive integer, then commencing the series at the other end, 

2W 
P=(-)> 0 + 1)0+ 2) . 

_p(p +1) 1 (p- l)j?Q + l)0 + 2) 1 

2p [ 2 ax' 2.4 a~x2 

+(-y 
1.2 . , . . 2p 1 1 
2.4 . . • 2p aPaff 

These reverse forms in the case of the equations (1), (3), (4) are given in this 

section. 

It is worthy of remark that if we are given a particular integral of a differential 

equation in the form of a terminating series, such as, for example, 
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p(p +1) 1 . + + _1 

2 aaO 2.4 a*a 
&c., 

p being a positive integer, then we might suppose that the corresponding particular 

integral, when p was not an integer, would be obtained by continuing the series, which 

does not then terminate, to infinity. This infinite series, when p is not an integer, 

still satisfies the differential equation, but is divergent; and the true integral is 

obtained by commencing the series at the other end and continuing it to infinity 

backwards. In general, when we have a series which terminates of itself for a parti¬ 

cular form of p, we may derive from it two infinite series, when p has not this form, 

by commencing it at either end. One of these will be an ascending series and the 

other a descending series; and we can thus, as it were, pass from the one to the other 

through the intervention of the finite series. 

The fifth section contains the evaluations of the definite integrals 

cos bx 

lo (<# + &)* 
^r-dx, 

\ n J 

where m denotes any real quantity and n any positive quantity. These integrals have 

been evaluated when m is of the form 0 ^ and when n is a positive integer; but, so 

far as I know, the general formulae given are new. It is known that these integrals 

satisfy differential equations of the forms (4) and (1) respectively, so that their values 

are necessarily connected with the solutions of these equations considered in §§ I. and 

III. The results are curious, as they exhibit changes of form similar to those referred 

to in describing the contents of § I., and which are due to the same cause—viz. the 

recommencement of the terminating series after the zero terms. 

When n is unrestricted it is shown that we have 

a- 

xplx — i +kn<2“>- 
(A-1 )(»■ —3) (2a)2 . 
\n-l)(n-2) 2! 

+IU 
0 + 1)0+ 3) (2ay 

0 +1)0+2) “IT &c. 

but when n is a positive integer the first series is to be continued till it terminates, and 

the second is to be ignored ; and if n is a negative integer the second is to be con¬ 

tinued till it terminates, and the first is to be ignored. The well-known value of the 

integral when n— l = an even integer =2i, viz. 

x~'e ^dx— v-~al 1 1 
J o 

MDCCCLXXXI. 

i(i+1) 1 , (i—l)i(i + l)(i + 2) 

2 2a ' 2.4 " 

5 F 

+ &c. [e 
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does not suggest the general formula, the terms of the finite series being written in- 

the reverse order. 

Certain formulae of Boole’s and Cauchy’s are also considered and extended in this 

section. 

The sixth section, which is the longest in the memoir, relates to the numerous 

symbolic solutions of the equation (l) and its transformations (3) and (4) in the cases 

in which they are integrable in finite terms. In this section these symbolic solutions 

are derived from the definite integrals considered in § V. ; and the various symbolic 

theorems to which they lead by comparing different forms of the results are examined. 

A great many symbolic solutions of the differential equations have been given by 

R. L. Ellis, Boole, Lebesgue, Hargreave, Williamson, Donkin, &c., and these 

are briefly noticed and connected with one another. It may be observed that the 

solution 

1 fZy+i /c1c“ + c2e_fl-1' 

x dx \ x 

which has been several times independently discovered, seems to have been first 

published by Mr. Gaskin, who in effect gave it in a problem set in the Senate House 

Examination at Cambridge in 1839. 

The seventh section relates to the connexion between the results given in §§ I.-YI. 

and the formulae of Bessel’s Functions. Bessel’s equation 

dho 1 dw ( vv 
Tod-T-+ 1 — 2 dx~ x dx \ or 

w= 0, 

may He derived from (1) by the simple substitutions 

u—xhv, — G a3 = — 1 ; 

so that all the theorems relating to the solutions of (1) have analogues in the solutions 

of Bessel’s equation, which are deducible from them by these transformations. In 

this section the formulae in Bessel’s Functions which correspond to those considered 

in the memoir are stated in a convenient form for comparison. The number of such 

formulae is not great, and the substitution of x/(— 1) fora, which converts exponentials 

into sines and cosines, and a single series multiplied by an exponential factor into the 

sum of two series multiplied respectively by a sine and a cosine, changes considerably 

the appearance of the results, which, from an analytical point of view, are less simple 

when the differential equation is of Bessel’s form. The principal case considered 

in the theory of Bessel’s Functions is that of v = an integer : this corresponds 

to the case of p = an integer + f, which is generally excluded in this memoir, as 

it renders certain of the particular integrals infinite (§ I., arts. 1, 3). The case of 
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finite solution corresponds in (1) to p = an integer and in Bessel’s equation to 

v = an integer +i|. The fact that Bessel’s function 3v(x) is expressible in a finite 

form when v—i-and tlie finite expression itself, are well known, and the case is an 

important one in physical investigations ; but, so far as I know, tlie recommencement 

of the series after the zero terms has not been specially noticed in connexion with the 

subject of Bessel’s Functions. 

The eighth (and last) section contains a list of writings the contents of which are 

closely connected with the subject of the memoir, arranged in order of date and classed 

under the sections in which they are noticed. There is also in each case a short 

account of the portion of the paper for which it has been referred to, with the numbers 

of the articles in which the references occur. The section does not contain a list of 

all the papers referred to in the memoir; only those papers which are closely connected 

with it, and portions of which are, in most cases, to some extent reproduced in it, 

being included. The part of the list which relates to § VI. is intended to be supple¬ 

mentary to that section : it is not in any sense a bibliography of the symbolic solutions, 

but it probably contains references to all the more important papers on the subject. 

In the ‘ Philosophical Magazine’ for 1868 Cayley gave the four particular integrals 

P2, Q3, IP, S2 (§ III.) of Biccati’s equation (4); and in the same journal for 1872 

I investigated the relations between these four particular integrals and the well-knowm 

particular integrals U2, V3. The results are the same as those given in § III., and the 

method is similar to that employed in § I. I afterwards found that the process of 

obtaining and connecting the particular integrals assumed a much more simple form 

when the differential equation was taken to be (l) than when it was (4); and it 

seemed desirable to re-write the whole investigation, taking (l) as the differential 

equation. This investigation forms §1.; it is similar in every respect to that contained 

in the ‘ Philosophical Magazine,’ but is much more complete. The corresponding 

results for the equations (3) and (4) are deduced in § III. 

The fact that, in the solution in series of a differential equation, if the series 

terminates but when continued recommences, the latter portion as well as the finite 

series satisfies the differential equation, was pointed out by Cayley in the ‘ Messenger 

of Mathematics’ for 1869. 

The formula (8) of §V. was published in the ‘British Association Beport’ for 1872, 

with a brief account of the process given in arts. 20, 21. The principal portion of two 

short papers, “On Biccati’s Equation” and “On certain Differential Equations allied 

to Biccati’s,” which were published in the ‘Quarterly Journal of Mathematics’for 

1871 and 1872, are incorporated in §VI. 

The memoir thus includes the results contained in several scattered notes and 

papers. In these the differential equation considered was generally Biccati’s in the 

form (4), but the advantage of adopting (1) as the standard form in preference to (4) 

is considerable. As far as the differential equation is concerned (4), which consists of 

5 F 2 
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only two terms, is the simplest form ; but as regards the expression of the results, 

both (1) and (3) are superior in every respect. The equation (3) was adopted as the 

standard form by M. Bach in his paper of 1874 (see § VIII.). 

The form 2q— 2 for the exponent in Riccati’s equation (4) was first employed, I 

believe, in Cayley’s paper in the ‘Philosophical Magazine’ for 1868, which has been 

already referred to. The use of the quantity q greatly simplifies the formulae relating 

to the solution of the equation. 

With the exception of § VII., the memoir was written about three years ago, the 

delay in communicating it to the Society being due to the fact that it seemed desirable 

to connect the results more closely with Bessel’s Functions. As the theory of these 

functions forms a distinct and recognised branch of analysis, and as the differential 

equations considered are transformable into Bessel’s equation by very simple changes 

in the variables, it was clearly of importance to examine with some care the connexion 

of the formulae with those of Bessel’s Functions, and it even seemed possible that it 

might be advisable to adopt Bessel’s equation as the standard form. For the reasons 

already stated it appeared that this was not the case, and that the analytical treat¬ 

ment of the subject was complicated by the change to Bessel’s equation. It is well 

known that the general integrals of the differential equations (l), ...(4) can be 

expressed in terms of Bessel’s Functions ; and Lommel has specially considered these 

solutions in several papers in the c Mathematische Annalen.’* In these papers, 

however, the points to which the memoir relates are not referred to. It therefore 

seemed sufficient to give in § VII. the connexion between the principal formulae, 

reserving for a separate paper, if it should appear desirable, the examination of the 

relations in which the series considered in the memoir stand to Bessel’s Functions 

with negative indexes and to the functions of the second kind introduced by Lommel 

and by Neumann. 

During the time that the memoir has been in manuscript I have published two 

extracts from it, viz. the theorem in § II., arts. 8, 9, in the £ British Association 

Report’ for 1880, and the theorem (50) and its proof (§ VI., art. 41) in the £ Proceedings 

of the Cambridge Philosophical Society’ for 1879. 

The differential equations (1), ... (4) present three distinct peculiarities, viz. (i.) 

they are finitely integrable only in special cases ; (ii.) they are satisfied by certain 

remarkable definite integrals, which have attracted attention quite independently of 

the differential equations; and (iii.) the solutions when finite admit of being exhibited 

in various symbolic forms. In reference to the third of these properties, it is remark¬ 

able how much attention has been devoted to the solutions of the equations in these 

finite cases during the last fifty years. The differential equations (1), . . . (4) have 

however been frequently discussed not as simple transformations of one another 

* Yol. ii. (1870), pp. 624-635 ; yoL iii. (1871), pp. 475-487; vol. xiy. (1879), pp. 510-536. 
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but as if they were essentially different, and the processes of solution have been 

applied to them independently. Also many of the forms have been re-discovered 

several times; and it therefore seemed to be worth while to collect together, as in 

§ YI., the different symbolic formulae, and exhibit the nature of the relations between 

them. 

Although the equation (1) is connected with Bessel’s equation by such simple 

relations, the methods of treatment of the two equations by mathematicians have been 

very different. In the case of (1) and its transformations (2), (3), (4), the purely 

analytical part of the theory and the forms of the solutions have chiefly attracted 

attention ; while in the case of Bessel’s equation the expansion of the results in series 

suitable for calculation has been one of the main objects. The theories of the two 

equations have been developed from very different points of view : the one has been 

considered in reference to the methods of solution and the peculiarities already referred 

to, and the other has been considered almost wholly in connexion with the functions 

which satisfy it, and their applications in astronomy and physics. It is curious that 

two such very distinct classes of analytical investigation should have been formed 

having reference to differential equations so closely connected. 

It is proper to remark here that in the differential equation (1) and throughout the 

memoir the constant a may be put equal to unity without loss of generality. It was' 

found to be desirable to retain it, as there is some advantage in having present in the 

solutions a letter whose sign can be changed at pleasure, and also because the transition 

to the differential equations 

clH 
t d- a~u — 

pfp + 1) u, &c., 

(i.e., in which the sign of a3 is changed) is thus rendered somewhat more convenient. 

The ordinary differential equations (1), . . . (4) are considered throughout, and no 

reference is made to the corresponding partial differential equations 

clho adht j)(p +1) 
-rr “ «Va ~-o— u dxl dyz x2 

&c., 

the solutions of which may be deduced in the usual manner by replacing a by a—, 

and cxeax and c2eax by and xft(//-{-ax). No point of interest arises in connexion 

with this transition. 

Following the notation usually adopted in connexion with the differential equa¬ 

tion (1), i is used throughout to denote a positive integer. The expression v/(—1), 

which occurs only towards the end of § VI. and in § VII., is denoted by % . 
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Che headings of the eight sections, with the numbers of the articles which they 

contain and the pages, are as follows : 

§ I. Direct integration of the differential equation in series, and connexion between the particular 

integrals. Arts. 1-7 ; pp. 766-774. 

§ IT. Integration of the differential equation when p = an integer. Arts. 8-15 ; pp. 774-779. 

§ III. Transformations of the original differential equation. Riccati’s equation. Arts. 16, 17; 

pp. 779-782. 

§ IY. Special forms of the particular integrals in the cases in which the differential equations admit 

of integration in a finite form. Arts. 18, 19; pp. 783, 784. 

§ Y. Evaluation of definite integrals satisfying the differential equations. Arts. 20-28, pp. 784-797. 

§ YI. Symbolic forms of the particular integrals in the cases in which the differential equations 

admit of integration in a finite form. Arts. 29-42 ; pp. 798-819. 

§ YII. Connexion with Bessel’s Functions. Arts. 43-48 ; pp. 819-822. 

§ VIII. Writings specially connected with the contents of the memoir. Pp. 823-828. 

§1- 

Dio 'ect integratiooi of the differential equation in series, and connexion between the 

'particular integrals. Arts. 1-7. 

1. The most direct method of integrating the differential equation 

d?u 2 p(p+l) 
— — a-«=-—u 
dx~ xz (1), 

and obtaining the relations that exist between the different particular integrals, appears 

to be as follows. 

Let 
u=% Arxm+r, 

the summation extending to all positive integral values of r ; then, substituting in 

the differential equation, we have 

(on+r-\-p) (m -f r—p — 1) A,.—a2A,._.3-= 0, 

whence, putting r— 0 or 1, 

m— —p or p-\-1. 

Taking the first root, the equations giving Ao, A.t, AG . . . are 

2(1 — 2p) A3 — a2A0 = 0, 

4(3 — 2p)A4—«3Ao = 0, 

6(5 — 2p) A6—a3A4= 0, 
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whence 

A0= — 
P 

1 a2 . 
-„A„ _x 92 0’ 

A*=- ,i J_ A3a 
1 2 ^ 

Ae=' A_— _ A 
®p_$. 22A^’ 

so that the solution corresponding to the root w? = —p is 

U = aHN I 
-1 o o J crar fra* 6 >.6 0?X 

p-i 22 ' (p-i)0-|) 2t2! (p_i)(^-f)(p-f) 213! 
^+&c. , 

where, as throughout this memoir, r! denotes 1.2.3 . . . r. 
Similarly, taking the root m— —p—1, the other solution is found to be 

X —ocJ)+] 
1 cc2x2 1 cdx4, 1 aex6 p 1 

'p + 1 ~2f+(l> + m> + W 2t2!+(P + l)(^ + l)(^ + D 2^3: J 

and, as U and V are independent, the complete integral of the differential equation is 
AU + BV, A and B being arbitrary constants. 

There is nothing in the form of these series to indicate that for any values of p the 
integral of the differential equation admits of being expressed in a finite form. They 
show, however, that if p — the half of an uneven integer (the case p>——\ alone 

excepted) the solution assumes a different form, viz. if, say, in U the terms after a 
certain point become infinite, the solution is of the form W-f-Vlogcas, W being a 

new series. This case is excluded in what follows; and throughout the memoir p is 
supposed not to be of the forms ±a(2'n + l). If, however, p is of either of these 

forms only certain of the series considered will involve infinite terms, and the relations 
connecting those series which do not involve infinite terms will still remain true. 

2. Transforming the differential equation (1) by assuming v=-eaxv, a substitution 
suggested by the form of the first member of the equation, we obtain the differential 

equation in v 
d~v , _ civ v(v+1) 
—+ 2a—=yw-3.Lv. 
ax'1 cix xA 

Putting as before 
v— %Krxm+r, 

we have 
(m -f- r -\-p) (m+r —p — 1) A,.-f- 2 (m -f-r — 1. )a Ar-1=0, 

whence 
m=—p or p-{-l. 
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Taking the first root, the equations are 

( -2i?)Ai + 2( ~P)aAo=0, 

2(1 — 2p) A2+2(1 —j))aA1=0, 

3(2 — 2p)A3-}-2(2 p)aA2=0, 

giving 

Ai= «A0, A2= ——juAj, 
P~2 

Ao= ——ruA.-,. 
— 9 

3 ,, 
P~1 

and we obtain the particular integral 

,-jj i_4r , l>LPrll ah?_p(p-l)(p-2) ah? 

p p(p-i) 2! p{p—\){p~l) 3! 

Similarly, the other particular integral is found to be 

3CP+1 
1 , ij + l , (p + l)(jj + 2) a~x* (p + l)(p + 2)(p + 3) bW , i 

+ l ^(p-nXp+i) 2l^(p + l)(p+IXp + 2) 3! ‘ 

If we had transformed (1) by assuming u=e~axv, we should have obtained a differ¬ 

ential equation in v differing from that given above only in having the sign of a 

changed : and the two particular integrals would differ from those just written only in 

having the signs of the alternate terms negative. 

3. Thus, of the differential equation 

clH 0 p(p +1) 
— — aru= -yr u, 
clx" xA 

we have obtained the six particular integrals U, V, P, Q, II, S, where 

TJ=x-s \ 1' 

y=xp+1- 

10 0 
crx~ 

p- 1 92 + 
4,,4 aw 

(p-i)(p-f) 2*2! (p-i)(p-i)(p-i) 26.3! 
3T++&C- , 

~P +1 22 + 

1 1 

P=x J> -I 1 — — ax 
P 

0+v)0+f) 2*2! O + DO + vlO+v) 213! 

p(p — 1) ah? p(p — \){p— 2) cih? 

Q =zx?+l 
p + 1 

1-—ax 

P(p-\) 2! P(P~A)(P-1) 3! 

0 + 1)0+ 2) a~x~ (p + l){p + 2)(p + o) ah; 

p + 1 

It — x ? i 1 -j— cix — 
L P 

S=x^+1 j l-\-^—~ax 

(p+l)(p + |) 21 (p +1)0+ 1)0 + 2) 3! 

p(p — l) a2x2 iP(P —1)0 —2) ah? 

P{P~\) 2! PO-^O-1) 3: 

, ,+&c. 
j 

+&c. je**, 

f + &c. | eax) 

+&c. 

(p+1)0 + 2) aV 0+ l)(p + 2)0 + 3) cih? 

p + 1 0 +1)0+1) 21 0 + l)0 + f)0 + 2) 3! 
+&c. \e 
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These integrals form three pairs U and V, P and Q, B and S, either of the integrals 

in each pair being dedncible from the other by the substitution of —(p +1 ) for p: 

and, since the differential equation involves p only in the form p(p-\-1), it is evident 

a priori that if in any expression satisfying the differential equation, p is replaced by 

— (_p + l), the new expression must still satisfy the differential equation. 

Also the pairs P and Q, It and S, are convertible the one into the other by changing 

the sign of a. 

4. If p is a positive integer the series in P and It terminate and the general integral 

of the differential equation is AP -j- Bit; and if p is a negative integer, the series in 

Q and S terminate and the general integral is AQ+BS. 

Thus, if p—2, the general integral is 

u ■= Aar2 {1 — ax -f \arx-} ear ~b Bar3 {1 -\- ax -f- la~x2 }e~ax; 

and, if p——2, the general integral is 

u=Acc-1 {1 —ax] e™ -f~ Bar1 {1 + ax} e~a'x. 

5. As however we have six particular integrals, of which, for any given value of p, 

only two can be independent, it remains to investigate the relations between the 

particular integrals in the different cases that arise. 

(1°.) Suppose p unrestricted (except as mentioned in art. 1), but not equal to an 

integer. 

In this case all the series extend to infinity, and 

P=B=U, Q = S=V 

for, leaving out of consideration the factor x~p that occurs in both P and IT, the 

coefficient of anx11 in P 

1 _ p i , Kp-1) 1 . ■ / y p(p-i) • • • fp-fo-i)} 1 
n! p (n— 1)! p(p—\) {n — 2)!2! . p{p — h)---{p—2(n~^)}n]- 

1 _p 2 p(p-1) 23 _■ / y, p(p-1) • • • 2n 
n\ 2p {n — f)! ' 2p(2p — 1) (n—2)!2! ’ 2p(2p — f) . . . (2p — (n — 1)} n\ 

I \2p(2p — l) . . . {2p —(?i—-1)} 

= 2p(2p-l)...{2p-(n-l)}[ 

(2p—l)(2p — 2) . . . {2p-(n-l)} . p(p- 1) . . . {p-(n- 1)} 
_ TT r-2-••+(-) 2], 

and we see that the expression in brackets is equal to the coefficient of V in the 

expansion of 

MDCOCLXXXI. 5 G 
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(l+£)^—+ 2H2(l+t)ty~2 . . . 

,(\n P(P~1) • • • {p-(«-l)} 
’ n\ 

that is, in 

If, therefore, n is uneven the coefficient of anxn in P is zero, and if n is even the 

coefficient 

_1_p(p~ 
2p(2p-l) . . . [2p-{n-l)} X ^ > {\n)\ 

r 

which is the coefficient of anxn in U. 

Since If differs from P only in having the sign of a changed, and since U is a 

function of «3 only, it follows that P=It=U. Also, since Q, S, Y differ from P, R, U 

only in having —(_p+l) in place of p, it follows that Q=S = V. 

(2°). Suppose p a positive integer, —i, say. 

In this case the (i+1 )th term of the series in P, including the factor x~[, is 

_f /_y i(i — l)(i — 2) . . . — 1)} apd 

X i(i—%){i— t) . . . {i—i(i—!)} i\ : 

and the next term vanishes owing to the presence of the factor i—i or 0 in the 

numerator. 

For the same reason all the succeeding terms vanish until the factor i—i appears in 

the denominator also, when the zero factors cancel one another and the series 

recommences, the first term of the new series being 

i(i-1) . . . 1.0. —1. — 2 . . . (i-2i) «2i+Y2i 

i(W) • • • F-R2f-1)}.0 (2i + l)! 

l2i+l/y.»+l 
/ tty 

=gxl+1, where g=(— )?+1 
2i +1 

{1.3.5 . . . (2m)}2' 
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The new series, multiplied by the factor eh, thus becomes 

gxl+l 

=gQ- 

i+1 
1 — —r ax 

l+l 

(7+ l)(7 + 2) ah? 

V{i + l){i + %) 2! 
eh 

Denoting then by P' the finite part of P, the series being supposed to end at the 

term immediately preceding the first term which contains a zero factor in the 

numerator, viz. putting 

tv -[A i , 7(7 — 1) a?x2 . N. i\ a)xl\ 

~x l1_i“+i(i^Ij it • •1 +(_) m-i) . ■ ■ (i-i(i-i)} irr ’ 

we have found that 

P—P +</Q—U. 

Similarly, if R' denotes the finite part of Pi, the series ending at the term immediately 

preceding the first term which contains a zero factor in the numerator, we find that 

R=R/—(/S=U, 

and also, as before, 

Q=S=V. 

The proof in (1°) that P=U does not apply as it stands when p — i, but it can be 

extended so as to include this case by putting p=i-\-h, and making li indefinitely 

small. The equality of P and U for all values of p may however be proved without 

the use of limits by showing that the coefficient of x" in Ue-" is equal to the coefficient 

of xn in P. To prove this ; first suppose n to be even and = 2m, then the coefficient of 

a2mx~m in a^TJe~ax is equal to 

i_!_ I i ■ i J_ i 
(2m)! p—\ 22 (2m — 2)! (p —i)(p—f) 2f2! (2m—4)! 

+ (—y---1— 
v (p—i)(p-¥) ■ ■ ■ (p—m + i) 2~m.m! 

__1_1_ \(p-h)(P~i) ■ ■ ■ (p-m + j) 

2m(2m —1) . . . (m+1) {p — \)(P~I) • • • (P~m + \) 1 m! 

tTp-#) • • • (p-m + \) . , 2m(2m-l) ... (m + 1) 1 1 
\m h (m —1)! ■■■-!-{ ) ml 22mJ‘ 

The last term 

_ / w (2m!) . JL= /_w (m-D(m-l) . . ■ j 
V ) (W!)2 22m V ; m! 

5 G 2 
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and the expression in brackets is equal to the coefficient of tm in 

(1+^ *—(m—i)t(i+ty-*+1 »V( i+• • •+(—)*^m ^ " V(1+ *)*-»- 

t I m 

1+t 
=(i+ty~m. 

The coefficient of tm in the expansion of (1 is equal to 

(p—m)(p—m — 1) . . . (p — 2m + l) 

m! 

and therefore the coefficient of ci^x*1™ in xP.Tie ^ is equal to 

1 (p—m)(p — m—1) . . . (p — 2m+l) 

(2m)! (p—i)(p—i) • • • (p-m + i) 

which is the coefficient of a2mx2m in xP.P when the factors p(p — l)(p — 2) . . . (p— m-j-1) 

are divided out from the numerator and denominator. 

Similarly, if w=2m+l, the coefficient of a2"l+1x2m+l in xpXJe~aj: is found to be equal to 

1 (p—m — l)(p—m — 2) . . . (p — 2m) 

(2m + 1)! (p-i)(p—i) ■ ■ • (p—m> + i) 

which is the coefficient of a2m+1xZm+1 in jc^.P when the factorsp(p—l) . . . (p—m) are 

divided out from the numerator and denominator. 

Thus, if p=i, the coefficients of the terms involving xl+l, xt+2, . . . x2t in the series 

in P vanish, and we have U=P'-fpQ. 

(3°) If p = a negative integer =—i— 1, then Q and S involve zero terms, and, 

denoting by Q' and S' the values of Q and S when the series are supposed to terminate 

at the term preceding the first term involving a zero factor in the numerator, Y, Q, 

and S become equal to U, P, and II when p is put equal to i, that is, to the U, P, 

and It of (2°) and vice versd. In this case, therefore, 

and 

Q = Q' + 0P=V = S = S'-</R, 

P=lt=u. 

The relations between the particular integrals in the three cases are therefore 

(1°) p not = an integer, 

P=P=U, Q=S=V. 
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(2°) p = a positive integer, 

P=E=U=i(F+R'), Q=S=Y=-(Pd-P'); 

(3°) p = a negative integer, 

C
3 

1 
u

p
 

7-1 
cA

 
II 
£

 II 
Ph II 
PP Q = S=V=i(Q'+S/); 

6. If we suppose the series always to terminate directly a zero factor appears in 

numerator (so that P', Q', Pd, S' are now denoted by P, Q, Pt, S), the relations are 

(1°) p not = an integer, 

P=Pt=U, Q = S = V; 

(2°) p = a positive integer, 

rO
 

II to
 

II II "p
o 

3
 

U=i(P+E); 

(3°) p = a negative integer, 

P=R=U = I(S-Q), V=i(Q+S); 

The change of form of the relations, which in this mode of statement appears so 

remarkable, does not, as we have seen, occur if the series be supposed to extend to 

infinity in all cases. 

It may be observed that it is clear from the manner in which the series were 

obtained in arts. 1 and 2 that we are always at liberty to stop at the term immediately 

preceding the first term containing a zero factor in the numerator, as this finite portion 

of the series satisfies the differential equation, and that the second series obtained by 

allowing the terms to recommence and to extend to infinity also satisfies the differential 

equation. 

The phrase “term preceding the first term containing a zero factor in the numerator ” 

has been used in preference to “term preceding the first zero term” in order to 

include the cases of p=0 or p= — 1, in which no zero term occurs. 

7, It was shown in art. 5 that 

V ffQ-i) gW_p(p-l)(p-2) a3*3 \ 

P PO—k) 2! p(p-i)(p~ 1) 3! / 

1 — 
_1 92 

2 

i-A CCX 1 

(p-i)(p-i) 24.2! (p-W(p-iXp-i) 26.3! 
T&c. 
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Putting 2p——m — 1 in this identity, we have 

/ m + 1 , (m + l)(m + 3) cdx2 (m + l)(m + 3)(m + 5) cdx3 „ \ aJc 

\ m + 1 1 (m+l)(m + 2) 2! (m + l)(m + 2)(m + 3) 3! °/ 

1 o?,t? 1 abt 1 a6*6 ^ 

~ m + 2 AT + (m + 2)(m + 4) 2®2!+(m + 2)(m + 4) (m + 6) 213! + C' 

The right-hand side of this equation is unaltered by a change of sign of x, and 

therefore, putting a — 1, 

/ m+1 (m + l)(m + 3) a3 (m + l)(m + 3)(m + 5) x3 p \ 

\ “m + lX+(m+l)(m + 2) 2!_ (m +l)(m + 2)(m +3) 3!+&C'P 

_/ m + 1 (m + l)(m + 3) jc3 (m + l)(m + 3)(m + 5) a-3 ^ \ _r 

~\ "t"m + ia?+(m + l)(m + 2) 2!"*~(m + l)(m + 2)(m+~3) 3!+ C' + ' 

which is true for all values of m, except m — a negative even integer. 

Writing n in place of m+1, it follows that 

1 +x+ 

eM = 

n+ 2 

n +1 

1 —+ 
n + 2 

n+ 1 

£3 (w + 2)(% + 4) a3 „ 
2!+(?t+ l)(n + 2) 3! + &C~ 

a3 (?i + 2)(?i + 4) ar3 „ 
2! (n + l)(n+2) 3 + 

which is true for all values of n, except n = a negative uneven integer. Several deduc¬ 

tions from this formula are given in a paper “Generalised Form of Certain Series” 

(‘Proceedings of the London Mathematical Society,’ vol. ix., pp. 197-204, 1878). 

§ II. 

Integration of the differential equation ivhen p = an integer. Arts. 8-15. 

8. A particular integral of the equation 

dhi 2 _Id ddu 

dfd~a'a~dd did 

^ £ __ qO. V(x^+.r/i) 

for, from this value of u we find at once by differentiation 

d~u _ 9 (x+^h)2 _ \ld 

dx2 ~ U~U x*+xh ~ CtU(x2 + xhf 



EQUATION AND ITS TRANSFORMATIONS. 775 

whence 

Id ddu 

dx3 a'u x? dir 

then 

9. Let the above value of u be expanded in powers of h, so that 

tt=CaV<*,+*« = P0 + P1A + P8fe2 . . . +IVt + P;+1/t+ld-&C., 

d2P;+1 0, dho 
~—cru = 

Id ddu 

x2 did 

+ a2Pi+1 A'+1 + & c., 
dx3 

and therefore Pi+1 satisfies the differential equation 

ddu „ i(i +1) 

Thus the general integral of this differential equation is 

u= A. coefficient of hi+1 in expansion of ea^+xK> 

+ B. coefficient of hi+l in expansion of e-a^+x&) 

The particular integrals to which the different modes of expansion of eaV^+x^ lead 

will now be examined, and connected with the forms already obtained in § I. 

10. The coefficient of hi+1 in the expansion of ea^+xh) is equal to the coefficient 

of hi+l in 

1 + a(x~-J-xhb)1 -f- 9 ((x~+xh) -f- —(cc2 -fi xh)1 -f- —,(£c3 -f- xh)~ R ((x--\-xh),J + &c., 
a? 

"5V 

and the coefficient of h1+1 in (xz -\-xKf('2n~1) 

(n-h)(n--l) , , , (n — i — %) 0w_._g 

(<+!)! ' 

Thus the coefficient of lil+l in the terms involving uneven powers of a 

L / JT 1 T 
2 (i +1)!2'2 

. a—l ,~~x2r 
3. 5. 
2’ 2 

Oi 1—7T 61 

lai_Dll 3 

2 (i + l)!2'2 

/• U -d, 1 a2*2 , 1 
2^‘ | 1 (7 —i)(l-f) 2^2! 

&c. [ =\U, 
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where 
. t (—iy n o n , ..1.3.5 . . . (27-1) 
~c~a(i+1)!^'-2 ' ‘ * 2) — ( )' 2.4.6 . . . (.2i+2)a' 

Of the terms involving even powers of a the first that contains a term in hi+1 is 

xi+1(x+h)i+\ 
72i+2 

(27 + 2)! 

so that the coefficient of h>+1 in the terms involving’ even powers of a 

v2£+2 

y+1+77T 
v2i+4 

-G-L2W+3-i- o8t+6— 0 + 2)0 + 3) Z-+5_L^.C 
(27 + 2)f~ 1 (27+4)k + ' +(2i + 6)! ^2! 

v2i+2 

•af+1-{ 1 
1 c2/;2 1 

—+ &C. \ — 
722+2 

(27 + 2)! (27 + 2)! [ ' i +1 2! 0+1)0 + 1) 242! 

The complete coefficient of /t:+1 in the expansion of ea '/{x~+xh) therefore 

27 + 1 

y. 

-.2i+2 
y 

XU+(2i + 2)!^ XjU + ( )'cr'+1(l.3.5 . . . 27 + l)! 

= \{Tj-gV}, 
g being the same as in art 5. 

11. Now 
g<z*J(x* +xh) — ggg- gg| VC?°++—-rj — g—gr g°j •J^+xh)+xj 

and we obtain other forms of the integral bj finding the coefficients of hl+l in the 

expansion of ++-■*} and of ea{V(^+x/l)+T}, and multiplying them by eax and e~ax 

respectively. 

It is well known that 

1 _ 1 ”= 2-t-11+nt ++p)<a+”0+y(,, + sp3+&c. j _ 

and ldV(l-4$) l =2” 1-wM 

3! 

n(n—o) n %(%—4) (% — 5) . 
y! 3! 

+ &c. L 

where in the second series, if n is an even positive integer the coefficients of the 

\n—1 terms involving thl+1, A"+2 . . . V‘~l are zero, and if n is an uneven positive 

integer the coefficients of the — 1) terms involving tite+1), id("+3) . . . tH~l are zero. 

Putting t=—~, these formulae become 
& 4x 

{<y(xl+xh)—x}n=— hn 
A 

{>/ (x° -\-xli)-\-x}"= 2”xn 

1 —n 

1 + 11 

h ( n(n + o) 

4aP 2~! 

h , n(n — 3) 

4a: 2i~ 

li3 n(n + 4)(n-j- 5) 

4A72 3!~ 

h3 t n(n—4:)(n—5) 

4hA ' 3!~~ 
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The coefficient of hl+l in {^(x2-\-xh)—x}n therefore 

i + 3).. .(2- 

(7 + 1 — n)\ 

_ 1_ / y+i—w n('i~t 2)(7 + 3)... (27 +1 —n)_1 
2“ ' ' ^i+1——ii 

(-ir- (i+2);i.(2»+i-«) 
^ ^ (& + !—%)! 

and the coefficient of hl+l in {^/(x3-}--xh)-\-x}“ 

_2vft(w-7-2)(ft-7-3) ■ . . + -27-1) 1 _ (-If (i + 2-n) . . . (27 + 1-+) .. ^ 

(*+!)! 
/^i+l/^i+1 /p+L-^i+1 

(* + !)! 

12. The coefficient of hi+l in that is in 

l+<x{ \/ (x3+x/i)—x] +;7f{ v/(x3+a+) —xj2+:q{ ^/(pt?-3rxh)— x}3+&c., 

is, by the last article, equal to 

+U L ** (»+3>,:--.(«-!) 2.2%* 
4!+V+1 |_ 4! 2! (*—1>* 

,ffi3 (* + 2)...(2t-3) 
‘3! (7 — 2)! 

yi + 1 
+(-y- 

1 V l o (7+1)! 
1,^.7+1 

for, when n is greater than 7+1, there is no term involving hl+l. 

This expression 

, ... (7 + 2) ... 27 1 f i a? i(i—1) „ „ , .. a) 
= (~) ia~-UU-H 1—a—2x+ - 0.0. 22x2. .. + ( —V-7 

' 2 4\t! xl 1 2! 2i(2i— 1) _ v ' %\ i 

= \-.{ 1 — \ ax+ 7 
a;' % 

4*.7! a;1 

7(7 — 1) «.2+ 

7! 27(27-1)... (7+1) 
2+ 1, 

j ! N; 7(7—1) . . . (7 — (7 — 1)} <++ 

7(7- + 2! —. . . {7—i(7 —1)} Tl J ’ 

for the constant multiplier 

. / _ \i\a ^ + 2)---^= / _ y_(201_a=={_ y 1-3-5 • • • (27—1) 
A 12 4\7! ' ' (2.4.6... 27)2(27+2) v ' 2/R 1 ON 5 2.4.6 . . . (27+2) 

which is the quantity denoted by \ in art. 10. 

The coefficient of hl+l in the expansion of ea-v.e"i u^+.rn-.q js therefore =AP'. 

13. The coefficient of h1+l in ec'{',{j:‘l+xJl)+x\ that is in 

1 + a{v/(x2+xA)+x} + -{ y7 (x3+x/?,) + x}2+ —{v/(x2+x/i) + x}3 + &c., 

is, by art. 10, equal to 

0 H MDCCCLXXXI. 
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(-1/ 1 
(i + 1)! 4i+V+1 

«{(?' + !) . . . 2i}2x+j,{i . . . (2i—l)}2.22x2 . . . 

[1.2 .. . i}(i+ l)2i+1xi+l 
fi+1 

(t+ 1)!' 

Y2i+2 

(2i + 2)! 
,{(-f)(-f+l) . . . (-l)}(2i+2)2si+V‘'+a 

y 2i -t-3 

F(^y!{(-^-1) • • • (-2)}(2{+3)2^»0^8+&c. 

If i i(f-l) a2a50 
A l+-ax+ -7T ITT • • xl |_ i 1 — 21 

i(i—1) . . . {i — (i — 1)} ate* 

• • • {»—$(*—!)} i' 

+(-)'« (2t+ 1)! 
a2*'+2P+ffi 1 

f + 1 (i'4 l)(t + 2) A; 
rax 

f+1 1 (i+l)(i + f) 2! 
o i +&C. 

The coefficient of ti+l in the expansion of e ax. eh ^C*a+*©+*} is therefore 

XR'- 
-,2i + 2 

(i+l).(2i + l)! 
S; 

and we have 

1_ g3*+3 

\ (i+l).(2i + l)! 

_/ _2(2i +1) 2j+i_ o 
{1.3.5 ... (2i+l)Ya ~~ 2g’ 

so that the coefficient of hi+l 

:\(R'—2g 

14. Thus the three forms of the same integral which are obtained by the expansion of 

^aV(x-+x/i) qCix gc{ */[x*+xli)—.r} g—a.c g«j -Jix^+xlfi+x} 

are 

TJ-gY, P', R/-2flrS. 

Changing the sign of a, we obtain as the coefficient of h‘+} in the expansion of 

g~aV(x-+x/i) g—ax g—<?{ .?} guz g-s{ Vfc5+ii)+i} 

the values — X(U-j-yV), — XIT, — X(P' + 2gQ), giving the three equal integrals 

U+<7V, B', P' + 2<7Q. 
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Therefore 

\J-gY=V'=H'-2g$, 

U+flrV=R/=P,+2flrQ. 

whence 

U=i(P'+R'), Q = S = V=i(R'-P'), 

which agree with the relations found for the case of a positive integer in art. 5. 

If rp is a negative integer =—i— 1, then ; we may therefore 

replace i by — i— I throughout in the integrals just obtained, and thus deduce the 

system of integrals considered in (3°) of art. 5. 

15. It maybe observed that, since the series for {1 — ^/(l — 4 t)}n and {l-py^l —±t)}n 

in art. 11 terminate and recommence when n is respectively a negative or positive 

integer, it is evident that the solutions in series of the differential equation satisfied 

by them will present points of similarity to the solutions Q and P of (1). The former 

differential equation is 

rJZV fill 

and its integration in series is considered in a paper “ Example Illustrative of a Point 

in the Solution of Differential Equations in Series ” (‘ Messenger of Mathematics,’ 

vol. viii., pp. 20-23). 

§ III. 

Transformations of the original differential equation. Riccati’s equation. Arts. 16, 17. 

16. If the differential equation 

cPu 

db? 
2 P(P + 1) 

alu =-^—:—u (1) 

is transformed by assuming u—x~Pv, it becomes 

dfv 
dx3 

2p dv a 
— —~azv= 0 
x dx 

5 H 2 

(2) 
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This equation therefore admits of integration in a finite form when p— an integer, 

and the six particular integrals V,, Px, Q1? ltL, Sls winch are equal respectively to 

xp\J, xpY, x?P, xpQ, x'Px. x^S are connected with one another, in the different cases, 

by the same relations as those found for U, Y, P, Q, P, S in art. 5. 

If we put 2p=n—1, so that the differential equation becomes 

d~v 

fa? 
n—1 civ 

x dx 
a?v=Q (3), 

then the six integrals take the forms o 

U1= 1 
19 c fax' W4 fra 

- _ 9 9 (n—2)(n—4) 22.21 (n— 2)(n — 4)(?i — 6) 23.3! 

Yx=xn J l 
1o cj 

arx1 

n-h 2 2 (?i + 2) (a + 4) 92 9 (» + 2)(ra + 4)(» + 6) 213! 

P — J 1 (rc-l)(w-3) ah? (n-l)(n-3)(n-5) ah? , 

1 ' rc-1 i"(«—l)(7i-2) 2! (»-l)(»-2)(n-3) 31^ *> ’ 

q =£C« J i _d±1 r,r i -t!)(«- +3) «¥ (ra + l)(?z. + 3)(w + 5) aV & , 
' n +1 + (w+l)(?i + 2) 2! (n + l)(n + 2)(n + 3) 3! ' ' ’ 

Ri= ^ i+5=i a» ~+&c. 
(w-l)(»-2) 2! 1 (n-l)(n-2)(n-3) 3! 

O „ I, . n + 1 (« + l)(Y + S) crfa (?i+l)(% + 3)(?i + 5) a?x% , 0 , 
n-)TTI <» +(-t+1)(,1+2) -5r+(,+i)(,+2)(.+,) it +&0- ^" • 

The differential equation admits of integration in a finite form if n— an uneven 

integer, and the relations between the particular integrals are the same as in art. 5, 

viz., accented letters denoting the terminated series as before, 

(1°.) n not = an integer, 

P1 = R1=U1, Qi = Sj = Vi ; 

(2°.) n— a positive uneven integer, 

Q1=s1=v1=E(R;'-Pl'); P1=R1=U1=i(P1'+RI'), 
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(3n.) n — a negative uneven integer, 

P1=R1=U1=^(S1'-Q1'), Q^S^V^-MQ.' + S,'); 

where 
i 

91 = (-)4 
K»+1) 

12.32.53. . . n~ 
o a. 

This is perhaps the simplest form in which the six integrals can be exhibited ; and, 

having regard merely to the simplicity of the series and to the expression of the 

manner in which they are related to one another, (3) should be preferred as the 

standard form of the differential equation both to the original form (1) and to 

Riccati’s equation (4), which is considered in the next article. The form (3) is that 

adopted by Bacii in his memoir (see iv. of § VIIL). 

It may be observed that if p=i, a positive integer, the differential equation (2) is 

satisfied by v=- X coefficient of Zf41 in the expansion of eax'/a+1‘\ and if rp=—i, by 

v=xX coefficient of lil+l in the expansion of ea^+K>\ these results follow from §11. 
i 

17. Transforming the equation (3) by assuming x=nz~\ it becomes 

or, putting n — 

s-2 dH * n 
2 'd*-aH=0- 

d~v o n_o A 

— — zv—0 
dzi 

Riccati’s equation in its original form is 

dl+bf=czm; 

it may without loss of generality be written 

|+r=*”, 
1 dv 

and, putting y = - —, it becomes 

dh 
dz2" 

■zmv— 0, 

(4). 

Thus (4) is the equation derived from 

dy t o o o,,rai ; 4- 
dz J 

by assuming y = , and it is convenient to regard it as the standard form of Riccati’s 
J & J v dz ® 

equation. 
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The six particular integrals of (4) are 

Uo = 1 

= 1 

R,= l 

flVr 

1 22(2?-l) 1 2?(29-1)4?(49- 

aVj 

1 2?(22 + l) 1 29(29 + 1)49(49 + 

Q — 1 1 \ 
(9 —1)(39—1) 

2(2“ 1) ~ h 2(2-1)22(22-1/ 

2 + 1 criA 
(9 + l)(39 + l) 

2(2 +1)"" 2(2 + 1)22(22 + 1) 

I ^ — ^ r/~y 1 
(9 —1)(39- 1) 

2(2-1) 2(2-1)22(22-1/ 

. 9 + 1 
4- - . c.z'i- 

, (2+l)(32 + l) 
r , ~ ' 

a6+ 

G~6 (V‘Z 

-f&C., 

+&c. L 

(2 +1)(3^ +1)(5<7 +1) 

O O/y 
- 

O Ort | 
-f (?+!)(% +1)(5?+1) 

2(2+1) ~ q{q + l)2q(2q + 1) 2(2 +1)%(2?+ 1)32(32 +1) 

-«323?-j-&c. j e« , 

^a323?+&c.|e 

1 -a& 
-cchZrj-\-&c. i e f~. 

The differential equation admits of integration in a finite form if q = the reciprocal 

of an uneven integer, and, the terminated series being denoted by accented letters 

as before, the relations between the particular integrals are the same as in art. 5, viz. 

(1°) q not = the reciprocal of an uneven integer, 

P2=R,=U2, Q2=S2=V2; 

(2ri) q — the reciprocal of an uneven positive integer, 

P.,=Ei=U2=!(P/+RJ'), Q8=S3=Vs=dy » + (R/-P/); 
\2 / 42a 

(3n) q = the reciprocal of an uneven negative integer, 

P;=R, = U2=(iyi +(S/-Q/), Qj = S£=V,= J(Q,'+Ss'); 

where 

9r 
(-D*K) J Cls. 

12.32.52. 

The integrals P2, Q2, P2, S2 were given by Cayley in the ‘ Philosophical Magazine/ 

Fourth series, vol. 30, pp. 348-351 (November, 1868). 
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§IV. 
$ 

Special forms of the particular integrals in the cases in which the differential equations 

admit of integration in a finite form. Arts. 18, 19. 

18. When the differential equations admit of integration in series containing a 

finite number of terms, these finite particular integrals may be presented in another 

form by commencing the terminating series at the other end. 

Thus in the case of the differential equation 

dht 

~df? 
ahi= 

p(p +1) 
„ Q 

. / 
U, 

if p is a positive integer, the particular integral 

1 

xp 
I P^riPiP-1) ah? _i_ /_Vp-1 ...2 gP lxr 1 

V ~'p(p—%) 2! ^ ' P(P~\) ■ ■ • i(P + 2) (p-1)! 

,_/ aPxP } 

^ P{P~f) ■ ■ • HP + 1) P- J 

2 PgP 

0 + 1) ...2p 
1 —\-UljJr ' \ 1)i(P + 2)rA;3 • • • 

1 ,1>(jp-1)i 
a-or 

+(-ri(p+i)*(r+2)... i(2p)fifi" 

=(-y- 
2 PgP 

(P +1) • • ■ 2y 

j»0 + l) 1 (_p —l)p(_p+l)(_p + 2) 1 

2.4 

x 1.2 ... 2® 1 1 
— V--- - + (-)Pc 2.4 .. . 2p cO’xp J 

e“; 

so that, if p = an integer, the finite particular integrals are 

iXiH-i) i . (p-i)j?(y+i)(jp + 2) i 
a* 2.4 2,3 CC 00‘ 

&c. | e®* 

(the series being continued till it terminates of itself through the terms all containing 

a zero factor), and a similar expression derived from this by changing the sign of a. 

19. Similarly, if n — an uneven integer, then 

1 — (id— l2) 
/ o (n- l2)Qr — 33)/ 1 \3 (^~l3)(^-3%Q-53)/ i \3 . o 

1.2 \8axj 1.2.3 \8ax) 
eax 



784 MR. J. W. L. GLA1SHER ON RICCATI'S 

and a similar expression derived from this by changing the sign of a, are particular 

integrals of the differential equation 

cPv n — ldv n 

-- 1-«r=0. 
CtX/ X ctx 

Iii the case of Bjccati’s equation, 

~aW-*v=0, 
CLZ 

if q= the reciprocal of an uneven integer, the two particular integrals are 

g3 — 1 / t \ , (g3 —l)(3sg3—1)/ 1 \2 (g2- 1)(3Y-1)(5¥-1)/ 1 \3 
^ H-Vfe) + g.2g \8 a# g.2g.3g 8azi 

-f &c. \ei 

and a similar expression derived from this by changing the sign of a. 

These appear to be the best forms in which the integrals can be presented when 

the equations admit of solution in a finite form: but they do not suggest the solutions 

for the general cases when the letters are unrestricted. The series ultimately become 

divergent when they do not terminate. 

§ v. 

Evaluation of definite integrals satisfying the differential equations. Arts. 20-28. 

20. It was shown by Poisson* that the definite integral 

y= f e~xm-h^dx ..(5) 
J 0 

satisfies the Riccati’s equation 

. . ..(0), 

so that the value of the integral must be of the form Athj+BV^, where U3, V3 are the 

same as in art. 17, and q—\m; it remains to determine the constants 

A and B, 

* ‘ Journal do l’Ecole Polyteclmique,’ Caliier xvi. (vol. ix., 1813), p. 23?. 
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It is however more convenient in the first place to consider the definite integral in 

the form 

y— I x le * dx, 

which is obtained by transforming (5) by the substitution x’"=x'2, for the integral (5) 

thus becomes 

2 bzm 

— ~ & dx. 
J o m 

Comparing (6) with the standard form (4) of IliGCATi’s equation in art. 17, we have 

2 1 
m—2q, so that —=-=n, and ndb=a2, 

m q 

Let bzm=od; then z = b~hlaH, and we see that the definite integral 

satisfies the differential equation 

dhf 

do? 

n—ldy 

a dot. 
— 42/= 0. 

The value of this definite integral is therefore of the form AU1-1-BV1, where Uj, Yl 

are the same as in art. 16, a being substituted for x and a put =2 : viz., writing 

M=l — 

N=l-f 

l 

n — 2 

1 

n + 2 

(2a')"^(%-2)(a-4) 

^2a^^"(% + 2)(a + 4) 

(2a2)2_1_ 

2! (n—2)(n—4)(% — 6) 

(2«2)2 1 

2! (% + 2)(?i + 4)(7i + 6) 

(2a2)3 

3! 

(2a2)3 

3! 

&c., 

See., 

then 

x 1e~1 ~x“ dx—AM + Ba,!N. 
0 

Suppose n positive, and put a=0 ; we thus find 

and therefore 

MDCCCLXXXI 

A = [ x11 le x\lx=\Y(\n), 
j 0 

f x~le 1 ~x'1 dx=^Y{bn)M.-\- otn<f)(n)'N. 
j 0 

5 i 
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Transform the integral by assuming x=~; this equation then becomes 

f x~n~le~x'-*dx= £r(£n)a^M+0(7i)N. 
■* o 

whence, changing the sign of n, 

f a?-1e-*'-*dx=$r(-±n)a*N +<£( -n)M; 
Jo 

and it follows therefore that (f>{n)=^T( — ^n). 

Thus for all values of n (except, of course, n= an even integer) 

xa-\-x^dx=\Y{\n)W^\Y(-ln)o.^.(7) 
o 

1 
2 r {in n~1(-Xx)4-'3) (2*Y_(n-l)(n-3)(n-5) 

m-P (n-l)(n-2) 21 (n-l)(n-2)(n-3) 

(2a)3 
+ &c. 

+ ir(-iny 
n+1, , (n+l)(n + 3) (2a)3_(?t+!)(?;. +3)(^+5) (2a)3 j , 

n+l^ ^(n + l)(n+2) 2, (to+1)(w+2)(» + 3) 3! + J6 

ir(^){i+^T 
t/o \ , (tt-l)(rc-3)(2«)» (h-1)(^-3)(»-5) (2a)3 

(w-l)(»-2)(w—3) 3! C' 

+£r(-^)a’ 
.^ + 1/ -, \ ■ (^+l)(?^+3) (2a)3 . Q& +!)(?& +3)(u +5) (2a)0 . 

^n + V )'t(n + l)(n + 2) 2! "l“(w + l)(?H-2)(w + 3) 3! 

the series extending to infinity in every case. 

The method by which the fundamental formula (7) has been obtained is open to 

some objections. These will be noticed, and a complete proof of (7) given, in art. 28. 

21. We have 

F(—W)  2 T(l-\n) 

T{^n) n rQn) 
2 

nsin^nrr (r(^?i)}2’ 

7T 

since r(m)r(l— m)=  -; 
v ' ' ' sm mir 

and, if n is an uneven integer, this 

9 _ i 
— (_\K«+i) _ -±-= (_W«+i)---—a, 

> n {V^bH---Un-2)r 1 ' 13.33.53... n~ 7l 

r/l being as defined in art. 16, when a is put =2. 
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Now, if n is a positive uneven integer, we have, by art. 16, U, -j-r/jV^R/ ; and 

M+gqN is equal to U1+<71V1 when a is written for x, and a put = 2 ; so that, if n is a 

positive uneven integer, 

xu 1e ^ r'! dx=\Y(\n) 1 + 
n — 1 

?& —1 
(2a) 

(n — l)(n—3) 

(n — l)(n—2) 

(n — l)(n — 3)(n — 5) (2a)3 

(n-l)(n-2)(n-3) 3! i“ 

the series terminating at the term preceding the first term containing a zero factor in 

the numerator. 

Transforming the integral by assuming x=~„ we find that, if n is a negative uneven 
X 

integer, 

x \1l 1 rj X~ , -•dx=\T(-£»)*" 11 + —i(2«) 
n+1 {n + l)(n + 3) (2«)2 

(n + l)(n + 2) 91 
+ &c. \e 

the series terminating when the first zero factor appears. 

Thus, generally, 

xn le~ tlx 

u(i»)q+h_l(2“)- (n-l)(n-3) (2a2) (%-!)(»-3)^-5) (2a)3 

(n — l)(n — 2) 21 ' (n-l)(n—2)(n-3) 3! 
-&c. |( ,-2a 

+lr(_ln)a^ l+^+1(2a) + (^1)(-+3) (gfO!, (n + l)(n + 3)(n_+5) ^ , 2a ( } 
-hs1! 2n) ^^n + i^a)^(n+i)(n+2) 2! +(«+l)(% + 2)(% + 3) 3!+^c-rt • Yh 

if n is not equal to an integer : but if n — a positive uneven integer, the first series 

continued up to the first term containing a zero factor in the numerator is the value 

of the integral, the second series being ignored altogether; and if n = a negative 

uneven integer, the second series continued up to the first term containing a zero 

factor in the numerator, is the value of the integral, the first series being ignored 

altogether. The rule may therefore be stated as follows : if neither series terminates 

then (8) represents the value of the integral, but if one of the series terminates, the 

finite series represents the value of the integral, the other being ignored; a series 

being supposed to terminate at the term preceding the first term that contains a zero 

factor in the numerator. 

The apparent change of form is curious, but the reason for it has fully appeared in 

§ I., arts. 3-6. In the ‘British Association Report’ for 1S72 (Transactions of the 

5 I 2 
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Sections, pp. 15-17) I gave the formula (8) with a brief indication of the method by 

which it had been obtained; this method is substantially the same as that just 

explained. As far as I know the general value of the integral had not been given 

before; although the value in the case of n = an uneven integer has been long 

known. It is scarcely necessary to remark that in (8) n must not = an even 

integer : this case is specially excepted throughout (see end of art. 1). 

22. The case when n — an uneven integer is included in a general formula given by 

Cauchy in vol. i. of his ‘Exercices cles Math ematiq ues ’ (1826), pp. 54-56. He has 

there shown that if 

i being a positive integer, and <jj an even function, then 

n p | *'(®+l)p , (t—l)i(i+l)(i + 2)p 
kbi—rQ\~ O! *21 4, • ■ • (9>- 

This is the case corresponding to a— 1 of a formula proved by Boole (Philosophical 

Transactions, vol. 147, 1857, p. 783), viz. 

f J ( 

i d\ , .m=i(2?n-(-l)(2??i-f-2) . . . ._f „ ., , 7 , . 
x^[x--)dx=tm=o-^X^<f>(x)clx . . (10). 

Boole’s formula may however be deduced from Cauchy’s ; for, replacing ^(x) by 

(p(ax), we have 

Q3j=j xzi<f)(ax— -jdx, 

and this integral, transformed by assuming x=y, becomes 

dx, 

in which, if w7e put a — b and replace a? by a, the expression subject to the functional 

sign becomes x —* 
& x 

* In the ‘ Messenger of Mathematics,’ vol. it, p. 79, I stated that Cauchy’s proof was not applicable to 

1 ct 
the more general theorem in which *-was replaced by x-. The error was corrected in a paper 

“On a Formula of Cauchy’s for the Evaluation of a Class of Definite Integrals” (‘Proceedings of the 

Cambridge Philosophical Society,’ vol. iii., pp. 5-12, 1876); this paper contains also the theorem, 

corresponding to Cauchy’s, in which 0 is am uneven function. 
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To deduce the value of the integral 

<p(x) = e~x\ then 

•Q° a2 
xle~xl~x"dx from Boole’s formula, let 

o 

x2ie~x 'dx=\Y{i+\) = l f 
27 — 1 _ 

2 ’ 

and therefore the coefficient of a1 m 

y/rrr (2m+l)(2m + 2) . . , (7 + m), 3 

2 (7 + m)! 2‘2 

% m— 1 \/7r (7 + to) ! 1 

Thus 

*A-irdx=^L 

whence 

x e v 
■ . (7 + 1)! ai- 1 (7 + 2)! a1 3 

9 i^ + 77 + A (7—1)! 1! 23 ' (7—2)! 2! 2* * ' ' 

\Ar . ( 7(7 + 1)/ 1 \ (7 —1)7(7+l)(7 + 2)/1 
\/<r-Adx=Y^ai\ i+=^- 

2.4 

m)!m! 22m' 

, (27)! 11 

+ 7! 22iJ ' (in. 

\3 1 
j +&c. >e 2a . (12). 

the series being continued till it terminates of itself. 

This formula is in effect that given by Cauchy (‘ Exercices,’ loc. cit., p. 55) for 

the evaluation of the integral. It had however, as Cauchy himself remarks, been 

previously published by Legendre in vol. i., p, 366, of his ‘Exercices de Calcul 

Integral’ (1811). Legendre, whose method is quite different to Cauchy’s, adds 

that Euler, in vol. iv., p. 415,* of his ‘ Institutiones Calculi Integralis ’ (1794) 

mentions the integrals 

l+a* y0 _s _i+zs 

x ¥e 2nxdx, x %e 2nxdx, 
jo Jo 

which correspond to the particular cases i= — 1 and i=—2 of the integral in (12), 

as apparently not admitting of evaluation by known methods ; and he gives their 

values. 

If in the series in (11) the terms be written in the reverse order, we have 

2 i —z 
x e 'A-dx = 

\Ar (27)! 
9+VI 1+2l2S“ 

7(7—1) 
27(27-1) 

2%- 

2! 
e 2a 

which agrees with (8) when since 

ir(i+i)=^ — 
. (27 — 1) yir (27)! 

2i 2 23i7! * 

* ‘ Supplementnm V.’ ad tom. 1, cap. viii. 
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Transforming the integral in (12) by assuming x——, it is seen that (12) is true also 

when i — a negative integral; so that this formula is true when i— any integer. 

The same transformation shows that in general, if <£ is an even function, 

| x~zi~2(f)(^x — C^jdx=cr2i~1^ x2i(f>(^x—~^jdx. 

Putting 2i=n — 1, the formula (12) assumes the form 

[ of 1 
Jo 

—I/y—x- r'dx- 
v7’ 

\16aJ 

which is true when n— an uneven inteo'er, the series being continued till it termi- 

nates of itself. 

23. The investigations of the formulae (9) and (10) given by Cauchy and Boole 

are only applicable in the case of i an integer, and do not indicate what the formulae 

become when i is unrestricted. A method, however, which I have employed in the 

‘Messenger of Mathematics’ (vol. ii., 1872, pp. 78, 79) to prove Boole’s formula, and 

which depends on direct transformations of the integrals, leads to the general theorem. 

We have 

| xn(fj(x—-jdx= j x’'(f)(x—a^jdx4-j xn<\)[x—(-jdx ; 

and if we transform the second integral by assuming x=x-, , then, since </> is an even 

function, we find that the original integral 

= lAx~i 
_i 

n + 1 

x“-\- 
yti + 1 

0n + 2 
dx 

ci\ d 

X~x)jx 
x ,n+1 

7«+l 
dx. 

Now transform this integral by assuming x— =v; we thus have x=^{v± \/(y2+ 4a)}, 

and, taking the upper sign, the integral becomes 

d 1 
n +1 

r + v/C2 + 4«)l "+1 [ — v + v/C2 + 4a)|"+r 
2 ■ 

dv. 

If n is an even integer, the quantity in square brackets 

v + v7 (r2 + 4 a) 1 " +1 

1 
+ v—v/C2 + 4«)l11 +i 

2 

n — 2 cr 

i 
= <’"+1 1 + (» +1 )i+ (« +1) V =-,+(«+1) 

.(n— 3)(?i“4) cl" ■.in 

;6 . . . -f (n+1) 

this expression containing \n-\-1 terms. 
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Thus, if n is an even integer, we have 

j vn + (n — 1 )avn 
, (n-2)(n-3) 

9 i 
+ ai'1 \dv, 

which agrees with Boole’s formula. But if n is not an even integer, the expression 

in square brackets when expanded contains an infinite number of terms, and putting, 

as before, 

P„=( xn(f)(x)dx, 
J o 

the general formula is 

Q„ — VH+(n— l)aPn_s+^- ^ 3)a2Bn_4,+(ft ^^)(n a3Pw_c+&c. ad inf. 

+ an+lP_n_3 d-(w+3)an+2P_n_4 + ■—+ aM+3P_TO_6 + &c. ad inf. 

24. This formula involves infinite terms unless <f> is such a function that the 

integrals Pn_2, PB_4, . . . P_m_3, P_„_6 . . . are all finite. This condition is not fulfilled 

when (f\(oc) = e~x\ for \fxne~z°dx is infinite when n— or < —1, so that we do not obtain 

by means of the formula a demonstration of the equation (8). If however we replace 

l™xne~z"'dx by T ( ---- j in all the terms, whether the integral be really infinite or not, 

we do in fact, as we should expect, obtain (8). For, putting <£(x) — e~x\ substituting 

gamma-functions for the integrals, and writing n—1 in place of n, the formula gives 

j x’1 le ** *‘dx=\\T(\n) +(n— 2)aT(^n— 1) +———— cdT(fn — 2) +&c. \e ~a 

— — + y,” + ^a2r(—\n—2)~t~&c. \e 2a 

ir(ln)J 1.^lg/2a)4-(%-3)(W~-) (2ft)2 , (n-4)fr-5)(w-6) (2a? 1 
2 (2n)1 1^n_2(Za/^(n-2)(n-4) 2<.(n-2)(n-4)(n-6) 31 + & j 

+w-ki+^|(2a)+fc±|&±i) m +&c. 
(n + 2)(% + 4) 2! (n + 2)(n + 4)(n + 6) 3! 

The coefficients are readily identified with those in (S), for evidently 

(n + r + l)(n-\-r + 2) . . . (n + 2r)_(n-\-l)(n + 3) . . . (n + 2r—Y) 

(n + 2)(n + 4) . . . (n-\-2r) (n + l)(n + 2) . . . (u + r) 

This process, regarded as a method of obtaining the formula (8), is of course unsound, 
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and could not be rendered satisfactory without careful discussion and development. 

Such substitutions, however, very frequently give correct results, and it is generally 

interesting to examine whether, in any case that arises, the result so derived is true or 

not. In this instance also we thus obtain two new forms of the expression forming 

the right hand member of (8). 
i 2 

25. Transforming (8) by the assumption x—vn, putting m— -, and writing a for a, it 

will be found that 

C oo w / 

f e~l'm~^dv= r(l 
o \ 

o(2«M 
(vi — 2)(Zm—2) 

(ra — 2)(2m—2) 
b&c. e-a* 

(m + 2)(Zm + 2) (2«)3 0 

(m-f2)(2m+2) 2! + <*C' (13); 

where, as before, if either series terminates through the presence of a zero factor in a 

numerator, the terminating series represents the value of the integral, and if neither 

series terminates, both are to be included. When one of the series terminates, that is, 

when m — twice the reciprocal of an uneven integer, the formula may, by taking the 

terms of the series in the reverse order, be written 

3 CL / 1 
-vm—-7 \/7r 

e vmdv=x—am 
m 

m‘ — 23/ 1 \ (m2—22)(32m2—22) / 1 \2 
1— "(-'*)+ "" " \l6« •mf.wn* 

_ _ 
J0 m [ to2 \16fl 

2 

Putting v=a.™x and a~ = orfi'} (13) becomes 

r00 o i f -a?xm- 

e Jo 

— t(i — -']/371 {1 -4- — + 2(2a/3) \ r^m + 2^' 1 (m+2)(2m + 2) 2! 

—&c. \e . 

"efcc=r( 1+ —W TO{l + // —”(2ay8)-f 
v m) I vi —2,^ ' 

(m-2)(3m-2) (2«/3)3 , 

(m—2)(2m—2) 2! ^ '' 

(m + 2)(3m + 2) (2 a/3)3 
-&c. je 3a4 

If for example m=2, we have the well-known result 

26. The definite integral 

f 
cos bx 

(lx 
I o (ft2 + .r2)'! 

has been evaluated when n is a positive integer,'" the formula in this case being 

cos bx -j _ 7r 1 f, , »(?i — 1) /' 1 \ , {n+l)n(n—l)(n—2)fV\2 ( ^ 

Jo (a2 + x2)* Ch:~~2\n-1)\ 4W|1 + ~2 [abj^ 2.4 \ab) + 
e~ab (14). 

* See Schlomilch,'‘ Analytiscte Studien’ (Leipzig, 1848), part ii., p. 97, and Crelle’s Journal, 

vol. xxxiii., p. 273, or Catalan, ‘ Liouville’s -Journal,’ ser. 1, yoI. v., p. 110. 
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Tins result may be readily obtained by differentiating both members of the equation 

r COS bx 7 7T 7 

1 -dor-"~al 
J0 (ct~ + x~)n 2a 

n— 1 times with regard to «2: see infra, art. 31. I now proceed to investigate the 

value of the integral when n is unrestricted : it is to be observed, however, that n 

must be positive and greater than unity, for otherwise the integral is infinite in 

value. 

It is easy to prove that the integral 

satisfies the differential equation 

for, by actual differentiation, 

„ cos ap 

cPu „ p(p — 1) 
~——azu=--— u; 
dxr x* 

and by a double integration by parts we find that 

xp 

Thus the value of the integral 

where U and Y are as defined in art. 3, and A and B are constants to be determined. 

It is however more convenient to avoid the determination of the constants by 

deducing the value of the integral from the formula (8) of art. 21. 

In the ‘Journal cle l’Ecole .Polytechnique,’ Cah. xvi. (vol. ix.), p. 241, Poisson has 

proved a formula which, after some unimportant transformations, may be written 

mus^ °f tlie form x p ](AU + BY), 

x^e dx= 
r(% + l)f°° cos 2bx 

*fir J0(l+a;2) 
dx; 

Poisson’s demonstration holds good for all values of n such that the integral upon the 

right-hand side of the equation is finite. Putting n—1 for n and transforming the 

vd 
right-hand integral by assuming x— this equation becomes 

* ‘ Quarterly Journal of Mathematics,’ vol. xii., p. 130. 

5 K MDCCCLXXX f. 
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rx*»-2e-x'-bi dx=a?“~1 ^ aJ dx ; 
Jo x/ttU (a2 + x*f 

2 b 
whence, replacing — by b, 

f cos , x— ri -2»+1 

J o (a2 +£2)® T(n) 

3 o t „ a.-b- 2 a—2 7 
x e ix dx . ■ ■ (15) 

\/1T _ 
=rwa 

M ir(»-i)]i + ~ab- 
(2n-2)(2n-4) (abf 

{<zb\%n ^ 
+m-n+mT i+ ■ab-\- 

(2n-2)(2n-3) 21 

(2n — 2)(2n—4)(2n—Q) (abf 

^ (2n-2)(2n-3)(2n-4) 3! 

2n(2n + 2) (abf 

_1\Ar 

~^T(n) 

2n(2n + l) 2! 

2n(2n + 2)(2n + 4) (abf 

+ 2?i(2» + l)(2?i + 2) 3! 
+ &c. ,—ab 

(2n—2)(2n — 3) 2! 
-b&c. 

+r(_n+i)(i6f'-1{l+ f^+ 
2n(2n + 2) (abf 

2n(2n + l) 2! 
+ &c. \ e ab 

which represents the value of the integral for all values of n greater than unity. If 

n is a positive integer the first series terminates through the presence of a zero factor 

in a numerator, and this finite series is the value of the integral, the second series 

being ignored. 

If n is a positive integer, then, writing the terms of the series in the reverse order, 

r cos bx 7 . \/ir „, ,. „ ,, 
——— dx=\~rT(n—\)cC*n+1 

l0 (a~+x~)n 2T(n) v 2/ 

(n — 1)! (2 ab) 

(2n — 2) . . . n (n — 1)! 

(,,~1>---2 ^ • +~^) + l}e- (278.-2) . . . (71 + 1) 0-2)! 

x/tt bn~l (n—1)0—t) ■ • • i-\Z7r9/l-: 

T(?i) an (2n—2) . . . n 
0 14-n(n — 

+o+iQQ-1)0-2)/yy 
2! 

(2n-2)\( 1 Vt-1l ab 

\2abJ ’ (n — 1)! \2abj 

IT 1 bn~l \ n(n — Y)(l\ (n+V)n(n—Y)(n— / 1 \3 

TO) 2” an 

which agrees with (14). 

1 + 2 \ab + 
2.4 ab) +&C-^ * 
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27. In a similar manner we may obtain the value of the integral 

[ a x sin bx 
dx 

i0(a2+x2) 

which is finite for all values of n greater than unity. For, differentiating (15) with 

respect to b, we have 

% sin bx , , a/7r x51 f” 0 . , UU , 
——dx=j;-—-a 2"+3/d .x~" 4e r dx J0 (cd+x^y 2r(7Q Jn . . . . (16) 

=inS'{r<,i-|)o"2"+8{1+^ 
(A4&c. 

71 — 4 (2ti—4)(2ti — 5) 2! 

+ r(-w+»(*&)«{ 1+ — + ^+&c. 271-2 (2ti—2)(2ti —1) 2! 
J 

where, as before, if the first series terminates, the finite portion of it represents the 

value of the integral. 

If n is a positive integer, and the terms of the series are written in the reverse 

order, we find 

f" sd sin bx ,_it bn 4 f (n-l)(n—2)( 1 \ n(n-l)(n-2)(n-3)[ 1 \3 0 1 6 

\0(a* + x*y 2»(w-l)! 2 \ab)'^ 2.4 \ab) J 5 

which is a known result (Schlomilch, ‘Anal. Stud.,’ loc. cit., p. 97). 

It follows at once by combining (15) and (16) that, for all values of n such that the 

integrals are not infinite, viz., if n— or >1, 

x sin bx -j  l b 
Ovt*   Q 

0 (a? -J- x~)n+l 

,0° cos bx 

0 (a?+x2)’1 
dx. 

It would be strange if this equation were new, but I have not met with it anywhere: 

it is readily proved in the case of n an integer, for 

— 2a 
[°° x sin bx 

10(a* + z*y( 

and 

f* cos bx 
1 o | 0 ( 
J 0 flv "r X" 

whence 

1 f00 x sin bx 
1 I c (a2 +A)2< 

/< 
dad 

dx—^-e ah 
la 

dx—\b 
cos bx 

a" + or 
„dx, 

which, differentiated n times with regard to a3, gives the relation in question. 

5 k 2 
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28. The method by which the formula (7) was obtained in art. 20 is not satisfactory 

for two reasons, (i) because the integral \q xn~le~xclx is infinite in value when n is 

negative, while the gamma-function, winch is supposed to satisfy the equation r(n-bl) 

=nV(n) for all values of n, is finite when n is negative, except when n is a negative 

integer, so that we are not entitled to assume that we may always replace the integral 

by the gamma-function, and (ii), because it is assumed that we may change the sign 

of n in the equation giving the value of the integral. The following demonstration of 

the formula (7) is, however, I believe, quite rigorous. 

The gamma-function is supposed to be defined by the equation r(??) = x'l~le~Tdx 

from n— 0 to n— 1, and by the equation l) = nY(n) for all other values of n. 

This is in effect the definition of the gamma-function generally adopted in analysis. 

We have seen in art. 20 that 

y— j" x~xe~x ~x"dx 

7J> jr 7 

satisfies the differential equation -— —4y=0, so that y=AM-f-Ba"N; and by 

a simple transformation of the integral, it follows that 

where 

H=1-~q(2a/3) + —— 1 

[ xl 1e ai" x~dx= Aa . 
Jo 

(2 «/3)3 1 (2 a/3)3 

(17), 

K„=l 

n-2 

1 

~n + 2 

(n—2){n —4) 2! (n—2)(n~4)(n— 6) 3! 
■&c. 

(2<xfi) + 
(2 a/3)3 

+ 
fii + 2)(u + 4) 2! (?i + 2)(?i + 4)(?i+6) 3! 

(2a/3)3 „ 

Suppose n to be intermediate to 0 and 1. Put (3=0 in (17) and we have J0*V le ^dx 

= Aa~in, whence A = |-r(^w). 

Now by actual differentiation of the series represented by IT,, and K„ we find that 

d / , tt \ . _i ,_t t-t d~K.n 2/3 -j-r 
(a n)=—\ncL *l 1H„+a, — =--Jv„A0. 

doL 
T 25 

and similarly 

<mn 

d/3 n 

9,, 
-H _9 2’ d/3 

da n + 2 

((3HQ = ±n(?'^Kn_2. 

Transforming the integral in (17) by assuming x= ,, it becomes 

f x~"~{c~p**~pidx=Aa-i"H„ + B/3 K,.; 
J o 
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whence, differentiating with regard to /3, 

f” a rlXI rl 

j ar*+ie-px *’dx= 

Now — n+l lies between 0 and 1, and putting a = 0, we have 

giving 

x-*+1e-v'=%Pn-1r(—%n+l)=—%nl3Ft-1B, 

B=-;rUU+i)=lr(-U)- 

Thus, if n lies between 0 and 1, it has been proved that 

[ xu~h~ac'-^dx=^r(^n)a.-inllll-\-±T(—^n)l3h'Kn, 
Jo 

and this equation can be readily shown to be true for all values of n by differentiating 

both members of it any number of times with regard to a or /3. 

For, differentiating with regard to a, 

00 £ 
x>l+le~^~x*dx=\T(\n). \n a^'i_1Ha+3”|r( 

o 

=ir(I»+i)«"4“-1H,+2+ir( 

and, differentiating with regard to /3, 

fVse-“•-^=jr(|n) 
Jq ^ 

=ir(i«-i)a-^iHH.s+ir(-in+l^K^. 

If, therefore, the formula (7) is true when n—r, it is true when n—r± \ ; and it 

has been proved to be true for all values of n between 0 and 1 : it is therefore true 

for all real values of n. 

It may be remarked that whatever value n may have, the integral is never infinite : 

so that the differentiations with regard to a or /3 are always permissible. 

_i 
hn) 

2/3 ln+1 

n-\- 2 
K 

—\n— l)/3u+1Kn+il, 
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§VI. 

Symbolic forms of the 'particular integrals in the cases in which the differential 

equations admit, of integration in a finite form. Arts. 29-42. 

29. It has been shown in art. 26 that 

COS aP 
u=xp+l\ —— 

J o (f + ^~y+i 
dt 

satisfies the differential equation 

cl2u c, 
y^ — azU — 
ax X‘ 

p{p+l) 

Now 

,o(p+^)P+i 

and therefore, if p is a positive integer, 

cos 

f cos ag _ip ff fx cosftg , 

J o (X*+ X)p+1 Jo (:X2 + %°~y 

f" cos«£ if / \ ,1/1 d \p /'“cos of f cosat 
v-rdf 

J o r + t 2-? \£C ctr/ J o *2 + £ 

7r /I d\P e_cu 

2p+1 \x dxj x 

The complete integral of (1) is therefore 

(18) 

(!)• 

yc dxj 

\ ct ac0^ 
and, since - — ear= —, this result mav be written also 

x dx x * 

,,/1 dy+l . , _ . 
u = xP+1 f - — j (cqe®+cue “) 

(i9); 

(20). 

Since the differential equation (l) remains unaltered if —p — 1 is substituted for p, 

it follows that the complete integral of (1) may be expressed also in the forms 

and 

«=XT (i f-ff1 ( 
\x ax} \ x 

11 d \—p 
u=x~p ( - — I (clerLl Jrcie '“)■ 

x dx 

30. Putting u — x j’v, we see that the complete integral of the differential equation 
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d~v 2p dv „ 

dx:2 x dx ^V 

when p is an integer, either positive or negative, is given by any one of the formulae 

„ ,, /1 d \i°+1 . , . 

,=x \r d,:) (C1 eff-r+c3e ax), 

1 d\-p 

x dx) 
(cp‘u+Cr,e~ar), 

v=x^i/h ±y 
\xdx) 

V — 
1 d \~P-1 ( cxe,ax + ctf~a 

x dx 

Putting now x=nzn, where n=2p -f-1 and q=~, the differential equation becomes 
7b 

d2v 

dz2 
—a3z3? zv — 0 

and the integrals take the forms 

(4); 

/ /7\® + l cizq 
v=z(z~2rj+]j) {c^i +c2e 9 ), 

d: 

d\~P 
V = (Z 3?+1qr) (cie*2 +c2e q'q) 

V = Z[Z 2?+1 

dz 

d\P 

di 

_zq — -Zq 

+ c2e q 
Zi 

v— (z-2S+il\ p V c^Zq + c°g ^ 

1 
If p is a positive integer =i, so that <2=.,- q, then, from the first and third forms, 

, g AldV+1 / ?** , 

or 

v~z[z 2?+1 
iv 

(/■ 

29 -- _ 2? 
c1e9 + c3e ® 

zi 
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and, ifp is a negative integer = — i— 1, so that 7=— then, from the second and 

fourth forms, 

rz=(2_2?+iy+i^2,+^"^)’ 

or 

v— f 
7\ s / - zi --*« N 
ay / n^es +c2e e \ 

& )■ 

31. These formulae may be readily connected with the series-integrals found in § I., 

for, comparing (20) with the series P in arts. 3 and 5, we see that 

x i+1 1 ^Y+1 -nr \ -if! ^ T — 1) a~x^ afr8 
i *) 6 =■A* j1 - V7-^T_P_i) "sT + &c. \eax, 

where A is a constant. Putting i— 1 in place of i, this equation becomes 

1 d 

x dx 

i-1 . (i-l)(i-2) «¥ (i-l)(i-2)(i-3) afr3 
eax=A.x 21+1 \ 1 ——ax , 

z-1 fr-l)fr-|) 2! (i 

-l p2 i-3 a3P , c 1 „ 

-ix<-*x<-2) ^+&c-r: 

and, observing that the coefficient of x {e?x is a\ it is evident that 

_/ \z-_i fr'P +1) • • • (2i—2) 
A=(-)'■ 9J-1 

a. 

Writing the terms in the reverse order, as in § IV., we find 

2)A-fe rt- • (21): 2.4 

that is, on replacing a? by pfr, 

d 

dx 
ea-Jx — 1 (<+iW-lX<-2) JL_&C. 

2y/xJ [ 2 apa; 2.4 a-a; 

which is a known formula (see, for example, Schlomilch’s ‘ Analytische Studien ’ 

(1848), p. 86). 

The formulae which result from comparing the solutions of PiCCATi's equation (4) in 

arts. 17 and 30 are 

/ (1 \ * + 1 a 

4_%+lf) * = 

(~)‘ 41 ~ PA^+rPAl(!rhV 1 £* (22), (2 —1X3? —1) . . . {(2i —1)2 —1} [ A? —1) (?(? —1)22(22 — 1) 
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if and 

if q- 
2i + l 

In the case of 5=——-, we have (2i-\-l)q—1 = 0, and therefore 

(2t — l)g— 1 = —2q, (2i—8)q — l = —4:q, ... q~Y — —2iq-, 

also 

iq=±—±q, iq —1 = — \q, so that 

and similarly 

(* -1 )q ((i ~1 )q ~1} = WY-1)> &c- 

Thus the ^-coefficient which multiplies the right-hand side of (22) 

_(!73-l)(33g3-l)(5V-l) ■ ■ ■ |(2i-l)t/-l}_ 

(—)i8iq.2q.3q . . . iq 

and, writing the terms on the right-hand side of (22) in the reverse order, the formula 

becomes 

2 2 

VIZ. 

feb)+"r 1)(§h)+&a^s+'- 

where q=: 
1 

2t + l 

Treating the formula (23) in the same manner, we find 

— |)-ef X(^) + (3^)% &c.) J » 

where q= — ——- 
1 2i + l 

The right-hand members of these two formulae differ from one another and from 
o 

the last expression in § IY. (art. 19) only by the powers of a which occur as factors in 

the two former expressions. 

MDCCCLXXXI. 5 L 
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32. It follows from the forms of u in art. 29 that 

1 cl V+1 
xi+l[- — ) eax=Ax '(- 37) ea'\ 

1 d\~i 

x dx 

and it can be readily verified, that A = a&+1, so that we have 

x2i+1 (- -rr ] e!Jj:=ct2i+1 f - —) eax 
x dx 

1 d\-i 

x dx) 
(24). 

Transforming this result by putting x=qz? (q unrestricted), it becomes 

If now q—^r p, this may be written 

d\— « a \ 2a -z 
z\ z 2q e*z9=aa(z 2,1 &z\ 

and, on putting q=———- we obtain the same result; so that this formula holds 
AI "i X 

good whenever q is of the forms iyry-y. 

It follows from this theorem and from the two formulae at the end of the last article 

that 

d 
z[ z~zv+1~) 2,1 =m/z-2^+1^ 2q ei' 

=&**-*{ i _w i+(wxi=3¥)(a.y_&, 
q Sazt q.2q \8 az?j ' 

where q=±^~r 

The relation (24), or, as it may be written more conveniently, 

aA+1 1 A' 
x dx 

i+1 
eai'=- a~i+leax (25), 

admits of being established as follows. 

Suppose enx expanded in ascending powers of x, and consider the term in xp : we ha.ve 
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and 

so that 

t£)^ 2i ^(p-^ip-3) • • • (p-2i+l)xP~2i, 
x dx) 

(l d\i+1 . 
- — xP—r>\ r> — l~£)x2i+%ic) xP=p{p-1)(p-2) • • • {p-2i)xr~oj 

d\*+1 

and therefore, 

dx 

^v+1 

a;21; 

a; dx x dx 

d \2i+l 

^ 6 ’ 

= a2i+V'r. 

The preceding investigation shows also that, if <f)(x) denotes any function of x, then 

■ ■ (26); 

for this theorem has been proved to be true when <f>(x) is of the form AafB.PCxc 

+&c.; and as it merely asserts an identical relation between the derived functions of 

<f)(x), it must hold good universally, since the truth of such a relation could not be 

dependent on the fact of whether (f>(x) was or was not expressible in any particular form. 

33. The general property upon which the theorem (26) depends is that the symbols 

of operation 

d d 
ry I”«-ryO- ryl~&-ryP p 
tAJ -j • tAJ tAj a Uv V • 

dx dx 

are convertible as regards order*; that is to say, operating with such symbols upon 

4>(x), the result is the same in whatever order the operations are performed. This is 

evident, for 

Xl~a^Xa.Xp = (p-\-a)xp, 
dx 

so that the result of the operations upon xl\ and therefore upon (f>(x), is independent of 

the order in which they are performed. 

Now the left-hand side of (25) multiplied by x~,+0' is 

d d /y>2i+l_/y»—2i rJh—\_2t+2 tAs iAj • 1 tv 
dx dx 

rySHLryS \l rYSHA%^_ry-%i-\ ryZi^Lry-^i+1 
• iAy tAy j | tAj • iAx T tAy 

d '__ 
dx dx dx 

. X2yX l^jX(f)(x), 

# See Cayley, ‘ Proceedings of the London Mathematical Society,’ vol. viii. (1876), p. 51, and also 

‘ Solutions of the Cambridge Senate-House Problems and Riders’ for 1878, pp. 99, 100, 

5 L 2 
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and, writing the operators in a different order, this expression 

_™-2i ™2?' (L ™-2z'+l 'r—'r~1 r\ 
-1Aj _ tX/ • tty 7 tty • i/y _ tty • • • tty , tty • tty I tty J 

dx dx dx dx ' 

/ d \2i+1 
=^+\£) <M4 

This investigation of (25) is in effect the same as that given in the last article, but 

the form in which the process is presented is somewhat preferable. 

Denoting for the moment the operator xl+nj-x~” by [n~\, then 

[a][a+6] . . . —l)5]<£(.r)=.r1+"— x n.x1+a+b~x " h . . x}+a+{l 1)byx n {l 1)b.(f>(x) 
dx dx 

- ytO Idi 1 . 
d V (p(x) 
dx xa+(i-1)f 

Also, writing the operators in the reverse order, 

[a+({—!)&] 

Thus 

[a-J-6] [a]<f)(x)=xi+a+{i 1)5Jbc a {l l)i . . . x1+n+l^x a b.x1+a^x a.<f)(x) 

■ y-tO ?l/1 xyt ^T* 1_ 
d y (f>(x). 

dx xa 

ra-b( rb+l d \_m_  a+ib(T-b + \ d V 
x 1 dxh?+«-W- r dx X- 5 

and therefore, replacing by </>(,r), 

or, writing iff- 1 for i, 

(--l) <J>{x)=x(i+w(x b+l£j x{i 1)b(f>{x) 

y+1p) (^[x)=x(,+2Vj(x *+y) y^(x). 

• (27), 

(28), 

34. Putting l>=— 2, and <f>(x) = y and e"r respectively in (27) and (28), these 

formulae give 

0 dV ca'r 1 / 
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whence 

1 d V+1 1 d\‘ e(ix 1 / „d\i+1 & 

x dx) 6 C\x dx) x x~i+\X dx) xTl xii+^(lclx) «3i_1’ 

The complete integral of (1) may therefore be written also in the form 

a=AlA-Y (°rL±ML 
xi+A dx 1 

or in the form 

1 [zd\^+1(cleax-\-cie-ax' 
y>i + 3 dx 

(29) 

(30). 

The first of these solutions, viz. (29), is that given by Boole in the ‘ Philosophical 

Transactions’ for 1844,* and in his ‘Treatise on Differential Equations,’ chap, xvii., 

Boole’s process is as follows : he shows that 

u=e-w(D-l)(D-3) . . . (D—-2f+ l)v 

where 

D denotes 
d 

Id’ 
x=e, v—~-—1— 

and he thence deduces that 

u=e~i0.e9De~9.e39De~39 . . . e(2i-1)eDe~(2i-1)9v 

9(e29D ye~w~1,0v 
... 1 ( „ clV[cxax + c„c ax 

— o (2,z l)*Li-1 —i i 4-2- = e~ 
d+l\ cl Si-1 

But if the factors are written in the reverse order, we have 

u=e-i9(D-2i+l) . . . (D-3)(D— i)v 

= e-id.e{9J~1)9De~(2i-1)9 . . .e3(rDe~39.e9De~9.v 

=e(i+1)9(e-n~ 9Dye~9v 

=xi+i(l lYfc^+w- 
x dx 

which is (19). Boole does not seem to have anywhere alluded to the connexion 

between his own form (29) and the form (19), or to have remarked that the latter was 

obtainable by his own method. 

Putting b= — 2ci {q unrestricted) in (27) and (28), we find 

* “ On a General Method in Analysis,” p. 252. 
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dz & 
=^— (z*i+i-Y —— 

3»J+2?y dz) £k~H* 

o 4-i d V+1 -« 1 / o -i-i d\i+1 ei3 r2?+l ) g2 = o~4JzS?+1T — ; 
dz) z^+*i\ dz) z%i 

so that the solution of Riccati’s equation may be written also in the forms 

u— - f z2?+1 
2# 

u =4^ 

AY (V* + c2e « 
dz) 2l-3? 

a q a 9 

l1V'+1 (c + c2e s' 

dJ V 

dV 

if q=^+1, and 

w=z1_? ) {z3?+1(e1ei3 fi-Coe-^)}, 

w=z1-3?(z2?+1^j {z?+i (c1e4' -j-c3c s')}, 

lf ^=_2i + l* 

35. Boole’s form (29) of the solution of the equation (l) can be obtained also from 

the definite integral (18) in art. 29 ; for we have 

, — xy+\[ 
J i 

U- 
COS at; 

>o(aP + ?*)*+1 
d(=x-r-4 , if b=x~\ 

J n (i+i?y 

v 

i 
X 1 1 

=i*-wr*»Yi\o7t~kM a+i'i-y 

00 \ 0 

V- 

= 1tt. -x-/’-1 
P- 

da]'ii 
i y—T'%dg, when p is a positive integer, 
J r, 1 + ot;~ 

p e Vb 

~7b 
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leading to the complete integral 

—fj—ll 3 ^ V’ l A — or. V -M or?— ’ U — X 
x dx) x 

It will be observed that 

d r cos aP f 

J.(lTm*d^-Pl db) o(l + &|2) 

£2 cos a% 

(1 +5P)?+1 dl 

both integrals being finite for every positive integral value of p, and that the second 

integral when integrated with regard to a between the limits oo and a 

_ .f* g sin (cog) r" g sin (ffg) 1t 

~ v\ o (i+&pp+l f o (i+n2y+1 d^ 

The former of these two integrals is zero, as it can be shown that 
J n 

£ sin 
d£ 

,0(i+jn*+1* 

diminishes as a increases, and, in the limit when a is infinite, vanishes, A similar 

remark applies to the second integration with regard to a. The above process does not 

therefore involve the assumptions, sin co =0, cos co =0. 

36. Poisson’s theorem quoted in § V., art. 20, viz. that the definite integral (5) 

satisfies the differential equation (6) shows that Riccati’s equation 

dhi 
—a~z2q 2a— 0 (4) 

is satisfied by the definite integral 

u 
> arz2^ 
e~x‘q-± tf&'dx (31). 

dz~i 
Putting ", = a, and transforming the integral by taking x2rjt=ax'2, we find that 

4 T 

which, if - — 1 = 2i, 

1 if* i-i 
- = -oc2H x? 

9. Jo 

1 ,.*> 1 , J_ 

e~°*'~**dx, 

1. v i/^vr 
\lx 

’ 2 [dec) Vu qK ’ 2 \du 

i+1 
o-2Va . 

so that the differential equation is satisfied by 
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Similarly, by transforming (31) to the form, 

If® --l -**-4 7 
u—-\ xq e x ax, 

SJ o 

we find that the differential equation is satisfied by 

u 
=(£T°- 

2Va (33), 

if'-1=— 2i—2 that is, if q= — 
q 1 2t + l 

The formulae (32) and (33), on substituting for a its value in terms of z, lead at once 

to the solutions given in art. 29. 

This method was applied by Poisson* to show that the equation (4) is integrable 

when q=±^-i. 

The formula (25) of art. 32 may be easily deduced from the equation 

for we have 

and also 

so that 

whence t 

qlx= • 
2 s/a 

dir! d 

r Jo 

r a -a*'--! d71 
x~’e x dx———. 7 , . 

Jn 2, \ da) a 

rdh 
‘ 00 

wm=-w£r< 

5 \i t>—2V(ab) 

\/a 

d \V~2Vlai) 

—2 V(ci) (34). 

* ‘Journal de l’Ecole Poly technique,’ vol. ix., pp. 236, 237. Poisson’s investigation is reproduced in. 

De Morgan’s ‘ Differential and Integral Calculus,’ pp. 703, 704. The formulas (32) and (33) are 

obtained in the same manner as in the text from the integral (31), and the solutions in art. 30 are deduced 

from them, in a paper “ On Riccati’s Equation ” (‘ Quai'terly Journal of Mathematics,’ vol. xi., 1871, 

pp. 267-273). 

f In the paper “ On Riccati’s equation,” referred to in the preceding note, the following two formula) 

occur 

«n*d*y_Vsw)=(-yyyje-^w>. 
These are inaccurate owing to the omission of the factor dft in both, and a wrong sign in the latter; 

when these corrections are made, both become identical with (34). The formula (34) is given, and (35) 

is deduced from it, in a paper “ Sur une propriety de la fonction e '•'■v ” (‘Nouvelle Correspondance 

Mathematique,’ vol. ii. (1876), p. 240). 



EQUATION AND ITS TRANSFORMATIONS. 809 

Now, identically, <£ denoting any function, 

4£i<K<*)=v(£iw>). yd a) ' \db 

and therefore (34) may be transformed into 

ai+H I db) cT»= -bi+H V+1e- ■2V(ab) 

which, putting a= 1, becomes 

d\i+1 
[ db\e~^'b=-bi+'l-\ "~ZVb 

Therefore 

db 

d\i [ d V+i 

iHi ; 

replacing e 3Vi by e'74, this formula becomes 

2K+1(l)v+!(IJ+1^s=e’'s- 
whence, taking b=a2x2, 

i f\>,Ayv 
x ax] \x dx 

+l 
e"-=o2i+V'r (35). 

As was shown in art. 32, this is a particular case of the more general formula 

1 _f?Y 
x dx) 

1 rfY+1 
x dx, 

- — 1 X2i+H - —) <Kx)=(£) ; 
^\2i+l 

dx) 

and this formula itself admits of generalisation, as it can be proved that 

b £jxiH1(b £TM=(jLT'*to- 
and generally, r being any positive integer, 

JJ_ _d 
.z’'-1 dx 

X ri+1 
~V 1 d\i+1 

-7 — <f>(X) = 
xr 1 dx' 7 

d \ri+1 

dx 

These formulae are obtained in a paper “ On Certain Identical Differential Relations,” 

published in the ‘ Proceedings of the London Mathematical Society,’vol. viii. (1876), 

pp. 47-51. 

MDCCCLXXXI. 0 M 
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37. As mentioned in art. 34, the integral 

1 / q d V/Cjeax + Cc,eax 

U~ri+i\X dx) \ 

of the differential equation (1) was first given by Boole in the £ Philosophical Trans¬ 

actions ’ for 1844. 

The integral 
1 d\l fc^e™ + Cc£-ax 

x dx) \ x 

is due to Mr. Gaskin, and was in effect given by him in a problem set in the Cam¬ 

bridge Senate House Examination for 1839. The problem is as follows* : 

“ If m be the greatest root of the equation m2+m=a, 

cdm or Cx»+i 
r-n [ xm\/r 

(f —[ Vr2—n2)m cos (nc-J-a) 
\J r=n J r=—n) 

are general values of y in the equation d}y-\- i^n2— 0jy= 0 according as m is an integer 

or fraction : and in the first case (dJlJrn9')m+1u= 0 where u — yxm; apply the first or 

third result to solve the equation 

djly+(n*--)y=0.” 

Thus Mr. Gaskin’s theorem is that the solution of 

is 

dhi, 0 p(p +1) 

ax x* 
u 

U— Cx P 
' d\p cos (x\/r + «) 

dr) \A 
(37), 

where r is to be put equal to o? after the performance of the differentiations, p being 

a positive integer, and that in general 

i; = Cx?,+1| (r3—oF)p cos (rx-\-ct)dr.(38), 

p being any positive quantity. 

* The problem forms the second part of Question 8 of the paper set on the afternoon of Tuesday, 

January 8, 1839 (‘ CambridgeMJniversity Calendar,’ 1839, p. 319). 
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The form (37) is readily identified with (36), for, from (37), 

«=eWx ffcos \ct da J a 

™ 0 , i /1 d\^cos(f + «) .„ .. 
= Gr_Lx^+1(- — j ---, if i=ax, 

= Caf+1(- —Y cos (ax + *). 
\x dx) x 

A method of proving the theorems contained in Mr. Gaskin’s question is given 

in Hymers’s ‘ Treatise on Differentia] Equations, and on the Calculus of Finite 

Differences ’ (Cambridge, 1839) pp. 83-85. The result (38) is there verified by 

showing that 

(r3—a3)/Jcos (xr-\-oC)clr 

satisfies the differential equation 

d2v 2p + 2 dv 2 
ofi- T~Jrav—b ; 

dor x dx 

and it is remarked that (37) may be verified in a similar manner by showing that 

/ d \P cos (x\/r + a.) 

V~ \dr) ' 

r being put equal to a3, satisfies 

cPv 

dx2 

2p dv 

x dx 
+ ci2v= 0/“ 

The integral (37) was subsequently obtained by Id. Leslie Ellis by a different 

process in the ‘ Cambridge Mathematical Journal,’! vol. ii., p. 195 (February, 1841). 

A full account of Ellis’s method, with its application to the equation in question, is 

given in De Morgan’s ‘ Differential and Integral Calculus/ pp. 701-703. 

In a paper, ‘£Demarques sur l’equation y"-\- y' -\-ny-0'” Liouville’s Journal, ’ 

vol. xi., 1S46, pp. 338-340), M. Lebesgue proved that the integrals of the equations 

A , 
dx2_1~ 

2i dv i t\ 

* In the second edition (1858) of Hymers’s woi’k, only tlie proof that (38) satisfies the differential 

equation is given (p. 128), no reference being made to Mr. Gaskin’s other result. An account of Boole’s 

solution and method, taken from the ‘ Philosophical Transactions ’ for 1844, is however introduced on 

pp. 99-106. 

t “ On the Integration of Certain Differential Equations,” pp. 169-177, 193-201. 

5 m 2 
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and 

are respectively 

and 

d2y 2 i dy , 

s+^=0 

1J—X- 

1 '1 (1 
- — . . V 
X X \x 

1 “1 (l / 

V 
X X \x 

where v—c sin xx/n-\-c1 cos x^/n, and the former of the two expressions involves i 

differentiations and the latter i-\-1. 

In the ‘Philosophical Magazine’* for May, 1856, Mr. Benjamin Williamson 

obtained by a symbolic method the integrals of the differential equations 

ds-“d+A=o, (D-+?S71)D+«2)y=o 
X 

in the respective forms 

d 
y=A^—a 1j cos (ax -f- a), y— Ax '2i 

and that of the equation 

-2i + l _ 1 
\da 

a cos (cac+a), 

+A=0 

in the form 

y=Ax ‘ cos (ax-\-a); 

and in the ‘ Philosophical Transactions’! for 1857 the late Professor Donkin obtained, 

also by a symbolic method, the integral of this last equation in the form 

y—x{ D - ) (cx sin ax-\-c% cos ax). 

* “On the Solution of Certain Differential Equations” (‘Philosophical Magazine,’ Fourth series, 

vol. xi., pp. 364-371). 

f “ On the Equation of Laplace’s Functions, &c.,” vol. 147, p. 44. A proof that the integral of the 

partial differential equation — =-=P+ - - " — ^1 ^ u, which is a simple transformation of (1), may he 
a~ at* dr1 r dr r2 

presented in the form u =rl ^' ~f('0 + y('—«0 £g g{ven py Professor C. Riven in the ‘ Solutions 

of the Senate-House Problems and Riders ’ for 1878, pp. 158, 159. 
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38. Taking the differential equation in the form (1), which has been adopted as the 

standard form in this memoir, it may be observed that, although the integrals 

and 

u=xi [fJx) (6'i?*+c%e **) 

u = xi+1 
1 d\ V + c2e 

x clx 
(39) 

have thus been given more than once by different mathematicians, the slightly 

modified form 

u=xi+1 

seems scarcely to have been noticed.* It was this form which led me to the solution 

in §11. as follows ; if x2 is written for £ after the performance of the differentiations, 

then 

xi+1 
n £ 

\x dxt 

i+1 / d\i+l 
eaJ:=2i+1xi+1(^—J eaVi 

d_ 

= 2l+l . i\ . xi+l . coefficient of ht+l in e/ldKeaV^ 

— 2l+l . i\ . xl+l . coefficient of hl+l in eaV(f+/<) 

= 2Z+1 . i\ . xi+1 . coefficient of hl+1 in ea'/^+h) 

= 2l+1 . i\ . coefficient of hl+l in eft^xa+x&\ 

In my paper “ On a Differential Equation allied to Riccati’s ” (£ Quarterly Journal,’ 

vol. xii., 1872, p. 136), I deduced by this method from the form (39), which is the 

same as (19) of art. 29, that the solution of (1) was 

uz=x%+l . coefficient of h1 in 
_j_ a */(x*+h) 

vV + D ’ 

but I did not then remark the far more simple form 

coefficient of hl+l in c1ea’J(x'1+xh> -\-c%e a^t+xh\ 

39. It is interesting to connect Mr. Gaskin’s definite-integral solution (38) of 

art. 37 with that given in art. 26. The latter is 

’~xp+1i -4 
J n (x~ 

cos ag 

o2+r 3\®+l d£. (40), 

* The integral is however in effect expressed in this form in Eabnshaw’s ‘ Partial Differential 

Equations’ (1871), p. 92. 
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p being supposed to be any positive quantity ; and the process of verifying that this 

is a solution of the equation is as follows. By actual differentiation, we have, as in 

art. 26, 

“ iK-f {^-(2p+3)jr2} ■ dx2 (41), 

and, by a double integration by parts, 

cos a% 1 sin of 2(p + l)|: cos a% 

\<i(x‘+py*'d£ _a(x'+i-y*1 a? (y+py*2 

2(p+1)r{^-(2p+s)e}~f^de. . . (42). 

The integral (40) therefore satisfies the differential equation, since the quantity in. 

square brackets vanishes between the limits of integration. 

If these limits had been any quantities a, /3 independent of x, instead of 0, oo , we 

should have obtained a result corresponding to (41), but the quantity in square 

brackets in (42) would not have vanished. Replacing y> + l by —p, it is clear that 

u —x (x2-\-£~)p cos a£d£ 
* a 

will satisfy the differential equation if a, /3 can be so chosen that 

^(jc2+P)? sin 1 cos 

is zero. This would be the case if'" /3=xi, a=—xi', but these values of a, /3 are 

inadmissible as they are not independent of x. 

Transforming now the integral in (40) by the substitution a£=xt, wre have 

xp+if  cosa%>+1x~pf  C0Sxt dt J o (.r2+J 0 (as+ty+1 ’ 
and therefore 

u = x~p( 
cos xt 

J 0(a2 + ^+1 
dt 

also satisfies the differential equation. 

To verify this, we find by differentiation 

(43) 

d~u pO + 1) n 
•------u— 2px p 1 

7 ° I • X* 

t sin xt i r cos xt , 
pdt—:—-—~dt . 

o (a^ + t2)^ J0(^ + <8)'+1 

(44) 

* As i denotes a positive integer in this memoir, i is used to denote V( — 1). 
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and, by integration by parts, 

t sin xt 2p{ 
J n 

,dt= 
sin xt 

OO /.CO , . X cos xt 7 
+ 1 .dt 

Io (a2 + t2y+l L («2 + ^)?Jo Jo (a* + t2)p 

whence the right-hand member of (44) 

„. , cos xt f cos xt , 7 
=x~PI \ Ult 

05), 

J I 

0 [<>2 + G>p (er-M2F+1 

cos xt 
dt—cAu. 

o (a? + t2y+1 

If the limits were a, /3 the differential equation would still be satisfied if the 

cpiantity in square brackets in (45) vanished between these limits. This is not the 

case for any other values of a and /3 besides 0 and co , but if in (43) p-\-1 is replaced 

by —p, so that the integral is 

u=xp+l\ (<x3+£3)^ cos xtdt. 

then the quantity in square brackets =—(a3-f- tz)p+1 sin xt, which vanishes when 

t=±ai', and therefore the differential equation is satisfied by the integral 

rai' 

'z=xP+l\ (a~-\-t2)p cos xtdt. 
— ni' 

Since in this case the quantity in square brackets vanishes in virtue of the factor 

(a3+F)^+], we may replace cos xt by cos (xtp-a), a being any constant, so that the 

solution of the differential equation may be written 

fai' 

u — Cxp+1 (a2 + t2)p cos (xt -f a)dt 
J —ad! 

. . . (46). 

If in the differential equation a3 be replaced by —a3, this integral becomes 

u—Cxp+1i (t2—-apy cos (xt-\~a)dt.(47), 
J — a 

which is Mr. Gaskin’s formula (38). 

40. This is not however, as stated by Mr. Gaskin, the general integral of the 

differential equation, as if in fact contains only one arbitrary constant. For, evidently, 
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so that the introduction of the constant a does not increase the generality of the 

solution. 

Returning to the integral (46), we find, on putting a = 0 and transforming the 

integral by the substitution t—i'v, 

u— {f—a?Y(exv+e~OT) dv . 

w)dv 

= CxP+1 

Now, as will be shown in the next article, 

x ' 7 \x dx x 

so that the particular integral (49) is equivalent to 

The complete solution of the differential equation is, by art. 29, 

u—xp+1 +V"). 

(48) 

(49). 

(50), 

which may therefore be written 

This is the complete solution in the form corresponding to (48). 

41. To prove the relation (50), let 
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then, denoting for the sake of brevity a2ar + , by w, 

dv 

da 

whence 

and therefore 

f* ou 

= — 2 ax2e~wdx, 
Jo 

— ^ x~e~wdx 
la da,/ J ^ 

Again, 

and 

therefore 

whence 

1 A 
2 a da 

[ x%ie~wdx 
J n 

•■) rco 
dh; 

da,3 
- = (— 2x2 -f ia2x4) e ,vdx, 

Jo 

[ 4crx% wdx— 
J n 

■ e a°'x'‘2xBe x' 
00 *00 

+ Jn 0 •'o 
e -aV—(2a?3c zj)<Ac 

Ctdi/ 

* CO 

= | (6x34-,l62)c_'''c?a’ 
•'o 

d3 

da: 
1=1 (4x2+462)e~H’<iay 

Jo 

da3 

(51). 

462 W = 4 are !CcLc.(52). 

If instead of the integral v we start with the integral 

Vi— I xzie~wdx, 
J o 

we have 

~= f°(- 2x2i+3+ 4 cMi+i)e-”dx, 
clcc* J q 

and, integrating the second term by parts as before, we find 

Cjk= ( {{iiJri)x2i+2-\-ib2x2i}e~wdx, 

so that 

(~— 4D, = 4(fH-1) f x9J+'2e~v:dx=i(i+ l)u+l.(53). 

MDCCCLXXXI. 5 X 
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Thus from (52) and (53) 

yj v=4i.z! j x~le~wcli 
’o 

= 4‘.ill —~ v, from (51), 
2 a da 

which is the relation (50). 

It follows from (50) in connexion with (21) of art. 31 that 

a formula given by Hargreave in the ‘Philosophical Transactions’"" for 1848, p. 34. 

42. In the paper just referred to Hargreave obtained by a symbolic process the 

solution of the differential equation in the form 

and thence, by (54), deduced the solution in the expanded form. 

Hargreave also gives on p. 45 of his memoir the complete solution of the equation 

d~u 2m . 
7 -+——era = 0 

dx- x 

in the form 

u-—cx j (z2— dr)m le,:~dz-fi eye 3“+1 (23—cr) mex:dz 

= Cj[ (z3— l)m~1eaxzdz-\-CciX~%n+l[ {z?—l)~meax:dz. 
J _ i J _ i J -1 

. . (55). 

One or other of the definite integrals in (55) is however always infinite, except when 

to lies between 0 and 1. 

In the case of the differential equation (1), this solution becomes 

u=c1x~J,{ (z3— l)"^_1eai-+c^;+1 ( (z~—iye'u:dz, 
" J-i 

or, as it may be written more conveniently, 

u=c1x~i(1— 23)-i,_1e^+csa^J+1| (1 — z^)Peax“dz. 

* “ On the Solution of Linear Differential Equations,” pp. 31-54. 
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It is easy to connect these definite integrals with the series U and Y of art. 3, for 

[ (1— z2)~P~1efxzdz= j- (1— 22)_^~1^ld-axzd-fl-~+-^ -{-kc^jdz 

= 2 (1-z*)-p-M1 a ■ Jr+kc-)dz 

r(-;;>r(j) <f.," r(-ji)r(|) «.v t(-p)V(A) . . 
T(-p+i)“t'2! r(-^+^)■*" 4! ry-p+f)-1" c' 

r(-j»)r(i)r, , a?x -/2,.2 1 4,a cc*x i t 
2-2 

n-p + ij l1+ 2! -p + \ ' 4! (-p + $(-p + f) 
-&c. 

whence 

Similarly 

v < i 

10 0 
arx* i 4....4 

F(-i? + i)L Y-i 23 ' (p-r)(p-3)2*2! 
■&c. L 

,r^' -f (W)W, V; 

and we thus obtain expressions for U and A" as definite integrals, taken between the 

limits 1 and —1, for all values of p for which the integrals are finite. 

§ vn. 

Connexion ivith Bessel’s Functions. Arts. 43-48. 

43. If the differential equation (1) is transformed by putting u—xlw, it assumes 

the form 

w dho 1 dw „ , n3 - A 
TT+- N-cnv— “ = ° 
dx2 x dx u xl 

(56). 

The equation of Bessel’s Functions is 
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so that (56) becomes identical with (57) if 

a=y/(—l )=i', p+\=v. 

We may therefore pass from the solutions of the equation (1) to the solutions of 

Bessel’s equation (57) by multiplying by x~k and putting a= v/(— 1), p=v— 

44. The Bessel’s Function, may be defined for real values of v greater than 

— l by either of the formulae 

xv 

2T(i/+l) 2(2z/ + 2) 2.4(2y+ 2)(2v + 4) 
■&c. (58), 

(59), 

where i denotes, as throughout, — 1). 

Comparing (58) with the expression A" in art. 3, we see that if v=p-\-^, and if a is 

replaced by i\ the series in the two formulae become identical, the exact relation 

between V and Bessel’s Function being 

Y=A.FJ/J+1 (if ax), 

where A denotes the constant 

f) 

and p is supposed to he positive. 

The formula (59) corresponds to Mr. Gaskin’s definite integral solution (38) or to 

one of the definite integrals in Hargreaves solution (55). 

45. It is known that J”(.r) may be exhibited as the sum of two series multiplied 

respectively by sin x and cos x, viz.* 

Jl,(X)~2T(I + 1)(A C0S ®in X).(G0)> 

where 

2z/ + 3tf2 (2i/ + 5)(2z, + 7).r4 (2^ + 7)(22v + 9)(2^ + ll) .i-6 

x— 2v+2 2!+(2z, + 2)(2i/ + 4) 4! (2i/+2)(2y + 4)(2z/ + 6) 6! + &C-’ 

p_ _ 2z> + 5 .r3 (2y + 7)(2i/ + 9) A’5 (2y + 9)(2i/ + ll)(2z/+13) x1 p_ 

)~",'~2v + 2 Zl~'~(2v + 2)(2v +4) 5! (2i/ + 2)(2i/ + 4)(2v + 6) 7!~i~ "C‘ 

* Lommel’s ‘ Studien liber die Bessel’schen Functionen ’ (1868), p. 17, or Todhunter’s ‘Treatise on 

Laplace’s Functions, Lame's Functions, and Bessel’s Functions’ (1875), p. 292. 
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This formula may he written 

xv 

2i,+lr>+i) 

2p + 3 i'^x* 2y + 5 i'^x* 0 \ f 

~lX^~2v + 2 Y. 2y + 2 "si &cy * 

, 2z. + 3 i'V , 2v + 5 « , 0 \ 
+ [l + ix + 2v~ 2] +2u + 2 -^r+&c.je ■* 

and the expression on the right-hand side therefore corresponds to ^(Qfi-S) where 

Q and S are as defined in art. 3, so that the algebraic theorem to which the two forms 

of Bessel’s Functions (58) and (60) lead is Y = l(Q-J-S). 

46. The formula involving descending series for Bessel’s Function, Jv(x) is 

J'W= \/(£ 

-V 

(4v3 — l2)(4i> —33) 

1.2.(8#)2 
—{— &C. | COS (X—^7r — -|a'7r) 

2 

irx 

4v~ — 1 (4F - ls)(4i/2 - 33)(4v3 - 52) 

1.8® _ 1.2.3(8r)3 
&c. I sin (x- rlT- tI'TT ); 

the descending series ultimately diverge for all values of v for which they do not 

terminate, but the converging terms may be used for the calculation of •b'(.r); and this 

formula was in fact employed by Hansen in the calculation of his tables of J°(.r) 

and J1^)*. If v—p-\-\, p being an integer, the series terminate and we obtain a 

finite expression for J/J+i(r). 

Replacing the sine and cosine by their exponential values, this formula may be 

written 

n'v+\ 

when 

4a2 —l3 1 , (4v“ — l2)(4i>2—32) 1 . 

“=1- Wx+-12- (WS_&C- 

and /3 differs from a only in having all the terms positive. 

* Rommel’s ‘Studien Tiber die BesseTscben Functionen,’ p. 58. 
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Putting v=p-\-\, we liave therefore 

•J/J+'(,r) = -i,p+1 ( 
\/ (27r.r) 

where 

2?0 + l) (p—l)p(p + l){'p + 2) 1 

2 2.4 (i’x 

r 

and /3l denotes a similar series, having all the terms positive. 

If p is a positive integer, this expression corresponds to y(IF — P'), when the terms 

in IP and P' are written in the reverse order, as in § IV. If p is not an integer, the 

series, as already mentioned, are divergent, so that, strictly speaking, the formula only 

has a meaning when it contains a finite number of terms. An expression can however 

be found for the remainder after a finite number of terms, i.e., for the difference between 

Jp+i(x) and the sum of these terms, by means of which the use of the formula in 

calculation may be justified. 

47. It is a known theorem in Bessel’s Functions that if p is a positive integer, .P(x) 

is equal to the coefficient of zp in the expansion of e2' z’ ; and it follows therefore, by 

means of the relation between Y and Jp+i(i'ax) in art. 44, that, if p)-f-I= an even 

positive integer =2to, 

,T , . 22flT(2m + l) i p,-. . , „ „ . ax[ 1 
\ =( —- x!X coefficient of :~w m cos— (z— 

and if p-\-±= an uneven positive integer = 2m 1, 

Y=(-)' 
22«.+ir(2m + 2) , 

X coefficient of z~m+1 in sin 
ax 

48. It was shown in § II. that the differential equation (1) was satisfied by the 

coefficient of hp+l in the expansion of e"'/g+-7')j anc[ we thus find that if v=p-\-\, p 

being a positive integer, the general integral of Bessel’s equation (57) is 

w—x *{ c1 X coefficient of in the expansion of cos x/{xz-\-xli) 

>5 sin *y(x~-\-xh)}. 
5? >5 
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§ VIII. 

Writings specially connected with the contents of the memoir. 

[When only a portion of a paper relates to the subject of the memoir, the page- 

numbers refer only to this portion.] 

Writings referred to in §§ I., II., III. 

(i.) 1868. Cayley, “On Eiccati’s Equation.” ‘Philosophical Magazine/ Fourth 

series, vol. xxxvi., pp. 348-351. 

The equation is written in the form 

and the expressions P3, Q3, IP, S3 of art. 17 are obtained by assuming series of the 

forms in question and equating coefficients. Two of the series terminate when q is 

the reciprocal of an uneven integer. 

(ii.) 1869. - “Note on the Integration of Certain Differential Equations by 

Series.” ‘Messenger of Mathematics/ First series, vol. v., pp. 77-82. 

It is shown that if we have a solution 

A (xa-\-p:xa+lJr 

of a differential equation, and that if one of the factors in a numerator, say a,., vanishes, 

then we may stop at the preceding term, the finite series so obtained being a particular 

integral ; but that if we continue the series, notwithstanding the evanescent factor, 

and if at length a factor in a denominator, say h,(s>r), vanishes, then the series 

recommences with the term involving xa+s, and we have another particular integral 

U\ h+1 A+A+3 / 

,0 
in which A' - may be replaced by a new arbitrary constant B. 

(iii.) 1872. Glaisher. “On the Delations between the Particular Integrals in 

Cayley’s Solution of Eiccati’s Equation.” ‘ Philosophical Magazine/ Fourth series, 

vol. xliii., pp. 433-438. 

The relations between U3, V3, P3, Q3, E3, S3 given in art. 17 are obtained. These 

afford an example of the principle explained in (ii.). See the introduction, p. 763. 
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(iv.) 1874. Bach. 

£ Annales Scientifiques 

pp. 47-68. 

“ De 1’Integration paries Series de 1’Equation —-—- 

d.e l’Ecole Normale Superieure.’ Deuxieme serie, vol. iii., 

Detailed account, with developments, of (i.) and (iii.). In (iii.) n is written in place 

1 . XrL 
of - and /3 in place of —, so that the series are reduced to the forms given in art. 16. 

If the differential equation is similarly transformed it becomes 

dhc n — 1 clu Q A 

Ji¥ ‘ 

This is the form of the equation adopted by M. Bach, who finally deduces the series 

in the case of Biccati’s equation. The form is a very convenient one. See art. 16. 

(v.) 1878. Glajsher. “Example Illustrative of a Point in the Solution of 

Differential Equations in Series.” ‘ Messenger of Mathematics,’ vol. viii, pp. 20-23. 

In the well-known expansions quoted in art. 11, viz. 

< ] _ y(i-4*)p=ii'xA 1 

{1 -f v/( 1 — 4a:) y =2p i 1 —px^ ^ x~ —1——pp—— xs -f &c. 
L -; ^; 

the series are such that if p is an integer, one terminates, and after a certain number 

of zero terms, recommences and reproduces the other. It follows therefore that the 

differential equation whose general integral is 

u=c r(l — ^/(l — 4r)p'-|-c2{ 1 + y( 1 — 4a) y 

must afford an example of the principle pointed out in (i.). The differential equation 

is found to be 

~ {(¥-6)a-^-h 1 }~-p(p-l)u=0, 

and its integration in series affords the illustration referred to in the title. The note 

was suggested by art. 11. See art. 15. 

(vi.) 1878. - “ Generalised Form of Certain Series.” ‘ Proceedings of the 

London Mathematical Society,’ vol. ix., pp. 197-202. 

Theorems deduced from 
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See art. 7. 

/ 
I l—x 

n + 2a* (n + 2)(n + 4) xs 
— &C.^6' 

' n + 1 2! 1 (n + l)(n + 2) 3! 

n + 2 x2 (n + 2)(n + +) x% | St ft V.' 
' tH 1 2! 1 (n+l)(n+2) 3! 

1 Gv 1 

(vii.) 1878. - “On the Solution of a Differential Equation allied to Djccati’s.” 

‘British Association Deport’ for 1878 (Dublin), pp. 469, 470. 

Proof that the coefficient of hi+1 in the expansion of ea'/{x"+xh) satisfies the differential 

equation 

cl~u 

da? 
—a~u=- 

i(i+ 1) 
U. 

See arts. 8, 9. 

Writings referred to in § Y. 

(viii.) 1813. Poisson. “ Memoire sur les Integrales Definies.’ 

l’Ecole Poly technique,’ vol. ix. (cah. xvi.), pp. 236-239, 241. 

It is proved that if 

Journal de 

y= e 
0 

ban 
— Xn— • 

dx. 

dhy 
then y satisfies the differential equation -~- =nzban 2y, and it is deduced from tins 

2 
result that the equation is integrable in a finite form when See arts. 20, 36. 

A relation between two definite integrals is also proved. See art. 26. 

(ix.) 1872. Glaisher. “ On the Evaluation in Series of Certain Definite Integrals.” 

‘ British Association Deport’ for 1872 (Brighton), Transactions of the Sections, pp. 

15-17. 

Investigation of the formula (8) of art. 21 by the process given in arts. 21, 22. 

Writings referred to in § YI. 

(x.) 1839. Gaskin. Senate House Problem. 

The solution of the equation 

clH 

dx~ 

+ 0 a~u— iAv±i) u 

is given in the forms 

tt=cx-4fycos(V,,H 
\dr) y/r 
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r being put equal to cd after tbe differentiations, and 

u=Cxp+l\ (r3—a?)1* cos (rx-\- a)dr. 
•J —a 

See arts. 37, 39. 

(xi.) 1839. Hymers. ‘A Treatise on Differential Equations and on tbe Calculus 

of Finite Differences’ (1839), pp. 83-85 ; also, second edition (1858), p. 125. 

Solution of Mr. Gaskin’s problem in (x.). See art. 37. 

(xii.) 1841. Ellis. “On tbe Integration of Certain Differential Equations,” 

‘Cambridge Mathematical Journal,’ vol. ii., pp. 193-195. 

Independent investigation of tbe first of Mr. Gaskin’s forms in (x.). See art. 37. 

(xiii.) 1841. De Morgan. ‘Tbe Differential and Integral Calculus,’ pp. 702-704. 

Account of Ellis’s method (see xii.) and of Poisson’s determination of tbe integrable 

cases of Riccati’s equation (see viii.). See arts. 36, 37. 

(xiv.) 1844. Boole. “ On a General Method in Analysis,” ‘Philosophical Trans¬ 

actions’ for 1844, pp. 251, 252. 

This paper contains Boole’s general symbolic method. The solution of the equation 

(1) is given in tbe form 
cxeax + c2e 

x 2i—1 

The general method and this solution are reproduced with only slight changes in 

Boole’s ‘Differential Equations,’ chapter xvii. See art. 34. 

' . Ill 
(xv.) 1846. Lebesgue. “ Remarques sur l’Equation y"-\~ -y'-{-ny—0,’ ‘ Liouvilles 

Journal,’ vol. xi., pp. 338, 339. 

Solution of this equation in a form involving repeated differentiations with regard 

to x. See art. 37. 

(xvi.) 1848. Hargreave. “On the Solution of Linear Differential Equations,” 

‘Philosophical Transactions’ for 1848, pp. 34, 35, 45. 

The paper contains the general integral of (1) in the forms, 

u 

u 

p pax i r r—ax 

■= P+1(D3—a?)1 A-6®—, 

= c1.r_j',J (z3— lyp-^e^dz+c^xP^ (z3 —1 )Peax"dz, 

Ca'x 
and a development of (D3—a~)1 — in a series. There are also solutions of other allied 

equations. See arts. 41, 42. 
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(xvii.) 1856. Williamson. “ On the Solution of Certain Differential Equations.'’ 

‘ Philosophical Magazine/ Fourth series, vol. xi., pp. 364-369. 

The general integral of the equation 

is given in the form 

d~u „ i(i +1) 
—+aN,=.—j-u 
cix4, xA 

u—Ax cos (ax+a), 

and the solutions of Piccati’s and several other equations are also obtained. The 

symbolic expressions are developed by means of the theorem 

(Da-1)" = a“"D"- ^ + 1)a-(,+i)D«-i q. (?DJM|±lXT±l)a-o+2)£)»-2 _ 

±1.3 . . . (2n— l)a_(2/J-1)(D —a-1), 

of which a proof is given. See art. 37. 

(xviii.) 1857. Donkin. “ On the Equation of Laplace’s Functions, &c.” ‘Philo¬ 

sophical Transactions’ for 1857, p. 44. 

The integral of the equation in (xvii.) is given in the form 

x’^D-j (<q sin ax + c3 cos ax). 

This solution occurs in a note, as an example of the application of the general 

method of the paper to a particular equation. See art. 37. 

(xix.) 1871. Glaisher. “ On Piccati’s Equation.” ‘ Quarterly Journal of 

Mathematics,’ vol. xi. pp. 267-273. 

By means of the definite integral (31) of art. 36, the solution of Piccati’s equation 

is obtained in the forms 

u=z(z (cie* “hO6 qZq)> &c- 

and the formulae (22) and (23) of art. 31 are proved. See arts. 31, 36. 

5 o 2 
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(xx.) 1872. “On a Differential Equation allied to PtiCCATi’s." ‘Quarterly 

Journal of Mathematics,’ vol. xii., pp. 129-137. 

r00 cos ctfc 
The equation is (1), and the definite integral | . 2applied as in art. 29 

to obtain the general integral in the form o o 

u—xl+1 
1 ciy ye”* + cjrax 

x dx 

and also in Boole’s form (29) : the results are transformed so as to give the symbolic 

solution of Riccati’s equation, which is integrated also by Boole’s method. See 

arts. 29, 30, 33, 34, 35, 38. 

(xxi.) 1876. - “Sur une Propriety de la Fonction eVir.” 

respondance Mathematique,’ vol. ii., pp. 240-243, 349-350. 

Proof of the theorem 

9_2b+1/ !L 
dx 

x >n+\ 
d \«+1 , , 
—) e4x—eJx 
dx 

by means of the integral 

See art. 36. 

b_ 

e-a.T1-x?(jx = MdP -3V(aS) 

Wa 

‘ Nouvelle Cor- 

(xxii.) 1876. - “ On Certain Identical Differential Equations.” ‘Proceedings 

of the London Mathematical Society,’ vol. viii., pp. 47-51. 

Generalisations of the theorem in (xxi.), as for example 

fj \n r1 ] ?—1 / rl \«+l 1 \ 71+~ I I Us \ I / - 
dx 

X 
\dx 

and other similar results. See arts. 33, 36. 

(xxiii.) 1879.-“ On a Symbolic Theorem involving Repeated Differentiations.” 

‘Proceedings of the Cambridge Philosophical Society,’ vol. iii., pp. 269-271. 

The theorem is (50) of art. 40, viz. 

pax 
—=( —)«2\n\ 
X v 

1 d_\» 

x dx x 

and the proof is the same as in art. 41. 
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XIX. The Croonian Lecture — 

Observations on the Locomotor System of Echinodermata. 

By George J. Bomanes, M.A., F.R.S., and Professor J. Cossar Ewart, M.D. 

Received Mai’cli 5,—Read March 24, 1881. 

[Plates 79-85.] 

PART I.—MORPHOLOGY. 

§ 1. Ambulacral System. 

1. Holothttria.—When a longitudinal incision is made through the perisome of a 

Holothurian (Holothuria communis) there is generally seen escaping, along with the 

branches of the respiratory tree and genital gland, a long sacculated tube filled with a 

fluid, and holding in suspension a large quantity of a brick-dust coloured pigment. 

This tube, which may be one-and-a-half times the length of the entire animal, and 

from one line to half-an-inch in diameter, is the polian vesicle (Plate 79, fig. 1, a). 

On following it upwards it is found to open freely into a wide circular canal (Plate 79, 

fig. 1, b) a short distance from the termination of the stone canal. From this circular 

canal five lozenge-shaped sinuses (Plate 79, fig. 1, c) project forwards, and from each 

of these two large oval sinuses (Plate 79, fig. 1, d) run forwards parallel with each 

other, the ten oval sinuses becoming continuous with the hollow stems of the tentacles 

(Plate 79, fig. 1, e). In a Holothurian 8 inches in length, exclusive of the tentacles, 

the lozenge-shaped sinuses, which may be designated the sinuses of the circular canal, 

measure a quarter of an inch from above downwards and a little more from side to side. 

From around the pointed upper ends of the canal sinuses the five longitudinal muscular 

bands take their origin. 

When a solution of Berlin blue is injected into the polian vesicle, the circular 

canal and its sinuses, the oval sinuses and tentacles, the radial canals, pedicels and 

ampullae are rapidly distended; but, unless the pressure be kept up for a considerable 

time, none of the coloured fluid penetrates into the stone canal, and either the vesicle, 

ring, or one of the sinuses gives way before it reaches the madreporic plate. If one of 

the radial canals be divided while the injection is being proceeded with, the coloured 

fluid at once escapes, and the tension within the polian vesicle, the circular canal, and 

the tentacles is diminished. If plaster of Paris be substituted for the solution of Berlin 

blue, a cast is readily obtained of the circular canal and its sinuses, but the plaster 

does not find its way either into the sinuses of the tentacles or into the radial canals. 
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When, however, a coloured solution of gelatine is forced into the polian vesicle, the 

tentacles and their sinuses, the radial canals, ampullse, and pedicels are filled, as well 

as the circular canal and its sinuses. Examination of specimens injected with plaster 

of Paris and gelatine shows the circular canal to be a quarter of an inch in diameter, 

and to communicate freely both with the polian vesicle and with the lozenge-shaped 

sinuses springing from it. The specimens injected with a gelatine mass further show 

that each canal sinus opens into a ctecal tube, which runs forward internal to the 

sinuses of the tentacles as far as a wide circum-oral space (Plate 79, fig. 2, a). This 

space communicates by well-defined apertures (Plate 79, fig. 3, b), with that portion of 

the body cavity which lies between the sinuses and the oesophagus, and which is 

reached through the circular apertures between the sinuses of the circular canal 

(Plate 79, fig. 1,/). 

Each canal sinus has three other apertures in its walls. It opens by a small round 

aperture into a radial canal. The radial canal, together with the longitudinal muscular 

band, runs up between two of the sinuses of the tentacles to reach the inner surface of 

the body wall, and gives off lateral branches which project outwards as pedicels and 

inwards at each side of the longitudinal muscle as long-pointed ampullse (Plate 79, 

fig. 1, (j). The two other apertures are in the form of minute slits, one at each side of 

the orifice of the radial canal, which lead into the adjacent tentacle-sinuses. Each of 

these tentacle-sinuses measures three-quarters of an inch in length, and a little over 

a quarter of an inch in diameter. When the tentacle into which the sinus opens is 

protruded, there is no constriction between the sinus and the tentacle; but when the 

tentacle is retracted, there is a well-marked annular constriction (Plate 79, fig. 1, h) 

at the junction of the sinus with the tentacle, which may aid in preventing the fluid 

that is driven into the sinus during' retraction from again returning into and at once 

protruding the tentacle. If considerable pressure be applied to the polian vesicle 

when the tentacles are in a retracted state, this constriction disappears and the 

tentacles are distended, though not protruded. If the retractor muscles be divided 

while the polian vesicle is compressed, the tentacles become engorged and project 

forwards. On the other hand, when the pressure is removed from the vesicle and the 

divided retractors pulled backwards, the tentacles are approximated and, along with 

the group of sinuses and the anterior portion of the perisome, dragged backwards 

towards the centre of the body cavity. The eversion of the perisome and the pro¬ 

trusion of the tentacles are brought about chiefly by the shortening of the longitudinal 

muscular bands and the contraction of the polian vesicle ; but the circular fibres of the 

body wall also assist by contracting immediately behind the group of sinuses, so as to 

act on them by direct pressure, and also indirectly by forcing the perivisceral fluid 

against them. The fully distended position of the tentacles represented in figure 3 is 

only reached when the fluid of the body cavity has been forced into the circum-oral 

space (Plate 79, fig. 2, a). 

The amount of the body cavity fluid is constantly changing. At the entrance to the 
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cloacal chamber a circular valve is seen alternately dilating and contracting, except 

when the aboral end of the Holothurian is forcibly retracted. When this valve dilates 

it lies in close contact with the walls of the cloaca (Plate 79, fig. 4) and allows water 

to enter for the respiratory tree. It remains open for a few seconds and then contracts 

so as to project beyond the aperture (Plate 79, fig. 5); when it begins to retract and 

dilate, water escapes from the cloaca. This alternate opening and closing takes place 

rhythmically, at a rate usually of six revolutions per minute. At the end of every 

seventh or eighth revolution the valve projects further than usual, and, while it is 

slowly dilating, a large stream of clear water is ejected. The escape of this stream 

occupies from 15 to 20 seconds. Occasionally along with the stream a quantity of 

sand and the remains of the food particles are carried out from the cloaca. When 

the tentacles are being protruded the rhythmic action of the valve goes on as before, 

but more water is taken in than escapes from the cloaca; on the other hand,retraction 

of the tentacles is preceded by an escape of a large stream of water, and while retrac¬ 

tion is proceeding more water escapes than when the Holothurian is at rest with its 

tentacles projecting. 

2. Echinus.—In Echinus (E. sphcera and Jiviclus) two tubes spring from the under 

surface of the madreporic plate. The one (Plate 80, fig. 10, a) is dilated at its origin so 

as to include the greater portion of the plate (Plate 80, fig. 10, h), and ends in the so- 

called “heart” (Plate 80, fig. 10, cl). The other (Plate 80, fig. 10, c) is small, deeply 

pigmented, and runs along a groove in the heart to open into a circular canal at the 

base of the lantern. From the under aspect of this circular canal the five radial 

ambulacral vessels (Plate 80, fig. 10, i) take their origin, and, after passing under the 

rotulae and over the interalveolar muscles, they run along the inner surface of the 

ambulacral plates. The first series of pedicels (Plate 80, fig. 10, ;) projects through 

the oral floor midway between the oral aperture and the margin of the shell. 

Their respective ampullae (Plate 80, fig. 10, hi) are long delicate tapering tubes which 

project upwards and outwards between the radial canals and the alveoli. The next 

four or five pairs of pedicels also pierce the oral floor. Their ampullae are small 

rounded sacs, whereas the ampullae of the first series of feet external to the auricles are 

slightly flattened and sometimes deeply constricted, whilst those beyond are in the 

form of flattened sacs lying at right angles to the radial canals (Plate 80, fig. 13, a). 

Immediately within the oral margin of the shell, and alternating with the inner row 

of pedicels, are the five pairs of “tree-like organs.” There is no evidence of the 

existence of these structures within the shell until a membrane (Plate 80, fig. 10, m), 

which extends from the apex of each tooth to the oral margin of the interambulacra 1 

plates and sides of the alveoli, is divided. If instead of dividing this membrane a fine 

glass canula be forced through it and a solution of Berlin blue introduced into the 

space between the membrane and the alveoli of the lantern, the fluid slowly diffuses 

upwards into, and greatly distends, the vesicles around the apices of the teeth (Plate 80, 

fig. 10, n). The fluid reaches these vesicles partly by passing directly upwards 
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external to tlie alveoli, and partly by passing into the cavities of the alveoli and 

ascending through the circular sinus. When a solution of coloured gelatine, or what 

is better, plaster of Paris, is injected into the space above the tentacles, or into the 

vesicle around the soft apex of one of the teeth, a cast is readily obtained of the 

circular sinus and of the spaces communicating with it. A vertical section of the 

lantern of an urchin thus injected shows the wedge-shaped circular sinus (Plate 80, 

fig. 10, e) lying between the radius and rotula, communicating above with the vesicle 

around the tip of the tooth (Plate 80, fig. 10, n) and below with the cavity of the 

alveolus (Plate 80, fig. 10, p), through which the tooth passes, and by means of the 

latter cavity communicating indirectly with the large space lying above the “ tree¬ 

like organs.” 

3. Spatangus.—In Spatangus (S. purpureus) the ambulacra! circum-oral canal 

has no polian vesicles or sinuses developed in connexion with it. The ampullse imme¬ 

diately around the oral aperture are tubular, and often measure a quarter of an inch 

in length. Those beyond on the under surface and round the equator are also tubular, 

but they are small and few in number. This is true of all the ampullae of the anterior 

radial canal. The ampullse which project inwards from the dorsal portions of the four 

remaining radial canals are, as in Echinus, transversely flattened sacs. Some of the 

pedicels have suckers, others are conical and devoid of suckers, while others again are 

flattened at their tips, or flattened and split up into segments. 

4. Sol aster.—When one of the arms of Solas ter papposa is divided transversely an 

inch from the disc, and a coloured solution is introduced into the proximal portion of 

the radial canal, the ampullse and pedicels at the base of the arm injected are at once 

distended. The solution next penetrates the circular canal, polian vesicles, ampulla?, 

and pedicels of the other arms; but unless a considerable pressure be continued for some 

time, none of the solution enters the madreporic canal. In one specimen, when the 

injection had been continued for five hours with the pressure bottle raised two feet 

above the level of the Star-fish, the solution had ascended two-thirds of the entire 

length of the stone canal, and two hours later it began to diffuse slowly through the 

madreporic plate. When a thin slice was removed from the surface of the plate, the 

solution was obserVed escaping from a small circumscribed area (Plate 80, fig. 12, a) 

situated between the centre and margin of the plate—an area corresponding in size and 

position with the termination of the stone canal on the inner surface. 

Starting from the inner aspect of the madreporic plate the stone canal gradually 

increases in diameter, and passes obliquely over the accompanying sinus till it finally 

hooks round the sinus to open into the circular canal (Plate 80, fig. 11, a). Springing 

from this canal, which occupies a sinuous groove on the dorsal aspect of the inner 

ambulacra! ossicles, and opposite each interradial space (with the exception of the space 

occupied by the stone canal) is a polian vesicle (Plate 80, fig. 11, c). Each vesicle 

consists of a tubular stem measuring from two lines to a quarter of an inch in length, 

and of a dilated portion which may be exceedingly small (Plate SO, fig. 11, i), or takes 
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the form of a large oval sac (Plate 80, fig. 11, d). The size and form of the vesicles 

are largely determined by the amount of fluid in the pedicels, the vesicles diminishing 

when the feet are protruded, and enlarging when they are retracted. 

The first series of ampullae (Plate 80, fig. 11, e) are small semidunar sacs, which lie 

in close contact with each other opposite the origin of the polian vesicles, and between 

the ambulacral canal and the circular vessel. The other ampullae (Plate 80, fig. 11,/’) 

are spherical in form. In none of the injected specimens was there any evidence of a 

communication between the ambulacral vessels and the body cavity, or between the 

ambulacral and the blood (neural) vessels. There was, however, abundant evidence of 

communication between the latter and the exterior. When a canula was introduced 

into the outer end of the sinus, a coloured watery solution could be easily forced 

through the sinus into the circular blood-vessel (Plate 80, fig. 11, h), and from the 

circular vessel into the radial blood-vessels. But when the canula was introduced into 

the proximal end of the sinus, the solution rapidly rushed along the sinus and escaped 

freely through the madreporic plate—proving that the blood-vessels of Solaster com¬ 

municate far more freely with the exterior than do the water vessels. 

5. Uraster and Astropecten.—The ambulacral system of the common Star-fish 

(Uraster rubens) differs from that of the Sun-star (Solaster) only in having no polian 

vesicles. Astropecten (A. aurantiaca), on the other hand, has polian vesicles ; but in 

it the pedicels have departed from the typical form. In Holothuria and Echinus the 

feet terminate in well-marked sucking discs (Plate 79, fig. 6), which have their margins 

frequently strengthened by a deposit of calcareous matter. All the pedicels of Solaster 

and Uraster, with the exception of a few at the tip of each arm, are also provided with 

suckers. Those at the tips of the arms are long and pointed, and when the Star-fish 

is moving they project forwards in the direction of advance, and appear to act the part 

of tentacles. In Astropecten, however, the feet are short and conical, and instead of 

ending in suckers they terminate in rounded points (Plate 79, fig. 7). But although 

suckers are absent, Astropecten is able slowly to ascend a vertical surface. We have 

repeatedly observed slight inversions of one side of the pedicels near their pointed tips 

when this Star-fish slowly ascended from the bottom of a glass aquarium ; hence we are 

inclined to believe that Astropecten has the power of converting a portion of the side 

of its pedicel into an imperfect sucker (Plate 79, fig. 8, a). 

6. Ophiura.—In the Brittle and Sand-stars, the ambulacral feet are morphologically 

similar to those of Astropecten, though shorter and more slender. Those near the disc 

further differ from the pedicels of Astropecten in being more pointed (Plate 79, fig. 9). 

The pedicels beyond the disc gradually diminish in size, and at the ends of the arms 

they are scarcely visible. All the feet are devoid of suckers, and no attempt is ever 

made to form even a temporary imperfect sucker by slightly inverting a portion of the 

side of the foot. 

5 P MDCCCLXXXI. 
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§ II. General Homologies. 

The maclreporic plate of a Holothurian is a pale, straw-coloured, hollow, conical, 

calcareous mass, lying on or near the circular canal. It may, however, be broken up 

into several portions; from each portion a canal originates, and the several canals 

generally unite to form a single stone canal. The stone canal, though sometimes 

straight, and hanging from the circular canal into the body cavity, is generally folded 

on itself, and in contact throughout the greater portion of its length with the circular 

canal. A small sinus, which sometimes exists around the stone canal, may correspond 

to the large sinus which lies in contact with the stone canal of Solaster. 

In Echinus the madreporic plate is a modified genital plate, the stone canal is a 

delicate pigmented fibrous tube, lined with cells provided with long vibratile cilia. 

This tube springs from a limited area of the plate, and runs along the “ heart ” to open 

into the circular canal at the base of the lantern. The sinus, springing from the larger 

portion of the plate, contracts into a narrow tube, and then dilates and has developed 

in its walls a lobulated glandular-looking mass, which may act the part of an excretory 

organ in connexion with the vascular system. 

In Solaster, Urcister, and Astropecten, the madreporic plate, though still placed on the 

dorsal aspect, has been removed from the genital and ocular plates by the appearance 

of antambulacral ossicles. A small calcareous stone canal and a wide membraneous 

sinus arise from the inner surface of the madreporic plate. The stone canal opens into 

a narrow circular canal; the sinus runs along under the stone canal, and, after diminish¬ 

ing considerably in size, opens into a circular blood-vessel. From this circular blood¬ 

vessel the radial (neural) vessels take their origin. A small glandular-looking mass, 

which lies in the floor of the sinus, may correspond to the glandular portion of the 

“heart” of Echinus. In Ophiura the madreporic canal springs from one of the 

interradial oral plates. Before opening into the circular canal it dilates into a vesicle. 

The wide circular canal of the Holothurian corresponds to the circular canal at the 

base of the lantern of Echinus, and to the narrow canals of Solaster, Uraster, 

Astropecten, and Ophiura. 

The long single polian vesicle of the Holothurian corresponds to the polian vesicles 

of Solaster and Astropecten, and to those of Ophiura when they are present. The 

lozenge-shaped sinuses of Holothuria have apparently nothing homologous to them hi 

either the Sea-Urchins or the Star-fish; but the large oval sinuses of Holothuria may 

correspond to the sinuses lying over the rudimentary tentacles of Echinus. In Holo¬ 

thuria the radial canals take their origin from the sinuses of the circular canal; in all 

the other types mentioned the radial canals arise directly from the circular canal. 

In Holothuria the ampullae are long and pointed; in the Star-fish they are 

spherical; in Echinus the first series are conical, while the others within the auricles 

are rounded and those without the auricles are large transversely flattened sacs. In 

Ophiura the ampullae are absent. 
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In Holothuria and Echinus the pedicels are provided with sucking discs, which are 

sometimes strengthened by a calcareous skeleton. In both, but especially in Echinus, 

they can be projected to a considerable distance beyond the surface. In Spatangus 

the feet are comparatively short, and although some have suckers, many are without 

them and end in simple rounded points, while others are either simply flattened at their 

apex, or flattened and split up into leaf-like segments. In Solaster and Uraster the feet 

are long, and terminate in large sucking discs, with the exception of a few at the end 

of each arm, which are pointed, and act as feelers. In Astropecten the feet are conical, 

devoid of suckers, and can only be projected about a quarter of an inch beyond the 

surface. In Ophiura the feet are even more pointed and shorter than those of 

Astropecten. Under the disc at the bases of the arms they are nearly as long as in 

Astropecten; but they gradually diminish in size from within outwards, until near the 

tips of the arms it is almost impossible to recognise them. 

§ III. Nervous System of Echinus. 

The internal nervous system of Echinus consists of five radial trunks, which may be 

traced from the ocular plates along the ambulacral areas external to the radial canals 

to the oral floor, where they bifurcate and unite with each other, so as to form a 

pentagonal nerve-ring. This ring lies between the oesophagus and the tips of the 

teeth which project from the lantern. Small branches leave the ring and supply the 

oesophagus, and lateral branches arise from the several trunks to escape with the 

pedicels through the apertures of the pore plates. Each trunk lies in a sinus 

(Plate SO, fig. 13, c) situated between the lining membrane of the shell (Plate 80, 

fig. 13, cl) and the ambulacral radial canal (Plate 80, fig. 13, e); the lateral branches 

which accompany the first series of pedicels through the oral floor are large and deeply 

pigmented; the other branches within the auricles are small; those external to the 

auricles gradually increase in size until the equator is reached, and from the equator 

to the ocular plates they again diminish. At the equator the trunk is wider than at 

either pole, and it is often partially divided for some distance at each side of the equator 

by a deep longitudinal fissure. When the nerve trunk, after being stained with chloride 

of gold or with osmic acid, is removed from its sinus, it is seen to be enveloped by a 

thin fibrous sheath. This sheath contains numerous large pigment cells, and has 

scattered over it irregular masses of protoplasm which have been deposited from the 

fluid of the neural sinus. 

When the sheath is removed the trank is seen to consist of delicate fibres and of 

fusiform cells (Plate 80, fig. 14) ; the cells consist of a nucleus and a thin layer of 

protoplasm, which projects at each end and terminates in a nerve-fibre. 

The lateral branches of the trunk escape along with, and are partly distributed to, 

the pedicels ; the remainder breaks up into delicate filaments which radiate from the 

base of the pedicel under the surface epithelium (Plate 80, fig. 13, l). When one of 
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the large branches already referred to as escaping with the inner row of pedicels is 

traced through the oral floor after sending a branch to the foot, it breaks up into 

delicate fibres, some of which run towards the bases of the adjacent spines and 

pedicellarise, while others run inwards a short distance towards the oral aperture. 

Either in connexion with, or anatomically independent of these filaments from the 

lateral branches of the nerve trunks, there is an external plexus lying almost imme¬ 

diately under the surface epithelium and extending from the shell to the spines and 

pedicellarise. The fibres (Plate 80, fig. 15) of this plexus closely resemble those of the 

lateral branches of the trunk; but generally they are smaller in size and have a 

distinct connexion with nerve cells. The cells consist of an oval nucleus and of a layer 

of protoplasm, which is generally seen to project in two, or sometimes in three, 

directions—the several processes often uniting with similar processes from adjacent 

cells so as to form a fibro-cellular chain or network. 

In preparations from portions of Echini treated with both chloride of gold and osmic 

acid, we have succeeded in tracing the plexus over the surface of the shell between 

the spines and pedicellarise ; and from the surface of the shell to the capsular muscles 

at the bases of the spines (Plate SO, fig. 16). Further, we repeatedly observed delicate 

fibres passing beyond the muscles, apparently to end under the epithelium over the 

surface of the spines (Plate 80, fig. 13, T). 

In the case of the pedicellarke, the plexus on reaching the stem runs along between 

the calcareous axis and the surface epithelium, to reach and extend over and between 

the muscular and connective tissue-fibres between the calcareous axis and the bases 

of the mandibles (Plate 80, fig. 13, l", and fig. 18). The plexus, now in the form of 

exceedingly delicate fibres connecting small bipolar cells, reaches the special muscles 

of the mandibles. In several preparations, delicate fibres appeared to extend towards 

the sensitive epithelial pad (Plate 80, fig. 13, s) situated on the inner surface of each 

mandible, a short distance from the apex. Although this plexus is especially related 

to-the muscular fibres—lying over and dipping in between them—it is also related to 

the surface epithelium, and delicate fibres often extend from it to end under or 

between the epithelial cells. 

PART II.—PHYSIOLOGY. 

§ I. Natural Movements. 

It is desirable to begin this account of the physiology of the locomotor system, with 

a somewhat full account of the natural movements exhibited by the various species of 

Echinoderms which we have had the opportunity of observing. This is desirable, not 

only because it is necessary to study the natural movements before we can be in a 

position to appreciate the results of the following experiments, but also because these 

natural movements form in themselves a study of considerable interest. 

1. Star-fishes.—(A) Taking the common Star-fish (Uraster rubens) as our start- 
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ing point, it is needless to dwell upon the well-known mechanism of the ambulacral 

system. The rate of crawling upon a flat horizontal surface is 2 inches per minute. 

The animal usually crawls in a determinate direction, and, while crawling, the ambu¬ 

lacra! feet at the end of each ray are protruded forwards as feelers; this is particularly 

the case with the terminal feet on the ray, or rays, facing the direction of advance. 

When in the course of their advance these tentacular feet happen to come into contact 

with a solid body, the animal may either continue its direction of advance unchanged, 

or may deflect that direction towards the solid body. Thus, for instance, if, while the 

Star-fish is advancing along the floor of a tank, the tentacular feet at the end of one 

of its rays happen to touch a perpendicular side of the tank, the animal may either at 

once proceed to ascend this perpendicular side, or it may continue to progress along 

the floor—feeling the perpendicular side with the ends of its rays perhaps the whole 

way round the tank, and yet not choosing,* as it were, to ascend. What it is that 

determines the animal in some cases to ascend, and in other cases not, we were unable 

to ascertain. 

When a Star-fish ascends the perpendicular side of a tank or bell-jar till it reaches 

the surface of the water, it very frequently performs a number of peculiar movements, 

which we may call acrobatic (see Plate 81, fig. 19). On reaching the surface of the 

water, the animal does not wish to leave its native element, and neither does it wish 

again to descend into the levels from which it has just ascended. It therefore begins 

to crawl to one side or the other, and while crawling it every now and then throws 

back its uppermost ray, or rays, to feel for any solid support that may happen to be 

within reach. The distance to which the rays may thus be thrown back is remarkable; 

for the animal may hold on with its two lower rays alone, or even with the end of a 

single ray, and throw back the whole of the other rays with the central disc into a 

* It may be as well to explain that in using such woi’ds as these, we do not, in the present paper, 

attach to them any psychological signification; they are used as merely metaphorical terms which serve 

most briefly, and therefore most conveniently, to express the resultants of those systems of physiological 

stimuli, the composing members of which we were not able to observe. When one Star-fish appears to 

choose to ascend the side of a tank, while another Star-fish, under apparently precisely similar circum¬ 

stances as to stimulation, seems to prefer walking along the floor, we can only suppose that the circum¬ 

stances of stimulation, although apparently similar, are not really so, and therefore that the difference in 

the result is due to some difference in the stimulation. Of course it may be objected to this that the 

same remark applies to cases in which the psychological element unquestionably enters—choice on its 

physiological side being merely the resultant of some unobservable system of stimuli. But without here 

entering on the whole question of the relation between body and mind, it is enough to point out that the 

only evidence we can have of a physiological determination presenting a psychological side, is by observ¬ 

ing that the organism which exhibits the determination is capable of altering it on future occasions, if 

the determination first made is found by individual experience to be injurious. In other words, the 

power of learning by individual experience is the only unequivocal evidence we can possess of the pre¬ 

sence, in any animal, of a psychological element; and as we have observed no such evidence in the case 

of any of the Echinoderms, we desire it to be understood that we consider all their movements to be of 

the so-called “reflex” kind. 
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horizontal position—the ambulacral surface of the rays which are thrown back being 

then of course turned up, so as to face the surface of the water. If the rays succeed 

in finding a solid body, they will perhaps—though not necessarily—fasten upon it, 

and when their hold is secure, the rays which hitherto held the animal to the side of 

the tank relax their suckers, so that the Star-fish swings from its old to its new 

surface of attachment. The activity and coordination which the rays manifest in 

executing these various acrobatic movements is surprising, and give to the animal an 

almost intelligent appearance. 

If a Star-fish is turned over on its dorsal surface upon the flat floor of a tank, it 

almost immediately begins to right itself. Its method of doing so (see Plate 81, 

fig. 20) is to twist round the tip of one or more of its rays (a), until the ambulacral 

feet there situated are able to get a firm hold of the floor of the tank ; then by a 

successive and similar action of the ambulacral feet further back in the series, the 

whole end of the ray is twisted round (b), so that the ambulacral surface of the end is 

applied flat against the flat surface of the tank (c). The manoeuvre continuing, the 

semi-turn or spiral travels progressively all the way down the ray. Usually two or 

three adjacent rays perform this manoeuvre simultaneously; but if—as is sometimes 

the case—-two opposite rays begin to do so at first, one of them soon ceases to continue 

the manoeuvre, and one or both of the rays adjacent to the other takes it up instead. 

The spirals of all these rays being turned in the same direction (see a, b, c), the result 

is, when they have proceeded sufficiently far down the rays, .to drag over the disc and 

the remaining rays (d, e), which abandon their hold of thefibottom of the tank, so as 

not to offer any resistance to the lifting action of the other rays; the animal, therefore, 

turns a complete somersault—the disc and inactive rays being thrown over the active 

ones with considerable rapidity. The whole movement—from the first twisting round 

of the tips of the active rays to the final turning over of the whole animal—does not 

usually occupy more than about half a minute. It will be seen that this whole move¬ 

ment implies no small amount of co-ordination, and it is therefore of interest to con¬ 

sider it in this connexion. Asa general rule, the rays are from the first co-ordinated 

to effect the righting movement in the direction in which it is finally to take place— 

the rays which are to be the active ones alone twisting over, and so twisting that all 

their spirals turn in the same direction. This, however, although usually, is by -no 

means invariably the case; for at the commencement of the righting movement 

different rays may act in antagonistic ways—twisting their spirals in opposite direc¬ 

tions, and doubling their ends under, without reference to the direction in which the 

somersault is eventually to be turned. But in all cases a definite plan, so to speak, is 

very soon made—the opposition rays, as previously stated, leaving go their hold, the 

antagonistic spirals of adjacent rays being unwound or reversed, while any antagonistic 

doublings are straightened out; so that the whole righting movement in fresh speci¬ 

mens never, at the most, occupies more than a minute. 

(B.) Sun-stars (Solaster).—All the remarks which have been made on the natural 
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movements of the common Star-fish, are equally applicable to the Sun-stars. When 

placed on the dorsal surface, however, their righting movements are conducted on a 

slightly different plan. Owing to the disc being here so large in proportion to the 

length of the rays, it would be useless in the latter to endeavour to turn over the 

former by twisting themselves into spirals. They therefore adopt a device which in 

the common Star-fish is sometimes made accessory to that of twisting the rays, and 

which is also shown in Plate 81, fig. 20;* they double under the ends of a number of 

adjacent rays, laying hold of the floor of the tank with their ambulacral feet as the 

doubling progressively advances up the length of the ray. When this doubling has 

advanced up a considerable length of a number of adjacent rays, the ambulacral feet 

upon these rays obtain a sufficient purchase to drag over the whole of the large disc in 

a manner otherwise similar to that which has just been described in the case of the 

common Star-fish. 

(C.) Astropecten aurantiacus.—The ordinary locomotor movements of this species 

are highly peculiar. The form of the animal very much resembles that of the common 

Star-fish, although its disc is,proportionally larger, and the whole animal smaller. Its 

ambulacral feet are pointed tubes, rather less than a quarter of an inch long, and, 

as before stated, unprovided with any sucker at the tip. When the animal is not 

walking, these feet are nevertheless in a constant state of movement, and their move¬ 

ments are then of a peculiar writhing, almost vermiform character—twisting about 

in various directions, and frequently coiling round each other. When fully protruded, 

however, they are perfectly straight and stiff. Their protrusion—whether complete 

or partial—takes place with great suddenness, and at all times—whether the animal 

is stationary or not—a number of feet are being protruded, while a number of others 

are as continually being retracted. The feet usually remain extended for a considerable 

though indeterminate time (quarter to half a minute), and then very suddenly again 

collapse. These movements of protrusion and retraction are so sudden that the eye is 

unable to follow them, and as they are always taking place over a large number of 

feet at the same time, the appearance presented by the whole series is that of a con¬ 

tinual flick-flacking. The erection of the feet takes place obliquely from the median 

line of the ray, and the collapse takes place laterally-—the feet therefore falling over 

upon the sides of the ray. The animals, as previously observed, can crawl up perpen¬ 

dicular surfaces in the manner previously described ; but, owing probably to the 

absence of any differentiated structures in the form of sucking discs, they soon tire— 

never succeeding in crawling more than a few inches up the side of a tank before they 

drop off. 

The ordinary locomotor movements of this species are, as we have said, highly 

* Tliis figure lias been drawn so as to sbow both these devices. Very often the common Star-fish does 

not double under the ends of the rays at all, as represented in the figure; but depends entirely on the 

spiral rotation of the rays for the execution of its righting manoeuvre—the dorsal aspect of the active 

rays being therefore not raised from the floor of the tank as represented. 
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peculiar, and they may best be studied by taking the animal out of the water, placing 

it upon a dry flat surface, and watching the movements of its feet by placing the eye 

on a level with them. It may then be observed that the mode of locomotion is as 

follows:—The animal points all the feet of all the rays in the direction of advance, and 

then simultaneously distends them with fluid; they thus become so many pillars of 

support, which raise the animal as high above the flat surface as their own perpen¬ 

dicular length. The fluid is then suddenly withdrawn, and the Star-fish falls forward 

flat with a jerk. This manoeuvre being again and again repeated at intervals of about 

a quarter of a minute, the animal progresses in a uniform direction at the rate of about 

an inch per minute. It is particularly noteworthy that, in this mode of progression, 

all the feet of all the rays are co-ordinated in their action for determining one definite 

direction of advance—those in the ray facing that direction acting forwards, or centri- 

fugally, those in the hinder rays backwards, or centripetally, and those in the lateral 

rays sideways. 

When the animal is walking along a flat horizontal surface in water, its mode of 

progression appears to be the same as it is on a dry surface, only the motion of the 

feet is now so rapid that there is a considerable difficulty in following it with the eye. 

It appears, however, as if the feet, besides being used as walking-poles in the manner 

just described, are also used to sweep backwards along the floor of the tank, and so to 

assist in propelling the animal forwards after the manner of cilia. Therefore, while 

walking in water, this Star-fish is kept stilt-high above the surface on which it is 

walking, by some of its feet, while others of its feet are engaged in these sweeping- 

movements. 

The result of all these movements is to produce a kind of locomotion which would 

seem more suited to a Centipede than to a Star-fish, and the suggestion that it is so is 

borne in upon the mind all the more forcibly by the surprising rate at which the 

animal is thus enabled to move. For while an ordinary Star-fish only crawls at the 

rate of 2 or 3 inches per minute, Astropecten can crawl, or perhaps more correctly run, 

at the rate of between 1 and 2 feet per minute. 

When placed upon their backs, the righting movement of these Star-fish are 

performed by raising the disc from the floor of the tank, till the animal rests only on 

the tips of its five rays (Plate 81, fig. 21). Two rays—for instance, 4 and 5—are then 

bent under the disc, while 2 and 3 are raised on a level with the disc. The disc 

becoming tilted in the direction of 4 and 5, 2 and 3 are now thrown over the disc, 

and assist by their weight in revolving the whole system upon an axis situated at 

about the level A, A. This mode of executing the righting manoeuvre is somewhat 

similar to that which occurs in the Sun-stars, only in this case the disc is raised 

entirely from the floor of the tank, and the whole movement is performed without any 

aid from the ambulacral feet; the latter, however, are kept in active motion during 

the whole of the righting movement. Sometimes only one arm, instead of two, is 

used as the fulcrum over which the disc and the other arms are thrown. In all cases 
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the righting is effected with much more energy than in the case of any of the species 

previously mentioned. 

(D.) Brittle-stars. (Opliiuridce).—In these Star-fish the ambulacral feet have 

been reduced to rudiments, which, however, are exceedingly active—their mode of 

profusion and retraction being precisely similar to that which has just been described 

in the case of Astropecten. Indeed, their activity is even greater in the case of the 

Brittle-stars; but as they are very short, and not provided with suckers, it does not 

appear that they are of any use in assisting locomotion. The Brittle-stars, however, 

are much the most actively locomotive of all the Star-fish ; and the reason is that, 

having discarded the method of crawling by the ambulacral system, which is common 

to nearly all the other Echinoderms, they have adopted instead a completely new, and 

a much more effectual method. As the family name of the group implies, the 

muscular system of the rays is very perfectly developed, enabling these long and 

snake-like appendages to perform with energy and quickness a great variety of snake¬ 

like writhings. As the movement of all the arms is co-ordinated, the animal is able 

by these writhings to shuffle itself along flat horizontal surfaces at a considerable 

speed. But when it desires to move still more rapidly, it adopts another plan. If the ' 

animal is advancing in the direction of the arrow (Plate 82, fig. 22), one of its rays, 1, 

is pointed straight in that direction; the two adjacent rays, 2 and 3, are thrown 

forwards as far as possible, and then, by a strong contraction downwards upon the 

floor of the tank, these two rays partly elevate the disc, and, while keeping the disc 

so elevated, throw themselves violently backwards into the form of crescents, as 

represented in 2' and 3'. The result of this movement is to propel the animal forwards 

—ray 1 being pushed into the position 1', while rays 4 and 5 are dragged along into 

the positions 4' and 5'. As soon as the rays 2 and 3 have assumed the position 

2' and 3', they are again, without an instant’s delay, protruded straight, to be again as 

instantly thrown into the form of the curves 2' and 3'. Thus the animal advances by 

a series of leaps or bounds, which vary between 1 \ and 2 inches in length, and which 

follow one another with so much rapidity, that a lively Brittle-star can easily travel 

at the rate of 6 feet per minute. While thus travelling, the ray, 1, is usually kept 

straight pointed and partly uplifted—doubtless in order to act as a feeler; but 

sometimes the animal varies its method of progression, so as to use two pairs of arms 

for the propelling movements, and in this case the remaining arm is, of course, dragged 

behind, and so rendered useless as a feeler. The Star-fish is able to use any pair, or 

pairs, of its arms as propellers indifferently, and in all cases it so uses them by resting 

their outer, or distal, thirds upon the tank floor, and at each leap raising their remain¬ 

ing two-thircls, together with the anterior part of the disc, off the floor; at the end of 

each leap, however, the whole animal (except, perhaps, the elevated feeler-ray) lies flat 

upon the floor. 

Brittle-stars, when placed upon their backs, adopt the same method of righting 

themselves as has already been described in the case of Astropecten. They are, 
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however, even more energetic in executing their righting movements—raising their 

discs high above the tank floor upon their long arms, and completing their movements 

in a few seconds. So vigorous are these Star-fish, that they are able to execute this 

manoeuvre even upon a dry table, although the weight to be overcome is so much 

greater in air than in water. 

It may be added that these Star-fish are not able to ascend perpendicular surfaces, 

owing to the rudimentary condition of their ambulacra! apparatus. 

2. Echini.—In striking contrast to the rapid locomotion of the Echinoderms last 

considered, stands the slow locomotion of the Echinus, which along a horizontal surface 

takes place at the rate of only 6 inches per minute, and up a perpendicular surface at 

the rate of 1 inch in 4 minutes. Looking to the slowness of this rate of locomotion, it 

must strike us as a curious fact that there is, perhaps, no animal which can properly 

be said to approach the Echinus in respect of the number and elaboration of special 

mechanisms subservient to the function of locomotion. Careful observation has 

satisfied us that these special mechanisms are four in number, and each of these 

displays an immense amount of elaboration. We may best consider these four 

mechanisms by taking them separately. 

(A.) Ambulacral feet, or pedicels.—This system is both structurally and functionally 

closely similar to the homologous and analogous system in Star-fishes. In the Echinus, 

however, it is of more use than in the Star-fish as a system of anchors and feelers. 

The form of the Echinus being globular, while that of the Star-fish is flat, it follows 

that the animal is more exposed to the displacing influence of currents, because offering 

a larger surface for their action. Consequently, a need arises for a more secure system 

of attaching the animal to the surfaces over which it may be crawling, and this need 

is supplied by the ambulacra! feet acting more the part of anchors than they do 

in the Star-fish. Thus it is that in forcibly removing an Echinus from whatever 

surface it may be adhering to, a much greater resistance is encountered than one finds 

in the case of Star-fish, and—especially if a little time is given to the animal after 

a first alarm to establish a firmer hold—the suckers stick so tightly that a certain 

number allow themselves to be torn from the organism rather than leave go their 

attachments—these suckers being therefore left behind, fastened upon the surface to 

which they were adhering. Under similar circumstances a Star-fish will never thus 

leave its suckers behind. Indeed, a Star-fisli does not seem to fear abandoning itself 

to the mercy of currents ; for, as we shall subsequently see, a very small amount of 

provocation will induce it to abandon its hold of a perpendicular surface spontaneously, 

in order to effect its escape by falling through the water. An Echinus, on the other 

hand, always seems, as it were, nervously anxious about its anchorage—in all its 

movements its first concern appearing to be to have its steadiness amply secured by a 

sufficient number of suckers, and this even in the perfectly still water of a tank. 

The other function of the pedicels which is peculiar to the Echinus, viz., that of 

feelers, also no doubt arises from the shape of the animal; for while in the Star-fish 



ON THE LOCOMOTOR SYSTEM OF ECH1NODERMATA. 843 

the pedicels are confined to the ventral surface of a flat-shaped organism, in the 

Echinus they are protruded from all sides of a globe. That they are habitually used 

as feelers is evident from watching tlieir movements. For instance, when an Echinus 

is crawling along a flat horizontal surface, the rows of pedicels facing the direction of 

advance are more strongly protruded than those of the other rows ; although none of 

the pedicels from some distance below the equator are in use for walking, in the rows 

mentioned they are extended to their fullest length, in order to feel for any object 

which the animal may possibly be approaching. On the other rows only a single 

pedicel here and there is thus fully extended ; such, however, no doubt also act as 

feelers, to warn the Echinus of the approach of any object from behind or from the 

sides. When a perpendicular surface is reached, the animal may either ascend it or 

crawl along for an indefinite distance, feeling it all the way with its pedicels. It may 

here be added that when an Echinus starts walking, it generally keeps pretty per¬ 

sistently in one direction of advance. If it be partly rotated by the hand, or other 

external means, it does not continue in the same direction, but continues its own 

movements as before; so that, for instance, if it has been turned half round, it will 

proceed in a direction opposite to that in which it had been proceeding before its rota¬ 

tion. When fresh specimens are at rest, a certain small percentage of feet are used as 

anchors. The others are strongly protruded on all sides as feelers ; but in specimens 

not quite fresh, nearly all the feet not in use as anchors are retracted, with only one 

here and there protruded as a feeler. 

When an Echinus is inverted upon its ab-oral pole, its shape renders execution of 

the righting manoeuvre a much more difficult matter than is the case in the analogous 

position of a Star-fish ; for while a Star-fish is provided with flat, flexible, and muscular 

rays, composing a small and light mass in relation to the motive power, an Echinus 

is a rigid, non-muscular, and globular mass, whose only motive power available for 

conducting the evolution is that which is supplied by relatively feeble pedicels. It is 

therefore scarcely surprising that unless the specimens chosen for these observations 

are perfectly fresh, they are unable to right themselves at all; they remain per¬ 

manently inverted till they die. But if the specimens are fresh, they sooner or later 

invariably succeed in righting themselves, and their method of doiug so is always the 

same. Two, or perhaps three, adjacent rows of pedicels are selected out of the five, 

as the rows which are to accomplish the task (Plate 82, fig. 23). As many feet upon 

the rows as can reach the floor of the tank are protruded downwards and fastened 

firmly upon the floor; their combined action serves to tilt the globe slightly over in 

this direction—the anchoring feet on the other, or opposite, rows meanwhile releasing 

their hold of the tank floor to admit of this tilting (Plate 82, fig. 24). The effect of 

the tilting is to allow the next feet in the active ambulacral rows to touch the floor of 

the tank, and when they have established their hold, they assist in increasing the tilt; 

then the next feet in the series lay hold, and so on, till the globe slowly but steadily 

rises upon its equator (Plate 83, fig. 25). The difficulty of raising such a heavy mass 
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into this position by means of the slender motive power available can be at once 

appreciated on witnessing the performance, so that one is surprised, notwithstanding 

the co-ordination displayed by all the suckers, that they are able to accomplish the 

work assigned to them. That the process is in truth a very laborious one is manifest, 

not only from the extreme slowness with which it takes place, but also because in the 

case of not perfectly strong specimens complete failure may attend the efforts to reach 

the position of resting on the equator—the Echinus after rearing up a certain height, 

becoming exhausted and again falling back upon its ab-oral pole. Moreover in some 

cases it is interesting to observe that when the equator position has been reached with 

difficulty, the Echinus, as it were, gives itself a breathing-space before beginning the 

movement of descent—-drawing in all its pedicels save those which hold it securely in 

the position to which it has attained, and remaining in a state of absolute quiescence 

for a prolonged time. It then suddenly begins to protrude all its feet again, and to 

continue its manoeuvre. At any time during such a period of rest, a stimulus of any 

kind will immediately determine a re-commencement of the manoeuvre. 

It will be perceived that as soon as the position just described has been attained, 

gravity, which had hitherto been acting in opposition to the righting movement, now 

begins to favour that movement. It might, therefore, be anticipated that the Echinus 

would now simply let go all its attachments, and allow itself to roll over into its natural 

position. But an Echinus will never let go its attachments without some urgent 

reason ; and in this case it lets itself down almost as slowly as it raised itself up. So 

gently, indeed, is the downward movement effected, that an observer can scarcely tell 

the precise moment at which the righting is concluded. Therefore, in the downward 

movement, the feet, which at the earlier part of the manoeuvre were employed 

successively in rearing the globe upon its equator, are now employed successively in 

preventing its too rapid descent (Plate 83, fig. 26). 

Several interesting questions arise with reference to these righting movements of 

Echinus. First of all we are inclined to ask what it is that determines the choice of 

the rows of feet which are delegated to effect the movements. As the animal has a 

geometrical form of perfect symmetry, we might suppose that when it is placed upon 

its pole, all the five rows of feet would act in antagonism to one another; for there 

seems nothing more to determine either the action or the inaction of one row rather 

than another. The answer to this question is not very clear. First of all it occurred 

to us that, although the form of the animal presents a geometrical symmetry, the 

anatomy of the animal is not symmetrical, and therefore that some of the feet-rows 

might be functionally prepotent over the others. But on observing a great number of 

specimens, we satisfied ourselves that among different individuals any homologous 

rows of feet might be used indiscriminately—i.e., taking the madreporic plate as the 

point of reference, we found that in different individuals rotation might take place in 

any direction with reference to that plate indifferently. On the other hand, individual 

specimens would sometimes manifest a marked tendency to rotate in one direction, 
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i.e., they would repeatedly choose the same feet-rows wherewith to execute their 

righting movements. In these individual specimens, therefore, the probability is that 

the feet-rows thus selected were selected because of some slight accidental prepotency 

or superiority over the others; and thus the explanation in all cases doubtless is that, 

although the physiological conditions are pretty nicely balanced, they are not so nicely 

balanced as to leave positively nothing to determine which rows of feet shall be used. 

Another question of still more interest is that as to the prompting cause of all these 

laborious movements. Is it that the animal has some dim consciousness of discomfort, 

owing to a disturbance of a nascent sense of gravity ? Or is the whole series of move¬ 

ments purely mechanical, and determined only by the fact that the feet in the feet- 

rows are all arranged serially, and therefore when feet A, B, and C have established a 

firm hold and thereby tilted the globe over a certain distance, opportunity is afforded 

for D, E, and F to establish a hold, and so on ? This question had better, for the 

present, be deferred. 

(B.) Spines.—(C.) Lantern.—It is, of course, well known that the spines of the 

Echinus are used in locomotion ; but hitherto their action does not seem to have been 

carefully observed, and we are not aware that the part played by the lantern has ever 

been observed at all. Observations on these points may best be made by taking the 

animal out of the water, and placing it upon a table ; it will then soon begin to walk 

in some definite direction—i.e., in a straight line—and in doing so the only organs 

used for the purposes of locomotion are the spines and the lantern, the ambulacral 

feet under these circumstances not being protruded at all. The rate of locomotion is 

very slow, viz., about 1 inch per minute ; but it is continuous, takes place, as already 

observed, in a definite direction, and is accomplished by means of a number of highly 

co-ordinated movements. The latter are as follows :— 

The whole dental apparatus, or lantern, admits of being protruded and retracted; 

when protruded, the sharp and polished point which is composed by the mutual 

contact of the five teeth, stands out below the ventral surface of the animal; when 

retracted, this point is drawn within the body cavity of the animal. The movements 

of protrusion and retraction are perfectly rythmical, at the rate of three or four 

revolutions per minute. When the lantern is drawn back to its fullest extent, it is 

tilted to one side, in such a way that the teeth point towards the direction of advance. 

The lantern is then brought down and protruded till the teeth rest upon the table; 

some of the spines have meanwhile been rotating on their ball and socket-joints, in 

such a way that their points are in a position on the table to push the animal towards 

the direction in which the teeth are pointing. This push being communicated by the 

spines while the teeth are held firmly down, the result is to raise the whole animal 

upon the point of its teeth, and to let it fall again upon the other side of the teeth ; 

the point of the teeth is thus used as a fulcrum, over which the animal is made to 

move by the co-ordinated action of its spines. Of course, when it has completed this 

movement, the teeth are pointing away from the direction of advance—the whole 
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lantern having been, as it were, left behind by the movement of the shell over it as a 

pivot, and therefore sloping away from the direction of advance at the same angle as 

that with which it had previously sloped towards it. The lantern is now again 

retracted, and during its retraction, partly rotated upon its horizontal axis, so that by 

the time it is again protruded, its vertical axis is again pointing towards the direction 

of advance. And so the manoeuvre is repeated over and over again—the Echinus 

advancing by a succession of jerks as it repeatedly tumbles over its teeth. As already 

stated, the movements of the lantern are rythmical, and therefore the jerks take place 

at regular intervals. It is important, however, to observe that although the lantern 

is thus used to assist the spines in locomotion, it is doubtful whether such is the full 

explanation of the lantern’s movements. For, on the one hand, it is certain that 

these movements are not necessary, but only accessory to locomotion ; and, on the 

other hand, they continue to take place under circumstances where they can be of no 

use in locomotion. Thus we have observed that young specimens of Echinus do not 

use their lanterns for locomotion, as older specimens always do. Probably the older, 

and therefore larger specimens, use their lanterns more than the younger and smaller 

ones, on account of having to move so much heavier a mass. Also, the relatively 

greater length of the spines in the smaller specimens makes it much more difficult 

for the lantern to touch the table. This view is confirmed by the fact that, on cutting 

the spines of young specimens shorter, these small Echini begin to use their lanterns 

after the manner of larger specimens. But, be this as it may, the fact that in young- 

specimens the lanterns rarely touch the table is proof that the spines are here alone 

sufficient to produce locomotion. Again, as before observed, these peculiar movements 

of the lantern take place under circumstances where they can be of no use in pro¬ 

ducing locomotion. Thus, for instance, they take place in young specimens in the 

same way as in old, although, as just stated, the lanterns in this case do not touch the 

table at all. And again, if an Echinus be placed on its aboral pole, the lantern at 

once begins its rhythmical movements, and continues them as long as the animal 

remains in that position. In this case there is added to the movements already 

described another perfectly rhythmical movement, which consists in closing and 

opening the teeth—the time of complete closure corresponding with that of greatest 

profusion, and the time of fullest opening with that of greatest retraction. It appears, 

therefore, that these rhythmical movements of the lantern, although undoubtedly of 

use in assisting locomotion in some cases, may possibly have some other function to 

perform in the economy of the animal. Whether this is so or not, there seems to be 

some intimate connexion between these movements of the lantern and the move¬ 

ments of the spines ; for when one stops the other stops, and when one begins the 

other begins. The movements of the lantern may best be studied by taking away 

the top of the Echinus shell, and looking down upon the lantern from above; it may 

then be seen exhibiting its rhythmical movements, which when thus viewed forcibly 

remind one of the rolling of a ship at sea. The complex muscular system of the 
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lantern seems to us mainly subservient to the execution of these movements, and yet 

—so far as we could detect—they are utterly useless for any purpose other than 

that of assisting locomotion. 

(D.) Pedicellarice.—A good deal of speculation has been expended on the probable 

function of these organs. Prolonged observation lias satisfied us that they have a 

function which has not hitherto been suspected, viz., that of assisting locomotion. A 

full account of our observations on these structures, however, had better be reserved 

for the next section of this paper. 

3. Spatangus.—This animal crawls about somewhat slower than Echinus, keeping 

its very long spines partly erect to act as feelers. It does not appear able to climb 

perpendicular surfaces. When placed upon its back, it has more difficulty in righting 

itself than any of the Echinoderms that we have observed; for, on account of its 

having such flat poles and such short ambulacral feet, it is, when inverted, placed at 

even a greater disadvantage than is Echinus. Therefore, many specimens—especially 

large specimens—are never able, when inverted on a hard flat surface, to right them¬ 

selves at all; smaller specimens, however, are able to do so after an expenditure of 

much time and energy. Their method of doing so is quite different from that of 

Echinus. Indeed, looking to the shape of Spatangus and to the character of its 

pedicels, the method of righting adopted by Echinus would be here clearly impossible. 

This animal, therefore, rights itself entirely by the action of the only organs which are 

available for the purpose, viz., its long and mobile spines. The long spines are not 

very many in number; but as their strength and co-ordination is surprising, they 

enable the animal, by a series of pushings and proppings, eventually to turn itself 

completely over from one of its flattened surfaces to the other. In doing this it 

usually, but not invariably, turns over upon its broad end. When the long spines are 

removed, the animal, of course, is no longer able to right itself. 

4. ITolothurians.—Very little has to be said on these sluggish members of the 

Echinoclerm group. They crawl slowly, and indulge in prolonged periods of quiescence. 

They are, however, able to climb perpendicular surfaces. 

From this account of the natural movements exhibited by the several groups of 

Ecliinodermata here considered, it may be observed that we have presented to our 

view an interesting series of graduated modifications. At one end of this series we 

have Echinus and Spatangus with their rays all united into a box-like rigid shell. 

At the other end of the series we have the Brittle-stars with their muscular rays, 

highly mobile, and indeed snake-like in their well co-ordinated movements. Midway 

in the series we have the Sea-cucumber and common Star-fish, where the body is 

flexible and mobile, though not so much so as in the Brittle-stars. Now, the interesting 

point to observe is, that in correlation with this graduated difference in the function 

of the rays, we have a correspondingly graduated difference in the development of 

the ambulacral system. In Echinus and Spatangus this system is seen in its most 
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elaborate and efficient form—in Echinus the pedicels, spines, and peclicellarise being- 

more highly developed and useful than in any of the other groups, except Spcitangus, 

where the spines are even more so. In the common Star-fish, Sun-stars, and Sea- 

cucumbers, the ambulacra! feet are still the most important organs of locomotion, 

although even here we begin to see that the development of the general muscular 

system has begun to tell upon that of these specially locomotor organs. Again, in 

Astropecten the still greater development of the general muscular system has told 

still further upon that of the ambulacra! feet, the terminal suckers having become 

aborted. Lastly, the Brittle-stars have altogether discarded the use of them ambu- 

lacral feet in favour of the much more efficient organs of locomotion supplied by their 

muscular rays ; and not only the terminal suckers of these feet, but even the whole of 

the feet themselves, have dwindled into useless rudiments. 

§ II. Stimulation. 

1. General facts of stimulation.—All the Echinoderms we have observed 

respond to all kinds of stimulation. The period of latency varies considerably in 

different species, and in different parts of the same animal. In the Holothurians it is 

remarkably long, and from the seat of stimulation there very frequently starts a wave 

of strong contraction, which passes with extreme slowness throughout the length of 

the animal in the form of a deep constriction. Similar waves frequently occur 

spontaneously. 

All the Echinoderms seek to escape from injury. Thus, for instance, if a Star-fish 

or Echinus is advancing continuously in one direction, and if it be pricked or cut in 

any part of an excitable surface facing the direction of advance, the animal imme¬ 

diately reverses that direction ; or, if it be taken out of the water and a drop of some 

irritating fluid be placed on any part of the external surface, the animal will endeavour 

to move away from the source of irritation; whether placed upon a dry table or 

returned to the water, the Echinoderm will at once strike off in a perfectly straight 

line from the source of irritation, and for a long time will travel much more rapidly 

than usual. When two points of the surface are thus irritated, the direction of 

advance is usually the diagonal between them. When a greater number of points are 

irritated, the direction of advance becomes uncertain, but if any, even short, interval 

of tune is allowed to elapse between the application of successive stimuli to different 

parts of the surface, the direction of advance will be in a straight line from the 

stimulus applied latest. When a Star-fish is fastened upon a perpendicular surface, 

and any part of its body is irritated, as, e.g., by a nip with the forceps, the animal, if 

a Sun-star, will actively run away from the irritation. If, however, the latter be 

followed up and repeated, the Star-fish seems to make up its mind to escape in a still 

more expeditious manner, for it immediately lets go its hold with all its suckers, and 

falls to the bottom of the water. A common Star-fish will generally resort to this 
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method when first irritated, without waiting for a repetition of the stimulus. An 

Echinus, on the other hand, will not drop off a perpendicular surface unless compelled 

to do so by serious irritation; it crawls away as quickly as possible, and sometimes 

rotates upon its axis in a manner afterwards to be described, whereby, without leaving- 

go its hold of the perpendicular surface, it is able to alter its position rapidly. But of 

all the Echinoderms the most curious to observe in this connexion are the Brittle- 

stars, for these may be made to leap about in any number of directions with much 

activity, by gently stimulating different parts of their bodies successively. When any 

part of the dorsal surface of any Star-fish is irritated, not unfrequently one of the 

arms is doubled over and touches the seat of irritation, as if to endeavour to brush 

away the offending body. 

That the external surface of a Star-fish should prove itself to be excitable is what 

we should perhaps expect a priori, although we might not expect to find so high a 

degree of co-ordination manifested by the nervous system as is implied by its responses 

to the cutaneous excitations above mentioned. But that the external surface of an 

Echinus or Spatangus should be so highly excitable as it is, we should scarcely have 

anticipated—particularly before our observation of the external nervous plexus ; for at 

first sight it would seem that the numberless long and mobile feet—to say nothing of 

the spines—would be sufficient to convey all the information that the animal requires 

concerning the external world, without its exterior requiring to be rendered sensitive 

over its whole surface. Yet we find, so far is this from being the case, that the 

external surface cannot be touched with a needle’s point at any part without the 

whole animal being affected thereby. We have already described the nervous plexus 

whereby this general sensitiveness of the external surface is secured. We must now 

enter pretty fully into the functions of this plexus as revealed by sundry experiments 

on the multitudinous and wonderful system of organs which, either directly or 

indirectly, depend upon this plexus for their innervation. 

These organs are the ambulacra! feet, the spines, and the pedicel]arhe. That all 

these organs are in nervous connexion with the external plexus is proved by the fact 

that when any part of the external surface is touched, however gently, all the feet, 

spines, and pedicellarise within reach of that point, and even far beyond, immediately 

approximate and close in upon the point, so holding fast to the needle, or whatever 

other body may be used as the instrument of stimulation. This simultaneous move¬ 

ment of such a little forest of prehensile organs is a singularly beautiful spectacle to 

witness. In executing it, the pedicellarise are much the most active, the spines some¬ 

what slower, and the ambulacral feet very much slower. If the object with which 

the external surface is touched be itself small enough, or presents edges narrow 

enough, to admit of the forceps on the pedicellarise establishing a hold upon it, it is 

seen to be immediately seized by some of these organs, and held there till the spines 

and ambulacral feet come up to assist; but if the object is too large, or does not 

present any surfaces which the pedicellarise are able to catch—such, for instance, as 
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the point of a pencil—the spines alone are able to hold it with wonderful firmness by 

forcing their tips against it on all sides. 

The area thus affected by an ordinary stimulation, such as that supplied by a touch 

with a needle, measures in a longitudinal direction about half an inch. The extent 

of the area affected in a tranverse or latitudinal direction depends upon the point 

stimulated with reference to the ambulacral feet. Midway in an interambulacral 

area the influence extends as far as the double rows of feet on either side ; the feet, 

however, of the inner, or nearer rows, moving more decidedly than those of the outer, 

or further, rows. The spines are rarely affected beyond the area named by a stimulus 

of mere contact, but in the case of the pedicellarise the irradiation of the stimulating 

influence may proceed further, sometimes extending as far as the second double row 

of feet, or ambulacral area, on either side ; the certainty and activity of their move¬ 

ments, however, rapidly diminish with their distance from the seat of stimulation. At 

and near the seat of stimulation, i.e., within the area first named, the certainty and 

activity of their movements are very great, and the period of latency very short; in 

other words, immediately any solid body touches any part of the external surface of 

an Echinus, it is surrounded by all the pedi cellar be in the neighbourhood, while even 

those which are too far away to touch the object will, perhaps for the long distance 

round which we have named, bend towards it. 

2. Physiology of the Pedicellarial—And here we have the proof of the function 

of the pedicellarhe. In climbing perpendicular or inclined surfaces of rock, covered 

with waving sea-weeds, it must be of no small advantage to an Echinus to be provided 

on all sides with a multitude of forceps, all mounted on movable stalks, which instan¬ 

taneously bring their grasping forceps to bear upon and to seize a passing frond. The 

frond being thus arrested, the spines come to the assistance of the pedicellariae, and 

both together hold the Echinus to the support furnished by the sea-weed. Moreover 

the sea-weed is thus held steady till the ambulacral feet have time also to establish 

their hold upon it with then sucking discs. That the grasping and arresting of fronds 

of sea-weed in this way for the purposes of locomotion constitute an important func¬ 

tion of the pedicellarhe, may at once be rendered evident experimentally by drawing a 

piece of sea-weed over the surface of a healthy Echinus in the water. The moment 

the sea-weed touches the surface of the annual, it is seen and felt to be seized by a 

number of these little grasping organs, and—unless torn away by a greater force than 

is likely to occur in currents below the surface of the sea—it is held steady till the 

ambulacral suckers have time to establish their attachments upon it. Thus there is 

no doubt that the pedicellariae are able efficiently to perform the function which we 

regard as their chief function. We so regard this function, not merely because it is 

the one that we observe these organs chiefly to perform, but also because we find that 

their whole physiology is adapted to its performance. Thus their multitudinous num¬ 

ber and ubiquitous situation all over the external surface of the annual, is suggestive 

of their being adapted to catch something which may come upon them from any side, 
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and which may have strings and edges so fine as to admit of being enclosed by the 

forceps. Again, the instantaneous activity with which they all close round and seize 

a moving body of a size that admits of their seizing it, is suggestive of the objects 

which they are adapted to seize being objects which rapidly brush over the surface of 

the shell, and therefore objects which, if they are to be seized at all, must be seized 

instantaneously. Lastly, we find, on experimenting upon pedicellarise whether in situ 

or when separated from the Echinus, that the clasping action of the forceps is precisely 

adapted to the function which we are considering; for not only is the force exerted by 

the forceps during their contraction of an astonishing amount for the size of the organ 

(the serrated mandibles of the trident pedicellarise holding on with a tenacity that 

can only have reference to some objects liable to be dragged away from their grasp), 

but it is very suggestive that this wonderfully tenacious hold is spontaneously relaxed 

after a minute or two. That is to say, the pedicellarise tightly fix the object which 

they have caught for a time sufficient to enable the ambulacral suckers to establish 

their connexions with it, and then they spontaneously leave go ; their grasp is not 

only so exceedingly powerful while it lasts, but it is as a rule timed to suit the 

requirements of the pedicels.* 

On the whole, therefore, we can entertain but little doubt concerning the main 

function at least of the trident pedicellarise in the Echinus. But criticism will, of 

course, immediately object that in other Echinoderms these organs are too small or 

too few to be of any use in assisting locomotion in the way just described. The only 

answer to this objection is, that in ascertaining the function of any organ it is safest to 

study the activities of that organ in its most developed, or least degenerated, form. 

We could not, for instance, ever ascertain the function of the spines in any of the 

Echinodermata, if we were to consider these structures only in the Star-fishes and 

Holothurians, and if the pedicellarke seem to be so small in Star-fish as not to appear 

capable of performing the function here assigned to them in Echinus, the explanation 

probably is that, as in the analogous cases of the spines, changed habits of life on the 

part of the animals have caused these inherited appendages to dwindle from disuse. 

Thus, for instance, Brittle-stars never climb sea-weed-covered-rocks at all, and those 

Star-fish which do so have their ambulacral feet restricted to the ventral surface ; it 

would therefore be useless for these animals to have well-developed pedicellarise, 

adapted to hold sea-weeds steady in the manner which may be of so much use to the 

globular Echinus, who throws out on all sides feet feeling for attachments. Therefore, 

whether the pedicellarise of these other Echinoderms perform any function that yet 

remains to be detected, or whether they are mere rudiments now useless, we think 

* When pedicellarise are detached from the Echinus, however, it is frequently observable that their 

grasp becomes, as it were, spasmodic, and endures for an indefinite time. For instance, it is not unusual 

to see a pedicellaria, which has been torn from its root while clutching a pedicel, carried about holding 

on to the pedicel for a very long time. But this spasmodic or continuous grasp of the organ when severed 

we have not observed to occur when the organ is in situ. 
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that the presence of such organs in these other Echinodermata raises no real difficulty 

in the way of accepting the proof which we have rendered of their observed functions 

as they occur in their most efficient forms. 

Concerning the physiology of the pedicellariae little further remains to be said under 

the present section. It may be stated, however, that the mandibles, which are con¬ 

stantly swaying about upon their contractile stalks as if in search for something to 

catch, will snap at an object only if it touches the inner surface of one or more of the 

expanded mandibles. Moreover, in the larger pedicellariae, a certain part of the inner 

surface of the mandibles is much more sensitive to contact than is the rest of that 

surface ; this part is a little pad about one-third of the way down the mandible 

(Plate 80, fig. 13, s); a delicate touch with a hair upon this part of any of the three 

mandibles is certain to determine an immediate closure of all the three. It is obvious 

that there is an advantage in the sensitive area, or zone, being placed thus low enough 

down in the length of the mandibles to ensure that the whole apparatus will not close 

upon an object till the latter is far enough within the grasp of the mechanism to give 

this mechanism the best possible hold. If, for instance, the tips of the mandibles were 

the most sensitive parts, or even if their whole inner surfaces were uniformly sensitive, 

the apparatus would be constantly closing upon objects when these merely brushed 

past their tips, and therefore closing prematurely for the purpose of grasping. But, 

as it is, the apparatus is admirably adapted to waiting for the best possible chance of 

getting a secure hold, and then snapping upon the object with all the quickness and 

tenacity of a spring-trap. 

Another point worth mentioning is that if, after closure, any one or more of the 

mandibles be gently stroked on its outer surface near the base, all the mandibles are 

by this stimulation usually, though not invariably, induced again to expand. This is 

the only part of the whole organ the stimulation of which thus exerts an inhibitory 

influence on the contractile mechanism. If there is any functional purpose served by 

this relaxing influence of stimulating this particular part of the apparatus, we think it 

can only be as follows. When a portion of sea-weed brushes this particular part, it 

must be well below the tips of the mandibles, and therefore in a position where it, or 

some over-lying portion, may soon pass between the mandibles, if the latter are open ; 

hence when touched in this place the mandibles, if closed, open to receive the sea-wTeed, 

should any part of it come within their cavity. 

3. Physiology of the Spines.—We must next consider stimulation with reference to 

the spines. It has already been said that these organs co-operote with the pedicellarise 

in grasping any instrument of stimulation, and this proves that for a certain area round 

any seat of stimulation the spines admit of co-ordinated action. Further experiments 

prove that there is no limit to the area within which co-ordinated action of the spines 

may take place ; but that all the spines of the organism may work together to the 

attainment of some common end. Thus it has already been stated in a previous part 

of this paper that a Spatangus, when placed upon its back, is able to right itself by 
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the co-ordinated action of its spines alone ; and also that an Echinus, when taken out 

of the water and placed upon a table, will walk in a determinate direction by the 

same means. The very complete co-ordination of the spines implied by these facts is, 

however, rendered still more conspicuous by experiments in stimulation ; for if, while 

an Echinus is walking on the table in the manner just alluded to, a scrape with a 

scalpel, a drop of spirit, a lighted match, or any other severe stimulus be applied at 

some one part of the animal’s exterior, the spines all over the surface begin to take on 

an active bristling movement, and the direction of advance is immediately changed 

into a straight line of escape from the source of injury. And, were it necessary, other 

experiments could be detailed to show that the multitudinous spines of an Echinus 

are as closely co-ordinated in their action as so many limbs. To this account of the 

physiology of the spines it may be added that the nervous plexus overlying the 

tubercles on which they are mounted is more sensitive to stimulation than any other 

part of the external plexus. This is shown by the fact that, if the tubercle is stimu¬ 

lated by enclosing the spine in the tube of a pipette, and pressing the tubercle with 

the glass edges of the latter, more activity and a greater extent of irradiation of the 

stimulus among the spines and pedicellariae is observed, than when any other part of 

the surface is similarly stimulated. 

4. Detailed eacts of stimulation.—At the commencement of this section it 

has already been stated, as a general fact, that when two points of the surface of an 

Echinoderm are irritated, the direction of advance which results from their joint 

influence is usually the diagonal between the two; also that, “ when a greater number 

of points are irritated, the direction of advance becomes uncertain;” and lastly, that 

if any, even short interval of time is allowed to elapse between the application of 

successive stimuli to different parts of the surface, the direction of advance will be in 

a straight line away from the stimulus applied latest.” The following more detailed 

observations on this subject may here be worth recording. 

Echini actively crawling in water along the floor of a tank were the subjects of the 

experiments, which are thus recorded in our notes :— 

if 1. Cut off tips of spines facing direction of advance—no effect. 

“2. Cut off tips of protruded feet facing direction of advance—all the rest of the 

row retracted, animal stopped for some minutes, and then proceeded in the 

same direction as before. 

“ 3. Plucked out some pedicellarise facing direction of advance—no effect. 

“ 4. Scraped with a needle small portion of the surface facing direction of advance 

-—animal immediately stopped and reversed its direction. 

Injuries 1, 2, 3, and 4, were inflicted on the equator. 

“ 5. Scraped equator with a scalpel on two points opposite to each other—animal 

crawled at right angles to the line of injury. 

“ 6. Scraped similarly at the aboral pole—no effect; there was no reason why 

injury here should determine escape in one direction rather than in another. 
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“ 7. Scraped similarly near pole, and half-way between pole and equator—little or 

no effect. 

“ 8. Scraped in rapid succession five equatorial injuries, one on each of the five inter- 

ambulacral spaces—Echinus crawled actively in one determinate direction; 

the equal and equidistant injuries all round the animal neutralized each other. 

“ 9. Scraped a band of uniform width all the way round the equator—same result 

as in 8. 

“ 10. Band of injury in 9 widened on the side facing direction of advance—no 

effect. Still further widened—slight change of direction, and, after a little 

time, persistent crawling away from widest part of injured zone. 

Repeated experiment on other specimens, scraping round whole equator and 

simultaneously making one part of the zone of injury wider than the rest— 

same result; the animal crawled away from the greatest amount of injury. 

“11. Scraped on base side of equator facing direction of advance—immediate 

reversal of that direction. 

“ 12. After a few minutes similarly scraped opposite side—direction of advance 

immediately reversed to original one. 

“ 13. Similarly scraped midway between the two previous injuries—direction of 

advance became oblique between the two first injuries, with a considerable 

simultaneous rotation upon the vertical axis of the animal. 

“ 14. Similarly scraped a number of places on all aspects of the animal indiscrimi¬ 

nately—direction of advance became uncertain and discontinuous, with a 

strong tendency to rotation upon vertical axis.” 

5. Physiology of the Pedicels.—Taking here the Star-fish as a type of the 

Echinodermata, the results of our experiments on this head, and so far as stimulation is 

concerned, are as follows. When a drop of acid, or other severe stimulation is applied 

to any part of a row of protruded pedicels, that whole row is immediately retracted, 

the pedicels retracting successively from the seat of irritation—so that if the latter 

be in the middle point of the series, two series of retractions are started, proceeding in 

opposite directions simultaneously; the rate at which they travel is rather slow. This 

process of retraction, however, although so complete within the ray irritated, does not 

extend to the other rays. But if the stimulus be applied to the centre of the disc,, 

upon the oral surface of the animal, all the feet in all the rays are more or less retracted 

—the process of retraction radiating serially from the centre of stimulation. The 

influence of the stimulus, however, diminishes perceptibly with the distance from the 

centre; thus, if weak acid be used as the irritant, it is only the feet near the bases of 

the rays that are retracted ; and even if very strong acid be so used, it is only the 

feet as far as one-half or two-thirds of the way up the rays that are fully retracted— 

the remainder only having their activity impaired, while those near the tip may not be 

affected at all. If the drop of acid be placed on the dorsal, instead of the ventral 
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surface of the disc, the effect on the feet is found to be just the converse ; that is, the 

stimulus here applied greatly increases the activity of the feet. Further experiments 

show that this effect is produced by a stimulus applied anywhere over the dorsal 

aspect of the animal; so that, for instance, if a drop of acid be placed on the skin, at 

the edge of a ray, and therefore just external to the row of ambulacral feet, the latter 

will be stimulated into increased activity; whereas, if the drop of acid had been 

placed a very small distance past the edge of the ray, so as to touch some of the feet 

themselves, then the whole row would have been drawn in. We have here rather an 

interesting case of antagonism, which is particularly well marked in Astropecten, on 

account of the active writhing movements which the feet exhibit when stimulated by 

an irritant placed on the dorsal surface of the animal. It may be added that in this 

antagonism the inhibitory function is the stronger ; for when the feet are in active 

motion, owing to an irritant acting on the dorsal surface, they may be reduced to 

immediate quiescence—he., retracted—by placing another irritant on the ventral 

surface of the disc. Similarly, if retraction has been produced by placing the irritant 

on the ventral surface of the disc, activity cannot be again induced by placing another 

drop of the irritant on the dorsal surface. 

6. Luminous stimulation.—The only other observations we have to detail under 

the present section are those relating to the influence of light. We have found 

unequivocal evidence of the Star-fish (with the exception of the Brittle-stars) and the 

Echini manifesting a strong disposition to crawl towards, and to remain in, the light. 

Thus if a large tank be completely darkened, except at one end where a narrow slit of 

light is admitted, and if a number of Star-fish and Echini be scattered over the floor 

of the tank, in a few hours the whole number, with the exception of perhaps a few per 

cent., will be found congregated in the narrow slit of light. The source we used was 

diffused daylight, which was admitted through two sheets of glass, so that the thermal 

rays might be considered practically excluded. The intensity of the light which the 

Echinoderms are able to perceive may be very feeble indeed ; for in our first experi¬ 

ments we boarded up the face of the tank with ordinary pine-wood, in order to exclude 

the light over ail parts of the tank except at - one narrow slit between two of the 

boards. On taking down the boards we found indeed the majority of the specimens 

in or near the slit of light; but we also found a number of other specimens gathering 

all the way along the glass face of the tank that was immediately behind the pine- 

boards. On repeating the experiment with blackened boards, this was never found to 

be the case; so there can be no doubt that in the first experiments the animals were 

attracted by the faint glimmer of the white boards, as illuminated by the very small 

amount of light scattered from the narrow slit through a tank all the other sides of 

which were black slate. Indeed, towards the end of the tank, where some of the 

specimens were found, so feeble must have been the intensity of this glimmer, that we 

doubt whether even human eyes could have descried it very distinctly. Owing to the 

prisms at our command not having sufficient dispersive power for the experiments, and 
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not wishing to rely on the uncertain method of employing coloured glass, we were 

unable to ascertain how the Echinoderms might be affected by different rays. 

On removing with a pointed scalpel the eye-spots from a number of Star-fishes and 

Echini without otherwise injuring the animals, the latter no longer crawled towards 

the light, even though this were admitted to the tank in abundance; but they crawded 

promiscuously in all directions. On the other hand, if only one of the five eye-spots 

were left intact, the animals crawled toward the light as before. 

§ III. Section. 

1. Star-ftsh.—Single rays detached from the organism crawl as fast and in as 

determinate a direction as do the entire animals. They also crawl towards the light, up 

perpendicular surfaces, and sometimes away from injuries ; but they do not invariably, 

or even generally, seek to escape from the latter, as is so certain to be the case with 

entire animals. Lastly, when inverted, separated rays right themselves as quickly as 

do the unmutilated organisms. 

Removing the tip of a severed ray does not impair any of these movements, except, 

of course, the crawling towards light, which it completely destroys. Dividing the 

nerve in any part of its length has the effect, whether or not the ray is detached from 

the animal, of completely destroying all physiological continuity between the pedicels 

on either side of the line of division. Thus, for instance, if the nerve be cut across 

half-way up its length, the row of pedicels is at once physiologically bisected, one-half 

of the row becoming as independent of the other half as it would were the whole ray 

ULvided into two parts ; that is to say, the distal half of the row may crawl while the 

proximal half is retracted, or vice-versa, and if a drop of acid be placed on either half, 

the serial contraction of the pedicels in that half stops abruptly at the line of nerve- 

division. As a result of this complete physiological severance, when a detached ray so 

mutilated is inverted, it experiences much greater difficulty in righting itself than it 

does before the nerve is divided. The line of nerve-injury lies flat upon the floor of 

the tank, while the central and distal portions of the ray—i.e., the portions on either 

side of that line—assume various movements and shapes. The central portion is 

particularly apt to take on the form of an arch, in which the central end of the 

severed ray and the line of nerve-section constitute the points of support (tetanus ?) 

(Plate 83, fig. 27), or the central end may from the first show paralysis, from which it 

never recovers. The distal end, on the other hand, usually continues active, twisting 

about in various directions, and eventually fastening its tip upon the floor of the tank 

to begin the spiral movement of righting itself (Plate 83, fig. 27). This movement 

then continues as far as the line of nerve-injury, where it invariably stops (Plate 83, 

fig. 27). The central portion may then be dragged over into the normal position, or 

may remain permanently inverted, according to the strength of pull exerted by the 

distal portion ; as a rule, it does not itself assist in the righting movement, although 

its feet usually continue protruded and mobile. 
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The above observations have reference to the common Star-fish, but they apply 

equally to other Star-fishes, except that in Astropecten single detached rays are not 

able to right themselves when inverted (owing to the feet not being used by this 

species for this purpose, and to the other rays being absent), and that after division of 

the nerve in a ray of this species, the feet of the proximal portion usually manifest 

more activity than those of the distal. The destruction, however, of physiological 

continuity between the two portions is as complete as in the case of the common 

Star-fish. Single detached rays of Brittle-stars are able when inverted to right them¬ 

selves ; they wriggle round by means of their snake-like movements, and do not 

require, as is the case with the less active rays of Astropecten, the assistance of 

adjacent rays to effect the manoeuvre. On the whole, then, it may be said, as a 

general statement, that in all the species of Star-fish which we have observed, the 

effect of a transverse section of the nerve in a ray is that of completely destroying 

physiological continuity between the pedicels on either side of the section. 

The only other experiments in nerve-section to which the simple anatomy of a 

Star-fish exposes itself is that of dividing the nerve-ring in the disc ; or, which is 

virtually the same thing, while leaving this intact, dividing all the nerves where they 

pass from it into the rays. In specimens mutilated by severing the nerves at the 

base of each of the five rays, or by dividing the nerve-ring between each ray, the 

animal loses all power of co-ordination among its rays. When a common Star-fish is 

so mutilated it does not crawl in the same determinate manner as an unmutilated 

animal, but, if it moves at all, it moves slowly and in various directions. When 

inverted, the power of effecting the righting manoeuvre is seen to be gravely impaired, 

although eventually it is always accomplished. There is a marked tendency, as 

compared with unmutilated specimens, to a promiscuous distribution of spirals and 

doublings, so that instead of a definite plan of the manoeuvre being formed from the 

first, as is usually the case with unmutilated specimens, such a plan is never formed 

at all; among the five rays there is a continual change of unco-ordinated movements, 

so that the righting seems to be eventually effected by a mere accidental prepotency 

of some of the righting movements over others. Appended is a sketch of such unco¬ 

ordinated movement, taken from a specimen which for more than an hour had been 

twisting its rays in various directions (Plate 84, fig. 28). Another sketch is appended 

to show a form of bending which specimens mutilated as described are very apt to 

manifest, especially just after the operation. When placed upon their dorsal surface 

they turn up all their rays with a peculiar and exactly similar curve in each, which 

gives to the animal a somewhat tulip-like form (Plate 84, fig. 29). This form is never 

assumed by unmutilated specimens, and in mutilated ones, although it may last for 

a long time, it is never permanent. In detached rays this peculiar curve is also 

frequently exhibited; but if the nerve of such a ray is divided at any point in its 

length, the curve is restricted to the distal portion of the ray; it stops abruptly at the 

line of nerve-section. When entire Star-fish are mutilated by a section of each nerve- 
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trunk half-way up each ray, and the animal is then placed upon its back, the tetanic 

contraction of the muscles in the rays before mentioned as occurring under this form 

of section in detached rays, has the effect, when now occurring in all the rays, of 

elevating the disc from the floor of the tank. This opisthotonous-like spasm is not, 

however, permanent ; and the distal ends of the rays forming adhesions to the floor 

of the tank, the animal eventually rights itself, though much more slowly than 

unmutilated specimens. After it has righted itself, although it twists about the 

distal portions of the rays, it does not begin to crawl for a long time, and when it 

does so, it crawls in a slow and indeterminate manner. Star-fish so mutilated, how¬ 

ever, can ascend perpendicular surfaces. 

The loss of co-ordination between the rays caused by division of the nerve-ring in 

the disc is rendered most conspicuous in Brittle-stars, from the circumstance that in 

locomotion and in righting so much here depends upon co-ordinated muscular con¬ 

traction of the rays. Thus, for instance, when a Brittle-star has its nerve-ring severed 

between each ray, an interesting series of events follows. First, there is a long period 

of profound shock—spontaneity, and even irritability, being almost suspended, and the 

rays appearing to be rigid, as if in tetanic spasm. After a time, feeble spontaneity 

returns—the animal, however, not moving in any determinate direction. Irritability 

also returns, but only for the rays immediately irritated, stimulation of one ray causing 

active writhing movements in that ray, but not affecting, or only feebly affecting, the 

other rays. The animal, therefore, is quite unable to escape from the source of irrita¬ 

tion, the aimless movements of the rays now forming a very marked contrast to the 

instantaneous and vigorous leaping movements of escape which are manifested by 

unmutilated specimens. Moreover, unmutilated specimens will vigorously leap away, 

not only from stimulation of the rays, but also from that of the disc; but those with 

their nerve-ring cut make no attempts to escape, even from the most violent stimula¬ 

tion of the disc. In other words, the disc is entirely severed from all physiological 

connexion with the rays. 

If the nerve-ring be divided at two points, one on either side of a ray, that ray 

becomes ph}7siologically separated from the rest of the organism. If the two nerve- 

divisions are so placed as to include two adjacent rays—he., if one cut is on one side of a 

ray and the other on the further side of an adjacent ray—then these two rays remain 

in physiological continuity with one another, although they suffer physiological separa¬ 

tion from the other three. When a Brittle-star is completely divided into two portions, 

one portion having two arms and the other three, both portions begin actively to 

turn over on their backs, again upon their faces, again upon their backs, and so on 

alternately for an indefinite number of times. These movements arise from the rays, 

under the influence of stimulation caused by the section, seeking to perform their 

natural movements of leaping, which however end, on account of the weight of the 

other rays being absent, in turning themselves over. An entire Brittle-star when 

placed on its back after division of its nerve-ring is not able to right itself, owing to 
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the destruction of co-ordination among its rajs. Astropec-ten, under similar circum¬ 

stances, at first bends its rays about in various ways, with a preponderant disposition 

to the tulip form, and keeps its ambulacral feet in active movement. But after half an 

hour, or an hour, the feet generally become retracted and the rays nearly motionless— 

the animal, like a Brittle-star, remaining permanently on its back. In this, as in 

other species, the effect of dividing the nerve-ring on either side of a ray is that of 

destroying its physiological connexion with the rest of the animal, the feet in that 

ray, although still remaining feebly active, no longer taking part in any co-ordinated 

movement—that ray, therefore, being merely dragged along by the others. 

Under this division it only remains further to be said, that section of the nerve-ring 

in the disc, or the nerve-trunks of the rays, although as we have seen so completely 

destroying physiological continuity in the rows of ambulacral feet and muscular system 

of the animal, does not destroy physiological continuity in the external nerve plexus ; 

for however much the nerve-ring and nerve-trunks may be injured, stimulation of the 

dorsal surface of the annual throws all the ambulacral feet and all the muscular system 

of the rays into active movement. This fact proves that the ambulacral feet and the 

muscles are all held in nervous connexion with one another by the external plexus, 

without reference to the integrity of the main nerve-trunks. 

2. Echini.—(A.) Section of external surface of shell.—If a cork-borer be applied to 

the external surface of the shell of an Echinus, and rotated there till the calcareous 

substance of the shell is reached, and therefore a continuous circular section of the 

overlying tissues effected, it is invariably found that the spines and pedicellariae within 

the circular area are physiologically separated from the contiguous spines and pedicel- 

larise, as regards local reflex excitability. That is to say, if any part of this circular 

area be stimulated, all the spines and pedicellariee within that area immediately 

respond to the stimulation in the ordinary way ; while none of the spines or pedicel- 

larise surrounding the area are affected. Similarly, if any part of the shell external to 

the circumscribed area be stimulated, the spines and pedicellariae within the area are 

not affected. These facts prove that the function which is manifested by these 

appendages, of localising and gathering round a seat of stimulation, is exclusively 

dependent upon the external nerve plexus. It is needless to add that in this experi¬ 

ment it does not signify of what size or shape or by what means the physiological 

island is made, so long as the destruction of the nervous plexus by a closed curve of 

injury is rendered complete. In order to ascertain whether, in the case of an unclosed 

curve of injury, any irradiation of a stimulus would take place round the ends of the 

curve, we made sundry kinds of section. It is, however, needless to describe these, 

for they all showed that, after injury of a part of the plexus, there is no irradiation of 

the stimulus round the ends of the injury. Thus, for instance, if a short straight line 

of injury be made, by drawing the point of a scalpel over the shell, say along the 

equator of the animal, and if a stimulus be afterwards applied on either side of that 

line, even quite close to one of its ends, no effect will be exerted on the spines or 
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pedicellarise on the other side of the line. This complete inability of a stimulus to 

escape round the ends of an injury, forms a marked contrast to the almost unlimited 

degree in which such escape takes place in the more primitive nervous plexus of the 

Medusae. 

Although the nervous connexions on which the spines and pedicellarise depend for 

their function of localising and closing round a seat of stimulation are thus shown to 

be completely destroyed by injury of the external plexus, other nervous connexions, 

upon which another function of the spines depends, are not in the smallest degree 

impaired by such injury. The other function to which we allude is that which brings 

about the general co-ordinated action of all the spines for the purposes of locomotion. 

That this function is not impaired by injury of the external plexus is proved by the 

fact that, if the area within a closed line of injury on the surface of the shell be 

strongly irritated, all the spines over the whole surface begin to manifest their peculiar 

bristling movements, and by this co-ordinated action rapidly move the animal in a 

straight line of escape from the source of irritation; the injury to the external plexus, 

although completely separating the spines enclosed by it from their neighbouring 

spines as regards what may be called their local function of seizing the instrument of 

stimulation, nevertheless leaves them in undisturbed connexion with all the other 

spines in the organism as regards what may be called their universal function of 

locomotion. 

(B.) Evidently, therefore, this more universal function must depend upon some 

other set of nervous connexions; and experiment shows that these are distributed 

over all the internal surface of the shell. Our mode of experimenting was to divide 

the animal into two hemispheres, remove all the internal organs of both hemispheres 

(these operations producing no impairment of any of the functions of the pedicels, 

spines, or pedicellarise), and then paint with strong acid the inside of the shell—com¬ 

pletely washing out the acid after about a quarter of a minute’s exposure. The results 

of a number of experiments conducted on this method may be thus epitomised :— 

The effect of painting the back or iuside of the shell with strong acid (e.g., pure 

HC1) is that of at first strongly stimulating the spines into bristling movements, 

and soon afterwards reducing them to a state of quiescence, in which they lie more or 

less flat, and in a peculiarly confused manner, that closely resembles the appearance of 

corn when “ laid ” by the which The spines have now entirely lost both them spon¬ 

taneity and their power of responding to a stimulus applied on the external surface of 

the shell—i.e., their local reflex excitability, or power of closing in upon a source of 

irritation, These effects may be produced over the whole external surface of the shell, 

by painting the whole of the internal surface ; but if any part of the internal surface 

be left unpainted, the corresponding part of the external surface remains uninjured. 

Conversely, if all the internal surface be left unpainted except in certain lines or 

patches, it will only be corresponding lines and patches on the external surface that 
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suffer injury. It makes no difference whether these lines or patches be painted in the 

course of the ambulacral feet, or anywhere in the inter-ambulacral spaces. 

The above remarks, which have reference to the spines, apply equally to the pedicel- 

larise, except that their spontaneity and reflex irritability are not destroyed, but only 

impaired. 

Some hours after the operation it usually happens that the spontaneity and reflex 

irritability of the spines return, though in a feeble degree, and also those of the 

pedicellarise, in a more marked degree. This applies especially to the reflex irritability 

of the pedicellarise; for while their spontaneity does not return in full degree, their 

reflex irritability does—or almost in full degree. 

These experiments, therefore, seem to point to the conclusions—1st, that the general 

co-ordination of the spines is dependent on the integrity of an internal nerve-plexus, 

which, however, we have not been able to detect histologically; 2nd, that the hypo¬ 

thetical internal plexus is everywhere in intimate connexion with the external;and 

3rd, that complete destruction of the former, while profoundly influencing the functions 

of the latter, nevertheless does not wholly destroy them. 

In order that a more clear conception may be rendered of the experiments on which 

these conclusions are based, we shall here quote from our notes one complete 

observation :— 

“ Echinus was divided into two hemispheres. 

“ After evisceration one hemisphere was painted over whole of internal surface with 

HN03. (A.) 

“ The other was painted down one row of ambulacral plates, and also down the inter- 

ambulacral plates at another part of internal shell. (B.) 

“In (A.) the spines were ‘laid’; spontaneity and reflex irritability almost totally 

destroyed. 

“ In (B.) similar effects observed above painted areas—unpaintecl areas unimpaired. 

“ Three hours after, no considerable recovery where painted; unpainted areas as 

active as before.” 

One further point, brought out by further experiments, may here be most con¬ 

veniently mentioned ; it is that a specially great influence, or shock, seems to be 

exerted on the external plexus by injury of the hypothetical internal plexus along the 

lines of the ambulacral pores. The following observations will serve to show this :— 

“Another specimen was divided into two hemispheres. In one hemisphere two 

adjacent ambulacral rows were thoroughly scraped on internal surface of shell, and 

* It is remarkable tbat painting a portion of tbe internal surface of the shell should have the effect of 

injuring the spines and pedicellarias of the corresponding portion of the external surface; for the fact 

seems to show that there must everywhere be intimate nervous connexions passing through the calcarious 

substance of the shell. So far, however, we have not been able to detect histological evidence of such 

connexions. 
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then well rubbed with sandpaper and brickdust.* The spines along these lines were 

laid in a very marked way, while spontaneity and reflex irritability, not only along 

them, but also in the inter-ambulacrcd spaces between them, were completely destroyed. 

The rest of the hemisphere was normally active. 

“ Ten minutes after operation the laid spines became more erect, and reflex irritability 

partly returned. 

“ Twenty minutes after operation pedicellarise nearly completely recovered spon¬ 

taneity and reflex irritability ; spines still very imperfectly so. 

“ Two hours after operation both spines and pedicellarise of the inter-ambulacral 

area completely recovered in cdl respects.” 

(C.) If an Echinus is divided into two hemispheres by an incision carried from pole 

to pole through any meridian, the two hemispheres will live for days, crawling about 

in the same manner as entire animals; if their ocular plates are not injured, they seek 

the light, and wdren inverted they right themselves. The same observations apply to 

smaller segments, and even to single detached rows of ambulacral feet. The latter are, 

of course, analogous to the single detached rays of a Star-fish, so far as the system of 

ambulacral feet is concerned; but looking to the more complicated apparatus of locomo¬ 

tion (spines and pedicellarise), as well as to the rigid consistence and awkward shape of 

the segment—standing erect, instead of lying flat—the appearance presented by such a 

segment in locomotion is much more curious, if not surprising, than that presented by 

the analogous part of a Star-fish under similar circumstances. It is still more sur¬ 

prising that such a fifth-part segment of an Echinus will, when propped up on its 

ab-oral pole (Plate 84, fig. 30), right itself (Plate 84, fig. 31) after the manner of 

larger segments or entire animals. They, however, experience more difficulty in 

doing so, and very often, or indeed generally, fail to complete the manoeuvre. 

(D.) We are now again face to face with a question already propounded in § II., 

viz.: Is the action of the ambulacral feet in executing these righting movements of a 

merely serial kind, or does it depend upon nervous co-ordination? We have found 

this question very difficult of solution, and in the end have arrived at the conclusion 

that both principles are combined-—the action of the feet being serial, but also assisted 

by nervous co-ordination. The experiments which lead us to this conclusion are as 

follows :— 

If an unmutilated Echinus be suspended by a thread in an inverted position half¬ 

way up the side of a tank, in such a way that the ambulacral feet on one side of the 

ab-oral pole are alone able to reach the perpendicular wall, these feet as quickly as 

they can establish their attachments to that wall; the thread being then removed, 

* This method of destroying the hypothetical plexus was here adopted in preference to the method of 

painting with acid, in order to avoid a possible source of fallacy in some of the acid passing through the 

perforations of the shell, and so finding its way over the external surface. All our experiments with acid 

were on other specimens controlled by similar experiments conducted on this method. 



ON THE LOCOMOTOR SYSTEM OE ECHINODERMATA. 863 

the Echinus is left sticking to the side of the tank in an inverted position by means 

of the ah-oral ends of two adjacent feet-rows (Plate 85, fig. 32). Under these circum¬ 

stances, as we should expect from the previous experiments, the animal sets about 

righting itself as quickly as possible. Now, if the righting action of the feet were 

entirely and only of a serial character, the righting would require to be performed by 

rearing the animal upwards; the effect of foot after foot in the same rows being 

applied in succession to the side of the tank, would require to be that of rotating the 

globular shell against the side of the tank towards the surface of the water, and 

therefore against the action of gravity. This is sometimes done, which proves that 

the energy required to perform the feat is not more than a healthy Echinus can 

expend. But much more frequently the Echinus adopts another device, and the only 

one by which it is possible for him to attain his purpose without the labour of rotating 

upwards: he rotates laterally and downwards in the form of a spiral. Thus, let us 

call the five feet-rows, 1, 2, 3, 4, and 5 (Plate 85, figs. 33 and 34), and suppose that 

rows 1 and 2 are in use near their ab-oral ends in holding the animal inverted against 

the perpendicular side of a tank. The downward spiral rotation would then be 

effected by gradually releasing the outer feet in row 1, and simultaneously attaching 

the outer feet in row 2 (i.e., those nearest to row 3, and furthest from row 1), as far 

as possible to the outer side of that row. The effect of this is to make the globe roll 

far enough to that side to enable the inner feet of row 3 (i.e., those nearest to row 2), 

when fully protruded, to touch the side of the tank. They establish their adhesions, 

and the residue of feet in row 1, now leaving go their hold, these new adhesions serve 

to roll the globe still further round in the same direction of lateral rotation, and so 

the process proceeds from row to row ; but the globe does not merely roll along in a 

horizontal direction, or at the same level in the water, for each new row that comes 

into action takes care, so to speak, that the feet which it employs shall be those which 

are as far below the level of the feet in the row last employed as their length when 

fully protruded (i.e., their power of touching the tank) renders possible. The rotation 

of the globe thus becomes a double one, lateral and downwards, till the animal assumes 

its normal position with its oral pole against the perpendicular tank wall. So consider¬ 

able is the rotation in the downward direction, that the normal posit!on is generally 

attained before one complete lateral, or equatorial, rotation is completed. 

The result of this experiment, therefore, implies that the righting movements are 

due to something more than the merely successive action of the series of feet to which 

the work of righting the animal may happen to be given. The same conclusion is 

pointed to by the results of the following experiment. 

A number of vigorous Echini were thoroughly shaved with a scalpel over the whole 

half of one hemisphere-—i.e., the half from the equator to the oral pole. They were 

then inverted on their ab-oral poles. The object of the experiment was to see what 

the Echini which were thus deprived of the lower half of three feet-rows would do 

when, in executing their righting manoeuvres, they attained to the equatorial position 
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and then found no feet wherewith to continue the manoeuvre. The result of this 

experiment was first of all to show us that the Echini invariably chose the unmuti¬ 

lated feet-rows wherewith to right themselves. Probably this is to be explained, 

either by the general principle to which the escape from injury is due,—viz., that 

injury inflicted on one side of an Echinoderm stimulates into increased activity the 

locomotor organs of the opposite side,—or by the consideration that destruction of the 

lower half of a row very probably induces some degree of shock in the remaining half, 

and so leaves the corresponding parts of the unmutilated rows prepotent over the 

mutilated one. Be this as it may, however, we found that the difficulty was easily 

overcome by tilting the animal over upon its mutilated feet-rows sufficiently far to 

prevent the unmutilated rows from reaching the floor of the tank. When held 

steadily in this position for a short time, the mutilated rows established their adhe¬ 

sions, and the Echinus was then left to itself. Under these circumstances an Echinus 

will always continue the manoeuvre along the mutilated feet-rows with which it was 

begun, till the globe reaches the position of resting upon its equator, and therefore 

arrives at the line where the shaved area commences. The animal then remains for 

hours in this position, with a gradual but continuous motion backwards, which appears 

to be due to the successive slipping of the spines—these organs in the righting move¬ 

ments being always used as props for the ambulacral feet to pull against while rearing 

the globe to its equatorial position, and in performing this function on a slate floor the 

spines are liable often to slip. The only other motion exhibited by Echini thus 

situated is that of a slow rolling movement, now to one side and now to another, 

according to the prepotency of the pull exerted by this or that row of ambulacral feet. 

Things continue in this way until the slow backward movement happens to bring the 

animal against some side of the tank, when the uninjured rows of ambulacral feet 

immediately adhere to the surface and rotate the animal upwards or horizontally, 

until it attains the normal position. But if care be taken to prevent contact with 

any side of the tank, the mutilated Echinus will remain propped on its equator for 

days; it never adopts the simple expedient of reversing the action of its mutilated 

feet-rows, so as to bring the globe again upon its ab-oral pole and get its unmutilated 

feet-rows into action. At first sight, therefore, this result seems to point to the con¬ 

clusion that the righting movements are of a merely serial kind ; it seems to indicate 

that the feet are only able to act in one direction, from ab-oral to oral pole, and that 

there is not sufficient central co-ordination to induce them to act hi the opposite 

direction, when it is found to be useless, from the interruption of the series, to con¬ 

tinue the manoeuvre in the ordinary direction. But a little closer thought will show 

that this conclusion is not justified by the facts. For even if we assume that the 

righting movements of the feet are entirely due to some central co-ordinating 

influence, it does not follow, when the execution of these movements is interrupted 

by the highly artificial means of shaving off one-half the feet-rows, that the central 

co-ordinating apparatus should be adapted to meet so unnatural a state of things. 
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Suppose, for instance, that it is an incipient sense of gravity that determines this 

central apparatus to work the feet-rows serially, in order to rotate the animal into its 

normal position; it does not follow that, under any circumstances, the stimulus sup¬ 

plied by this sense of gravity should induce the central apparatus to reverse the action 

of the feet-rows; for to do this would, under any circumstances, be to act in opposition 

to the stimulus supposed. Only if we were to imagine that the central apparatus, if 

present, must possess a true psychological element capable of sufficient intelligence to 

reflect that by temporarily acting in opposition to the sense of gravity the peculiar 

exigencies of the situation might be overcome—only then could we fairly argue that 

the result of these experiments shows the righting movements of the feet to be purely 

serial, or wholly independent of nervous co-ordination. As a matter of physiology, 

therefore, the only question which in the present connexion we have to consider is this 

—is the mechanism of the ambulacra! feet so constructed as to insure that their serial 

action shall always take place in the same direction? For if it can be shown that 

their serial action may take place indifferently in either direction, it would follow that 

the persistency with which the shaved Echini continued reared upon their equators is 

the expression of some stimulus (such as a sense of gravity) continuously acting upon 

some central apparatus, and so impelling the latter to a continuous, though fruitless, 

endeavour at co-ordinating the absent feet. If the righting movements were wholly 

independent of any such central apparatus, and due only to the serial action of the 

feet, we should expect that (supposing the feet to be able to act serially in either 

direction) when the equator position had been attained in shaved specimens, it would 

not be maintained. For if there were no constant stimulus emanating from any co¬ 

ordinating centre persistently trying to induce the absent feet to continue the serial 

action in the same direction, we should expect, if serial action can take place in either 

direction, that after a time it should begin to take place in the opposite direction ; 

upon the supposition that the feet may act serially in either direction, there is no more 

reason why a shaved Echinus should remain permanently reared upon its equator than 

there is that it should remain permanently inverted upon its pole, and therefore the 

fact that in the latter position the feet set about an immediate rotation of the animal, 

while in the former and quite as unnatural position they hold the animal in persistent 

stasis—this fact tends to show that the righting movements of the feet are something 

more than serial. The question, therefore, that we set ourselves to determine was, 

whether the serial action of the feet invariably takes place in the direction of ab-oral 

to oral pole, or may likewise take place in the opposite direction. We found that it 

may take place in the opposite direction, as the following observations prove. We 

have seen a shaved specimen, which after remaining for several hours on its equator 

was accidentally rolled over into its normal position, forthwith begin to rear itself 

upon its uninjured feet-rows. Executing this what we may call an inverted righting 

movement with activity, the Echinus was speedily reared into the equatorial position 

on the opposite side to that from which it had just fallen—and in order to do this, it 

5 T MDCCCLXXXI. 
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is needless to say, the feet of the uninjured rows had to be used serially in the direc¬ 

tion opposite to that in which they are required to act when executing the ordinary 

righting manoeuvre. We may wonder wliat the stimulus can have been which induced 

this Echinus spontaneously to rise upon its equator; but it is of interest in this con¬ 

nexion to add that, so soon as the equator position had been attained, and so soon 

therefore as any further action of the uninjured feet-rows in the same direction would 

have begun to get the animal into a position of ever-increasing difficulty as regards 

subsequent righting, so soon did the serial action in this direction cease, became 

reversed, and so again brought the animal gently into its normal position. 

We have also seen wholly uninjured specimens when reaching the surface of the 

water by crawling up the sides of a tank, spontaneously rear themselves upon their 

equators and remain in that position for several minutes ; but we have never observed 

a case of such rotation carried further than the equatorial line. The fact, however, 

that such rotation from oral to ab-oral pole can take place over half the whole length 

of a pair of feet-rows, proves that the feet may act serially in either direction. The 

same thing is further proved by the fact that single detached rays of Star-fish some¬ 

times crawl backwards, and that in entire Star-fish the rays opposite to the direction 

of advance work their ambulacral feet centripetally, while those on the rays facing 

that direction work centrifugally. 

Lastly, as proof that the ambulacral feet of Echinus are under the control of some 

centralising apparatus when executing the righting manoeuvre, we may state one 

other fact. When the righting manoeuvre is nearly completed by the rows engaged in 

executing it, the lower feet in the other rows become strongly protruded and curved 

downwards, in anticipation of shortly coming into contact with the floor of the tank 

when the righting manoeuvre shall have been completed (see Plate 83, fig. 26). This 

fact tends to show that all the ambulacral feet of the animal are, like all the spines, 

held in mutual communication with one another by some centralising mechanism. 

Such, then, is the evidence we have to adduce for the purpose of showing that the 

action of the ambulacral feet is not entirely or only of a serial kind, but is, in part at 

all events, dependent upon some centralising influence by which all the feet, like all 

the spines, are rendered capable of truly co-ordinated action. We have next to adduce 

our evidence to show that the action of the ambulacral feet, although as we have 

seen in some measure, is not exclusively dependent on this centralising influence. 

(E.) In order to show this we must first narrate the experiments whereby we suc¬ 

ceeded in ascertaining the central apparatus, on the integrity of which both the feet 

and the spines depend for their co-ordination. Having obtained the definite evidence 

of co-ordination which has now been fully detailed, we of course sought to localise the 

centre to which this co-ordination is due; and in searching for this centre our thoughts 

naturally turned to the only part of the nervous system wdiere wre could reasonably 

expect to find it. This part is the central nerve-ring, and, as we had anticipated, 
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experiment revealed unmistakable evidence of this being the centre of which we were 

in search. 

If a circular incision be made all the way round the lantern of an Echinus, at a 

sufficient distance from the lantern to insure that the connexions of the nerve-ring; 

with the rest of the organism shall be severed, the following results are produced :— 

1. Pedicels.—Spontaneity impaired, though not destroyed. They are protruded, 

but not in such numbers or with so much activity as in the unmutilated animal; they, 

howrever, form their adhesions in the ordinary manner whenever they come into con¬ 

tact with a solid surface, and therefore their function of anchoring the Echinus securely 

remains unimpaired. They also still continue able to crawl, but they do so feebly and 

no longer in a determinate direction ; the animal therefore advances slowly and in a 

very uncertain manner, frequently changing its direction of advance, and manifesting 

a marked tendency to rotate upon its own axis, either without moving from one spot 

or gyrating round and round some one or more centres in a wholly aimless way. The 

animals, however, are still able to climb perpendicular surfaces, though in a most 

uncertain manner. When stimulated strongly the activity of the animal is increased, 

but its power of escaping from the source of injury is completely destroyed; it crawls 

indifferently in any direction—as likely as not towards the source of injury—rotates 

upon its axis, and after crawling some distance in one direction may very likely reverse 

that direction, and so return to the place from which it started. All these movements, 

standing in such marked contrast to those exhibited by unmutilated specimens under 

similar circumstances, prove that the co-ordination of the ambulacra! feet has been 

destroyed. On the other hand, the fact that they continue able to act at all proves 

that their activity is not wholly dependent upon the nerve-centre ; all that the des¬ 

truction of this centre entails is the destruction of their power of co-ordinated action. 

When perfectly fresh and vigorous specimens are inverted, a proportion of about 

three to four remain permanently inverted till they die. As this is never the case 

with perfectly fresh and vigorous specimens when unmutilated, there can be no 

question that destruction of the nerve-centre exerts a profound influence on the action 

of the ambulacra! feet upon which the execution of the righting manoeuvre depends. 

On the other hand, the fact that a certain proportion of individuals continue able to 

execute this manoeuvre after destruction of the nerve-centre-—although they never do 

so without much difficulty and great expenditure of time—proves that the integrity of 

this centre is not absolutely essential to the execution of this manoeuvre. Therefore, 

as experiment has failed to reveal to us any other general nerve-centre in the animal, 

and as even a segment of the animal containing but a single row of feet is in many 

cases able to perform this manoeuvre, we conclude, as previously stated, that the 

action of the feet in performing these righting movements is partly of a serial cha¬ 

racter, although, for reasons mentioned in the two previous paragraphs, we further 

conclude that in the unmutilated animal these movements are largely assisted by the 

co-ordinating influence that emanates from the nervous centre. 

5 t 2 
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2. PedicellaricB.—No effect whatever is produced upon these organs by destruction 

of the nerve-ring. 

3. Spines.—These organs, on the other hand, are profoundly affected—not, indeed, 

as regards their spontaneity and the function which they share with the pedicellarise 

of closing round any instrument of stimulation, but as regards their other two more 

general functions. That the particular or local function which they share with the 

pedicellarise should not be impaired by destruction of the general nerve-centre is no 

more than we might expect from those experiments detailed in previous parts of this 

paper, which proved that tins function is performed exclusively by the numberless 

local nerve-centres (cells) of the external plexus. Thus, for instance, it will be 

remembered that when a small piece is cut out of the shell of an Echinus or 

Spatqingus, and the internal surface of that piece painted with acid, its spines and 

pedicellariee, although severed from any possible nervous connexion save those of 

the external plexus, will continue to perform their function of localising a seat of 

stimulation. 

As regards, then, the more general function of the spines, we have first to consider 

what we may term their general reflex irritability—i.e., their power of active bristling 

response all over the animal when any part of its surface is strongly stimulated, as by 

burning. Immediately after the operation of removing the nerve-centre this function 

is found to be in abeyance, or nearly so—strong stimulation of one part of the animal 

not being followed by any response of the spines in other parts. This effect, however, 

completely passes off within several hours after the operation, and is therefore to be 

attributed to shock. The fact, however, that the influence of shock is thus revealed 

in temporarily suspending this general nervous communication among the spines, 

proves that this general communication, unlike the more special one which they share 

with the pedicellarise, is itself in communication with the central nervous ring. Fur¬ 

ther, the experiments detailed in a previous part of this paper prove that the medium 

of communication is in this case the hypothetical internal nervous plexus, as in the 

case just mentioned the medium of communication has been proved to be the external 

nervous plexus. And as the effect of the operation in question is only transitory 

—after recovery from shock the spines being as responsive as ever to severe stimu¬ 

lation—we must conclude that the general communication between the spines is 

maintained by the direct conductility of the supposed internal plexus, and is not of 

the nature of a reflex in which the nerve-ring is concerned as a general centre. The 

only effect of removing this nerve-ring is temporarily to paralyse, through shock, the 

supposed internal plexus with which the ring is connected. 

Lastly, the effect of removing the nerve-ring is that of completely and permanently 

destroying the general co-ordination of the spines ; that is to say, after this operation 

these organs are never again of any use to the Echinus for the purpose of locomotion. 

When the animal is placed upon a table and a lighted spirit lamp held against one 

side, although all the spines will manifest their active bristling movements, they will 
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not co-operate to move the animal away from the source of irritation, as is so invari¬ 

ably the case witli unmutilated specimens. Removal of the nerve-ring lias entirely 

destroyed the general co-ordination of the spines. 

GENERAL SUMMARY. 

I. Morphology. 

In Holothuria the polian vesicle opens freely into a wide circular canal a short 

distance from the termination of the stone canal. From this circular canal five 

lozenge-shaped sinuses project forwards, and from each of these two large oval sinuses 

run forwards parallel with each other—the ten oval sinuses becoming continuous with 

the hollow stems of the tentacles. Injection of the polian vesicle shows that it forms 

one continuous tube system with the circular canal and its sinuses, oval sinuses and 

tentacles, pedicels and ampullae. Unless the pressure is kept up for a considerable 

time there is no penetration of the injected fluid into the stone canal, and either the 

ring, vesicle, or sinuses, give way before the fluid reaches the madreporic plate. 

Specimens injected with a gelatine mass show that each canal sinus opens into a caecal 

tube, which runs forwards internal to the sinuses of the tentacles as far as a wide 

circum-oral space. This space communicates by well-defined apertures with that 

portion of the body cavity which lies between the sinuses and the oesophagus, and 

which is reached through the circular apertures between the sinuses of the circular 

canal. Each canal sinus has three other apertures in its walls. It opens by a small 

round aperture into a radial canal, and the two other apertures occur as minute sliis, 

one at each side of the orifice of the radial canal, leading into the adjacent tentacle 

sinuses. When the tentacle into which the sinus opens is protruded, there is no 

constriction between the sinus and the tentacle ; but when the tentacle is retracted, 

there is a well-marked constriction at the junction of the sinus with the tentacle. 

The eversion of the perisome and the protrusion of the tentacles are effected chiefly 

by the shortening of the polian vesicle and the constriction of the longitudinal 

muscular bands, which run from the inner surface of the body-wall between each two 

adjacent tentacle-sinuses ; but the circular fibres of the body-wall also assist in the 

process by contracting immediately behind the group of sinuses, so as to act on them 

by direct pressure, and also indirectly by forcing the body fluid against them. 

The amount of the body-cavity fluid is constantly changing. At the entrance to 

cloacal chamber there is a circular valve which is constantly dilating and contracting, 

except when the aboral end of the animal is forcibly retracted. When open, this valve 

allows water to pass into the respiratory tree; when it begins to retract, water 

escapes from the cloaca. This alternate opening and closing takes place with perfect 

rhythm, at a rate of about six revolutions per minute. At the end of every seventh 

or eighth revolution a large stream of clear water is ejected, which sometimes contains 



870 MR. G. J. ROMANES AND PROFESSOR J. C. EWART 

sand and the remains of food particles. When the tentacles are being protruded 

more water is taken in at the cloaca than escapes ; on the other hand, retraction of 

the tentacles is preceded by an escape of a large stream of water. 

In Echinus two tubes spring from the under surface of the madreporic plate. The 

one is dilated at its origin so as to include the greater portion of the plate, and ends 

in the so-called heart; the other is small, deeply pigmented, and runs along a groove 

in the heart to open into a circular canal at the base of the lantern. From the under 

aspect of this circular canal the five radial ambulacra! vessels take their origin. 

Immediately within the oral margin of the shell and alternating with the inner row of 

pedicels, are the five pair of “tree-like organs.” If a fine glass canula be forced 

through the membrane which extends from the apex of each tooth to the oral margin 

of the inter-ambulacral plates and sides of the alveoli, coloured fluids may be injected 

into the space between the membrane and the alveoli of the lantern; the fluid then 

slowly diffuses upwards into the vesicles around the apices of the teeth. It reaches 

these vesicles partly by passing directly upwards external to the alveoli, and partly 

by passing into the cavities of the alveoli and ascending through the circular sinus. 

In Spatangus the ambulacra! circum-oral canal lias no polian vesicles or sinuses 

developed in connexion with it. Some of the pedicels have suckers, others are conical 

and devoid of them, while others again are flattened at their tips, and sometimes split 

up into segments. 

If one of the arms of Solaster papposci is divided transversely and a coloured fluid 

is introduced into the open end of the radial canal, the ampullae and pedicels of the 

injected arm are at once distended. The fluid next penetrates the circular canal, 

polian vesicles, ampullae and pedicels of the other arms; but unless considerable 

pressure be kept up for some time, none of the solution enters the madreporic canal. 

If, however, the pressure is maintained for several hours with a column of fluid 2 feet 

high, the fluid ascends through the stone canal and diffuses slowly through the 

madreporic plate. When a thin slice is then shaved off the plate, the fluid is 

observed escaping from a small circumscribed area situated between the centre and 

the margin of the plate, and corresponding in size and position with the termination 

of the stone canal on the inner surface. The stone canal gradually increasing in 

diameter as it passes inwards from the madreporic plate, runs obliquely over its 

accompanying sinus, till it finally hooks round this sinus to open into the circular canal. 

Springing from this canal and opposite to each inter-radial space (with the exception 

of the space occupied by the stone canal) is a polian vesicle. The size and form of 

these vesicles are largely determined by the amount of fluid in the pedicels. In none 

of the injected specimens was there any evidence of a communication between the 

ambulacra! vessels and the body cavity, or between the ambulacra! and the blood 

(neural) vessels. There was, however, abundant evidence of communication between 

the latter and the exterior. When a canula was introduced into the outer end of the 

sinus, a coloured solution could be easily forced through the sinus into the circular 
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blood-vessel, and from this into the radial blood-vessels. But when the canula was 

introduced into the proximal end of the sinus, the solution rapidly rushed along the 

sinus and escaped through the madreporic plate—proving that the blood-vessels of 

Solaster communicate far more freely with the exterior than do the water-vessels. 

The ambulacra! system of the common Star-fish only differs from that of the Sun- 

star in having no polian vesicles. Astropecten, on the other hand, has polian vesicles ; 

but in it the pedicels have departed from the usual form in being short, conical, and 

unprovided with terminal suckers. In Opkiura the pedicels are morphologically 

similar to those of Astropecten, though shorter and more slender. They diminish in 

size as they proceed outwards, and at the ends of the arms are scarcely visible. 

II. Physiology. 

1. Natural movements.—The ordinary crawling movements of Astropecten auran- 

tiacus are peculiar, the ambulacra! feet acting the part of walking poles and cilia 

combined. Brittle-stars progress by using two opposite arms upon the floor of the 

tank, with a sort of leap, and can thus travel at the rate of 6 feet per minute. The 

ordinary progression of Echinus and Spatcmgus is assisted by the co-ordinated action 

of the spines, and when placed upon a flat surface out of the water the animal 

advances by means of its spines alone. In Echinus the lantern and pedicellarise are 

also used to assist in locomotion. 

All the Echinodermata that we have observed are able, when placed upon their 

dorsal surfaces on the floor of a tank, to recover their normal position on their oral 

surface. The common Star-fish does so by twisting the ends of two or more of its 

rays round, so as to bring its terminal suckers into action upon the floor of the tank, 

and then, by a successive and similar action of the suckers further back in the series, 

the whole ray is progressively twisted round, so that its ambulacra! surface is applied 

flat against the floor. The rays which perform this action twist their semi-spirals in 

the same direction, and by their concerted action serve to drag the disc and the 

remaining rays over themselves as a fulcrum. Other species of Star-fish, which have 

not their ambulacra! suckers sufficiently developed to act in this way, execute their 

righting movements by doubling under two or three of their adjacent rays, and 

turning a somersault over them, as in the previous case. Echinus rights itself when 

placed on its ab-oral pole, by the successive action of two or three adjacent rows of 

suckers—so gradually rising from ab-oral pole to equator, and then as gradually falling 

from equator to oral pole. Spatangus executes a similar manoeuvre entirely by the 

successive pushing and propping action of its longer spines. 

2, Stimulation.-—All the Echinoderms that we have observed seek to escape from 

injury in a direct line from the source of stimulation. If two points of the surface are 

stimulated, the direction of escape is the diagonal between them. When several 

points all round the animal are simultaneously stimulated, the direction of advance 
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becomes uncertain, with a marked tendency to rotation upon the vertical axis. If a 

short interval of time be allowed to elapse between the application of two successive 

stimuli, the direction of advance will be in a straight line from the stimulus applied 

latest. If a circular band of injury be quickly made all the way round the equator 

of Echinus, the animal crawls away from the broadest part of the band—he., from the 

greatest amount of injury. 

The external nerve-plexus supplies innervation to three sets of organs—the pedicels, 

the spines, and the pedicellarke ; for when any part of the external surface of Echinus 

is touched, all the pedicels, spines, and pedicellariae within reach of the point that is 

touched immediately approximate and close in upon the point, so holding fast to 

whatever body may be used as the instrument of stimulation. In executing this 

combined movement the pedicellariae are the most active, the spines somewhat slower, 

and the pedicels very much slower. If the shape of the stimulating body admits of it, 

the forceps of the pedicellariae seize the body and hold it till the spines and pedicels 

come up to assist. 

And here we have proof of the function of the pedicellariae. In climbing perpen¬ 

dicular or inclined surfaces of rock covered with waving sea-weeds, it must be no small 

advantage to an Echinus to be provided on all sides with a multitude of forceps 

adapted, as described, to the instantaneous grasping and arresting of a passing frond. 

For in this way not only is an immediate hold obtained, but a moving piece of seaweed 

is held steady, till the pedicels have time to establish a further and more permanent 

hold upon it with their sucking discs. That this is the chief function of the pedi¬ 

cel lari se is indicated by the facts that, 1st, if a piece of sea-weed is drawn over the 

surface of an Echinus, this function may clearly be seen to be performed; 2nd, that 

the wonderfully tenacious grasp of the forceps is timed as to its duration with an 

apparent reference to the requirements of the pedicels, for after lasting about two 

minutes (which is about the time required for the suckers to bend over and fix 

themselves to the object held by the pedicellariae if such should be a suitable one) 

this wonderfully tenacious grasp is spontaneously released ; and 3rd, that the most 

excitable part of the trident pedicellariae is the inner surface of the mandibles, about 

a third of the way down their serrated edges—i.e., the part which a moving body 

cannot touch without being well within the grasp of the forceps. When the forceps 

are closed, they may generally be made immediately to expand by gently stroking the 

external surface of their bases. 

With regard to stimulation of the spines, if severe irritation be applied to any part 

of the external or internal surface of an Echinus, the spines all over the animal take 

on an active bristling movement. The tubercles at the bases of the spines are the 

most irritable points on the external surface. 

With regard to stimulation of the pedicels, if an irritant be applied to any part 

of a row, all the pedicels in that row retract in succession from the seat of stimulation, 

but the influence does not extend to other rows. A contrary effect is produced by 
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applying an irritant to any part of the external nerve-plexus, all the pedicels being 

then stimulated into increased activity. Of these antagonistic influences the former, 

or inhibitory one, is the stronger; for if they are both in operation at the same time, 

the pedicels are retracted. 

Star-fish (with the exception of Brittle stars) and Echini crawl towards, and remain 

in, the light; but when their eye-spots are removed they no longer do so. When 

their eye-spots are left intact they can distinguish light of very feeble intensity. 

3. Section (A.).—Siar-jish.— Single rays detached from the organism crawl as first 

and in as determinate a direction as do entire animals. They also crawl towards light, 

away from injuries, up perpendicular surfaces, and when inverted right themselves. 

Dividing the ray-nerve in any part of its length has the effect of destroying all 

physiological continuity between the pedicels on either side of the division. Severing 

the nerve at the origin of each ray, or severing the nerve-ring between each ray, has 

the effect of totally destroying all co-ordination among the rays ; therefore the animal 

can no longer crawl away from injuries, and when inverted it forms no definite plan 

for righting itself—each ray acting for itself without reference to the others, there is, 

as a result, a promiscuous distribution of spirals and doublings, which as often as not 

are acting in antagonism to one another. This division of the nerves usually induces, 

for some time after the operation, more or less tetanic-like rigidity of the rays. The 

operation, however, although so completely destroying physiological continuity in the 

rows of pedicels and muscular system of the rays, does not destroy, or perceptibly 

impair, physiological continuity in the external nerve-plexus ; for however much the 

nerve-ring and nerve-trunks may be injured, stimulation of the dorsal surface of the 

animal throws all the pedicels and muscular system of the rays into active movement. 

This fact proves that the pedicels and muscles are all held in nervous connexion with 

one another by the external plexus, without reference to the integrity of the main 

trunks. 

(B.) Echini.—If a cork-borer be rotated against the external surface of an Echinus 

till the calcareous substance of the shell is reached, and therefore a continuous circular 

section of the overlying tissues effected, the spines and pedicellarise within the circular 

area are physiologically separated from those without it, as regards their local reflex 

irritability. That is to say, if any part of this circular area is stimulated, all the 

spines and pedicellarise within that area immediately respond to the stimulation in 

the ordinary way, while none of the spines or pedicellarige surrounding the area are 

affected, and conversely. Therefore we conclude that the function of the spines and 

pedicellarise of localising and gathering round a seat of stimulation, is exclusively 

dependent upon the external nervous plexus. If the line of injury is not a closed 

curve, so as not to produce a physiological island, the stimulating influence will 

radiate in straight lines from its source, but will not irradiate round the ends of the 

curve or line of injury. 

Although the nervous connexions on which the spines and pedicellarise depend for 
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tlieir function of localising and closing round a seat of stimulation are thus shown to 

be completely destroyed by injury of the external plexus, other nervous connexions, 

upon which another function of the spines depends, are not in the smallest degree 

impaired by such injury. This other function is that which brings about the general 

co-ordinated action of all the spines for the purposes of locomotion. That this function 

is not impaired by injury of the external plexus is proved by severely stimulating an 

area within a closed line of injury on the surface of the shell; all the spines over the 

whole surface of the animal then manifest their bristling movements, and by their 

co-ordinated action move the animal in a straight line of escape from the source of 

irritation. 

We have, therefore, to distinguish between what may be called the local reflex 

function of the spines, which they show in common with the pedicellarise and which is 

exclusively dependent upon the external plexus, and what we may call the universal 

reflex function of the spines, which consists in their general co-ordinated action for 

the purposes of locomotion, and which is wholly independent of the external plexus. 

Apparently, therefore, this more universal function must depend upon some other 

set of nervous connexions (which, however, we have not been able to detect histo¬ 

logically), and experiment shows that these, if present, are distributed over all the 

internal surface of the shell. For if the internal surface be painted with acid, or 

scoured out with emery paper and brick-dust, the spines and pedicellarise, after a 

short period of increased activity or bristling, become perfectly quiescent, lie flat, and 

lose both their spontaneity and irritability. After a few hours, however, the 

spontaneity and irritability of the spines return, though in a feeble degree, and 

also those of the pedicellariae in a more marked degree. These effects take place over 

the whole external surface of the shell, if the whole of the internal surface be painted 

with acid or scoured with brick-dust; but if any part of the external surface be left 

unpainted or unscoured, the corresponding part of the external surface remains un¬ 

injured. From these experiments we conclude :—1st, that the general co-ordination 

of the spines is wholly dependent on the integrity of the hypothetical internal plexus ; 

2nd, that the hypothetical internal plexus is everywhere in intimate connexion with 

the external, apparently through the calcareous substance of the shell; and 3rd, that 

complete destruction of the former, while profoundly influencing through shock the 

functions of the latter, nevertheless does not wholly destroy them. 

Echini may be divided into pieces, and the pedicels, spines, and pedicellariae upon 

these pieces will continue to exhibit their functions of local reflex irritability, however 

small the pieces may be. If an entire double row of pedicels be divided out as a 

segment, and then placed upon its ab-oral end, it may rear itself up on its oral end by 

the successive action of its pedicels, and then proceed to crawl about the floor of the 

tank. We have therefore to meet the question Is the action of the ambulacral feet 

in executing these righting movements of a merely serial kind—A, B, and C, first 

securing their hold of the tank floor, owing to the stimulus supplied by contact, and 
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then by their traction tilting over the globe, till D, E, and F, are able to touch the 

floor, and so on ; or does the righting action depend upon nervous co-ordination ? 

We conclude that both principles are combined—the action of the pedicels being serial, 

but also assisted by nervous co-ordination. This conclusion is sustained, not only by 

the movements of an unmutilated Echinus when suspended by a thread against the 

wall of a tank, but also by the experiment of shaving off the spines and pedicels over 

one half of one hemisphere—i.e., the half from the equator to the oral pole. When 

then inverted and forced to use their mutilated pedicel-rows, the Echini reared them¬ 

selves upon their equators, and then, having no more pedicels wherewith to continue 

the manoeuvre, came to rest. This rest was permanent—the animal remaining, if 

accidents were excluded, upon its equator till it died. The question, then, here seems 

to resolve itself simply into this :—Is the mechanism of the pedicels so constructed as 

to ensure that their serial action shall always take place in the same direction ; for if 

it can be shown that their serial action may take place indifferently in either direction, 

it would follow that the persistency with which the partly-shaved Echini continue 

reared upon their equators, is the expression of some stimulus (such as a sense of 

gravity) continuously acting upon some central apparatus, and impelling the latter to 

a continuous, though fruitless, endeavour to co-ordinate the absent pedicels. If the 

pedicels are able to act serially in either direction, there is no more reason why a 

partly-shaved Echinus should remain permanently reared upon its equator, than that 

it should remain permanently inverted upon its pole ; and therefore the fact that in 

the latter position the pedicels set about an immediate rotation of the animal, while in 

the former and quite as unnatural position they hold the animal in persistent stasis— 

this fact tends to show that the righting movements of the pedicels are something 

more than serial. Thus the whole question as between the two hypotheses amounts 

to whether the pedicels are able to act serially from oral to ab-oral pole. Observation 

has shown us that they are so, for we have seen Echini spontaneously rear themselves 

from their normal position on the oral pole, to the position of resting upon their 

equators. Further, as additional evidence that the righting movements are at least 

assisted by some centralizing influence, is the fact that when the evolution is nearly 

completed by the pedicel-rows engaged in executing it, the lower pedicels in the other 

rows become strongly protruded and curved downwards, in anticipation of shortly 

coming into contact with the floor of the tank. 

But, on the other hand, there is evidence to show that the action of the pedicels in 

executing this manoeuvre, although as we have seen in some measure, is not exclusively 

dependent upon this centralizing influence. We found that the centre from which 

this influence proceeds is the nerve-ring that surrounds the lantern. For when this is 

removed, the following results are produced : the pedicels have their spontaneity 

impaired, though not destroyed—the animal still continuing to crawl, but only feebly, 

and no longer in a determinate manner, frequently changing its direction of advance, 

and showing a marked tendency to rotate upon its vertical axis. Moreover, the 
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Echinus is now no longer able to escape from injury, but when stimulated crawls 

indifferently in any direction. Thus, removal of the nerve-centre seriously impairs the 

activity of the pedicels, and totally destroys their co-ordination. Yet when specimens 

so mutilated are inverted, one out of every four specimens is able to right itself. This, 

however, is only done with great difficulty and after a long time, so that, under these 

circumstances, the execution of this manoeuvre seems to be just barely possible. Still 

the fact of its being possible at all proves that the integrity of the nerve-centre is not 

absolutely essential to its performance. Therefore, as experiment has failed to reveal 

to us any other general nerve-centre in the animal, and as even a segment of the 

animal containing only a single row of pedicels is in many cases able to perform this 

manoeuvre, we conclude, as already stated, that the action of the pedicels is partly of 

a serial character, though largely assisted by the co-ordinating influence that emanates 

from the nerve-centre. 

The effect of this operation upon the spines and pedicellarice still remains to be 

considered. No effect at all is pi*oduced upon the pedicellarise ; but upon the spines a 

profound influence is seen to be exercised. Their spontaneity, indeed, remains un¬ 

impaired, as does also the function which they share with the pedicellarim of closing 

round any instrument of stimulation ; likewise their power of responsive bristling all 

over the animal when any part of the animal is severely stimulated continues to be 

manifested as before, although for an hour or two after the operation this power is 

suspended by shock. But the general co-ordination of the spines is totally and 

permanently destroyed; for if the animal be placed upon a table and a spirit lamp 

flame held against one side, although the spines will manifest their bristling move¬ 

ments (if the period of shock has been allowed to pass away), they will no longer 

co-operate to remove the animal from the source of irritation. These facts prove, 1st, 

that the general co-ordination of the spines is wholly dependent upon the nerve-centre ; 

2nd, that the spontaneity and local reflex irritability are wholly independent of that 

centre—they depend entirely upon the external nerve-plexus ; and 3rd, that the 

universal nervous connexions revealed in the bristling movements of the spines, and 

which as shown by previously narrated experiments depend upon the hypothetical 

internal nerve-plexus, are themselves in nervous connexion with the nerve-centre. 

For only thus can we explain the long period of shock which removal of this centre 

entails upon the functions of this supposed internal plexus. Nevertheless, the fact 

that these functions are eventually resumed in the general bristling of the spines, 

proves that this general communication between the spines is maintained by the direct 

conductibility of the supposed internal plexus, and is not of the nature of a reflex in 

which the nerve-ring is concerned as a general centre for the responsive, as dis¬ 

tinguished from the co-ordinated, action of the spines. 
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Literature. 

For a general account of the literature on the morphology of the Echinoderms up 

to 1872 reference had best be made to Baudelot in 'Archives de Zoologie Exp. et- 

Gen.,’ t. i., pp. 176-216. 

The observer who first detected the nervous ring in Echinus was Van Beneden, 

who published his description in ‘ L’Echo du Monde Savant’ in 1835. A more 

detailed description was afterwards given by Krohn in Muller’s ‘Archives’ in 1841, 

which was followed by the well-known investigations of Valentin", L. and A. 

Agassiz f, J. Muller];, Hoffmann§, and Loven||. More recently still a valuable 

paper has been published by Fredericq If, of the existence of which we were not 

aware until our own paper had been written. As we now find that some of our 

results have been anticipated by this author, we shall here devote a few paragraphs 

to epitomising all the more important features of his work. 

Fredericq found that the pentagonal nerve-ring of Echinus and its five radial 

nerves are all contained in as many sheaths or tubes of membrane, which are mesen- 

tery-like expansions of the lining membrane of the shell. These enveloping tubes 

send out lateral branches which contain the lateral nervous offshoots ; the latter pass 

out of the ambulacral pores in company with the pedicels which they serve to enervate, 

a delicate nerve running along the whole length of each pedicel to terminate at its 

distal end in a tactile organ. 

Fredericq considers it probable that in their passage through the ambulacral pores 

the nerves also send branches to the spines and pedicellarise ; these branches, however, 

he failed to detect. The radial or ambulacral nerve-trunks terminate in the ocular 

plates. The latter, however, show no histological evidence of supporting any structure 

resembling an ocular apparatus; and Fredericq could obtain no physiological evidence 

of sensibility either to solar or to artificial light. He does not state clearly what his 

experiments in this connexion were, and so we infer that they cannot have been the 

same as ours. He regards the pigment spot as a “ fiction.” 

The nerve-ring sends off, in addition to the ambulacral trunks, the nerve-cords to 

the intestine. In the ring and trunks there is no differentiation into ganglia and 

fibres, but the whole is in structure uniform and in function central. The brown 

colour is due to elongated and irregular cells having conspicuous nuclei filled with 

pigment, and supposed to betoken connective tissue. The nervous tracts are them- 

* ‘ Anatomie du genre Echinus,’ 1841. 

| ‘Bulletin of tlie Museum of Comp. Zool.,’ in vols. i., ii., and iii., “Revision of the Echini;” and 

‘ American Naturalist,’ vol. vii., pp. 398-406. 

J ‘ AbLandl. der Konigl. Akad. der Wissens. zu Berlin,’ 1853, and Muller’s ‘ Archiv.,’ 1853, p. 175, 

and 1850, p. 127. 

§ ‘ Nederliindisches ‘Archiv. fur Zool.,’ i., 1871, p. 54. 

|| ‘ Anns, and Mag. Nat. Hist.,’ 1872, p. 28, and ‘ Etudes sur les Echinoidees,’ 1875. 

‘ Arch, de Zool. Exp.,’ t. v., pp. 429-440. 
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selves composed of two distinct layers—an external and an internal, each of which 

presents a uniform structure of cells and fibres. 

In a division of his paper devoted to an account of physiological experiments, 

Fredericq records several observations which are identical with some of those 

recorded in the corresponding division of the present paper. Thus, he tried the effect 

of severing the five ambulacral trunks, and found, as we found, that, while the opera¬ 

tion did not entail paralysis of the pedicels, it did entail complete destruction of co¬ 

ordination between their five rows. He also observed the rioFting' movements of 

inverted Echini, and experimented on the effect upon these movements of severing 

the nerve-ring. Here, however, his results are not quite in accordance with ours, for 

he says that in no case does an Echinus when so mutilated succeed in righting itself; 

whereas we found, as before stated, that out of twelve perfectly fresh specimens so 

mutilated three were able to right themselves. We are quite sure that our results in 

this connexion are trustworthy; for, as these results were contrary to our expecta¬ 

tions, we took the precaution of altogether removing the lanterns from a number of 

perfectly fresh specimens, and found, as previously, that a proportion of one in four 

continued able to right themselves. 

Lastly, Fredericq observed the local reflex action of the spines and pedicellariae, 

and also the insulating effect upon this action of a closed line of section. He inferred 

from these observations the presence of an external plexus, but was unable to detect 

its presence histologically. 

We may now conclude this account of previous literature with a discussion of 

previous theories as to the function of the pedicellariae. 

In stating our opinion as to what we consider their main function, it seems desirable 

briefly to consider the functions which have been ascribed to these organs by previous 

observers. Professor Owen supposes, or supposed (‘ Comp. Anat. of Inverts/ p. 20o), 

that their work in the economy of the animal is that of removing parasitic growths 

from the shell; and somewhat allied to this view is that of Professor A. Agassiz, who 

regards the function of these appendages to be that of “ scavengers.” He says : “ If 

we wratch a Sea Urchin after he has been feeding, we shall learn at least one of the 

offices which this singular organ performs in the general economy of the animal. That 

part of the food which he ejects passes out of the anus—an opening on the summit of 

the body in tire small area where the zones of which the shell is composed converge. 

The rejected particles, thrown out in the shape of pellets, are received on their little 

feeler-like forceps, and they are passed from one to the other down the side of the 

body till they are dropped oft’ into the water. Nothing is more curious and entertaming 

than to watch the neatness and accuracy with which this process is performed. One 

may see the rejected bits of food passing rapidly along the fines upon which the 

pedicellariae occur in greatest numbers, as if they were so many little roads for the 

carrying away of the refuse matter. Nor do the forks cease from their labour till the 

surface of the animal is completely clean and free from any foreign substance. Were 
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it not for the pediceUarise the faeces thus rejected would be entangled among the 

tentacles and spines, and remain stranded there till the motion of the water washed 

it away. . . . These curious little organs have other offices besides this very laudable 

and useful one of scavengers : they occur over the whole body, while they pass the 

excrements only along certain given lines. They are especially numerous about the 

mouth, where they are much shorter and more compact. The muscular sheath below 

the head is quite short, the tripartite head resting directly upon the lines of the base. 

On watching the movements of the pediceUarise we find that they are extremely 

active, opening and shutting their forks unceasingly, reaching forward in every pos¬ 

sible direction, the flexibility of the sheath enabling them to sweep in all the corners 

and recesses between the spines; and occasionally they are rewarded by catching hold 

of some unfortunate little crustacean, worm, or mollusca which has become entangled 

among the spines. They do not seem to pass their prey to the mouth—at least, I 

have never succeeded in seeing Sea Urchins pass the food thus caught—but merely 

threw it off from the surface like any other refuse matter. Their mode of eating, also 

—a sort of browsing, by means of their sharp teeth, along the surface of the rocks— 

does not favour the idea of using the pediceUarise as feelers.”* 

From this account we gather that Professor Agassiz regards the main function of 

the pediceUarise to be that of removing excrement, although they may also act the 

part of general cleansers to remove any other undesirable substance—whether para¬ 

sitic or otherwise—from the general surface. This view has recently been confirmed 

by Mr. W. 0. Sladen, who says, in the course of an interesting paper,! “ Mr. Alex¬ 

ander Agassiz was, I believe, the first, who by actual observation assigned the true 

function to any of these organs. Unfortunately, Mr. Agassiz leaves the matter with¬ 

out saying which of the forms of this appendage was the agent employed. I also have 

seen the same operation performed ; and it was always the pedicellarice tridentes that 

came into use for the purpose; indeed, the most superficial examination would suggest 

that these alone could be employed for such a service, neither the pedicellarice globi- 

formes nor the pedicellarice triphyllce having valves capable of grasping so large a body 

as the ejected pellets in question. On the other hand, the jaws of the pedicellarice 

tridentes are admirably fitted for the purpose ; and that this is the chief use of that 

form of pediceUarise there seems but little doubt.5’ 

Nowr, restricting our consideration in the first instance to this form of pedicellaria, it 

seems d priori improbable that so elaborate and peculiar a structure should have been 

developed for the purpose supposed. To sustain the supposition, it would at least 

require to be shown that the excrement of Echinus is so difficult of removal that were 

it not for the action of these pediceUarise it would remain on the ab-oral pole of the 

animal in an amount, or for a time, that might be injurious. Yet we can confidently 

say that such is not the case. The dung-pellets are generally removed by the action 

* ‘ American Naturalist,’ vol. xii., pp. 399-400, 1873. 

t ‘Annals and Magazine of Nat. Hist.,' Aug., 1880, p. 101, et sea. 
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of the spines, without assistance from any of the pedicellarise. Being of a nearly 

spherical shape and somewhat firm consistence, their tendency is to roll down the 

sides of the globular animal, and to facilitate this movement the spines in their course 

diverge as soon as contact takes place—the pellet being thus allowed to pass between 

the spines with very little delay, and when brought up by other spines or stalks of 

pedicellarise lower down in the series, these similarly diverge, and so on, till the pellet 

arrives at the equator of the animal, when it drops perpendicularly off the shell. We 

have watched the process over and over again, and have been so struck with the 

methodical action of the spines concerned in it that we find it impossible to entertain 

any doubt on the question whether they are alone sufficient to perform the process, or 

require any considerable assistance from the pedicellarise. The assistance which the 

latter organs furnish in this process is only occasional, and seldom seems to be urgently 

required; it appears to us clearly but an accessory, if not an accidental function, for 

the performance of which the development of these organs cannot have been neces¬ 

sitated. And, direct observation apart, this view would seem to be rendered suffi¬ 

ciently obvious by the fact that these pedicellarise are not restricted to the upper 

hemisphere of the animal, but occur also below the equatorial line, where they can 

never have a chance of seizing a dung-pellet at all. 

Direct observation again apart, the homologies of the pedicellarise would alone sug¬ 

gest that their function is probably subservient to locomotion. The valuable paper of 

Professor Agassiz already quoted derives its value from the clear demonstration which 

it supplies that the pedicellarise are modified spines, and therefore the most obvious 

view would seem to be that they have been modified for the purpose of acquiring 

special proficiency as grasping organs of locomotion, over and above that which is 

presented by the unmodified or stilt-like spine. 

On the whole, then, we believe that at least the pedicellarice tridentes are not only 

homologous with, but analogous to, the spines ; and therefore we demur to the state¬ 

ment of Professor Agassiz when he says, “ the same reasoning will readily suggest to 

the student of Echinoderms the homology of the so-called claws of Ophiurians and of 

the anchors of Holothurians which, although used for such totally different functions, 

being a sort of prehensile organ for locomotion along the ground, are in reality only 

in their turn modified spines, or different forms of pedicellarise.” There can be no 

question about the homology, and our observations have satisfied us that there can be 

as little question about the analogy. The opinion, therefore, which we have here 

italicised and which refers to the pedicellarise of Echinus, we think requires amendment; 

for observation has shown us that these organs here perform the same kind of func¬ 

tions as those which Professor Agassiz recognises the homologous organs to perform 

in Ophiurians and Holothurians, where—as he says, in words which follow the above 

quotation—“ the pedicellarise hooks and anchors perform the part of organs of 

prehension and locomotion at the same time.” 

Thus far we have been considering the case of the pedicellarice tridentes. The other 
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forms, having such much smaller grasping organs, might at first appear to be of no use 

in grasping sea-weeds. That they are not of so much use in this respect as the 

tridentes is rendered obvious by experiment; and therefore we do not doubt that 

these pedicellarise are proportionally of more service than the tridentes as general 

cleansers. We cannot say that we have ourselves observed any actual evidence of 

such being the case ; but the interesting experiments of Mr. Sladen (which were not 

published till our observations had been completed) leads him to “ offer it as a sugges¬ 

tion” that “the ciliary epithelium is altogether insufficient” to keep the general sur¬ 

face clean, and that “the duty devolves upon the pedicellarice globiferce, the following 

being the manner in which the work is performed :— 

“ When the tactile cushion of the pedicellarise comes into contact with a tangible 

object of foreign matter, the valves close and a discharge of mucus takes place'"' where¬ 

with the obnoxious object is covered. When the hold of the jaws is again relaxed, 

the irritating substance remains entangled in a cloud of the glairy exudation, ready to 

be easily disengaged from the surface of the animal by a few movements of the neigh¬ 

bouring spines, and is finally carried off by the ordinary currents of the water in which 

the Echinus lives. 

“ A similar process may be observed with the greatest ease to be carried out by 

Astropecten; and this I have been able to verify many times by placing a specimen 

of the common A. aurantiacus in a large flat vessel, convenient for observation, and 

when covered with sea-water sprinkled some fine sand and mud over its dorsal area. 

In the course of a short time most of this will have been carried away by the action of 

the paxillse and by the lateral papiilated grooves, whilst such particles as have resisted 

this operation will be found enveloped in a glairy pellicle, which is gradually and by 

very slight motion drawn into a narrow band extending over the median line of each 

ray. This is then disengaged from the surface entirely, and is finally cast off by the 

slightest movement the Star-fish may make.” 

Postscript. 

[Received December 2, 1881.] 

Since this paper was sent in there has been a note published by MM. Geddes et 

Beddard in ‘Gomptes Ptendus’ (tom. xcii., pp. 308-10) on the histology of the muscular 

tissues of Echinoderms. According to the observations of these authors the conflicting 

views of previous observers on the question whether the muscular fibres of Echinoderms 

are striated or unstriated, admit of being reconciled by the fact that the same muscle 

fibres are sometimes unstriated and at other times appear to be striated. 

* Mr. Sladen is bere describing tbe functions of pedicellarise globiferse in a particular species of Echinus 

(SjoTiorecliinus granularis) where such a discharge was found by him to be very copious. 
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Further, since this paper was sent in, our attention has been drawn by Dr. P. M. 

Duncan, and also by Professor Loven himself, to an important paragraph in the 

work of the latter already referred to (‘Etudes sur les Echinoidees,’ page 8). This 

paragraph, which had previously escaped our notice, is as follows :— 

“ Chacun cles cinq grands troncs nerveux qui naissent des angles du collier, et qui 

parcourent la face interne des ambulacres, le long de leur suture mediane, fournit dans 

chaque plaque un ou deux nerfs, qui se diligent chacun vers le pore tentaculaire cor- 

respondant. Conjointement avec le vaisseau aquifere du tentacule, le nerf s’y enfonce, 

pour reparaitre sur la face externe au dehors de la couche calcaire du test. Sur ce 

trajet il doit fournir des filets nerveux au tentacule et au sphericle, bien qu'on ne soit 

pas parvenu a en demontrer l’existence. Mais, comme ou peut le voir chez la Brissopsis 

lyrifera, et le plus distinctement sur la troisieme plaque du bivium avoisinant le sternum 

et plus depourvue de radioles que le autres, le nerf, en sortant du pore tentaculaire sur 

la face externe du test, se rami fie en un grand nombre du filets, lesquels, apres avoir 

traverse la plaque diagonalement, se clistribuent aux aires interradiales en formant des 

entrelacements serres et riches en cellules ganglionnaires. On concoit que, tous les 

rameaux du tronc nerveux se divisant de cette maniere, il y aura, repandu a la surface 

du corps, un systeme nerveux peripherique extremement developpe, fournissant des 

nerfs aux radioles, aux pedicellaires, aux clavules des fascoiles, et, en general, a toutes 

les parties externes. La figure donnee en represente une tres petite partie dessinee a 

un fort grossissement.” 

It only remains to add that during the past autumn we have continued the research, 

and have been successful in obtaining full histological demonstration of the internal 

nervous plexus of Echinus. This plexus is therefore now no longer “hypothetical 

and in a subsequent paper its character, distribution, and mode of communicating with 

the external plexus will be fully described, together with some further physiological 

experiments. 

G. J. R., 

J. C. E. 

December 1, 1881. 

Description of the Figures. 

PLATES 79-85. 

Fig. 1. Ambulacral system of Holotliuria. 

a. Polian vesicle. 

h. Ambulacral circular canal. 

c. Circular canal sinus. Small circle at apex indicates position of opening 

into a radial canal (k); at each side the opening into a tentacle sinus 

(d) is indicated. 

c. Trunk of tentacle. 
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f Aperture between sinuses wliich leads into space around oesophagus. 

This space communicates with circumoral sinus (Plate 79, fig. 2, a). 

g. Ampulla. 

h. Circle indicating constriction between oval sinus and retracted tentacle. 

i. Madreporic plate. 

k. Radial canal giving oft’ two lateral branches, each branch gives rise to 

an ampulla (g) and a pedicel (a). 

/. Longitudinal muscular band. 

m. Retractor muscle. 

Fig. 2. Section through anterior portion of Holotliuvia. 

a. Circumoral sinus. 

b. Circular ambulacral canal. 

c. Sinus of circular canal. 

d. Sinus of tentacle. 

e. Aperture through which circumoral sinus communicates with space 

around oesophagus. 

f Csecal prolongation from sinus of circular canal. 

h. Fibres stretching inwards from sinuses and circular canal to oesophagus. 

m. Retractor muscle. 

Fig. 3. Holothuria with tentacles fully distended. 

c. Circumoral sinus. 

b. Aperture through which sinus communicates with space around 

oesophagus. 

a. Csecal end of prolongation from sinus of circular canal. 

d. Aperture of cloacal chamber. 

Fig. 4. Section of cloaca in Holothuria; valve open and retracted. 

Fig. 5. Section of cloaca in Holothuria; valve closed and projected. 

Fig. 6. Partially retracted pedicel of Echinus showing sucking disc. 

Fig. 7. Section of partially retracted pedicel of Astropecten. 

Fig. 8. Section of pedicel of Astropecten slightly retracted at one side (a) so as to act 

as a sucker. 

Fig. 9. Section of pedicel of Ophiura. 

Fig. 10. Section through lantern of Eclunus. 

a. Sinus under madreporic plate (6). 

c. Madreporic canal. 

d. “ Heart.” 

f. Radius. 

g. Rotula. 

h. Circular muscle. 

i. Radial canal. 

j One of the inner series of pedicels with a tubular ampulla (k). 

5 x 2 
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Fig. 11. 
o 

Fig. 12. 

Fig. 13. 

Fig. 14. 

Fig. 15. 

/. “ Tree-like organ.” 

m. Membranous wall of large space above “tree-like organ.” 

n. Sinus around tip of tooth 

o. Tooth lying in space (p) between the alveoli. 

q. Edge of alveolus. 

r. Interalveolar muscle. 

.9. Auricle. 

t. Radial nerve. 

Ambulacra! system—Solaster. 

a. Madreporic canal. 

b. Inner end (g) outer end of sinus leading to circular neural vessel (h) 

from which radial neural vessels (/) arise. 

c. d. Polian vesicles. 

f. Ampullae. 

m. Oral aperture. 

n. Madreporic plate. 

Madreporic plate enlarged, showing space (a) through which fluid escapes 

from madreporic canal. 

Scheme showing portions of ambulacral and nervous systems of Echinus, 

a. Ampullae. 

h. Radial nerve. 

c. Neural radial sinus. 

cl. Lining membrane of shell. 

e. Radial ambulacral canal. 

/. Lateral branch of radial canal. 

g. Pedicel. 

h. Spine. 

i. Pedicellaria. 

k. Layer of fibres external to shell. 

l. Subepidermic nerve-plexus. 

/'. Plexus extending over base of spine. 

I". Plexus extending over pedicellaria towards base of mandibles. 

m. Epidermis. 

n. Lateral branch from nerve-trunk. 

o. Continuation of lateral branch alongside of pedicel. 

p. Portion of lateral branch which probably communicates with external 

plexus. 

r. Ambulacral plate. 

Fibres and cells of nerve-trunk. 

External plexus partially covered by epidermis lying over muscular and 

connective tissue-fibres. 
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Fig. 16. Nerve-cells lying amongst muscular fibres at base of spine. 

Fig. 17. Nerve-fibres lying between epidermis and calcareous stem of pedicellaria. 

Fig. 1 8. Plexus lying over muscular fibres near base of mandibles of pedicellaria. 

Fig. 19. Natural co-ordinated movements of common Star-fish. 

Fig. 20. Natural righting movements of common Star-fish. 

Fig. 21. Natural righting movements of Astropecten. 

Fig. 22. Natural locomotor movements of Ophiura. 

Figs. 23-26. Natural righting movements of Echinus. 

Fig. 27. Righting movements of severed ray of common Star-fish after bisection of 

radial nerve. 

Fig. 28. The unco-ordinated movements of inverted Star-fish after section of the five 

radial nerves. 

Fig. 29. Tulip-shape assumed by the same. 

Figs. 30, 31. Righting movements of segments of Echinus. 

Figs. 32-34. Righting movements of Echinus on a vertical surface. 





[ 887 ] 

XX. On the Influence of the Atomic Grouping in the Molecules of Organic Bodies on 

their Absorption in the Infra-red Region of the Spectrum. 

By Captain Abney, R.E., F.R.S., and Lieut.--Colonel Festing, R.E. 
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[Plates 86-88,] 

Introductory. 

The researches on which this paper is founded were commenced in February, 1880, 

but were not sufficiently advanced for any communication to he made regarding them 

during last session. As an article on the absorption of colourless licpiids by Dr. W. 

Russell, F.R.S., and Mr. Lepraik appeared in ‘ Nature’ on the 19th August, 1880, 

it might have been thought that we were merely following in the steps of those 

gentlemen, of the scope of whose work we were not aware; we have therefore stated 

when our work commenced. It will also be seen that our work has been more 

especially confined to the infra-red region, for reasons which will presently appear, 

whilst Messrs. Russell and Lepraik turned their attention to the visible portion 

of the spectrum. 

Reasons for undertaking the research . 

The investigations of Professor Tyndall on radiant energy, and its absorption by 

carious organic compounds, led us to believe that if such marked effects were observed 

by means of the thermopile, at least as much information ought to be gathered from 

the photographic method recently brought to the notice of the Royal Society.”' The 

absorption measured by the thermopile is essentially the integration of all the absorp¬ 

tions in the different regions of the spectrum examined, and by this method it is almost 

impossible to determine the position of the several components, since the face of the 

instrument has an appreciable breadth. By the photographic method not only can an 

approximate estimate of the amount of absorption exercised by the compound be 

judged, but the exact localities of such absorptions can be indisputably fixed. 

* Bakerian Lecture “ On the Photographic Method of Mapping the least Refrangible End of the 

Spectrum,” by Captain W. de W. Abney, R.E., F.R.S., Phil. Trans., 1880, 
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It appeared to us that the longer waves of the spectrum would be more likely 

to be affected by their passage through complex bodies than the shorter waves, and 

that therefore we ought to look for the absorption effects of the different molecular 

groupings in such bodies at the least refrangible end of the spectrum. The absorption 

spectra of various bodies in the ultra-violet portion of the spectrum have already been 

photographed by Professors Hartley and Huntingdon, and whilst that region seems 

specially adapted for certain series of hydro-carbon compounds, through a diminution 

or otherwise of the general absorption, &c., special or selective absorptions for all of 

them apparently lie at the opposite end of the spectrum. The results which we have 

tabulated in our maps fully support this view, indicating without much doubt that the 

substances we have examined can be grouped according to their absorption spectra; 

and that such grouping, as far as we have examined it, agrees on the wdiole with 

that adopted by chemists. It would be premature, however, to make any general 

deductions, since the ground to be covered is co-extensive with the compounds them¬ 

selves ; and as we have but made a selection which we believe may be regarded as 

typical, it will require the patient labour of many for a long period before this new 

branch of physico-chemical research can be in any way regarded as complete. We 

have thought that, by describing our method of work, and by publishing such results 

as we have already obtained, we might hasten the more extensive research which must 

eventually be undertaken. We have therefore the honour to bring the matter before 

the Society, with a statement that it is our intention as opportunity occurs to continue 

these investigations. 

Apparatus. 

Spectroscope.—The spectroscope employed was an excellently planned one by 

A. Hilger, consisting of three prisms of 62°, and a half prism to which was cemented 

a right-angled prism for the purpose of reflecting back the rays. The glass was white 

flint of medium density. The beam of light underwent total reflection at the half 

prism, so that the battery consisted in reality of one, three, five, or seven prisms, as 

occasion might require. The great advantage of this arrangement is that when once 

the camera is in position it does not require readjustment for any movement or 

alteration in the number of the prisms. There being, however, occasions when we 

rather doubted the performance of this arrangement, we adapted the spectroscope to 

the ordinary form without reflection. The slit of the spectroscope was furnished with 

an arrangement by which every third or half only of the aperture need be uncovered at 

a time. The collimating lens was of 20 inches focal length, and that of the lens fitted 

to the camera was of nearly the same, and in some cases of double that length. The 

dispersion of three prisms from A to D is about 3° 10'. 

Camera.—The camera employed was made by Mr. P. Meagher from designs 

furnished by one of us, and is capable of being employed with any lens whose focal 

length lies between 9 inches and 6 feet. It lias a horizontal swing back, which is 
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capable of swinging at a considerable angle to the axis of the lens—a point of 

importance when it is remembered what a rapid alteration there is in the focus of 

the rays, as they descend in the infra-red of the spectrum. 

Reason for employing glass prisms.—From the nature of the research it was 

necessary to employ tubes to hold the various liquids, and it would have been impos¬ 

sible to have closed their ends with any material but glass owing to the solvent 

nature of some of them. From previous experience we knew that the glass used 

transmitted radiations to a wave-length of at least X 20,000 ; and it would have 

been utterly impossible by prismatic analysis to have distinguished any except very 

general absorptions even as low down in the spectrum as that wave-length. For these 

reasons we determined to employ glass prisms. Our results show that in the 

majority of cases no advantage would have been gained by using rock salt; though 

for thin layers of vapour we can well imagine that rays of still lower refrangibility 

would have to be studied. 

Number of prisms employed.—Three prisms were invariably employed when 

photographs were taken from which measurements had to be made. With one 

or two prisms the dispersion was insufficient to enable the details of the absorption 

spectra to be accurately observed ; though the general character of the absorption was 

always clearly marked. With five prisms, on the other hand, the absorptions in some 

cases became too undefined ; we therefore concluded that three prisms would be the 

best number with which to work. In nearly every case, however, photographs of the 

absorptions were taken with one or two prisms to give a preliminary idea of what we 

might expect to find with the greater dispersion. It is our intention to pursue the 

investigation with a diffraction grating, more especially to map the line spectra 

which have shown themselves. 

Measurement of the photographs.—The measurement of the photographs was care¬ 

fully made by means of a transparent scale applied to the film-side of the negatives, 

reading to ^ a millimetre by division, and to half that quantity or less by estimation. 

We attempted to take the measures with a micrometer, but the nature of some of the 

absorptions precluded its use, since much magnification more or less shrouded the 

phenomena; with the solar spectrum where the absorptions are in more definite 

lines as opposed to bands, measurements with a high magnifying power are com¬ 

paratively easy. The accuracy of our plan of measurement might be doubted, but it 

is really trustworthy after a little experience. We should not have trusted to it, how¬ 

ever, without referring some of the principal spectra to a comparison with the solar 

spectrum. The wave-lengths of the Fraunhofer lines in the infra-red region were 

taken from the map furnished by one of us with the paper already referred to. A 

test of the accuracy of the measurements was the fact that the same wave-lengths 

of the absorption of any particular substance could always be obtained on several 

photographs. 

We invariably compared all absortion spectra with that of ethyl iodide, which 

MDCCCLXXXI. 5 Y 
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furnishes almost entirely a line spectrum and, in fact, our measurements were referred 

to an empiric scale derived from the absorptions of this body, before we were 

fortunate enough to obtain a wave-length scale from strict comparison with the solar 

spectrum. We believe that the chloroform spectrum might be almost better to give 

a fiducial scale. The multiplicity of fine lines in both of these substances makes the 

mapping the spectra comparatively easy when once the position of those lines has 

been accurately fixed. 

Source of light.—In the positive pole of the electric light we have a source of light 

which may be considered of uniform brightness, if the light emitted from the crater 

only be employed. Whether the crater be or h, inch in diameter (the one being 

produced by a small magneto-electric machine, and the latter by a larger one) the 

brightness remains constant, being apparently that due to the temperature at which 

carbon is vaporized. If then an image of the crater be projected on the slit it 

is evident that the spectrum produced will be a continuous one (crossed, perhaps, in 

the more refrangible regions by bright lines) and of constant brightness. It is worthy 

of remark that in no case have we found the continuous spectrum in the least refran¬ 

gible region to have any signs of bright or dark lines when the crater is projected on 

the slit. We discuss further on the possibility of any of the lines mapped being due 

to the carbon vapour in the arc. In order to get as large a portion as possible of the 

crater available for projection on the slit, the lower pole (which in this case was the 

positive) was placed slightly behind the upper pole. The electric light we employed 

was generated by an “M.” Gramme machine, driven by a small three horse-power 

Brotherhood engine, of whose performance we cannot speak too highly. The current 

is of such a tension that it is capable of supporting an arc of some ^-inch in length. 

The lamp employed was a hand-lamp of the Sautter Lemonier's pattern, and for 

general photographic spectrum work is everything that can be desired. For photo¬ 

graphic purposes the radiation emitted from a gas flame is much too feeble to be of 

any service, and there is no economy in using the oxy-hydrogen light when the 

electric light is available. 

Tubes for holding the liquids.—Tubes of 2 feet, 6 inches, and 3 inches respectively 

were used for the more common and inexpensive liquids, but for those which were more 

difficult to obtain and costly the two shorter tubes were invariably used. The longer 

tubes had diameters of 2 or 1^ inches, and the shorter of f-inch and ijrinch. In order 

to get a bright image on the slit, and at the same time to cover the whole aperture, 

the carbon points were placed about 3 feet from the collimator. The diameter of the 

condensing lens was about 2^ inches, which thus just cast a beam sufficient to fill the 

collimating lens. The smaller tubes were placed in the position where the rays 

crossed, and thus when they were interposed before the slit the brightness suffered 

no diminution except that due to the liquid itself. 
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Photographic arrangemen ts. 

Exposures.—The exposures were arranged in accordance with what experience 

taught us was the best time for different lengths of tube and differing liquids. 

In every case photographs were taken of each compound with varying lengths of 

exposure, in order to ascertain which gave the most trustworthy and measurable 

results. On the one hand, it was necessary to show the detail in those parts which 

had no general absorption but in which there was special absorptions ; and, on the 

other hand, it was necessary to show the special absorptions in those regions 

which had general absorption superposed. These details were often obtained by 

means of one or more photographs. It had also to be remembered that the silver 

salt employed, though sensitive, it is believed, to the extreme theoretical limit of 

the prismatic spectrum, yet has one maximum of sensitiveness, situated a little below 

the limit of the visible spectrum, from which point the “ curve of sensitiveness ” 

gradually falls away on each side. Thus, with an unabsorbed continuous spectrum 

it would require about three times more exposure for X 12,000 to impress the film to 

develop to a standard density than it would for X 8000. This difficulty is, however, 

met with at the other end of the spectrum, where the usual photographic plates are 

employed, and is necessarily present in all spectrum photography. 

Precautions to he observed.—There are a few cautions to give to other observers— 

first, to ascertain that the floor of the laboratory is free from vibration ; second, to get 

an accurate focus of the locality near X 900 ; third, to set the prisms at an angle of 

minimum deviation for that locality, since in that region the greatest variations in the 

absorption phenomena are to be found ; fourth, to use a good reference spectrum, such 

as that of chloroform ; and, fifth, to see that the tubes are accurately centered with the 

axis of the collimating tube. 

Mapping the results. 

In order to map the results in wavedengths, photographs of the solar spectrum 

were made with the same spectroscope as that employed in the research, and the 

Fraunhofer lines accurately measured and laid down to scale. The wave-lengths, 

also to scale, were erected as ordinates and a curve constructed. The value for 

every 1 0 in the wave-length scale was then found on the curve and fresh ordinates 

plotted from these points on the curve, and this was our “ prismatic scale.” 

When plotting an absorption spectrum the distance between two known points was 

noted off on a convenient ivory scale, and this applied to the ordinates of the prismatic 

scale at the known wave-lengths. All intermediate points could then be immediately 

read off in wave-lenoths. The wave-lengths between 900 and 1000 we consider to 

be accurate to within one or two, and beyond that point to within three or four; the 

shorter wave-lengths are accurate within one, we believe. 

5 y 2 
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Substances examined. 

We append a list of substances the absorption spectra of which we have mapped on 

an empiric scale reduced to wave-lengths subsequent to the reading of the paper, but it 

must not be inferred that these are all that we have examined. There are various 

aqueous solutions which we have not dealt with in this paper, preferring to eliminate 

as far as possible any matter which did not seem to bear directly on the objects we had 

in view. We have, in addition to the map, made a tabular statement of each spectrum, 

inserting approximate wave-lengths, which we trust will be of use to future observers. 

Different hinds of absorption. 
It may be useful to state the different kinds of absorption with which we have met. 

1st. General absorption from the least refrangible end. 

2nd. Special absorptions 

’ Lines 

< 

_ Bands 

f fuzzy, or 

L sharp. 

rboth edges sharply defined. 

< one edge sharply defined. 

I both edges not sharply defined. 

Regarding the general absorption we have nothing very noteworthy to remark, 

beyond the fact that as a rule in the hydrocarbons of the same series those of heavier 

molecular constitution seem to have less than those of lighter. 

In regard to the special absorptions we may say that it is very often easy to distin¬ 

guish the position of lines at the edges of bands, though they are not sufficiently 

marked to be represented on the map. This is more noteworthy, when we have a 

change from a very dense absorption to a feebler one. The impression left on the 

mind is that in reality these particular bands are made up of lines of different 

intensities, but of this we cannot speak with authority. 

As to the possibility of any of these special absorptions being due to the carbon 

vapour, &c., of the arc, it will, we think, be sufficient to state that, as we do not find 

any trace of them in photographs taken without a liquid in front of the slit, we are 

quite satisfied that they can be due only to the substances with which we have 

experimented. 

Nature of the absorptions. 

As regards the nature of the absorptions caused by the different substances expe¬ 

rimented on, we started with no preconceived idea—we simply mapped what we 

measured. In our earlier photographs, which were of substances containing oxygen, 

we found the absorptions to be mostly in bands and irregularly-placed and ill-defined 

lines, the want of definition we now know being caused by maladjustment of the focus 

and a want of rigidity in our laboratory floor. It was not until we had removed our 
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apparatus to a more stable site, a]id till we examined some of the iodides of the alcohol 

series, that we observed many sharply-defined lines and also that the edges of the 

bands were more rigidly marked ; and when it appeared that some of the edges of the 

bands in the compounds containing oxygen were coincident with some of the fine lines 

in the iodides, we were forced to the conclusion that there must be some connexion 

between the one and the other, since such an agreement could not be fortuitous. Our 

endeavour was therefore to discover, if possible, what constituents of the iodides caused 

these lines. They must be due to carbon, iodine, or hydrogen, or to a combination of 

one with the other. 

Our first step was to get a substance which should contain but one atom of carbon 

and one of hydrogen, and this we found in chloroform. On examining the photograph 

of this spectrum we were gratified to find that all bands had disappeared, and that the 

absorption spectra contained only lines, some fine and some broad. By reducing, then, 

the carbon and hydrogen and increasing the halogen a line spectrum was produced. 

It seemed possible, nay, probable, that these lines might be due to the chlorine 

present in such abundance in the chloroform, and if so it was evident that by abstract¬ 

ing the last atom of hydrogen and taking carbon tetrachloride an absorption spectrum 

of a still simpler form, but still lineal, should be obtained. To our surprise, however, 

we found that the absorption of carbon tetrachloride was an absolute blank, and that 

there was no absorption beyond a slight general one at the least refrangible end of the 

infra-red. With carbon disulphide the same negative result was also obtained. 

This seemed to show that neither chlorine nor carbon had anything to do with the 

linear spectrum observed in chloroform. Dr. Hodgkinson kindly prepared for us a 

solution of cyanogen in carbon tetrachloride (180 vols. of gas in one of the solvent), 

and not a trace of line or band was found in its spectrum. A crucial test was to 

observe spectra containing hydrogen and chlorine, hydrogen and oxygen, and hydrogen 

and nitrogen. 

We therefore tried hydrochloric acid and obtained a spectrum containing some few 

lines. Water gave lines, together with bands, two lines being coincident with those in 

the spectrum of hydrochloric acid. 

In ammonia, nitric acid, and sulphuric acid we also obtained sharply-marked lines, 

coincidences in the different spectra being observed, and nearly every line mapped 

found its analogue in the chloroform spectrum, and usually in that of ethyl iodide. 

Benzine again gave a spectrum consisting principally of lines, and these were coinci¬ 

dent with some lines also to be found in chloroform. It seems then that the hydrogen, 

which is common to all these different compounds, must be the cause of the linear 

spectrum. In what manner the hydrogen annihilates the waves of radiation at these 

particular points is a question which is at present, at all events, an open one, but that 

the linear absorptions, common to the hydrocarbons and to those bodies in which 

hydrogen is in combination with other elements such as oxygen and nitrogen, is 

due to hydrogen there can be no manner of doubt. 
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We may go a step further than this, however. We find both edges of some 

bands to accord with the position of known hydrogen lines, whilst in others we find 

that only one edge can be so marked. Though direct evidence is wanting to enable 

us to say that the other edge marks the position of a hydrogen line, yet the circum¬ 

stantial evidence that such is the case is excessively strong. In point of fact, of the 

hydrogen lines and edges of bands to be found in hydrocarbons lying between 900 

and 972 of our empiric scale, more than half are to be found coincident with lines in 

the non-carbon bodies. The following table shows the coincidences :— 

Hydrocarbons .... 900 902 905 9]0 912 920 927 935 942 949 952 959 972 

Hydrogen and oxygen, j 

or nitrogen, > 900 . 912 920 927 .. .. 949 .. 959 972 
or chlorine 

On the more refrangible side of 900 the coincidences in the latter series are always 

to be found in the former. If other bodies containing no carbon be examined no 

doubt some of the gaps in the table will be filled up. It must distinctly be understood 

that in all the absorptions in which bands, lines, or both appear, the position of the 

whole of the known hydrogen lines will not be found, each weighted radical making a 

selection of them. 

Effect of the presence of oxygen. 

It is seen that bodies containing carbon and hydrogen alone or with chlorine, 

bromine, or iodine, gave absorption spectra in which there are defined bands together 

with lines. 

The next point that required solution was the effect of the presence of oxygen on 

the body under examination, and here we had ample material on which to make our 

observations. It appears that in every case where oxygen is present otherwise than 

as a part of the radical it is attached to some hydrogen atom in such a way that it obli¬ 

terates the radiation between two of the lines which are due to that hydrogen. Take, 

for example, ethyl alcohol. We find that one band of absorption takes place between 

927 and 942, another between 900, and 905 on the less refrangible, and 892 on the 

more refrangible side. Mow, all these different numbers are localities where hydrogen 

lines are to be found. Iso-butyl alcohol is another good example. Besides the last- 

named bands of the ethyl alcohol it has bands lying between 912 and 920, between 

927 and 942, and a narrow band about 959. These, again, are all localities where 

hydrogen lines can exist. If more than one hydroxyl group be present we doubt if 

any different effect is produced beyond that produced by one hydroxyl group, except 

a possible greater general absorption ; a good example of this will be found in cinnamic 

alcohol and phenyl-propyl alcohol, which give the same spectra as far as the special 

absorptions are concerned. 
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Effect of increase or diminution in the length of the absorbing medium. 

A natural question to ask is as to the effect of the increase or the diminution in 

length of the compound placed before the slit of the spectroscope. The answer is not 

difficult to give. Where an increase of length is used, one of two things occurs : either 

general absorption creeps up further towards the more refrangible end, or the absorption 

features are more marked. It may be supposed that in the latter case the bands should 

become more defined, but this is not so ; the bands, as the length of column of liquid 

increases, may spread out till they reach the locale of another hydrogen band, each line 

becoming, as it were, a stepping stone for a further advance of absorption. This 

usually takes place only on the more refrangible edge of a band, the less refrangible 

edge remaining, as a rule, constant. In some cases both edges of the band remain 

fixed (as example we may quote the ethyl alcohol band situated about 900) and 

neither increase nor diminution of length of fluid alters their relative positions. 

Where the length of column is diminished one of three things happens : the absorp¬ 

tion disappears altogether, the bands fade into the lines bounding one of their edges, 

or they become fainter and remain constant. At the edge of the band which is 

least defined the absorption gradually disappears till a line is left at the most defined 

edge, or if both are ill-defined the nucleus will probably be found to be central to it. 

When both edges are well-defined the band remains constant in width, but fainter. 

Oxygen combined in the radical. 

Hitherto we have only taken into account oxygen which is not contained in the 

radical; when it is so contained it appears to act differently, always supposing hydrogen 

to be present as well. We need only refer to the spectrum of aldehyde which is 

inclined to be linear rather than banded, or rather the bands are bounded by absolute 

lines, and are more defined than when oxygen is more loosely bonded. 

Detection of the radical. 

An inspection of our maps will show that the radical of a body is represented by 

certain well-marked bands, some differing in position according as it is bonded with 

hydrogen, or a halogen, or with carbon, oxygen, or nitrogen. There seem to be 

characteristic bands, however, of any one series of radicals between 1000 and about 

1100, which would indicate what may be called the central hydrocarbon group, to 

which other radicals may be bonded. 

The clue to the composition of a body, however, would seem to lie between X 700 and 

X 1000. Certain radicals have a distinctive absorption about X 700 together with 

others about X 900, and if the first be visible it almost follows that the distinctive mark 

of the radical with which it is connected will be found. Tiius in the ethyl series we find 
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an absorption at 740, and a characteristic band one edge of which is at 892, and the 

other at 920. If we find a body containing the 740 absorption and a band with, the most 

refrangible edge commencing at 892, or with the least refrangible edge terminating at 

920, we may be pretty sure that we have an ethyl radical present. So with any of the 

aromatic group; the crucial line is at 867. If that line be connected with a band we may 

feel certain that some derivative of benzine is present. The benzyl group show this 

remarkably well, since we see that phenyl is present, as is also methyl. It will be 

advantageous if the spectra of ammonia, benzine, aniline, and dimethyl aniline be com¬ 

pared, when the remarkable coincidences will at once become apparent, as also the 

different weighting of the molecule. The spectrum of nitro-benzine is also worth com¬ 

paring with benzine and nitric acid. We should have liked to have said more 

regarding the detection of the different radicals, but it might seem presumptuous on 

our part to lay clowm any general law on the results of the comparatively few com¬ 

pounds which we have examined. In our own minds there lingers no doubt as to the 

easy detection of any radical which we have examined, but it will require more energy 

and ability than we possess to thoroughly classify all the different modifications which 

may arise. 

We may say, however, it seems highly probable by this delicate mode of analysis 

that the hypothetical position of any hydrogen which is replaced may be identified, a 

point which is of prime importance in organic chemistry. 

The detection of the presence of chlorine or bromine or iodine in a compound is at 

present undecided, and it may well be that we may have to look for its effects in a 

different part of the spectrum. The only trace we can find at present is in ethyl 

bromide, in which the radical band, about 900, is curtailed in one wing. The 

difference between amyl iodide and amyl bromide is not sufficiently marked to be of any 

value. We quit this part of our subject in the hope that chemists will be able to help 

us to decipher more than has as yet been done. 

Solar coincidences. 

We have already stated that in order to determine the wave-lengths of the 

absorptions in the different spectra, we have taken photographs of the solar spectrum 

on the same plate with that of a few of the principal substances. Unfortunately, 

when at first we took up the iodides we had no opportunity of thus obtaining 

a direct comparison between the Fraunhofer lines and ethyl iodide; but as a 

matter immediately affecting our results this has nothing to do, since all the sub¬ 

stances mapped are mapped in reference to ethyl iodide. When our maps were at 

the point of completion, and in fact when all the measurements but two or three 

had been made, it struck us that we might find some analogy between the solar spec¬ 

trum of this region and our linear absorptions, since these are presumably due 

to hydrogen. At that time we noted several of what appeared to be coincidences 
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between the absorptions in the organic compounds and in the solar spectrum. Since 

the reading of the paper'"' we have further investigated these coincidences with greater 

prismatic dispersion and also with a diffraction grating of 17.260 lines to the inch. 

The indubitable result is that the broad line in the solar spectrum at X 866 is coin¬ 

cident with the radical line of benzine which in our scale is 856. Comparing the 

ethyl iodide group with the solar spectrum we find that the following bands are 

coincident with bands or lines in the solar spectrum: 880 to 888 with X 895 to X 903, 

888 to 892 with X 904 to 907, 898 to 902 with X 913 to 918, 902 to 912 with X 927 

to 930‘5, 912 to 920 with X 932 to 942. These bands are essentially the radical 

bands of the ethyl series. There are some more apparent solar coincidences in the 

spectra of water and chloroform. It is very remarkable that the line 856 in our 

scale should be the basic lines of the benzine series. When the thickness of benzine 

is gradually diminished this is the last line which disappears, but it remains of constant 

breadth to the end. Should it appear by subsequent investigations that the ethyl 

radical is really to be found in the solar spectrum it might be due to acetylene, from 

which immediately would follow the formation of benzine. 

Again, anyone who looks at a photograph of the solar A band and that of benzine, 

must be struck with the close structural likeness between the two ; it would not 

be at all surprising to find that X 760 was another nucleus for a hydrocarbon group. 

The X group of lines in the solar spectrum and that of the groups already mentioned 

appears to one of us to remain of constant intensity at any elevation of the sun or in 

any state of the intermediate atmosphere. It may therefore be necessary to refer them 

to some absorbing medium lying at the sun itself, or beyond the usually accepted 

limits of our atmosphere. Be it where it may, the fact remains that, in two instances 

at least, a study of the absorption spectra of organic bodies has to some extent thrown 

a glimmering of meaning on some of the absorption lines of the solar spectrum. 

The value of a study of the absorption spectra of liquids (not including in this term 

solids in solution) in order to gain an insight into their molecular constitution has 

been demonstrated by Professors Hartley and Huntingdon, and by their organized 

attack they have thrown much light on the subject; but we venture to think that 

the results we have obtained will prove that in these absorptions a still greater insight 

into the molecular constitutions of such bodies may be given. We may be too sanguine, 

but we believe not. It seems to us that the spectra leave as definite characters to 

read as are to be found in hieroglyphics, and we venture to think that we have given 

a clue to enable them to be deciphered. As to our theory that the foundation of all 

absorptions in these bodies is the hydrogen, we are content to leave it for discussion. 

If it should prove unreliable, the clue alone to the characters must be sought elsewhere: 

the story is still to be read by any one who may find a better one and a truer. Fully 

conscious of this, we would invite an exhaustive discussion, deeming that the results 

alone, which are indisputable, will give a ready basis for it. 

MDCCCLXXXT. 

* March, 1881. 

5 z 
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In conclusion, we have to say that we are indebted to Dr. Frankland, Dr. Arm¬ 

strong, Dr. Russell, and Dr. Guthrie for several organic substances ; but to 

Dr. Hodgkinson are our thanks especially due for the ready manner in which he lent 

us many choice specimens of his own preparation, and for the kind advice he was at 

all times ready to offer us (and which we freely accepted) as to the kind of compound 

to examine which would most aid us at any particular stage of our research. It is 

almost superfluous to mention that our work has been largely aided in the preparation 

of photographic material by Sergeant Jackson, R.E., and we take this opportunity of 

thanking him for the least interesting portion of the work which he so willingly 

carried out for us. The labour may be appreciated when it is considered that many 

hundreds of photographs have been taken, some 300 of which have been measured and 

compared. A research of this kind is always arduous, but it has been lightened by 

the cordial cooperation of those whom we have named. Our thanks are also due to 

Mr. Dick for the careful way in which he has drawn our maps. 

Appendix. 

The following appendix contains a tabular statement" of all the lines and bands 

measured in the different compounds mapped ; where not otherwise expressly stated, 

6 inches was the length of the column of liquid used. 

The intensities of the lines have been taken as 1, f, and ^ : the first-named 

intensity signifying total transparency in the photographs. When an intensity is 

shown as ^ ^ J j it means that there is a gradually increasing intensity of absorption 

between the first-named edge of a band and the centre of it, and that it decreases at 

an equal rate on the other side of the centre to the second-named edge of the 

band. When a band is shown as of one intensity (say J), it means that the whole of 

that band has an equal intensity throughout. When it is shown as (say) 0 to 1 it 

means that the intensity increases from 0 at the first edge of the band and terminates 

abruptly at the second edge. These explanations, it is believed, will suffice to make 

the appendix clear. The sources from whence the substances analysed were obtained 

are shown in the tables. 

* The approximate wave-lengths have been added since the paper was x’ead, March, 1881. 
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Lines (L) and bands (B). 

Compound. 
Approximate 
wave length. Scale on plates. Intensity. 

Methyl alcohol 
(Kahlbaum). 

867 
905 
913 

857 L 

890 In 
898 f 

2 

1 
4 

9131 
917/ 
9171 
926/ 
9261 
930/ 
930 1 
942 / 
942 1 
949/ 

898 
902 B 

9021 
908/ 
9081 
912/ 
912 1 
920 f 

B 

B 

B 

920 
927 

B 

1 

3. 
4 

1 

3 
4 

1 

972 947 
985 959 
9851 959 

1017 / 985 
10171 985 
1020 / 987 

1 
1 Broad line. 

i to 1 

Ethyl alcohol 
(Kahlbaum). 

741 
885 
9071 
922 / 
949 
9491 
967/ 
985 
9861 

1153/ 
1066 
1086 
1135 
1165 

L 
L 

740 
872 
892 
905 
927 
9271 
943 / 
959 
960 

1090 
1025 
1037 B 
1072 B 
1100 

2 

0 to 1 
1 to 0 

1 

0 to 1 

1 
x 
2 

1 
1 
1 
1 

Fuzzy line. 

1 is reached about 
902. 

Broad. 

As in ethyl iodide. 
33 5? 

3 5 33 

End of spectrum. 

Propyl alcohol 
(Kahlbaum) . 

746 
895 
9081 
913/ 
9131 
917/ 
9171 
942/ 
985 
985 / 

J 
1040 
1066 
1086 
1135 
1165 

745 L 
880 L 
8921 

iB 898 j 
898) 
902 j 
9021 
920 j 
959 L 
9591 

1160 j 
1003 B 
1025 B 
1037 B 
1072 B 
1100 B 

jl 
2 
1 

0 to j 

1 

1 to 0 

B 
A 
2 

1 
1 

1 

i 

Broad line. 

As in ethyl iodide. 
33 33 

33 ’■) 

3 3 7 ? 

3 3 3 3 

5 z 2 
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Compound. 

Lines (L) and band 3 (B). 

Approximate 
wave-length. 

Seale on plates. Intensity. 

Isopropyl alcohol 741 740 L 1 
2 Fuzzy, extending 

(Kahlbaum). 

885 872 L 1 
o 

from 734 to 742. 

9071 
922/ 

8921 
905/^ 

/ 0 to 1 / 

/ 1 to 0 / 
As in ethyl alcohol. 

949/ 
966/ 

927/R 

942/B 
0 to 1 

985 959 L 1 Broad line. 
1040 1003 L 1 )> 3) 

1040/ 
1061/ 

10031 B 
1020 / 

0 to 1 

1061 1020 1 End of spectrum. 

Pseudo butyl 735 735 L 1 
2 

(Kahlbaum). 741/ 740/B 1 

746 / 745 / a 2 
895 880 L 
907/ 
913/ 

892/R 

898/ ^ 0 to 

913/ 8981 
905 / ° 

1 
922 / 

930/ 912 \b 920 / D 
1 

942/ 
949/ 927 1 

942 / a 
1 

966/ 
1 

985 959 L 1 Broad. 
1020/ 
1066/ 

9871 B 
1025 / a O

 
o to|i—

' 

1066/ 1025 / 1 
- / 1200/ 2 

1066 1025 B 1 As in ethyl iodide. 
1087 1038 B l 33 33 

1165 1100 B 1 3 3 3 3 

— 1200 L 1 End of spectrum. 

Tsobutyl 741/ 7401 1_ 
(Kahlbaum). 748/ 747 / 13 

895 880 L 
907/ 
904/ 

892 / r> 
889/ 13 

rH
\C

\ 

O 
o

 

913/ 
922/ 

898 1 b 
905 / a 1 

930/ 912 1 B 
920 / B 

1 
942 / 
949/ 927/ 

942/ ^ 
1 

966/ 
985 959 L 1 Broad. 

1020 987 L 1 
1020 / 
1036/ 

9871 
1000 / 33 

0 to 1 

1036 1000 1 End of spectrum. 
[With prolonged ex- 

posure traces of 
bands at 925, 937, 
972, and 1100 are 
visible.] 
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Lines (L) and bands (B). 

Compound. 

Approximate 
wave-length. Scale on plates. Intensity. 

Amyl alcohol 753 752 L i_ 

(Erankland). 893 878 L 1 
2 

9131 
923 

8981 
905 j \* 

1 

9231 I 9051 1 
927 j r 910 j 

1 

9271 t 9101 1 
942 j r 920 j 
9491 
973 j 

9271 
948 j [B ( 

l 

0to J 
| to 0 

9731 i 948' [B 1 
985 j r 959 j 4 

9851 
994 j 

959 1 
967 J lB 

0 to f 

994' 
1002 

967 1 
972 j fB 3 

4 

1002 972 L l Broad line. 
1020 987 L l ?? >5 

1066 1025 B l As in ethyl iodide. 
1087 1038 B l 

1135 1072 B l 55 

1165 1100 B l 

10661 10251 
1160 j [B 1 

o Background. 

— 11601 
1180 j 

5 to 1 5 5 5 5 

1180 1 End of spectrum. 

Methyl iodide 720 722 L 1 Broad with nucleus. 
(Kahlbaum). 867 857 L 1 This line forms a 

nucleus between a 
band of \ intensity 
extending from 852 
to 862. 

8851 
892 j 

872' 
878 j [B 0 to 1 

8921 8781 1 
899 > 884 j 1 

915 900 L 1 Very fine. 
1020 987 L 1 Broad. 
1040 1003 L 1 Broader. 
1066 1025 B 1 As in ethyl iodide. 
1086 1037 B 1 55 55 

1135 1072 B 1 55 5 5 

1165 1100 B 1 55 5 1 
1066' 10251 

1120 j iB 1 
2 

— 11201 
1140 j rB i to 1 

— 1140 1 End of spectrum. 
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Lines (L) and band 8(B). 

Compound. 

Approximate 
wave-length. Scale on plates. Intensity. 

Ethyl iodide, standard 732 732 L i Broad with nucleus. 
(Frankland). 741 740 L i_ 

774 772 L 1 
782 778 L ± 

813 808 L JL 

833 824 L X 

867 8 57 L i N.B.—From 1025 to 
895] l 880' 

iB 
0 to 1 

1180 the back- 
903 j r 888 j ground is 4 and 
903] i 888' from 1180 to 1200 
907 j r 892 j 1 0 to 1, near which 
913] L 898' 

[B 1 
point is end of 

918 r 902 j spectrum. 
928 908' 

!-b 930 j r 912 j 1 

930] 912] 
[B 1 to 0 942 920 j 

949 927 L JL 
958 935 L 1 
966 942 L x 
972 947 L 1 2 
977 952 L 1 9 
985 959 L 1 

1002 972 L 1 Broad. 
1020 987 L 1 
1040 1003 L 1 Broader. 
1061] 
1075 j 

1020 ] 
1030 j [B 1 

4 to 1 
I to L 

1082] . 1035] 
[B 

J 2 to i 
1093 J 1042 j i 1 to \ 
1124] 
1143 J 

1065] 
1078 j [B 

f 4 to 1 
1 to 4 ' 

1160] 
1171 j 

1095] 
1105 j [B 1 to 1 

Ethyl bromide This spectrum is the 
(Kahlbaum). same as ethyl 

iodide, except that 
the bands 908 to 
912, and 912 to 
920 are replaced 
by— 

926 908' 
1 933 914 j 

933 914] 1 
942 920 J > 4 
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Lines (L) and bands (B). 

Compound. |- 

Approximate 
wavedengtb. 

Scale on plates. 

Propyl iodide 
(Kahlbaum). 

732 
746 
867 
9021 
910/ 
9171 
925/ 
947/ 
966/ 
985 

1002 
1020 
1040 
1066 j 

1066 J 
1087 
1135 
1165 

Amyl iodide or amyl 

bromide (Kahlbaum). 

732 
752 
867 
886 
8951 
907 / 
917 1 
930/ 
9301 
942/ 
957 I 
971 / 

1020 
1040 
1066 
1086 
1135 
1165 
10661 

Hexyl iodide 748 
(Kahlbaum). 867 

886 
9001 
907/ 
907 
915 
9151 
966/ 
947 

1020 
10201 
1061/ 
1040 
1066 
1087 
1135 
1165 

732 L 
745 L 
857 L 
8861 
895/ 
902/ 
907 / 
9271 
942/ 

B 

B 

B 

959 L 
972 L 
987 L 

1003 L 
1025] 

[B 1160 j 
1025 B 
1038 B 
1072 B 
1100 B 

732 L 
751 L 
857 L 
872 L 
880] 

iB 892 j 
902] 
912 j 
912] 
920 j iB 
935] 

iB 947 J 
987 L 

1003 L 
1025 B 
1037 B 
1072 B 
1100 B 
1025 ] 

]B 1200 j 

747 L 
857 L 
872 L 
884] 
892 j 
892 L 
900 L 
900] 

iB 942 j 
927 L 
987 L 
987] 

^B 1020) 
1003 L 
1025 B 
1038 B 
1072 B 
1100 B 

{ 

Intensity. 

0 to 1 
1 to 0 
0 to 1 
1 to 0 
0 to 1 
1 to 0 

As in ethyl iodide. 

these lines. 

x 
2 

0 to 1 
1 to 0 

1 
o 

I 
1 
1 
1 

Broader. 
As in ethyl iodide. 

33 35 

33 33 

33 33 

1 
x 
1 

0 to I 

1 
1 

| to 0 
3 
4 
1_ 
2 

0 to g 
3 
4 

1 
1 
1 
1 

Shade between these 
lines. 

Gradual shade. 

As in ethyl iodide. 
3 3 33 

33 33 

33 33 
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Compound. 

Aldehyde 
(Kahlbaum). 

Paraldehyde 
(Kahlbaum). 

Lines (L) and bands ( B). 

Approximate 
wavelength. 

Scale on plates. Intensity. 

732 
867 

89-51 
907/ 

9111 
925/ 

947 

9711 
1020/ 
985 

1020 

10401 
1090/ 

10471 
1061 / 

1135 

1165 

732 L 
857 L 

B 

B 

880' 
892 __ 

8951 
908/ 

927 L 

9471 
987/ a 
959 L 

987 L 

10031 -r, 
1040J B 

10101 B 1020 / 
1072 B 

1100 B 

0 rapid to 4 and 
thence gradual 
to | at 892 

f Steep from 0 to f, 
< gradual to 4, and 

[_ steep to 0 

/Band shaded 
J equally 0 to 4 

I and 4 to 0, 959 L 

L I 
3 
4 {Shaded equally 

from 0 to 4 and 
i to 0 

1 

732 
867 
895 
913 
980 
to 

1177 
980 
992 
983 
998 

1004 
1001 
1040 
1040 
1061 
1061 
1090 
1103 
1143 
1156 
1162 
1171 
1177 

732 L 
857 L 
880] 

iB 898 j 
9551 1 
to 

1110 J 1 
955 1 
963 j 
959 L 
9701 
974 j 
972 L 

1003 L 
10031 

iB 1020 j 
1020 L 
1040 
1050 
1080 
1090 
1095 
1105 
1110 

} 

} 

B 

B 

B 

J 
l 

0 to Tat 892 
1 to 0 at 898 

Gradual shade of 
background 0 to 
3 

0 to 4 
4 to (J 

1 
0 to 4 
4 to o 

1 
1 

0 to 1 
1 to 0 

1 
0 to 1 
1 to 0 
0 to 1 
1 to 0 
0 to 1 
1 to 0 

1 

Rather a fuzzy line. 

This band appears 
through the wider 
previous band. 

A hand as in ethyl 
iodide. 

N.B.—From 1040 to 
1120 background /, 
and end of spec¬ 
trum at 1160. 

End of spectrum. 
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Lines (L) and bands (B). 

Compound. 

Approximate 
wave-length. 

Scale on plates. Intensity. 

Diethyl ether 741 740 L 

(Hopkin andWiLLUMs). 9071 L 892' 
[B 

1 920 j r 903 j 
958 
985 j 

935' 
959 j [B 

0 to 1 

10401 
1075 J 

1003 
1030 [B { 

0 to 1 1 
1 to 0 J 1 at 1025. 

1086 1037 B 1 As in ethyl iodide. 
1185 1072 B 1 
1165 1100 B 1 
1075' 10301 

1130 j [B 
1 
2 Background. 

— 11301 
1140 j [B 

1 to 1 

1140 1 End of spectrum. 

Amyl ether 753 751 L 1 

(KahlBx\.um). 893 878 L 1 
2 

913 1 
922 j 

8981 
905 J fB 

1 
2 

922] 9051 1 

927 j \ 910 j 1 

927] 
942 J 

9101 
920 j 

1 
2 

9421 
949 J 

9201 
927 J rB 

O
 O 

h
|<

m
 

966' 9421 
[B 

f 0 to 1 
1002 I > 972 j l 1 to 0 
1040 1003 L 1 Broad. 
1066 1025 L 1 As in ethyl iodide. 
10401 
1066 J 

1003' 
1025 \B 

1 
4 

1066' 10251 
1175 j \B 

1 
2 

11391 . 10751 
fB 

r 0 to 1 
1150 1085 j l 1 to 0 
1165 1100 B 1 As in ethyl iodide. 
— 11751 

1180 j | to 1 

1180 1 End of spectrum. 

6 A MDCCCLXXXI. 



90G CAPTAIN ABNEY AND LIEUTENANT-COLONEL FESTING 

Compound. 

Lines (L) and bands (B). 

Approximate 
wave-leDgth. 

Scale on plates. Intensity. 

Ethyl nitrate 
(Kahlbaum). 

Ethyl oxalate 
(Hodgkinson.) 

741 
873 
8961 
907/ 
907/ 
915 / 
952/ 
963/ 
996/ 

1006/ 
1020 
1036/ 
1051 / 
1096/ 
1108/ 
1159/ 
1171/ 
10401 

741 
873 
896/ 
907/ 
907/ 
915/ 
952 / 
963/ 

1036 / 
1051 / 
1096/ 
1110/ 
1159 ~ 
1171 

952 

740 
862 
882/ 
892/ 
892/ 
900/ 
930/ 
940/ 
968 
976 
987 

1000 
1013 
1045/ 
1053 / 
1095/ 
1105/ 
1003/ 

to >B 
1160 J 
1160 / -p, 
1165 
1165 

B 

B 

740 
862 
882 
892 
892/ 
900/ 
930/ 
940/ 

1000/ 
1013/ 
1045 
1055 
1095 
1105 
930 1 

1160/ 
1160 
1165 
1165 

}B |{ 

0 to f 
| to 0 
0 to | 
f to 0 

0 to J 
| to 0 
0 to J 
| to 0 
0 to | 
| to 0 

to 1 

1 

0 to 4 

0 to | 
f to 0 
0 to | 
| to 0 
0 to f 
| to 0 
0 to J 
| to 0 

4 to 1 

1 

End of spectrum. 

End of spectrum. 
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Lines (L) and bands (B). 

Compound. 

Approximate 
wave-length. 

Seale on hates. Intensity. 

Ethyl sulphide 741 740 L 1 
(Frankland). 867 857 L 1 

886 872 L ! 

907) 
913 j 

892) 
898) B 0 to | 

913) 898) B 917 j > 902) 1 

917) 
922 j 

902) 
905 J f to 

922) 
942 j 

905' 
920 J 

B I to 0 | 
The shade from com¬ 

mences about 919. 
1030) 995) —i|CJ 

O
 

o
 1075 > 1030) 

1040 1003 L 1 
1061) 1020) B 1 
— 

> 1160) 2 

1067 1025 B l As in ethyl iodide. 
1087 1038 B l 
1135 1072 B 1 
1165 1100 B l 
— 1160 1 End of spectrum. 

Amyl nitrite 753 752 L 1 

(Guthrie). 886 872 L 1 

907) 892) [B 1 
915 j t 900) 2 

915) 900 1B 928 j r 910 j 
1 

928) 910" 1 
942 

s 
r 920 j 

966 942 L ! Broad. 
985 959 L i J 9 

1002 972 L !_ 

1020 987 L 
1040 1003 B i As in ethyl iodide. 
1067 1025 B i 
1086 1037 B i 99 9 9 

1135 1072 B i 99 99 

1165 1100 B i 99 99 

1040' 1003" 
1120) [B i to 1 

Formic acid 732 732 L 1 Broad line of which 
(Frankland). 

893" 
930 

878" 
912 [B 

1 
2 

732 is the distinct 
nucleus. 

930" t 9121 1 
966 j r 942 j 4 

966" 
973 

942" 
948 i to 1 

1 

968 945 End of spectrum. 

6 A 2 
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Lines (L) and. bands (B). 

Compound. 

Approximate 
wave-length. 

Scale on plates. 

Glacial acetic acid 
(Kahlbatjh). 

8871 
900/ 
9001 
907 f 

875 
884 
8841 
892 f 

B 

B 

{ 

9071 
913/ 
930 

8921 
898/ 
912 

B 

L 
{ 

9301 
949 / 
949 
9661 
985/ 
985/ 

1010/ 
10101 
1024/ 
1024 

9421 B 
959/ 
9o9 1 ^ 
980 / 
980 iB 
990/15 

{ 

1 

Intensity. 

0 to 1 
1 to / 

A 
4 

0 to 1 
1 to 0 

A 
0 to ^ 

to 0 
1 

0 to 1 
1 to ^ 

A 
2 

i to 1 

End of spectrum. 

Propionic acid. 
(Kahlbaum). 

Isobutyric acid 
(Kahlbaum). 

786 
867 
900/ 
913/ 
913/ 
917/ 
917/ 
942/ 

1010 / 
1061 / 
1020 
1040 
1061 

898 
900/ 
913/ 
913/ 
917/ 
917/ 
980/ 

1020 
1040 
1067 
1085 
1135 
1020/ 
1075/ 
1075 / 
1103/ 
1103 

736 L 
857 L 
8841 
898 j 
8981 

1B 902 j 
902] 
920 j 
9801 

iB 1020 j 
987 L 

1003 L 
1020 

872 L 
884 
898 
898 
902 
902/ 
912 / 

B 

987 L 
1003 B 
1025 B 
1037 B 
1072 B 

9871 
1030 j fB 
10301 Ib 
1050 j 
1050 

Fuzzy line. 

0 to 1 

1 
1 

Broad. 
55 

End of spectrum. 

1 
1 
2 

1 

1 

3 
4 

As in ethyl iodide. 

End of spectrum. 
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Compound. 

Valerianic acid 
(Kahlbaum). 

Aceto-acetic ether 
(Hodgkinson). 

Diethyl aceto-acetic 
ether (Hodgkinson). 

Approximate 
wave-length. 

746 
9071 
913/ 
913/ 
917/ 
917/ 
930/ 
949 
971 

1002 
1027 
1040 
1020/ 
1047/ 
1047 

741 
886 
895/ 
907/ 
907/ 
913/ 
913/ 
917/ 

1003 
1003/ 
1133 / 
1020 
1040 
1047/ 
1066/ 
1096/ 
1107/ 
1132 

Lines (L) and bands (B). 

Scale on plates. Intensity. 

745 L 1 
892] 
898 j 0 to 1 

4 
898] / f to 1 
902 j r l 1 to 3 4 
902] 
912 j !-b 

1 
4 to 0 

927 L 1 

947 L 1 

972 L 1 
2 

992 L 1 

1003 L 3 4 
987) 

1010 J B 0 to l 

1010 1 

740 L 1 
2 

872 L 1 
4 

880/ 
892 / 
892/ 
898/ 
898/ 
902 / 
972 
972 

1070 
987 

1003 
10101 
1025 / 
1045/ 
1055 / 
1070 

B 

0 to i 

0 to 1 
x 
4 1 

i to J 

f to | 
1 to 1 
1 to I 

Broad line. 

Very fine. 
5? 

55 

Broad line. 

End of spectrum. 

Broad line. 

End of spectrum. 

900 
907 
907 
913 
913 
917 
917 
922 

1003 
1020 
1040 
1047 
1066 
1020 
1066 
1066 

1096 
1107 
1159 
1171 

} 
} 
} 
} 

} 

} 

884 
892 
892 
898 
898 
902 
902 
905 
972 
987 

1003 
1010 
1025 

987 
1025 
1025 
1150 
1045 
1055 
1095 
1105 
1160 

} 
I 
} 

} 
} 

} 
} 

} 

B 

B 

B 

B 

L 
L 
L 

B 

B 

B 

B 

B 

0 to i 

i to 0 

2 t'° 

1 to 

0 to 

1 to / 

1 to \ 

1 

Broad line. 

Background of spec¬ 
trum. 

End of spectrum. 
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r 

Compound. 

Glycerine (Price’s). 

Benzine (Armstrong). 

Phenyl bromide 
(Hodgkinson). 

Lines (L) and bands (B). 

Approximate 
wave-leDgth. 

915 
9151 
949/ 
949/ 
985/ 

1002 
1002/ 
1003/ 
1003 

710 
862 
867 
867/ 
872/ 

872/ 
888/ 
915/ 
930/ 
963' 

1002 
1020 
1040 
1066 

1096/ 
1105 / 

1137/ 
1149/ 

710 
867 
867/ 
872/ 
872/ 
885/ 
9631 

1020J 
1040 
1066 
1096/ 
1105/ 
1137/ 
1149 / 

Scale on plates. 

900 
900 
927 
927 
959 
972 L 
972 
9 
973 

)72 / 
173/ B 

L 
L 
L 

B 

713 
852 
857 
857 
861 

861 Id 
875 / B 

900 /B 

B 

912/ 
940/ 

1150 / 
972 B 
987 B 

1003 B 
1025 B 

1045 / 
1052 / 

1074 
1084 

B 

B 

H25/-D 
1135/B 

1160 

713 L 
857 L 
857 
861 
861 

B 

561/ 
572/ 

940 
1150 

987 
1003 
1025 
1045 
105 
1074 
1084 
1125 
1135 
1160 

45/ 
52/ 

B 

B 

B 
B 
B 

B 

B 

B 

Intensity. 

3 
4 

f to 0 

At 861 to 872, 1; 
from 872 to 875, 
1 to 0 

0 to / 
/ to 0 

0 to / 

1 
1 
1 
1 

At 1045, 1; from 
1045 to 1052, 1 
to 0 

At 1074, 1; from 
1074 to 1084, 1 
to 0 

At 1125, 1; from 
1125 to 1135, 1 
to 0 

1 to 0 

0 to z 

1 
1 
1 

Fine line. 

End of spectrum. 

Fuzzy line. 

Shaded gradually as 
background. 

As in ethyl iodide. 

End of spectrum. 

Fuzzy line. 

As in benzine. 

End of spectrum. 
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Compound. 

Lines (L) and bands (B). 

Approximate 
wavedength. 

Scale on plates. Intensity. 

Benzyl chloride 
(Hodgkinson). 

Aniline (Kahlbaum). 

711 
867 
8671 
873 / 
8731 
885/ 
964' 

8991 
907/ 
907/ 
913/ 
913/ 
918/ 
918/ 
922 / 
922/ 
930/ 

1020 
1040 
1066 
1097 / 
1105/ 
1138/ 
1149/ 

711/ 
720/ 
778/ 
781/ 
781 / 
800/ 
800/ 
805/ 
867 
867/ 
872 J 
872/ 
889/ 
930 
967 
985/ 
995/ 

1020/ 
1037 / 
10371 
1040/ 
1040 / 
1135 / 
1135 
1135/ 
1165/ 
1165 

B 

B 

B 

B 

B 

713 
857 
857/ 
861 / 
861/ 
872/ 
940/ 

1150/ 
884/ 
892 / 
892/ 
898/ 
898 j 
902/ a 

9021 
905 / 
905/ 
912/ 
987 B 

1003 B 
1025 B 
1045/ 
1052 / 
1074 / 
1084/ 

1126 1-R 
1135 / 
1160 

B 

B 

B 

B 

7131 -g 
722 / 
775/ 
777 / 

'' 7 I B 
795/ 
795 1 B 
800/^ 
857 L 
857 1 B 
860/ 
860/ 
875/ 
912 L 
942 L 
959 / t* 
968 )B 
987/ 

1000/ 
1000 / p 
1003 / r> 
1003/ p 
1072/ 
1072 B 

1072 1b 
1100 / 
1100 

1 to 0 

0 to ^ 

0 to | 
| to 0 

JL 
4 

0 to 1 
1 to 0 

0 to | 

4 to 0 

1 to 0 
x 
1 

1 to I 

Fuzzy line. 

As in benzine. 

5 5 55 

As in benzine. 

End of spectrum. 

Keeps its maximum 
to 817. 

Broad. 

0 to 1 
1 to 0 

As in etbyl iodide. 

End of spectrum. 
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Lines (L) and bands (B). 

Compound. 

Approximate 
wave-lenarth. 

Scale on plates. Intensity. 

Dimethyl aniline 
(Hodgkinson). 

Nitro-benzine 
(Hodgkinson). 

Turpentine 
(commercial). 

867 
867 
871 
8711 
887/ 
907/ 
930/ 
972/ 
995/ 

1040/ 
1061 / 
1061/ 
1075/ 
1075 / 
1097 / 
1097 / 
1105/ 
1118/ 
1132/ 
1132 

710 
856/ 
866/ 
867/ 
879 / 
915 
949 
985 
985/ 

1090/ 
1002 
1040 
1066 
1090 

880/ 
897/ 
903/ 
910 / 
913/ 
918/ 
925/ 
942/ 
949/ 
958/ 
972 

1002 
1020 
1040 
1002 | 

1066 

1100 
1145 

857 
857/ 
860/ 
860/ 
875/ 
892/ 
912/ 
947/ 
968/ 

1003/ 
1020 / 
1020 / 
1030 / 
1030/ 
1045/ 
1045/ 
1052/ 
1060 / 
1070 / 
1070 

713 L 
845 / g 

B 

B 

B 

B 

B 

B 

B 

B 

856/ 
857' 
867 
900 
927 
959 
959 /B 

1040 / 
972 

1003 
1025 
1040 

8681 
882 / K 
888/ 
895/ 
898/ 
902/ 
908/ 
920/ 
927 / 
935 / 
947 
972 
987 

1003 
9721 

1160 / ^ 

1025 B 

1047 
1080 
1130 

1 to 0 

/ 0 to f 1 
/ f to 0 / 
/ 0 to 1 / 
/ 1 to 0 / 

0 to 1 

1 to i 

i to 1 

_1 
4 
j_ 
4 
1 
4 

0 to 1 

0 to f 

1 
1 
2 

1 
1 
1 

0 to 1 

Keeps its maximum 
to 867. 

/ Maximum intensity 
/ about 898. 
/ Maximum intensity 
/ about A 952. 

End of spectrum. 

Fuzzy line. 

Broad line. 
?5 >5 

55 5 5 

Broad line. 
15 15 

5 5 5 5 

End of spectrum. 

Broad line. 

As in the benzine 
spectrum. 
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Compound. 

Phenyl-propyl alcohol 
(Hodgkinson). 

Methyl salicylate 
(Hodgkinson). 

Benzyl-ethyl ether 
(Hodgkinson). 

913 

Lines (L) and bands (B). 

Approximate 
wave-length. 

716 
8671 
873/ 
8731 
879/ 
8791 
887/ 
9151 
921 / 
921/ 
942/ 
942/ 
967/ 
949 
967/ 
992/ 
992/ 

1011/ 
1011 / 
1040/ 
1040 

Scale on plates. 

718 L 
857 ( 
861 J U 
861 I g 
867/ 
8671 B 
875 j 13 
9001 B 
905/ 
905/ 
920/ 
920/ 
942/ 
927 
942/ 
965/ 
965/ 
980/ 
980/ 

1003/ 
1003 

4 

0 to Z 

4 to 0 

0 to i 

i to 1 
1 to / 

i 
4 

/ to 0 

1 to I 

End of spectrum. 

710 
861/ 
877 / 
892 
907/ 
925/ 
966/ 

1037 j 
1037 

713 
851/ 
865/ 
878 L 
892/ 
908/ 
942/ 

1000/ 
1000 

{ 

1 
x 

0 to / 
/ to 0 

0 to 1 

1 

Fuzzy line. 

End of spectrum. 

710 
866/ 
873/ 
873/ 
885/ 
885/ 
887/ 
907/ 
918/ 
949/ 
985/ 

1040 
1132 
10111 

713 
856 
861 
861 
872 
872 
875 
892 
902 
927/ 
959/ 

1003 L 
1070 
980/ 

1160/ 
1160 

}B 
}B 
} 

0 to / 

1 

{ 

i to 0 

0 to | 

0 to / 
/ to 6 
■ 1 

1 

0 to 1 

1 

Fuzzy. 

Broad line. 

Gradual shade. 

End of spectrum. 

G B MDOCCLXXXI. 
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Compound. 

Dibenzyl acetic ether 
(Hodgkinson). 

Lines (L) and bands (B). 

Approximate 
wave-length. 

Scale on plates. 

867 
8671 
873 / 
873/ 
885/ 
885 / 
887/ 

857 
8571 
861 / 
8611 
872 r 

L 

B 

B 

B 

903 888 L 

9131 
942/ 
986 / 

1102 / 
1020 
1040 
1102 

8981 
920/ 
9601 

1050/ 
987 

B 

B 

1003 
1050 

Intensity. 

X 
2 

0 to / 

1 

4 tO 0 

0 to 4 

4 to 0 

0 to 1 

1 
1 
1 

{The position of this 
line not quite 
certain. 

Background. 

End of spectrum. 

Ethylic benzoate 
(Hodgkinson). 

710 
732 
867 
867/ 
875/ 
875 / 
885 / 
885 / 
887/ 
907/ 
913/ 
913/ 
918/ 

1023 1 
1061 / 
1061 

713 L 
732 L 
857 L 
857/ 
863/ 
8631 
872 f 
872/ 
875/ 
892/ 
898/ 
898/ 
902/ 
990/ 

1020/ 
1020 

x 
4 
X 
4 
X 
2 

o to z 

3 
4 

Z to o 

0 to Z 

_1_ 
2 

0 to 1 

1 End of spectrum. 

Olive oil (commercial). 867 
895/ 
907/ 
918/ 
958/ 
958/ 

1040/ 
1040 

857 L 
880/ 
892/ 
902/ 
935 / 
935/ 

1003 j 
1003 

0 to 1 

1 

0 to / 

1 

Fine line. 

End of spectrum. 

Allyl alcohol 
(Kahlbadm). 

873/ 
877 / 
885/ 
900/ 
930/ 
966/ 
966 
966/ 
989/ 
989 / 

1037/ 
1045 

912/ 
942 / 
942 L 
942 / 
963/ 
963 /B 

1000 / 
1010 

0 to f 
| to 0 

0 to f 
| to 0 

0 to | 

1 

x 
4 

1 

1 End of spectrum. 
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Compound. 

Allyl sulphide 
(Kahlbaum). 

Anethol 
(Hodgkinson). 

j Citraconic anhydride 
(Hodgkinson). 

Lines (L) and bands (B). 

Approximate 
wave-length. Scale oq plates. 

8731 
877 / 
8931 
900/ 
9211 
936/ 
966 
989 

861 
865 B 

878 1 
885/ 
905/ 
915/ 
942 
963 

1061 

1110 

1020 
1160 
1057 
1140 
1160 

B 

L 
L 

Intensity. 

Otof 
| to 0 
0 to f 
| to 0 
0 to I 
| to 0 

1 
1 

0 to 1 Gradual shading. 

1 
1 
1 End of spectrum. 

8731 
880/ 
8911 
905 / 
915 1 
921 / 
9251 
930 / 

1037 / 
1044/ 
10611 
1119/ 
11241 

861 
868 

B 

B 

8771 p 
890/ 13 
9001 
905/ 
9081 
912 / * 

iooo / p 
1006 / ^ 
10201 
1060/ 
1065/ 
1160 / 
1170 

B 

B 

0 to J 
| to 0 
0 to | 
| to 0 
0 to | 
| to 0 

1 

0 to f 
f to 0 

3 
4 

1 
2 

] End of spectrum. 

710 
850 
903 \ 
907/ 
9131 
918/ 
949 
985 

1020 
1040 / 
1080/ 
1105 Z 
1157/ 
10401 

713 L 
840 L 
888/ 
892/ 
898/ 
902/ 
927 L 
959 
987 

1003/ 
1033 / 
1052 / p 
1092 / ■“ 
1003/ 
1120/ 
1120/ 
1130/ 
1130 

B 

B 

B 

{ 

{ 
{ 

1 

0 to i 
J? to 0 

1 
2 

x 
2 ! o 
x 

0 to 4 
2 to 0 
0 to \ 
\ to 0 

1. 
4 

Broad. 

Very steep edges. 

Broad. 

\ to 1 

1 End of spectrum. 

G B 2 
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Lines (L) and bands •(B). 

Compound. 

Approximate 
wave-length. 

Seale on plates. Intensity. 

Chloroform 720 722 L 1 O 
(commercial). 732 732 L T 

2 

774 772 L 1 
2 

792 788 L 1 
2 

813 808 L JL 

833 824 L 1 
2 

846 837 L 1 
4 

867 857 L 1 
4 

892 878 L 1 { 
Broad and sharp at 

edges. 

907 892 1 
2 . 

930 912 L JL 

949 927 L 1 
2 

985 959 L 1 
2 

1011 980 1 
2 

1066 1025 1 { 
Broad and sharp at 

edges. 

1165 1100 1 
— 1180 l 9? 5? 

‘- 1200 l End of spectrum. 

Hydrochloric acid, 732 732 L JL 
4 These lines are very 

6 inches (Hopkin and 741 740 L 1 
4 faint and would 

Williams). 845 836 L escape notice under 

867 857 L 1 
4 ordinary circum- 

949 927 L 1 
4 stances. 

Ammonia, ‘880 
(Hopkin and 

732 

774 
796 
799 

732 

772 
7921 
795 

L 
T. 

* I 
1 

Broad line with 
nucleus. 

WILLIAMS). 

B 

2 

1 

5? 5? 

885 872 L 1 
2 

895] 
903 J 

8801 
888 J 

B 0 to £ 

903) 8881 
1 

907 J > 892 j 
9071 8921 

4 to 0 
913 J 898 J 

Fuzzy joining pre- r 

915 900 L 

■ { 

vious band, but 

having a distinct 

nucleus. 
9341 t 9151 ( 0 to 1 

949 j r 927 j 1 1 to \ 
949 
999 

927 
970 j iB 

1 
2 

9721 
985 j 

947 
959 

f 
1 

^ to 1 

1 to i 
999 

1011 
970' 
980 4 to 1 

1011 980 End of spectrum. 
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Lines (L) and bands (B). 

Compound. 

Approximate 
wave-length. Scale on hates. Intensity. 

Nitric acicl, 1'360 774 772 L 1 
2 Broad line with nucleus 

(Hopkin and 845 836 L 1 
e> 

WILLIAMS). 8951 880/ 
B 1 

942/ 920/ 4 

942/ 920/ B 
/ 0 to 1 

949/ 927 / l 1 to / 
949/ 

1011 / 
927/ 
980/ 

B 1 
2 Background. 

985/ 959/ 
B 

/ i to 1 
1002/ 972 J \ 1 to / 
1011/ 
1037 / 

980/ 
1000 J i to 1 

1037 1000 1 End of spectrum. 

Sulphuric acid. 799 795 L 1 
4 

813 808 L J, 
4 

867 857 1 
4 

882/ 
975/ 

870] 
950 j 

0 to 1 

975 950 End of spectrum. 

Water, 6 inches. 732 / 732' 
iB 

i r Traces of a line at both 
833 / 824 4 L 732, 824. 
833/ 
942/ 

824' 
920 

/ Gradual shading 
/ from 7T to f 

Traces of a line at 920. 

942 / 920' 1 Traces of a line at 959. 
984 / 958 
984/ 958' L 3 

1000/ 970 r 4 

1000/ 970' t i r The central part shows 
1004/ 974 r 1 i line 972. 
1004/ 974' i 3 

1045/ 1010, r 4 1010 end of spectrum. 

Water, 2 feet. 732 732 L 3 
4 

732/ 732 1 / Band shading 
833 / 824 r 1 from 4 to x 
833 824 L 3 

4 



918 ON THE ATOMIC GROUPING IN ORGANIC BODIES. 

Lines (L) and bands (B). 

Compound. 

Approximate 
wave-length. 

Scale on plates. Intensity. 

| alcohol, i benzine. 710 713 L 1 
2 

741 740 L 1_ 
867 857 L I 

4 

8731 8611 B £ 
885 J 

> 872 j 4 * 
907] 
921 

8921 
905 j 

0 to 1 

930 912 L 1 
4 

958 935 L 1 Broad line. 
9851 

1105 
9591 

1052 j rB 
1 
IS Trace of line at 959. 

1002 972 L £ 
4 

1020 987 L 3 
A. 

10371 10001 
[B J r \ tof 

1044 j r 1008 j L |toi 
10751 i 10301 J r * tof 
1090 j r 1040 j t f to i 

10971 i 10451 
fB 

J f itof 
1105 j r 1052 j [ f to i 

11051 i 10521 t i to 1 1124 r 1065 j r 
1124 1065 1 End of spectrum. 
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E. 

Echinudermata, locomotor system of, 829 (see Romanes). 

Electric currents, induction of, 307. 

Electric discharge, resistance of air to, at different degrees of exhaustion, 406. 
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